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WIGNER MEASURES AND EFFECTIVE MASS THEOREMS

VICTOR CHABU, CLOTILDE FERMANIAN-KAMMERER, AND FABRICIO MACIA

ABSTRACT. We study a Schrodinger equation which describes the dynamics of an electron in a
crystal in the presence of impurities. We consider the regime of small wave-lengths comparable
to the characteristic scale of the crystal. It is well-known that under suitable assumptions on the
initial data and for highly oscillating potentials, the wave function can be approximated by the
solution of a simpler equation, the effective mass equation. Using Floquet-Bloch decomposition,
as it is classical in this subject, we establish effective mass equations in a rather general setting.
In particular, Bloch bands are allowed to have degenerate critical points, as may occur in dimen-
sion strictly larger than one. Our analysis leads to a new type of effective mass equations which
are operator-valued and of Heisenberg form and relies on Wigner measure theory and, more pre-
cisely, to its applications to the analysis of dispersion effects.

Keywords: Bloch modes, semi-classical analysis on manifolds, Wigner measures, two-microlocal
measures, Effective mass theory.

1. INTRODUCTION

1.1. The dynamics of an electron in a crystal and the effective mass equation. The dynamics
of an electron in a crystal in the presence of impurities is described by a wave function ¥ (¢, x)
that solves the Schrodinger equation:

2
ihoy¥ (t,x) + ;—mAx\Il(t, z) — Qper () U(t,2) — Qext (t, 2) ¥ (t,z) =0,
\P\t:() = Uy.

(1.1)

The potential Qe is periodic with respect to some lattice in R? and describes the interactions
between the electron and the crystal. The external potential eyt takes into account the effects
of impurities on the otherwise perfect crystal. Here h denotes the Planck constant and m is the
mass of the electrons. In many cases of physical interest, the ratio € between the mean spacing of
the lattice and the characteristic length scale of variation of Qe is very small. After performing
a suitable change of units, and rescaling the external potential and the wave function (see for
instance [47])) the Schrédinger equation becomes:

i0p)° (t, x) + %Ax¢€(ta T) — évper (g) VE(t, ) — Vexe(t, w)Y°(t,2) = 0,

VEle=0 = V5.
The potential Ve, is periodic with respect to a fixed lattice in R%, which, for the sake of defi-
niteness will be assumed to be Z¢.

(1.2)
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Effective Mass Theory consists in showing that, under suitable assumptions on the initial data
1§, the solutions of (I.2)) can be approximated for £ small by those of a simpler Schrodinger
equation, the effective mass equation, which is of the form:

where, as usual, D, = %81. The approximation has to be understood in the sense that any weak
limit of the density |¢)° (¢, z)|?dxdt is the density |¢(t, z)|?dxdt as € goes to 0. In equation (1.3,
B is ad x d matrix called the effective mass tensor; it generates the effective Hamiltonian

Hr(2,€) = 3B €+ Vo (1,2).

The effective mass tensor is an experimentally accessible quantity that can be used to study
the effect of the impurities on the dynamics of the electrons. Both the question of finding those
initial conditions for which the corresponding solutions of (1.2) converge (in a suitable sense)
to solutions to the effective mass equation and that of clarifying the dependence of B on the
sequence of initial data have been extensively studied in the literature [[11} 47, 3,130, 9]]. The ef-
fective mass tensor is related to the critical points of the Bloch modes. These are the eigenvalues
of the operator P (&) on L?(T%) which is canonically associated with the equation ,

1
(1.4) P(€) = 51 —iVy[* + Vper(y), y €T, R

We focus here on initial data which are structurally related with one of the Blochs modes in a
sense that we will make precise later; we assume that this Bloch mode is of constant multiplicity
and we introduce a new method for deriving rigorously equation (I.3). The advantage of this
method is that it allows to treat the case where the critical points of the considered Bloch modes
are degenerate, leading to the introduction of a new family of Effective mass equations which
are of Heisenberg type. Our strategy is based on the analysis of the dispersion of PDEs by a
Wigner measure approach which has led us to develop global two microlocal Wigner measures
in this specific context, while they are only defined locally in general ([[19, 20]).

Note that different scaling limits for equation (I.I)) have been studied in the literature: the
interested reader can consult, among many others, references [25} 28, 147,31} 10} 2| [14. 146, [16]].

1.2. Floquet-Bloch decomposition. The analysis of Schrodinger operators with periodic po-
tentials has a long history that has its origins in the seminal works by Floquet [22] on ordinary
differential equations with periodic coefficients, and by Bloch [12], who developed a spectral
theory of periodic Schrédinger operators in the context of solid state physics. Floquet-Bloch
theory can be used to study the spectrum of the perturbed periodic Schrodinger operator:

2
_%Az + Vper (g) + 52‘/éxt(ta .’E),

see for instance [48) 32, 33} 134]] and the references therein, and [45) [24} 130] for results in the
semiclassical context. The Floquet-Bloch decomposition gives as a result that the corresponding
Schrédinger evolution can be decoupled in an infinite family of dispersive-type equations for
the so-called Bloch modes. We briefly recall the basic facts that we shall need by following the
approach in [24, 23]
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The Floquet-Bloch decomposition is based on assuming that the solutions to (1.2)) depend on
both the “slow” x and the “fast” = /e variables. The fast variables should moreover respect the
symmetries of the lattice. This leads to the following Ansatz on the form of the solutions )°

of (L.2)):
(1.5) Y (t,z) = U° (t,:c, g) :

where U¢(t, x, y) is assumed to be Zd—periodic with respect to the variable y (and, therefore, that
it can be identified to a function defined on R x R? x T¢, where T¢ denotes the torus R?/Z%).
The function U® then satisfies the equation:

{ 20U (t, 2, y) = P(eDy)US(t, 2, y) + €2Vt (t, 2)US (¢, , ),

(1.6)
Ufli=o = U§(x,y), such that § = LU,

where the operator L¢ maps functions F' defined on R% x T% on functions on R according to:
(1.7) [FF(z) = F (:p 5) :
€

and P(¢D,) denotes the operator-valued Fourier multiplier associated with the symbol £ +—
P(e€) defined in (1.4). The initial condition in (T-6) can be interpreted in terms of the natural
embedding L?(R$) — L?*(R% x T) by taking U§(x,y) = ¥§(z) ® 1(y). One can also have
more elaborated identifications depending on the structure of the initial data, as we shall see
later. Identity (I.5) makes sense, since one can check that, under suitable assumptions on the
initial datum, U¢(t, x,-) has enough regularity with respect to the variable y (the fact that ¢
must be given by (1.3) following from the uniqueness of solutions to the initial value problem

(L.2)).

Assuming that the function y — Vjper(y) is smooth is enough for proving that the operator
P(€) is self-adjoint on L?(T%) (with domain H?(R?)) and has a compact resolvent. For the sake
of simplicity, we shall make here this assumption, even though it can be relaxed into assuming
Vper € LP(T?) for some convenient set of indices p which authorizes Coulombian singularity
in dimension 3 (see [35]). As a consequence of the fact that P(£) has compact resolvent, there
exist a non-decreasing sequence of eigenvalues (the so-called Bloch energies):

01(§) € 2(§) <+ < on(§) < - — +oo,

and an orthonormal basis of L2(T?) consisting of eigenfunctions (, (¢, -))
waves):

nen (called Bloch

P(&)en(y, &) = 0(E)¢nly.€), fory e T?
Moreover, the Bloch energies o,,(¢) are 2 Z?-periodic whereas the Bloch waves satisfy

on(y, & +2mk) = e 2™V, (y,€),  forevery k € Z°.

This follows from the fact that for every k € Z<, the operator P (& + 2k) is unitarily equivalent
to P(¢) since P(€ +2mk) = e 2™k Y P(£)e?2™ ¥ Tt is proved in [49] that the Bloch energies o,,
are continuous and piecewise analytic functions of ¢ € RY. Actually, the set {(&, 0,(£)), n €
N, ¢ € R4} is an analytic set of R??, Moreover, if the multiplicity of the eigenvalue g, (£) is
equal to the same constant for all £ € R?, then p,, and the eigenprojector II,, on this mode are
globally analytic functions of £&. The reader can refer to [34]] for a survey on the subject.
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Observing that, via the decomposition in Fourier series, any function U € L?(R¢ x ’]I‘Z) can
be written as:

Uz,y) = > Ur(x)e™™ Y with U172 (gasray = > Uk 72 ay»
kGZd keZd

we denote by H?(R? x T9), for s > 0, the Sobolev space consisting of those functions U €
L?(R% x T?) such that there exists C' > 0 and:

(18) Ve >0, Ul qarms) = 244(1+\s§|2+|k!2)5|Uk(€)
kezd

de < G,

where @(5) :/ e U (2)d.
R4

1.3. Main result. We consider the following set of assumptions.

Assumption 1.1. (1) Assume Vyer is smooth and real-valued and that Veyy is a continuous
function in time taking values in the set of smooth, real-valued, bounded functions on R?
with bounded derivatives.

(2) Assume that o, is a Bloch mode of constant multiplicity and that the set of critical points
of on
Ap = {£ € R, Vp,(¢) =0}
is a submanifold of R%.
(3) Assume that the Hessian d2gn(§) is of maximal rank above each point & € A, (or
equivalently that Ker d?o,, (&) = Te Ay, forall £ € Ay).
(4) Assume that the initial data §(x) satisfies

VE(x) = Ug (x g) with US(€,-) € RanII, (<€),
with U§ uniformly bounded in H(RY x T?) for some s > d /2.

