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Abstract 

The functional tolerancing of hyperstatic mechanisms provides contractual documents established following the 

ISO tolerancing. The tolerancing methodologies consider that the mechanism is infinitely rigid. These mecha-

nisms impose tight clearances to ensure the functional requirements and parts fittability. The proposed method-

ology consists in developing a mechanical model relating the tolerances obtained by traditional methods of geo-

metrical tolerancing and the parts deformability to define the tolerance values of the geometrical specifications. 

The first step is to define the geometrical specifications with ISO tolerancing. The fittability between two parts 

in contact requires maximum material conditions. The functional requirements employ least material condition. 

The second step consists in defining the capacity of parts to deform taking the tolerance values into account. A 

mechanical model is described relating the parts deformability to the tolerances to guaranty the conformity of the 

functional requirements and assembly parts fittability. As a validation example, the proposed methodology is 

used on a hyperstatic mechanism composed of two subassemblies: an outer tube and a shaft made of several as-

sembled sections. 

Keywords: ISO tolerancing; hyperstatic mechanism; deformation; maximum and least material requirements; 

mechanical model. 

1 Introduction 

In a classic tolerancing approach, the parts’ defects are compensated by the clearances to guaranty the assembly 

requirements. Hyperstatic assemblies impose tight clearances. The defects are then compensated by certain parts’ 

deformations. In the academic works involving geometrical tolerancing and deformation, the deviations are cal-

culated at nominal dimensions of the CAD model. They are then added to the accumulated tolerances to verify 

the functional requirements (1). 

In the case of hyperstatic mechanisms, in order to fit assembly parts, the deformations depend on the geometrical 

defects of parts. The determination of the accumulated tolerances is therefore necessary to calculate the forces to 

be applied and the deformation of the parts in the worst case. It is on the assembly so deformed that the different 

functional requirements can be verified. 

This methodology is developed in this paper. Firstly, a defined mechanism is toleranced as an assembly of rigid 

parts to understand the assembly process difficulties and to guaranty the functional requirements. The next step 

relies on the capacity of parts to deform to integrate it into the tolerancing approach by building a mechanical 

model (finite elements analysis, beam…) as done in (2), (3) and (4). 

To validate the proposed methodology, it is applied on an assembly inspired from a mechanism used by petro-

leum industries. 

2 Proposed methodology 

The logogram in Figure 1 shows the proposed methodology. This methodology exploits the deformability of 

parts composing a hyperstatic assembly to ensure the assembly and functional requirements. In order to optimise 

the tolerances, the main idea is to determine a mechanical model. The latter gives a mathematical relation be-

tween necessary forces to fit all the assembly parts and the tolerance values considering interferences between 

parts. Several studies have been considering contact interaction in tolerancing analysis (5), (6) and (7). 
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Fig. 1. Proposed methodology logogram. 

2.1 Tolerancing approach of rigid parts 

Generally, a designer tends to initially create a CAD model composed by parts with perfect shape at nominal di-

mensions. This model does not take into account the manufacturing or the assembly processes that introduce 

geometrical defects on the mechanism. The geometrical tolerancing ensures the fittability of parts and the func-

tional requirements. In that purpose, the designer should specify geometrical specifications related to the assem-

bly process and the functional requirements. The tolerancing approach is divided into three steps: tolerancing the 

parts in contact, tolerancing the assembly of parts and the transfer of functional requirements. 

To ensure the assembly requirements of parts in contact, the designer should define the assembly process giving 

the order of the parts positioning and the adjustments operations. The assembly requirements can be performed 

using CLIC method (8) (French acronym for "Location Tolerancing with Contact Influence") developed by B. 

Anselmetti according to ISO tolerancing (9) with maximum material requirement (10). The geometric specifica-

tions are defined with respect to the assembly requirements guarantying the fittability of parts in contact. 

In the case of positioning subassemblies in contact, a transfer of the assembly requirements must be applied to 

each part. Various mathematical models allow calculating dimensioning chains like analysis lines method (8), 

the behaviour laws (11) and assembly conditions with polytopes (12). 