It will be convenient to identify g,, to a function defined on (R%)* rather than R? (via the
standard identification given by duality). Then we define the cotangent bundle of A, as the
union of all cotangent spaces to A,

(1.9) T Ay = {(2,) € R x Ay 1 x € TEALY,

each fibre Tg A, is the dual space of the tangent space T¢A,,. Note that this is well-defined, since

TgA, C (R%)** = R? We shall denote by M (T*A,,) the set of positive Radon measures
on T*A,,. We also define the normal bundle of A,, which is the union of those linear subspaces
of R? that are normal to A,,:

(1.10) NAy, = {(2,6) € R¥ x A, : z € NeA,},

where N¢A,, consists of those x € (R%)** = R that annihilate T¢A,. Every point x € R?
can be uniquely written as x = v + z, where v € Tg A, and z € N¢A,. Given a function
¢ € L>®(R?) we write my(v,£), where v € T§¢ Ay, to denote the operator acting on L%(NeA,,)

by multiplication by ¢(v + -). Note that assumption (3) implies that the Hessian of g,, defines
an operator d?,,(£) D - D, acting on L?(N¢A,,) for any £ € A,,.
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In the statement below, the weak limit of the energy density are described by means of a time-
dependent family M,, of trace-class operators acting on a certain L?-space. More precisely,
the operators M,, depend on ¢t € Randon & € A,, v € TgAn; for every choice of these

parameters, M,, (¢, v, £) is a trace-class operator acting on L? functions of the vector space NeA.
Note that M, (t,-) can also be viewed as a section of a vector bundle over T*A,,, namely:

Ui gyerea £ (L2(Nehn)).

Theorem 1.2. Assume the hypotheses of Assumption Then, there exist a subsequence
(ek)ken, a positive measure v, € M (T*A,,), and a measurable family of self-adjoint, positive,
trace-class operator

Moy : T A 3 (0,€) ¥ Moa(v,€) € LY (L*(NeAn)),  Trro(nea,) Mon(v,€) =1,

such that for every for every a < b and every ¢ € C.(R?) one has:

b b
im [ [ s@l st = [ [ Tepan, ot 10 (0. v (o, )i,

k—o0

where M, (-,v,&) € C(R; LX (L*(N¢Ay,)) solves the Heisenberg equation:

1
iatMn(ty%g) + |:2d29n(£)Dz D, + m‘/ext(t,')(vvg)a Mn(t,v7£) =0,

Mn|t:0 = MO,n'

(1.11)

Remark 1.3. We point out that the measure v,, and the family of operators M ,, only depend on
the subsequence 5" of initial data. The way of computing them will be made clear in Section

When the critical points of o, (£) are all non degenerate, then A,, is discrete and 277Z9-
periodic, T*A,, = A,, x {0} and NA,, = R?. We then have the following corollary.

Corollary 1.4. Assume we have Assumption and that the critical points of 0,,(§) are all non
degenerate. Then the measure vy, and the operator M, of Theorem above satisfy:

(1) The operator M, (t, &) is the orthogonal projection on 1)¢ which solves the effective mass
equation:

. 1
(112) 18t¢§(t, I’) = idQQTL(g)DJ: : mef(ta .’E) + ‘/ext(ty If)lbg(ta l'),
with initial data: _
Veli—o is the weak limit in L*(R?) of the sequence (e_ig'z@bg’“).

(2) The measure vy, is given by

Vo= Y agle, g = |[teli=oll p2(ma)-
£€An
This corollary is well known and we refer to the work by Allaire and Piatnitski [3] or to [2]
for similar results in a related problem; in that work homogenization and two-scale convergence
techniques are used to obtain a precise description of the solution profile for data similar to ours
and for Blochs mode having non-degenerated critical points. In [9], Barletti and Ben Abdal-
lah obtained a result similar to Corollary [I.4] by following the approach initiated by Kohn and
Luttinger in [37]] consisting in introducing a (non-canonical) basis of modified Bloch functions.
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The starting point in our approach is conceptually closer to that in [47], in the sense that
we analyse the structure of Wigner measures associated to sequences of solutions. The main
novelty here is the use of two-microlocal Wigner measures, that give a more explicit geometric
description of the mechanism that underlies the Effective Mass Approximation, showing that it
is a result of the dispersive effects associated to high-frequency solutions to the semiclassical
Bloch band equations. Moreover, we are able to deal with the presence of non-isolated critical
points on the Bloch energies and to prove Theorem[I.2] We believe our approach is sufficiently
robust to be implemented on a Bloch band, isolated from the remainder of the spectrum, and
consisting of several Bloch modes which may present crossings. We will devote further works
to this specific problem. It is also interesting to notice that our result generalizes to initial
data which are a finite sum of data satisfying (4) of Assumption [I.1] The weak limit of the
energy density associated with the solution corresponding to this new data is the sum of weak
limits of the energy densities of the solution associated with each term of the data, without any
interference (see section [6.5|for a precise statement).

1.4. Strategy of the proof. The proof of Theorem [I.2]relies on the analysis of the solution U®
to equation (I.6) with initial data U§ as introduced in (4) of Assumption[I.T} and more precisely
on its component U’ on the n-th Bloch mode and its restriction ], by L®:

US =11,,(eD,)U®, oS = L°UE.

n

It is shown in Section |6.3|that the family (¢/%) solves the equation
(1.13) 1‘528151%61(757 x) - Qn(EDw)wi(ta l’) - 52‘/ext (t7 Jf)wi(ﬂ m) = €2f7i(t7 x)?
Unli=o(z) = ¥ (x)
with
f’fb =L° [H(EDCE)> ‘/ext] Uav

There, we prove that

(1.14) VI'eR, 4Cp >0, sup ||1/J6(t, . ) — ’QZJZ(t, : )HLQ(RUZ) < Cre.
t€[0,T]

and

(1.15) 3C >0, Vi eR, |f5(t,-)|2@e < Ce.

Equation (I.14) shows that no other Bloch modes is concerned in the decomposition of U*®
and ¥°: the mass of ¢° remains above the specific mode p,, because it is separated from the
other ones. Therefore, a crucial step in this strategy consists in performing a detailed analysis of
the dispersive equation (I.T3).

1.5. Structure of the article. Sections [2]to[5are devoted to the analysis of a dispersive equa-
tion of the form in a more general setting. For this, we use pseudodifferential operators
and semi-classical measures (Section [3) and we introduce two-microlocal tools (Section ) that
allow us to prove the main results of Section [2]in Section [5] Finally, in Section [6] we come
back to the effective mass equations and prove Theorem [I.2], which requires additional results
on the restriction operator L°, the projector IT,,(£) and energy estimates for solutions to (I.6).
Some Appendices are devoted to basic results about pseudodifferential calculus and trace-class
operator-valued measures, and to the proof of technical lemmata.



2. QUANTIFYING THE LACK OF DISPERSION

As emphasized in the introduction, understanding the limiting behavior as ¢ — 0 of the
position densities of solutions to the Schrodinger equation (1.2) relies on a careful analysis of
the solutions of equations of the form:

2.1
igzatua(t7 l‘) = )‘(ED:r)ua(tv ZL‘) + 62‘/ext(t7 x)ua(t7 l‘) + €3gg(t7 1’), (tv i‘) €eRx Rda
Ufy—p = Up»

where (g°(t,-)) is locally uniformly bounded with respect to ¢ in L?(R9).

This equation ceases to be dispersive as soon as A(£) has critical points £ # 0, and this is
always the case if A is a Bloch energy. Heuristically, one can think that one of the consequences
of a dispersive time evolution is a regularization of the high-frequency effects (that is associated
to frequencies £ = ¢ # 0) caused by the sequence of initial data. These heuristics have been
made precise in many cases; a presentation of our results from this point of view can be found
in [[15)]. The reader can also find there a detailed account on the literature on the subject.

Here we show that, in the presence of critical points of A, some of the high-frequency ef-
fects exhibited by the sequence of initial data persist after applying the time evolution (2.1).
We provide a quantitative picture of this persistence by giving a complete description of the
asymptotic behavior of the densities |u®(t, z)|?dxdt associated to a bounded sequence (uf) of
solutions to (2.1)). We give an explicit procedure to compute all weak-x accumulation points of
the sequence of positive measures (|u® (¢, z)|?dxdt) in terms of quantities that can be obtained
from the sequence of initial data (ug). These results are of independent interest; we have thus
chosen to present them in a more general framework than what it is necessary in our applications
to Effective Mass Theory.

In order to obtain a non trivial result we must make sure that the characteristic length-scale
of the oscillations carried by the sequence of initial data is of the order of €. The following
assumption is sufficient for our purposes:

HO The sequence (u) is uniformly bounded in L?(R?) and e-oscillating, in the sense that
its energy is concentrated on frequencies smaller or equal than 1 /¢ :

(2.2) lim sup / [ug(¢)]2de — 0.
€[> R/

e—0t R—+o00
We shall assume that A is smooth and grows at most polynomially, and that its set of critical
points is a submanifold of R%. More precisely, we impose the following hypotheses on A and V:

H1 V., € C(R xR?) is bounded together with its derivatives and A\ € C*°(R?) , together
with its derivatives, grows at most polynomially; i.e. there exists N > 0 such that, for
every a € N?, one has:

sup |O¢A(E)](1+1¢1Y) 7 < oo.
£eRd
H2 The set
A= {g e R: VA®E) = o}
is a connected, closed embedded submanifold of R¢ of codimension 0 < p < d and the
Hessian d?\ is of maximal rank over A.
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Hypothesis H2 implies the existence of tubular coordinates in a neighborhood of A. A
stronger version of H2 is to suppose that all critical points of A are non-degenerate (that is,
the Hessian of A, d?\(£) is a non-degenerate quadratic form for every ¢ € A). This implies
that p = d and A is a discrete set in R<; if moreover one has that )\ is Zd-periodic, which is the
situation when \ is a Bloch energy, this set is finite modulo Z¢. We first state the main result of
this section under this stronger hypothesis.

Theorem 2.1. Suppose that the sequence of initial data (uf) verifies HO, denote by (u®) the
corresponding sequence of solutions to (2.1)). Suppose in addition that H1 is satisfied and all
critical points of A are non-degenerate. Then there exists a subsequence (ug*) such that for
every a < b and every ¢ € C.(R?) the following holds:

b b
ey Jin [ s@hetafdea =3 [ [ o@luctta) e,

£eA
where ug solves the following Schrodinger equation:
2.4) i0pue(t, x) = dQA(ﬁ)Dx - Dyue(t, x) + Vexs (8, 2)ue(t, x),
with initial data:
Ug 1= is the weak limit in L?(R?) of the sequence <efé§'xu8’“).
If A = () then the right-hand side of 2.3) is equal to zero.

Note that u¢ may be identically equal to zero even if the sequence (uf) oscillates in the
direction £. For instance, if the sequence of initial data is a coherent state:

1 T—To\ ig..
) = o (T2 ) e,

centered at a point (z¢, &) in phase space with p € Cp(R?), then u¢i—¢ = O for every & € R%.
Theorem (2.1)) allows us to conclude that the corresponding solutions (u°) converge to zero in
L2 (R x RY).

loc
Theorem[2.T|can be interpreted as a description of the obstructions to the validity of smoothing-
type estimates for the solutions to equation in the presence of critical points of the symbol
of the Fourier multiplier. We refer the reader to [[15]] for additional details concerning this issue
and a simple proof of Theorem [2.1] Here, we obtain Theorem [2.1]as a particular case of a more
general result which requires some geometric preliminaries.

As for the mode Bloch g,, in the Introduction, we identify A to a function defined on (R%)*
rather than R?, and we associate with A its cotangent bundle 7* A and its normal bundle NA. In
the analogue of Theorem [2.1]in this context, the sum over critical points is replaced by an integral
with respect to a measure over 7*A, and the Schrodinger equation (2.4) becomes a Heisenberg
equation for a time-dependent family M of trace-class operators of | ], ¢yer«p £} (L*(NeA)).

Theorem 2.2. Let (uj) be a sequence of initial data satisfying HO, and denote by (u) the
corresponding sequence of solutions to (2.1). If H1 and H2 hold, then there exist a subsequence
(ué"’ ), a positive measure v € M, (T*A) and a measurable family of self-adjoint, positive,
trace-class operators

Moy : Tg*A 5 (v,8) — Mo(2,§) € ﬁ}k(L2(N£A))a TrL2(N5A) Mo (v, &) =1,



such that for every a < b and every ¢ € C.(R%) one has:
(2.5)
b b
fim [ oot (o) Pdade = [ [ Tepagnn) oo, OMu(w. €] v(do, de)t,
a JR4 a JT*A

k—o0

where t — M;(v, &) € C(R; L (L*(N¢A)) solves the following Heisenberg equation:

1
(26) iatMt(U7§) = |:2d2)‘(§)Dz : DZ + chxt(t,‘) (Uag)a Mt(v7§) ’

M|i—o = M.

Remark 2.3. When hypothesis H2 about the rank of the Hessian d?) is dropped, then an addi-
tional term appears in (2.5)) (see [[15]).

When A consists of a set of isolated critical points, Theorems [2.1] and [2.2] are completely
equivalent. Note that in this case, 7*A = {0} x A and the measure v (which in this case is a
measure depending on & € R? only) is simply

V= Z 045(567

e
where o = [|ugi—ol|7. (rey- I addition, NeA = R? and the operator M;(£) (which again

does not depend on z) is the orthogonal projection onto ug(t, -) in L?(IR%) (recall that ug solves
the Schrodinger equation (1.12))). These orthogonal projections satisfy the Heisenberg equation
@.5).

The proof of Theorem[2.2]follows a strategy developed in the references [39, 6 4] in a differ-
ent (though related) context. As in those references, the measure v and the family of operators
M only depend on the subsequence of initial data (ug*); we will see in Section 3| that they
are defined as two microlocal Wigner measures of (ug") in the sense of [18] [19, 20} 39]. At
this point, it might be useful to stress out that in this regime the limiting objects M, v cannot
be computed in terms of the Wigner/semiclassical measure of the sequence of initial data, as it
is the case when dealing with the semiclassical limit. In [[15]], we have explicitly constructed
sequences of initial data having the same semiclassical measure but such that their time depen-
dent measures differ. This type of behavior was first remarked in this context in the case of the
Schrodinger equation on the torus, see [38139].

We also emphasize that the original definition of two-microlocal Wigner measures performed
in [19] and their extension to more general geometric setting [20] were only defined locally. We
prove here that they extend to global objects in the geometric context of closed simply connected
embedded submanifolds of R%; related constructions were performed in the torus [39, 16} 14, 43]]
and the disk [3].

See also, that as soon as A has strictly positive dimension (i.e. it is not a union of isolated
critical points), the measure  may be singular with respect to the z variable, while when A con-
sists in isolated points, the weak limit of the densities |°(t, 2)|?dx are proved to be absolutely
continuous with respect to the measure dz. See [15]] for specific examples exhibiting this type
of behavior; see also that reference for examples proving the necessity of hypothesis H2; it is
shown there that different types of behavior can happen whenever the Hessian of A is not of full
rank on A.
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The main idea of the proof comes from the following remark. Setting v° (¢, x) = u®(et, z),
then (v°) solves the semi-classical equation
(2.7)
i€ (t, @) = MeDa)v" (1, 7) + e*Vext (8, 2)0° (8, ) + €%9°(t, @), (t,2) € R x RY,
U\i:o = Uug,

which means that, in the preceding analysis, we have performed the semiclassical limit e — 0
in (2.7) simultaneously with the limit ¢/ — +o00. Such analysis, combining high-frequencies
(¢ — 0) and long times (t ~ t. — 400) is relevant if one wants to understand the behavior of
solutions of beyond the Ehrenfest time. This approach was followed in the case of confined
geometries in the references [38} 14, 42]]. Note also that in the particular case when A(§) is ho-
mogeneous of degree two, this change of time scale transforms the semiclassical equation
into the non-semiclassical one (that is, the one corresponding to € = 1). Therefore, it is possible
to derive results on the dynamics of the Schrodinger equation via this scaling limit [39, 8 (7} |5]].
The reader can consult the survey articles [40, 6] and the introductory lecture notes [41] for
additional details and references on this approach.

3. PSEUDODIFFERENTIAL OPERATORS AND SEMICLASSICAL MEASURES — PRELIMINARIES

In this section we recall some basic facts on Wigner distributions and semiclassical measures,
which are the tools we are going to use to prove Theorem and derive preliminary results
about Wigner measures associated with families of solutions of equations of the form (2.1)).

3.1. Wigner transform and Wigner measures. Wigner distributions provide a useful way for
computing weak- accumulation points of a sequence of densities | f¢(z)|?dx constructed from
a L?-bounded sequence (f¢) of solutions of a semiclassical (pseudo) differential equation. They
provide a joint physical/Fourier space description of the energy distribution of functions in RY.
The Wigner distribution of a function f € L?(R?) is defined as:

EV EVY ; dv
= 1 (= )T Tl
i@ [ f(e=F)1(e+F)e e
and has several interesting properties (see, for instance, [23]]).
o Wi e L*(RY x RY).
e Projecting W}? on z or £ gives the position or momentum densities of f respectively :

2

L |a(¢
€ _ 2 € _ >
[ wiwgas =P, [ witw. o= o1 |F(4)]
Note that despite this, W]“i is not positive in general.
e Forevery a € C°(R? x R?) one has:
(3.1 / a(a:,f)W}:(x,ﬁ)dxdﬁ = (Opa(a’)f) f)LQ(Rd)’
Rex R4

where op,(a) is the semiclassical pseudodifferential operator of symbol a obtained
through the Weyl quantization rule:

o.(a)f () = [ a(“y c€) €1 f(y)ay i

R xRd 2 (2m)d’




11

If (f¢) is a bounded sequence in L?(R%) then (W7.) is a bounded sequence of tempered
distributions in S’(R? x R?). This is proved using identity (3.I)) combined with the fact that
the operators op_(a) are uniformly bounded by a suitable semi-norm in S(R? x R%), see (A.T).
Appendix [A] contains additional facts on the theory of pseudodifferential operators, as well as
references to the literature.

In addition, every accumulation point of (WJ?E) in S'(R? x RY) is a positive distribution and
therefore, by Schwartz’s theorem, a positive measure on R x R?. These measures are called
semiclassical or Wigner measures. See references [25] 136l 27, 28] for different proofs of the
results we have presented so far.

Now, if 1 € M (R? x R?) is an accumulation point of (W7}-) along some subsequence (¢)
and (| f¢#|?) converges weakly-x towards a measure v € M (R?) then one has:

(3.2) / p(-d§) <v
R4
Equality holds if and only if (f€) is e-oscillating:
(3.3) lim sup / [F2(©)Pds — 0,
e—0t J|¢|>R/e R—+c0

see [125, 27, 128]. The hypothesis HO that we made on the initial data for equation (2.1), is this
e-oscillating property. Note also that (3.2)) implies that 1 is always a finite measure of total mass
bounded by sup, || f¢ ”%2(]1@)'

Remark 3.1. If |[(€Dy)® || 12(re) is uniformly bounded for some constant s > 0, then the
family f€ is e-oscillating.

3.2. Wigner measure and family of solutions of dispersive equations. We will now consider
Wigner distributions associated to solutions of the evolution equation (2.1) where Vi and A
satisfy hypothesis H1 and (¢°(t, -)) is locally uniformly bounded with respect to ¢ in L?(R%).