Finally, to define the functional tolerancing, the designer needs to specify the operating conditions of the mecha-

nism. The transfer of functional requirements is carried out using the same tools as for the transfer of assembly 

requirements. The tolerancing analysis will provide mathematical relations resolved by the analysis lines in 

Quick GPS (13), polytopes (14), deviation domains (15), T-map (16)... These conditions generate geometrical 

specifications with reference systems at least material requirements (10). 

During these different steps, the designer can adjust the tolerances respecting various constraints including 

manufacturability, costs, etc. 

2.2 Tolerancing approach considering deformable parts 

If the various requirements (assembly, functional requirements) cannot be simultaneously respected, the pro-

posed method can be applied taking the parts deformations into account. This method consists in determining a 
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mechanical model giving a mathematical relation between necessary forces to fit all the assembly parts and the 

tolerance values. 

The designer studies the capacity of the different parts to be deformed. For each part, the deformability depends 

on the size, the shape and the used material. The deformability behaviour can be different in one direction and 

not in the others. The next step is to build a mechanical model at nominal dimensions, respecting the shapes and 

the functional or assembly requirements. For example, a beam model can be used rather than finite elements 

model for slim parts. In boundary conditions, the effect of geometrical variations of manufacturing and assembly 

processes is introduced at the beam model as displacements. For a finite element model, some displacements of 

nodes are imposed. Finally, the designer proposes a geometrical model, taking the effect of geometrical defects 

and the parts deformability into account. 

The last step consists in optimising a lot of tolerances which aims at maximizing them, i.e. minimizing their cost 

by increasing their values while respecting the functional requirements and the maximum mechanical stress in 

and between parts, etc. 

3 Application 

3.1 Description of mechanism 

The studied mechanism is a hyperstatic assembly composed of two subassemblies: an outer tube and a shaft 

made of several assembled sections (see Figure 2). The shaft is composed mainly of 4 slim parts separated by 

seals supports. 

 

Fig. 2. Hyperstatic assembly of a multi-components shaft in an outer tube 

For the proper functioning of the mechanism, contacts must not occur between metallic parts of the shaft and the 

tube. To guarantee the non-contact metal to metal, the shaft guidance is ensured using elastic seals, which should 

be mounted with some squeeze. 

Since the mechanism is symmetric, the assembly process is described as follow: the shaft assembly can start 

from any of the two end-seal supports (S0 or S4 shown in Figure 2). Each seal support or slim part is positioned 

with the previous part by planar contact and short cylinder, and maintained in position using four screws. Once 

the shaft is assembled, it is inserted into the outer tube by pulling it. 

The difficulty at this level is to compensate the geometrical defects of the shaft to be able to insert it into the 

outer tube while maintaining permanent contacts at elastic seals levels (see Figure 3). To overcome the assembly 

difficulties, shaft parts and elastic seals deformations are required. The elastic seals squeezes involve contact 

forces and intense friction with the outer tube during insertion. 

  

Fig. 3. Example of straightness default by geometrical defects 
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3.2 Functional tolerancing of rigid parts 

The functional tolerancing is performed with CLIC method (8). The assembly requirement between shaft parts is 

described by geometrical specifications with (1) asterisk in Figure 4. The transfer of shaft straightness is guaran-

teed by specifications with (2) asterisk in Figure 4. To guarantee the non-detachment of the seals, their support-

ing surface is taken as reference on seals supports to locate the geometrical specifications (reference F in Fig-

ure 4.b). 

 

 

Fig. 4. (a) Geometrical specifications of slim part (b) Geometrical specifications of seal support 

For the case of the outer tube, three geometrical specifications (see Figure 5) are proposed to ensure the fittabil-

ity (straightness at maximum material), contact maintaining (straightness at least material) and evenly distributed 

contacts at elastic seals levels (cylindricity and envelope requirement). 