When the sequence (u§) of initial data is uniformly bounded in L?(R%), so is the correspond-
ing sequence (u°(t,-)) of solutions to for every t € R. Therefore the sequence of Wigner
distributions (st( t7.)) is bounded in C(R; S’(R? x RY)). Nevertheless, its time derivatives are
unbounded and, in general, one cannot hope to find a subsequence that converges pointwise (or
even almost everywhere) in ¢ (see Proposition 3.4 below). This difficulty can be overcome if one
considers the time-average of the Wigner distributions.

Proposition 3.2. Let (uf) be a sequence of solutions to 2.1)) issued from an L?(R?)-bounded
family of initial data (uj)). Then there exist a subsequence (cy) tending to zero as k — oo
and a t-measurable family p; € M (R% x RY) of finite measures, with total mass essentially
uniformly bounded in t € R, such that, for every § € L'(R) and a € C°(R? x R?):

lim Olt)alir. Wik, (o Ododede = [ ot)a(e. puldr,de)i
k=00 JRxRd x R4 R xR xRd

If moreover, the families (u3) and g°(t,-) are e-oscillating, then for every 0 € LY(R) and
¢ € C(RY):

lim 0(t)o(x)|u* (t, z)|?dx dt = // x)pe(dz, d€)dt
Rded

k—o0 Rd
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This result is proved in [38]], Theorem 1; see also Appendix B in [42]. Note that its proof uses
the following observation.

Remark 3.3. Let (u®(¢,-)) be a sequence of solutions to (2.I)) with e-oscillating sequence of
initial data (ug) and assume g°(¢,-) is e-oscillating for all time ¢ € R. Then, u®(¢,-) also is
e-oscillating for all ¢ € R.

3.3. Localisation of Wigner measures on the critical set. The fact that (u°(t, -)) is a sequence
of solutions to imposes restrictions on the measures /i; that can be attained as a limit of their
Wigner functions. In the region in the phase space R% x ]Rg where equation (2.1)) is dispersive
(i.e. away from the critical points of \) the energy of the sequence (u°(t,-)) is dispersed at
infinite speed to infinity. These heuristics are made precise in the following result.

Proposition 3.4. Let (us(t,-)) be a sequence of solutions to [2.1)) issued from an L*(R%)-
bounded and e-oscillating sequence of initial data (ug), and suppose that the measures i are
given by Proposition[3.2] Then, for almost every t € R the measure yi; is supported above the
set of critical points of \ :

supp e C A = {(z,€) € RT x R? : VA(€) = 0}.
The result of Proposition[3.4]follows from a geometric argument : the fact that u° are solutions
to (2.1) translates in an invariance property of the measures ;.

Lemma 3.5. For almost every t € R, the measure p; is invariant by the flow
Pl RIXRYS (2,8) — (. +sVAE),£) €ERIxRY, scR.

This means that for every function a on R% x R? that is Borel measurable one has:
[, acdt@Omdnd) = [ alwOuldsde), seR
R4 xRd Rd xRd

This result is part of Theorem 2 in [38]. We reproduce the argument here for the reader’s
convenience, since we are going to use similar techniques in the sequel.

Proof of Lemma[3.3] Tt is enough to show that, for all a € C2°(R? x R?) and § € C°(R), the
quantity
d
R°(0,a) := / 0(t) —(ao ¢l(x,€)) Wféck(t ')(x,g)d:n dé dt
RxRd xR ds s=0

tends to 0 for the subsequence ¢, of Proposition [3.2] Note that

d 1
%(ao ¢5)

=VeA-Vea={)\a};
s=0

therefore, by the symbolic calculus of semiclassical pseudodifferential operators, Proposition|A.1

d
ov, (graooh)| ) -
and, using the fact that u* solves (2.1)):

[A(eD) , op.(a)] + Og(p(Rd))(‘f)

m | .

Z'/R9(75)([/\(61?),0&(@)] us(t,-), us(t, ) dt + O(e)

€



_—5/9 < (o (a)(t, ), dt-e/@’ (opo(a)us (L, ), uf (2, ) dt = O(e).

This estimate together with identity (3.1) show that R°(6, a) = O(e), which gives the result that
we wanted to prove. g

Proposition [3.4] follows easily from Lemma [3.5]and the following elementary fact.

Lemma 3.6. Let Q C R% and @, : R% x Q@ — R? x Q a flow satisfying: for every compact
K c R% x Q such that K contains no stationary points of ® there exist constants o, 3 > 0 such
that:

als| = B < [®s(z,8) < als|+ 8, V(z,§) € K.
Let pu be a finite, positive Radon measure on R% x ) that is invariant by the flow ®,. Then yu is
supported on the set of stationary points of .

Proof. Tt suffices to show that (k) = 0 for every compact set K C R? x Q as in the statement
of the lemma. By the assumption made on 9y, it is possible to find s, — +o0 such that &, (K),
k € N, are mutually disjoint. The invariance property of 1 implies that ;(®, (K)) = p(K) and

therefore, for every NV > 0:
N
" (U o, <K>) — Nu(K).
k=1

Since p is finite, we must have p(K) = 0. O

4. TWO-MICROLOCAL WIGNER DISTRIBUTIONS

The localization result for semiclassical measures that we obtained in the preceding section
is still very far from the conclusions of Theorems and In particular, Proposition
does not explain how the measures p; depend on the sequence of initial data of the sequence
of solutions (u(¢,-)). For obtaining more information, we use two-microlocal tools that we
introduce in a rather general framework in this section.

From now on, we assume that X is a connected, closed embedded submanifold of (R?)* with
codimension p > 0. Given any ¢ € X, T, X and N, X will stand for the cotangent and normal
spaces of X at o respectively (as defined in (1.9) and (1.10)). The tubular neighborhood theorem
(see for instance [29]]) ensures that there exists an open neighborhood U of {(c,0) : 0 € X} C
N X such that the map:

U3 (0,0) — o +v e (RY*,
is a diffeomorphism onto its image V. Its inverse is given by:
V38— (0(£),£—a(f)) el
for some smooth map o : V' — X. When X = {{y} consists of a single point, the function o
is constant, identically equal to &g.

We extend the phase space T*RY := R% x (Rd)z with a new variable 7 € R9, where R?

is the compactification of R? obtained by adding a sphere S?~! at infinity. The test functions

associated with this extended phase space are functions a € C*°(T *Rg ¢ X Rg) which satisfy
the two following properties:
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(1) There exists a compact ' C T*R¢ such that, for all n € R, the map (z, £) + a(z, £, 1)
is a smooth function compactly supported in K.
(2) There exists a smooth function a., defined on 7*R% x S9! and Ry > 0 such that, if
[l > Ro, then a(z, §, 1) = ass(x,&,n/n)).
We denote by A the set of such functions and for a € A we write:
—0
(41) CLE({E,S) ::a(x,f, ge(§)> .
Given f € L?(R%), we define the two-microlocal Wigner distribution W;( e D'(Rx V xRd)
by:

42) (W}, a) 1= (opo(ac) fIf)paqey,  Va € A
Since a(z,e€) = a (x,sf , %) has derivatives that are uniformly bounded in &, the

Calderén-Vaillancourt theorem (see Appendix |Al) gives the uniform boundedness of the fam-
ily of operators (op.(ac))e>o in L2(R?). In addition, any function a € C°(R? x V) can be
naturally identified to a function in .A which does not depend on the last variable. For such a,
one clearly has

X
(Wiea) = [ alw Wi e)dwde,
R xR4
Putting the above remarks together, one obtains the following.

Proposition 4.1. Let (f¢).~q be bounded in L?(R); suppose in addition that this sequence has
a semiclassical measure p. Then, (W;E’E)DO is a bounded sequence in D'(R? x V x R) whose

accumulation points ,uX satisfy:
(W)= [ aleOuldn,de), Vae CRERIXV)
Rd xR4

The distributions 1 turn out to have additional structure (they are not positive measures on
R? x V x R4, though) and can be used to give a more precise description of the restriction
(W] gy x of semiclassical measures. The measure X decomposes into two parts: a compact

part, which is essentially the restriction of ;X to the interior R% x V' x R? of R% x V' x R<, and
a part at infinity, which corresponds to the restriction to the sphere at infinity R x V' x S41,

4.1. The compact part. On the neighborhood of any point o € X, one may find a system of p
equations on R for which X is the zero set. Let ¢(¢) = 0 be such a system in an open set
that we can assume included in the set V' where the map o is defined. Then, a parametrization
of N,X associated to this system of equations is

N, X = {'dp(0)z, z € RF}.
For o € X, we define functions of L?(N,X) as square integrable functions
RP 5 z — f(2),

where z is the parameter of a parametrization of N, X that we fixed a priori.
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Besides, one associates with the system ¢(£) = 0 a smooth map & — B(&) from the neigh-
borhood € of ¢ into the set of d x p matrices such that

(4.3) §—0(§) = B(§p(§), €

Given a function a € C°(R? x  x R?) and a point (o,v) € TX, we can use the system of
coordinates ¢ (&) = 0 to define an operator acting on f € L?(N,X) given by:

) = [ oo+ dplo) HY 0. Blo)y ) flp)en LY

In other words, Qf (o, v) is obtained from a by applying the non-semiclassical Weyl quantization
to the symbol

(z,m) = a (v + 'dp(0)z,0,B(o)n) € C°(RP x RP).
We write
Q¥ (o,v) = a" (v+ 'de(o)z,0,B(0)Dy).

If one changes the system of coordinates into ¢(£) = 0 on some open neighborhood Q of o,
then, there exists a smooth map R(&) defined on the open set 2 N Q (where both system of
coordinates can be used), and valued in the set of invertible p x p matrices, such that $(§) =
R(£)p(€). One then observe that the matrix B(€) associated with the choice of @ is given by

B(€) = B(§)R(€)!. Besides, for a € C>°(R? x (2N Q) x RY),

Qf(a7v) = / a <’U + td&(J)ﬁ,U,E(o‘)n) f(y)ein'(z_y)M
RP xRP

t t z+y B ey 0 dy
- /RPX]RPG(UJF do(o) "R(o) 5 ,0,B(c)R(0) 177) fy)em =y

We obtain B

Q¢ (o,v) = U(0)Qg(a,v)U"(0),
where U (o) is the unitary operator of L?(N,X) ~ L?(RP) associated with the linear map
from R? into itself : 2z — “R(0)z. More precisely,

Vf € LA(RP), U(0)f(z) = |det R(0)|® f('R(0)z).

This map is the one associated with the change of parametrization on N, X induced by turning ¢
into @, and the map (z,¢) — ('R(0)z, R(0)~1(¢) is a symplectic transform of the cotangent
of RP. This is the standard rule of transformation of pseudodifferential operators through linear
change of variables (see [1] for an example or any textbook about pseudodifferential calculus).

Because of this invariance property with respect to the change of system of coordinates, we
shall say that a defines an operator Q,(c,v) on L?(N,X). Clearly, Q,(c,v) is smooth and
compactly supported in (o, v); moreover, Q4(c,v) € K(L?*(N,X)), for every (o,v) € TX,
where KC(L?(N, X)) stands for the space of compact operators on L?(N,X).

Proposition 4.2. Let X be given by Proposition Then there exist a positive measure v on
T* X and a measurable family:

M :T*X 3 (o,0) — M(0,v) € LL(L*(N, X)),

satisfying
Trrow, x) M(o,v) =1,  forv-ae. (o,v) € T*X,
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and such that, for every a € C°(R? x V' x R?) one has:

<MX’a> = /*X Trre(n, x)(Qalo,v)M (0, v))v(do, dv).

Proof. We suppose that we are given a local system of p equations of X by ¢(£) = 0. Put
€= (¢,¢") € R? x R4P. Without loss of generality, we may assume that dg ¢(€) is invertible.
We consider the smooth valued function B satisfying £ — o(§) = B(&)y(§) and we introduce
the local diffeomorphism

®: (p(€),€") = &

Note that if £ = ®(¢), ¢ = (¢', ("), we have ¢’ = p(§) = ¢(®(¢)) and ¢ = £”. We use this
diffeomorphism according to the next lemma.

Lemma 4.3. Forall f € L>(R%) and a € A,

(ope(a2)1 + 1) = (ov. (o ((a0(©) 000 (@) £ ) )it .t ) + OS2

€
where f s U, f is an isometry of L*>(R?).

The proof of this lemma is in the Appendix[C| This lemma reduces the problem to the analysis
of the concentration of the bounded family f¢ = (U.f) on the submanifold A = {¢/ = 0}
which has the additional property to be a vector space. This special case has been studied in [15]]
where it is proved (see pages 96-97, Proposition 2) that up to a subsequence, there exist a positive
measure v on T*R% P and a measurable family of trace 1 operators:

My : T*R*™ 3 (0,v) — My(o,v) € LY (L*(RP)),

satisfying for any b € C2°(R24+P),
. ~6 ~€
ig% (Ops(bs)f o )
- Trpage (0 (=), 0,6"), Dz) Mou',6") )dvo(du”, d0").
Rd—P xRd—P

The reader will find in Appendix [B| comments on the operator-valued families. Therefore, for
compactly supported a € A, and choosing b(z, &, ') = a (*d® (&) "z, ®(), B (®(£)) '), one
obtains

lim (op.(ac) f, %)

e—0
—/ TrLg(Rp)(aW (*d®(0,0") " (z,u"), ®(0,0"), B(®(0,60"))D,)
Rid—pxRA—P
x Mo (", 9”)) dvo(du”, d0").

Note that the map 0" — o = ®(0, 6”) is a parametrization of X with associated parametrization
of T*X,

(0", u") = (o,0) = (2(0,0")," d®(0,0”)(0,u")).
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Since the Jacobian of this mapping is 1, after a change of variable, we obtain an operator valued
measurable family M on T* X and a measure v on 7" X such that

lim (op.(a2) , /)
_ /  Tesage) (" (‘49(0.6"(0))7'(2,0) + .0, B(0)D-) M(e.v)) dv(do, dv).

We now take advantage of the fact that o(®(¢)) = ¢’ for all ¢ € R? in order to write

do(®(C))d®(¢) = (1d, 0).
We deduce
Vz e RP, 1dD(C) dp(®(¢))z = (2,0),
which implies
Vz e RP, tdp(®(())z = Wd®(¢) " (2, 0).
Therefore,

hIHO (Ope(as)f ) f) = TI‘L2(R1”) (aW (tdgo(o’)z +w,0, B(U)DZ) M(Gv U)) dV(dO‘, d’U)
E— T*X

= / Trre(n, x) (Qa(o)M (0, v)) dv(do, dv).
T*X
g

4.2. Measure structure of the part at infinity. To analyze the part at infinity, we use a cut-off
function x € C°(R?) such that 0 < x < 1, x(n) = 1 for |n| < 1 and x(n) = 0 for || > 2, and

we write
<W;(’E,a> = <Wf’€,a3> + <W;(’€,CLR> ,
with
@4 ap(e,&n) = a@ &y () and af(z.&n) = ale, &) (1-x ()
Observe that ap is compactly supported in all variables. We thus focus on the second part, and
more precisely on the quantity
lim sup lim sup <W;(’6, aR> .
R—o0  e—07t
We denote by SA the compactified normal bundle to A, viewed as a submanifold of R¢ x R<,

the fiber of which is 7R? x S, A above o with S,A being obtained by taking the quotient of
Ny A by the action of R by homotheties.

Proposition 4.4. Let (f¢) be a bounded family of L*(R?). There exists a subsequence €}, and a
measure vy on SA such that for all a € A,

lim lim <W;§;f’“,aR>_/ oo (x, 0,w)Y(dx, do, dw)
Rix X xSd—1

R—00 k—+400

5—0(5)>
+/Rd><XC><Sd—1 Qoo <$7§7 ’5_0_(5)’ N(d%,df),

where X ¢ denotes the complement of the set X in R%.
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Proof. We begin by recalling the arguments that prove the existence of the measure ~, which are
the same that the one developed in the vector case in [13]. Since a = a, for || large enough,

we have at = afl as soon as R is large enough and the quantity

lim sup lim sup <W;§’a, aR>
R—oo  e—0t
will only depend on a.. Therefore, by considering a dense subset of C.(T*R? x S¢~1), we can

find a subsequence (g;) by a diagonal extraction process such that the following linear form on
Co(T*R? x S91) is well-defined

l:a0 — lim lim <W]})§;f’“,aR> .
R—00 k—+00

We then observe that
Va, € N%, 4C, 3 >0, sup
R2d

0207 (a®),| < Caple” + R,

This implies that the symbolic calculus on symbols (a'?). is semiclassical with respect to the
small parameter v/¢2 + R—2. To be precise, one has the following weak Garding inequality: if
a > 0, then, for all k > 0, there exists a constant C,;, such that

E 1
<W})§’ ,aR> z - <K+ O (€+ R>> 1211 Z2gay-

We then conclude that the linear form ¢ defined above is positive and defines a positive Radon
measure p. It remains to compute p outside X. In this purpose, we set

" = aff + o™ with af'(z,&,n) = " (x,&n)(1 - x) (gi:(éj)

and we observe that, by the definition of y:

I li li )g,ak R :/ ~ 5_0(5) dr. d
550 Rovoo ;E%)<Wfk @ > et (9“’5’ € o) ) Hdw ),

which concludes the proof of the existence of the measure +.

Let us now analyze the geometric properties of this measure. We choose a system of local
coordinates of A and introduce the matrix B as in (4.3). By Lemma.3|and the result of [15] for
vector spaces: up to a subsequence, there exists a measure 7y on R x R%P x SP~1 such that

lim lim lim <WJ}X’5,QR’5>

§—01T R—ooe—0t
_ t i —1 i B(@(Ofﬁ))w
= /]Hs e < 42(0.8)7 2, 0.8 15 (30,7 o

The mapping " — ®(0,¢"”) is a parametrization of X and the mapping
(,€) = (d®(0,6") 71w, (0,€"))

is the associated mapping of T)*(Rd. Therefore, this relation defines a measure 5 on 7% X x SP~1
such that

B
45) lim lim lim <W;(’E,QR’5> - / oo (xa(")“> F(dw, d€, dw).
T+ X xSp—1 |B( ‘

6—0t R—00e—071 U) w

> Yo (dz, d&, dw).
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Besides, using that
(4.6) Id = do(0¢) + B(og)dp(o0)
for any oy € X, we deduce that for any ¢ € T, RY, we have the decomposition
¢ =do(o0)¢ + B(oo)de(o0)¢, with do(og)( € T,X and B(oo)dy(c0)¢ € Ny X.

Now, since d is of rank p, one can write any w € SP~! as w = dp(0()( and the points B(oq)w
are in N,, X . By identification of «y in (4.5)), we deduce that y(x, 0, -) is a measure on the set

B(o)w N, X,
By v =Y s

which completes the proof of the proposition. g

5. TWO MICROLOCAL WIGNER MEASURES AND FAMILIES OF SOLUTIONS TO DISPERSIVE
EQUATIONS

We now consider families of solutions to equation (2.1). As proved in Proposition [3.4] the
Wigner measure of the family (u®(¢, -)) concentrates on the set A = {VA({) = 0}. In order to
analyze u! above A, we perform a second microlocalization above the set X = A, with average
in time. We consider for § € L!(RR) the quantities

/9 , >dt

for symbols a € A. Up to extracting a subsequence €, we construct L°° maps
t = v (dx,do,dw), t— v(do,dv), t+— M(o,v)

valued respectively on the set of positive Radon measures on R? x A x S9! on the set of
positive Radon measures on 7*A and finally on the set of measurable families from 7*A onto
the set of positive trace class operators on L?(NA), such that for all # € L'(R) and for all
a€ A

o(t) (W | a)dt // 0(t)aso(z, 0, dx, do, dw)dt
Lo (wiityaya,— [ [ o@eleow)(de. dode)
// () Trr2 (v, 0)(Qalo, v) Mi(o, v)vi(do, dv)dt.