 

Fig. 5. Geometrical specifications of slim parts, seal support and the outer tube 

This paper examines mainly the straightness of the shaft at the final step of insertion into the outer tube to find a 

mathematical relation between necessary forces to fit all the assembly parts and the tolerance values. 
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Firstly, the tolerancing analysis was performed by the analysis lines method (8) to detect the impact of geometri-

cal defects and understand the worst cases configurations for the straightness of the shaft maximising the inser-

tion forces. The result of this study is that the straightness is mainly affected by the clearances and the angular 

deviations on the junctions between the seals supports and the slim parts as shown in Figure 6. 

 

Fig. 6. Worst case configuration with planar deviations 

3.3 Assembly requirements of deformable parts 

To guaranty the insertion according to analysis lines method, tight tolerance values are generated. For that pur-

pose, and regarding the shape of the slim parts, a beam model can be built. The insertion force is defined as a 

sum of influences of different tolerances in the form: 

 iiinsertion tcF .  (1) 

The shaft is assimilated to a continuous and deformable beam with different sections for each slim part. The 

shaft is inserted into the outer tube supposed infinitely rigid with punctual elastic contacts using springs. The 

geometrical defects of the outer tube will be transposed on the shaft. As a result, the studied mechanism can be 

simplified into a beam laid on elastic unilateral contacts using springs (see Figure 7). The deviation of each junc-

tion between each slim part and adjacent seal supports, created by the clearances and the angular deviations, will 

be introduced in the beam model in boundary conditions as displacements noted    (see Figure 7). The maximum 

value of    is evaluated by the analysis line method and taking as reference the line passing through the centers 

of S0 and S1: 

 maxi j jk t    (2) 

The mechanism is studied as a beam laid on N elastic unilateral contacts (see Figure 7). 

 

Fig. 7. 2D Beam model 

An energetic method applied on beam theory determinates a matrix T respecting the static balance of the beam 

and springs. The springs release their energies to the beam creating its deformation. The equation (3) is estab-

lished giving the relation between the vector of contact forces FS and the boundary conditions δ. 

  SF T δ  (3) 
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This methodology was applied putting the shaft in the worst case as described by the analysis lines method in 

Figure 6. The insertion force has the form of equation (4) by straighten the shaft inside the outer tube, where 

is the friction coefficient between each seal and the outer tube. f is the row matrix of friction. 

 iinsertion SF F     SF f Tf δ
 (4) 

The worst case configuration according to analysis lines method gives a reduced insertion force could be not the 

worst case for the insertion force. For that reason, the research of the worst case configurations were integrated 

to the beam model. By generating 3D geometrical deviations, the beam model, as it was described, is used to 

calculate the insertion force of all possible configurations (see Figure 8). 

 

Fig. 8. 3D Geometrical deviations 

As shown in Figure 8,    and    represent the orientation defaults in the junctions between seals supports and the 

slim parts. By this approach, the worst case configuration occurs when the all the   values are maximized and 

the   values are alternatively between zero and   from one junction to the next. The shaft takes the form of re-

peated “W” in Oxy and repeated “W” in Oyz. At this shape, the insertion force is estimated to 2.5 times the in-

sertion force obtained with planar model (see Figure 6). 

The last step of the proposed methodology is to optimise the different tolerance values. It aims to find a com-

promise between minimizing the cost by increasing tolerances while respecting a maximum insertion force. 

  
maxinsertionF  δf T  (5) 

4 Conclusions 

This paper presents a methodology that provides a mathematical model in order to optimise the tolerance values, 

relating them to the necessary forces to fit all assembly parts. The encountered geometrical defects, on a mecha-

nism, include the variability of the manufacturing and the assembly processes, as well as the mechanical model 

(finite elements analysis, beam model…) taking into account the parts’ deformability. This methodology is illus-

trated to estimate the necessary forces to assemble the mechanisms used by petroleum industries. 

This methodology optimises only tolerance values rather than proposing geometrical specifications. One of the 

future perspectives for this work is to take into account the parts’ capacity to deform at the level of the transfer of 

functional requirements. The tolerancing analysis methodology used in this article can be applied to other types 

of mechanical systems. 
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