The measures ~* and v/, and the map M satisfy additional properties coming from the fact that
the family (u®(¢,-)) solves a time-dependent equation. These properties are discussed in the
next two sections. We shall see that the measures v, are invariant under a linear flow and that we
can choose the sequence €, such that the map ¢ — M, is continuous (and even C b,

5.1. Transport properties of the compact part. Since A is the set of critical points of A, the
matrix d? ) is intrinsically defined above points of A. Thus, using the formalism of the preceding
sections,
620l2/\(0)77.77 = d2)\(O')DZ . Dz.
Proposition 5.1. The map t — v, is constant and the map
t = My(o,v) € C(R; L1 (L*(N,A))
solves the Heisenberg equation (2.0).
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Proof. We analyze for a € C°(R3?) the time evolution of the quantity <WA’Et ) a> . We have

us(

% <W1/L\57ft,.)7 CL> = wiz ([Opa(a€)7 /\(e’;‘D)] U’E(tv ')7 ug(tv ))"’_% ([Ope(a8)7 VeXt] U’E(t7 ) ) us(t’ ))+O(€)

By standard symbolic calculus for Weyl quantization, we have in £(L?(R?))

=5 092, A=D)] = 2 0p.(VAE) - Vaac) + Oc).
Besides, by Taylor formula and by use of VA(o(£)) = 0, we have
(5.1) VAE) = &*A(@(§) (€ = 0(9) + T(&) (€ = 0(9) - (€ = a(€)),

where I' is a smooth matrix. This yields

1

EVA(g) ’ Vwas(xag) = bs(x,f)
with
At this stage of the proof, we see that % <W$€(Et 3 a> is uniformly bounded in ¢, thus using a
suitable version of Ascoli’s theorem and a standard diagonal extraction argument, we can find a
sequence (£) such that the limit exists for all a € C2°(R3?) and all time ¢ € [0, T (for some
T > 0 fixed) with a limit that is a continuous map in time. The transport equation that we are
now going to prove shall guarantee the independence of the limit from 7" > 0.

We observe that for any local system of equations of A, ¢(£) = 0, the operator Qf satisfies
for (o,v) € TA,

Qf(o,v) = bW (U + td(p(a)z,a,B(o—)Dz)
= op, (d*X(0)B(o)n - Vya(v+ 'dp(o)z, 0, B(o)n)).

On the other hand, we observe that, setting

0(¢,m) = %dzk(é)n -,

we have
i[QF(0),Q4(0,0)] = i['B(0)d’A(0)B(0)D; - D, , Qf(0,v)]
(5.2) — op; (‘dp(0) ' B(o)N(o)B(o)n - Vaa(v + dp(0)z, 0, B(o)n)

and we now focus on the matrix *dy(c)?B(c)d*\(c)B(c), and thus on the properties of the
hessian d? (o).

For £ € A, the bilinear form d?\(€) is defined intrinsically on 7¢R% and d>)(¢) = 0 on T¢A.
We deduce from that any ¢ € T¢R? satisfies
¢ =do(§)¢+ B(§)dp(§)¢ with do(§)¢ € ToA.
Therefore,
Ve €A, dPA() = dMOB()dp(&)-
Taking into account this information, equation becomes

i[QF(0), Q£ (0, v)] = opy (d*AM0)B(o)n - Vea(v + 'dyp(0)z, 0, B(o)n)) .
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We conclude
Qf(aa U) =1 [Qf(g), Qg(a7 U)} .

This implies that

. 1

10t (M (o, v)vi(do, dv)) = idz)\(a)Dz - D+ my, 1. (v, 0), My(o,v) | vy(do, dv).
Taking the trace, we get 0,1, = 0, thus 14 is equal to some constant measure v and M; satisfies
equation (2.6), which proves the proposition. O

5.2. Invariance and localization of the measure at infinity. We are concerned with the prop-
erty of the L>-map t — ~!(dx,do, dw) valued in the set of positive Radon measures on SA.
We now define a flow on SA by setting for s € R

65 : (z,0,w) = (x4 sd*No)w, o, w).
Proposition 5.2. The measure ~' is invariant by the flow ¢5.

Proof. The proof essentially follows the lines of the proof of Theorem 2.5 in [4]]. We use the
cut-off function  introduced before and set

(2, &) = a(z, &) x (5_;(§)> (1-x(3)):

we introduce the smooth symbol

b (2, €. ) = (:r ; Sdzk(é“)‘z‘,f,n) ,

which satisfies (%), = aso © #5. Using equation (5.1), we obtain

() (@.6) = 0" (‘7” o

where for all multi-index o, 3 € N¢, there exists a constant Ca,p > 0 such that 7"5” 9 satisfies:

os0grs

VA(©), € 5‘;’@> + 670, )

sup
x,£€R4

As a consequence, <W£E(i 3 i ’§> is uniformly bounded in R, J, € and:

S CO‘75‘

Ae Ae 7
<Wu57(t,')’ D) = <Wu;(t7.), b)) +0(9),

uniformly with respect to R and ¢, with

PRIz € :R,5< 5 >\,,>-
s (x.&m) =a x+|€70(£)|v (€),€m

Note that this symbol is smooth because |¢ — o(¢)| > R e on the support of a’*°. We are going
to prove that for all § € C2°(R),
L d oAhe TR\ g, _
S A J OO Mo b =
Indeed, by the calculus of the preceding section, we have

d Ae  TRS Ae R,§
%<Wu5(t,~)’ bs > = <Wu5(t,~)’ VA- Ve >
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with

1 Rs (o
E8(a,61) = e ( w(s),s,n).

TG

The symbol cf’é is such that for all multi-index o € N, there exists a constant C, > 0 for
which:

sup |9%(cR0).| < Cy(Re)™!
x,£€R4
This implies in particular:
C
R,0
< —.
HOpE )e) L(L2(RY) — Re

By symbolic calculus, we have

iz [0 2ED)] =0 (VA Talel)) +0 ()

We deduce that for all § € C2°(R),
/H(t) £ (Wer, ) b0yt
R
= [0 (5 [op-t(eENNED] it e ) e 0 (5)

= /RO(t) (; |:Op€(( R9).), MeD) +€2‘/ext(t,l'):| W) | ua(t,-)> s O (;)
- g/Re(t)jt (Opg((cf"s)s)ue(t, ), u(t, ')) dt + O <1§>

= 0()+0 (;)
As a conclusion,
(WG, ) %) = (WG, %) + 0(9)
= (Wit 50") + O(sle) + O(ls|R ™) + 0(5)
= (Wi, + O(lsle) + O(|s|[R™") + 0(9),
which implies the Proposition. O

5.3. Proofs of Theorems2.1|and 2.2} Remind that Theorem 2.2]implies Theorem [2.1] thus we
focus on Theorem We first observe that the measure -4 is zero. Indeed, by H2; for o € A,
d?\(o) is one to one on N,A. Therefore, since 7; is a measure on SA, the invariance property
of Proposition and an argument similar to the one of Lemma yields that v = 0. As a
consequence, the semi-classical measure p; is only given by the compact part and one has for
any a € C°(R??) and 0 € L' (R),

Lo [ atwontan.de) = [ 00) [ Tepa,n) (Quler0)dido,dv)) ar
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Then, taking 6 = 1,4 for a,b € R, a < b, and in view of Proposition and of Lemma
we deduce that for every every ¢ € C.(R?) one has for the subsequence defining M; and v;:

b b
iy [ [ ottt o)Pdodt = [ Tepain) (Qotw Mo, ) viav )

e—0

where M, satisfies (2.6). This concludes the proof of Theorem We emphasize that the
measure v and the operator valued family M are utterly determined by the initial data.

6. BLOCH PROJECTORS AND SEMICLASSICAL MEASURES

In this section we prove Theorem [I.2] as a result of the analysis in Section[d] We shall use
properties of the operator of restriction L® defined in and of the projector I1,,(¢ D, ). Then,
we prove a priori estimates for solutions of equation (I.6)) and use them to reduce the dynamics
of our original problem to those of equation (Corollary [6.8).

Note that, modulo adding a positive constant to equation (I.2)), we may assume that P(¢D,,)
is a non-negative operator. With this in mind, the following estimates, that will be repeatedly
used in what follows, hold.

Remark 6.1. There exists a constant ¢ > 0 such that:
C_IHUHHg(]RdXTd) < [[{eD2)’ Ul 2raxray + HP(er)S/QUHB(Rded) < c||U|| s maxcrey

for every U € L?(R? x T%) and € > 0, where, as usual, (¢) = (1 + |£|?)!/? and where the sets
H¢ have been defined in (1.8).

6.1. High frequency behavior of the operator of restriction to the diagonal and of the Bloch
projectors. We first focus on the properties of the operator of restriction to the diagonal L® and
prove its boundedness in appropriate functional spaces.

Lemma 6.2. Suppose s > d/2, then the operator
LF: L*(RY; HS(TY)) — L*(RY)

is uniformly bounded in ¢.
Moreover, if U¢ € L2(R%; H S(Tg)) satisfies the estimate:

(6.1) limsup||]lR(st)UEHLz(Rd;Hs(Td)) — 0,
e—0+ R—yo0

where 1 is the characteristic function of {|{| > R}, then the sequence (L°U¢) is bounded in
L%(RY) and e-oscillating.

Remark 6.3. Suppose that (U¢) is bounded in H”(R? x T%) for some » > d/2. Then condi-
tion (6.1)) is satisfied for every d/2 < s < r. This follows from the bound:

1Lr(eDa)US | p2(resprs(rayy < B NUS || grr (maxcray-
In particular, if ¢ satisfies item (3) of Assumptions then (1)) is -oscillating.
Proof. Let U¢ € L*(R%; H*(T%)) and write

Us(z,y) = > Up(z)e®™,
kezd
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and

2
101 s mgyy = D (B UK 12 ey
kezd
Then there exist constants C', Cyq s > 0 such that

1/2
Z Ukl L2mey < C Z \k\stUmiz(Rd) < CaslU%| L2 ra; mrs(ray)»
kezd kezd
and therefore:

(6.2) LU || 2 (rey < Z Ukl L2 Ry < Ca,sl
kezd

Ul 2rg; i (ng))-

Let us now show that, under the hypothesis of the proposition, v* := L*U® defines an e-
oscillating sequence. Given ¢ > 0, since s > d/2, there exists Ny > 0 such that

kT <87

|k|>Ns
Define:
vie) = Y Uila)e™™E,
|k|<Ns
Clearly,

[0° = w5l 2ray < OIU|| L2 me;mrs (ma))-
Therefore, it suffices to show that for any § > 0 the sequence (vj

transform of vj is:
~ —~ 2k
v5(§) = Z Uy (5— E) .
|[k|<Ns

) is e-oscillating. The Fourier

Therefore,
ILR(eDa)o5ll2ray < D I1LR(eDy + 27k)UR | 2
|k|<Ns
If R > Ry for Ry > 0 large enough, one has 1g(- + 27k) < 1p/, for every |k| < Ns. This
allows us to conclude that for R > Ry:

1M R(ED2)V5 | po@ay < Y Ilgj2(eDa)Us | p2gray < CasllLr(eDe)US|| p2(wa,prs(ray)
|k|<N3

and the conclusion follows. O

We shall also need information on the derivatives with respect to £ of the operator I1,,(£). We
recall the formula
T
L) = 5= S n(6) § (PO - 2) s
1T~ C.
J=1 J
where the functions x; € C*™ (RY/27Z%) form a partition of unity and, for j = 1,..N, Cj is
a contour in the complex plane separating o, (§), for { € supp x;, form the remainder of the
spectrum. The existence of such contours is guaranteed by the fact that g, () is of constant
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multiplicity for all ¢ € R and, thus, is separated from the remainder of the spectrum. As a
consequence of this formula, of Lemma|6.1]and of the relation

[Hn(ng)vP(SDx)sm] = [II,(eDy), (eD1)°] = 0,
we deduce the following result.

Lemma 6.4. The map ¢ — I1,(€) is a smooth bounded map from R? into L(L*(T9)). In
addition, the operator I1,,(¢ D,.) maps the space H2(RY x T%) into itself

6.2. A priori estimates on U¢(¢,-). In order to derive the desired properties of 5 (¢, z), the
solution to (I.13), we need to prove some a priori estimates for the solutions of equation (1.6).
We will use them for reducing the analysis of 1% (¢, -) (the solution to our original problem (1.2))
to that of ¥¢ (¢, -).

Lemma 6.5. Given s > 0, there exists a constant Cs > 0 such that any solution U® to (1.6) with
initial datum U§ € H*(R? x T?) satisfies:

(6.3) 1@ ) e raxray < UGl s axray + Cselt],
uniformly in € > 0.

Corollary 6.6. Lemma and Remark imply that for all t € R, the family (°(t,-)) is

g-oscillating.
Proof. In view of Remark[6.1] we are first going to study the families
((eD,) U?) and (P(eD,)Y?U?).
Start noticing that (¢ D,) U*® satisfies the equation
64)  ie?0((eDy) U%) = P(eDy)({eDa) U%) + €° Vet (eD) U — &2 [Ves, (D) U

As a consequence, using the boundedness of V.V on R x RY, we obtain by the symbolic
calculus of semiclassical pseudodifferential operators, that the source term can be estimated by:

[[Vext (£, ), (€D2)]U (¢, ) | 2 (raxcray < CellUS(E, )| L2 maxray,

for some constant C' > independent of ¢ > 0 and ¢ € R. Using standard energy estimates, we
deduce the existence of a constant C; > 0 such that for all ¢t € R,

1{eD2) U (¢, )l 2 maxray < || (€Da) Ugll p2(raxcray + Crelt].
A completely analogous argument yields the estimate:
1P(eD2) 2U (8, ) z2excrsy < | P(eD2)?Us || p2raxcra) + Caeltl.

A standard recursive argument gives, for all s € N, the existence of a constant Cs > 0 such that
forallt € R,

1 (€D2) U(t, )| 2 (raxcra) + [P(eD2)2US(t, )l 2 (raxray <

| (€D2)" gl 2 gscray + 1P(eD2)*/2Us | ogasensy + Coclil,

and the result follows for any s € R by interpolation. g
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We now focus on the case where the initial data U§ belongs to a particular Bloch eigenspace:
Us = 11,,(eD,)U§. We set
Ug(ta ) = Hn(ED:Jc)UE(tv )
Note that by Lemmal6.4| for any ¢ € R, the family U (¢, -) is uniformly bounded in H2(R%xT%).

Lemma 6.7. Assume U5 = 11,,(eD,)U§ and consider U=(t,-) as defined above. Then, for all
T > 0, there exists Cp > 0 such that

S HUa(t, )= U5 (t, ')HHg(wad) < Cyre.

Let us prove now Lemma 6.7
Proof. Note first that, in view of Remark [6.1] it is enough to prove the uniform boundedness in
L*(T? x R?) of
US(t,-) — U(t,-), P(eDy)**(Us(t,-) — U%(t,-)) and (eD,)*(US(t,-) — U(t,-)).
We have U¢(0,-) = U¢(0, -) and U* solves
(6.5) ie20,U% (t,2) = P(eDy)US(t, ) + €2Vt (t, ) U (t, z) + 2B ()US (¢, ),
with
Be(t) = [Hn(er)a V;ext(ta )]
The symbolic calculus of semiclassical pseudodifferential operators implies that:
|1BE(#)US(t, )|l L2(raxTay = O(e), locally uniformly in ¢.
As for (D, )U? one has:
ie?0y((eDy)U®) = P(eDy)(eDy)U* + ?Vexy (e Dy U + €2C% (e Dy ) U — €2[Vexy, (D) U,
with,
C* = [Hn<€Dz)7 <€D$>‘/6Xt<€DZ‘>_1]~
Again, the symbolic calculus gives that [[C°(¢){eDy)U* (%, )| p2(raxray = O(€) locally uni-
formly in ¢. Taking into account that (¢D,)U*® satisfies equation (6.4) and is bounded in
L?(R% x T%), one concludes that:

(eDa) (U (£ ) = T (t, )| o aensy < Celtl

An analogous reasoning holds for P(eD,)/2(U¢(t,-) — U%(t,-)). One concludes using an
inductive argument following the lines of the end of the proof of Lemma [6.5] U

6.3. Analysis of the Bloch component /5. By the definition of %, (¢, x), we have

Uity ) = LUt );
and the family is bounded in L2(R?) for all ¢ € R. Moreover, as a corollary of Lemma the
following holds.

Corollary 6.8. Suppose that 1)° and )5, are the respective solutions of equations (1.2) and (1.13)
with the same initial datum L°U§, where U5 = I1,,(e D, )U§. Then for every T' > 0 there exist
Cr > 0 such that, uniformly in ¢,

sup |[¢°(t,-) — ¥y, (t, )l 2ra) < Cre.
t€[0,T]
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The proof is a direct consequence of Lemma(6.7] since Lemmal6.2] ensures that

192t ) = 95, Ml 2rey < CIUS(E, ) = U (6 ) 12 (et o ray-

We now conclude our analysis of the Bloch component ¢ (¢, -). The following result gathers
the remaining information that we will need in order to conclude, together with Corollary [6.8]
the proof of Theorem [I.2]

Proposition 6.9. The family 15, solves equation (I.13)
i€y, (8, x) — on (D) (t, @) — eVexe (8, 2) U5 (t, ) = 2 f7 (8, 2),
{ Prli=o(z) = ¥5(x)
with .' £t M 2may < Ce forallt € R, e > 0.

Proof. Let us first prove that 4, solves (T.13). We denote by .J the set of the indexes of the Bloch
eigenfunctions ¢; (-, £) which form an orthonormal basis of RanII,,(£). Define for j € J,

wt.a) = [ Bi0eD)T (),

and notice that:

Uit ) = (L) (o) = Y o (S.2Da) wi (k).

jeJ
Since U* solves 3) and P(&)p;(+,€) = 0n(&)p; (-, &) for all £ € RY, the family u$ solves:
i828tu§(t, r) = on(eDy)uj(t, x) + 2V (t, z)us(t, z) + 5295-(15, x),
where:
65(0.) = [ 730 D0). Vst U (0,2,
Since 0,,(€) is 2nZ%-periodic, it is easy to check that:
[L5¢;j(,€Dz), on(eDy)] = 0.

Summing the relations over j € J, this implies (1.13) with f& = L°[II,,(eD,), Vext]JU¢. Now,
Lemmal6.2] and the symbolic calculus of pseudodifferential operators gives, for any ¢ € R:

1£2(t I 2(ray < C |[n(e D), Vet (8, )IUS (¢, )| 2 ety prs (rayy < CellUS(E )| 2w s (ray),

which concludes the proof. 0

6.4. Proofs of Theorems[I.2} The proof of Theorem [I.2](which implies Corollary easily
follows from our results so far.

Proof. By Corollary the family (¢*(¢,-)) is e-oscillating. Therefore, the weak limits of
|4%(t, z)|?dx are the projection on R% of the Wigner measures associated with (1°(t,-)). By
Corollary the Wigner measures of (¢°(t,-)) coincide with those of (% (¢,-)). Finally,
Proposition [6.9] allows us to use the results of Theorem [2.1] for determining the Wigner mea-
sure of (V5 (t,-)). O
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6.5. Some comments on initial data that are a finite superposition of Bloch modes. Our
results also apply to initial data that are a finite linear combination of the form:

(6.6) Uo=> LU,
ne/\/

with V" a finite subset of N such that for all n € N, P(¢D.)U5,, = on(¢D:)Ug ,,, for distinct
on of constant multiplicity and U§ ,, uniformly bounded in H? (R? x T?) foralln € N.

Proposition 6.10. Assume we turn (3) into in the hypothesis of Assumption and that
item (2) of Assumption holds for every o, with n € N. Then, there exist a subsequence
(ek)ken, positive measures v, € M (T*A,), and measurable families of self-adjoint, positive,
trace-class operators

Moy : T Ay 3 (0,€) ¥ Mon(v,€) € LY (L*(NeAn)),  Trro(vea,) Mon(v,€) =1,

such that for for every a < b and ¢ € C.(R%) one has:

b
Jim / /R @) 1) Pt

/ / Tepa(vea,y M6 (0, €)Mat, v,€)] v; (do, d€)di
neN T*An

where M, (-,v,&) € C(R; LL(L*(N¢Ay)) solves the Heisenberg equation with initial
data My ,, associated with the concentration of 15 on A,

Proof. We associate to any n € N their respective Bloch components 95 (¢, -) of 1)°(¢,-) as we
previously did. We juste have to prove that for all n,n’ € N, n # n/,

/e (0p. (@) (¢, ), 5 (£, ) — 0,

e—0

which implies that the Wigner measure of ) _\ 15, is the sum of the Wigner measures of
the 1. We take a € C2°(R??) and @ = (0, — 0,y) 'a € C2° (R??); then, for all ¢ € R,

(Opa(a)iﬁi(t, ')7 ¢5L’ (t7 )) = <0p5(6~l)gn(€Dx)wfl(t, ')7 w;’(tv ))
- (Ope<a)w2(t> ')7 On/ (EDm)wi’ (ta )) + 0(5)

from which we deduce:

(op=(a)in(t,-), Y (2, ) = ie % (0pe (@)ihp (), ¥ (t, ) + O(e).
Therefore, if § € C2°(R), then

/R9(t) (opc(a)¢y, (2, ), ¥ (¢, ) dt ) +ie /9 (op(@)¢y, (2, ), Y (¢, ) dt
= O(e) — ie? /R9/(t) (op(@)¢y, (2, ), (¢, -)) dt = Ofe).
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APPENDIX A. SEMICLASSICAL PSEUDODIFFERENTIAL OPERATORS

In this appendix we recall a few basic notions on the theory of pseudodifferential operators
that we use trough this article. The reader can consult the references [1, [17, 21} 144} |50] for
additional background and for proofs of the results that follow.

Recall that given a function a € C>®(R?% x RY) that is bounded together with its derivatives
(we denote the space of all such functions by 5), one defines the semiclassical pseudodifferential
operator of symbol a obtained through the Weyl quantization rule to be the operator op,(a) that

acts on functions f € S(R?) by:
O a = 3 — d

R xR4

These operators are bounded in L?(R?). The Calderén-Vaillancourt theorem [[13]] ensures the
existence of a constant C; > 0 such that for every a € S one has
(A.1) lopz(a)l| £(z2(rayy < Ca N(a),
where

Naa):= 3 sup [0l

el Jof<.Jo B >R

for some Jy € N depending only on d. We make use repeatedly of the following result, known
as the symbolic calculus for pseudodifferential operators.
Proposition A.1. Leta,b € S, then

e

op. (a)op, (b) = op.(ab) + o-op.({a, b}) + e R,

with {a,b} = Vea - Vb —Vza-Veband

[0p<(a), 0p (8)] = =op.({a, b}) + *RY,

IR 212y <0 suw Na(O£O2a)N4(D202D), j =12,
al+|B8|=3

for some constant C' > 0 independent of a, b and e.

APPENDIX B. TRACE OPERATOR-VALUED MEASURES

In this appendix we recall general considerations on operator-valued measures. Let X be a
complete metric space and (Y, o) a measure space; write  := L?(Y, o) and denote by £ (H),
KC(H) and L(#H) the spaces of trace-class, compact and bounded operators on H respectively. A
trace-operator valued Radon measure on X is a linear functional:

M :Co(X) — LY(H)

satisfying the following boundedness condition. For every compact K C X there exist a con-
stant C'x > 0 such that:

Te|M(¢)] < Crcsuplo], Vo € Co(K).
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Such an operator-valued measure is positive if for every ¢ > 0, M(¢) is an Hermitian positive
operator. Let M be a positive trace operator-valued measure on X, denote by v € M (X) the
positive real measure defined by:

/gb =TrM(¢p), V¢ e Co(X).

The Radon-Nikodym theorem for operator valued measures (see, for instance, the appendix in
[26l])) ensures the existence of a v-locally integrable function:

Q: X+ LYH), TrQ(z)=1, Q(x) positive Hermitian for v-a.e.x € X,
such that:

Note that this formula implies that M can be identified to a positive element of the dual of
Co(X; K(H)) via:

(M, T) = /X Te[T(2) M (dz)] := /X Te(T(2)Q(@))(de), T € Co(X;K(H)).

It can be also shown that every such positive functional arises in this way. Let (e;(x)) jen denote
an orthonormal basis of H consisting of eigenfunctions of Q(z):

Q(z)ej(z) = 0j(x ZQJ v-a.e..

Clearly, both ¢; and e;, j € N, are locally v-integrable and

Z Q] |€J (1‘)‘, v-a.e.,
where, as usual, |e;j(x))(e;(x)| denotes the orthogonal projection in H onto e;(x). Moreover, as

a consequence of the monotone convergence theorem, the following result easily follows.

Lemma B.1. Let M be a positive trace operator-valued measure on X. Then there exist a
non-negative function p € Li (X,v; L'(Y, 0)) such that, for every a € Co(X; L>(Y,0)) one

has:
[ wlmaontan) = [ oot otapias)

where m,(x) denotes the operator acting on H by multiplication by a(x,-). The density p is
given by:

Z@g Jej (v
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APPENDIX C. PROOF OF LEMMA [4.3]

We denote by F. the semi-classical Fourier transform defined for f € L?(R?) by
7€) = (e 77 (£)

and we observe that for a € C3°(R3%),
op-(a)f )= @r) [ ac (= S8 ) B OR (TRt b

where a. is associated with a according to (4.1). We consider a smooth cut-off function x which
is equal to 1 on the support of a so that we have a(z, £)x(§) = a(z, £) and we write

(Ope(aé)fa f) -
e [ o <“’“"’ Hzg) e O F NPT Ox(EX()de e’ d+ O(e).

!
The rest term O(e) comes from Taylor formula close to %, the observation that

ig(e—ey € g (e—g! :
({j—fé)es 63 f)zgaxj (es (€ §)>7 1<j<d,

and the use of integration by parts in z. Similarly, we just need to consider vectors (£, ¢’)
which are close to the diagonal and if we introduce a smooth function © compactly supported
on || < 1 and equal to 1 close to 0, then for some § > 0 (that will be chosen small enough
later), we have

(opc(ac)f , f) = (2me) ™ /R e (‘“"’ §;§/>

x et E V(e T (€)O (

§-¢
5

) WOX(E)de e’ da + O(e).

We are left with the integral
I = (21e)~ / a (x “f) s E O Ff(ENFTE)x(E)x(E)
R3d
x 0 <5 ;5 > d¢ de' dx

_ (27T6)—d/ ” (_%W) 2@ Ff(3(C"))
R3d

x FoF((0)J(C) Ja() x 0 B() x 0 ()0 (W) ¢ d¢’ da

where ( — Jg(() is the Jacobian of the diffemorphism ®. Setting
(=6+e5 and ('=6—c,
we have for ¢t € R,

(0 + ctv) = () + ctd®(0)v + &2 /1 d?® (0 + etsv)[v,v](1 — s)ds,
0
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whence
1 , g2 "
5 (B(0) + 2(()) = @(6) + S B (0, )[v, ],
() — B(¢') = ed®(6)v + £2B7 (0, v)[v, v],
with
1 v v
BE(6,v) = /0 d? <<1> (9 + 685) + o <9 - 555)) (1 —s)ds.

Note that the functions Bgﬁ are smooth, bounded and with bounded derivatives, uniformly in ¢,
as soon as the variables § and v are in a compact. We obtain

2 —
L= [ (—x, (0) + 5B (6.v)[v, v1) o= (AB(EhteBe Bl
R3d

X Fof (@ (0 —%)) ff(cp (9%%)) T (9%%) Jo (9 - 6%) d6 do' dz,

where we have omitted the localization functions in 6 + 5% and 0 — 5%, which makes that the
integral is compactly supported in 6 and ev Moreover, we have ¢|v| < § on the domain of
integration. We shall crucially use this information later.

The change of variable x = d®(0)~'u gives
2
I. = (277)_d/ ac <—td<l>(9)_1u,<1>(9) + 63:(9,2))[1},1}])
R3d 2
iu-vticu- td®(0) "B (6,0)[v,v] v T r v
xe Fp(e(0-c5)) F(2(0+25))
% Jo (0 + 6%) Jo (9 - 5%) Iz (0) d0 Ao’ du,

with the same property on the domain of integration (f in a compact and £|v| < J). Note that

ae <— tdd(0)Lu, ®(0) + E;Bj(H, v)[v, U])
= a( — td®(9) T u, ®(0) + 5223;(6,1))[1),1)},

L2 (00) + 5 20,00 ) ¢ (20) + 5 B2 0,001 )

—a (— L4®(0)Vu, B(0), B ((0)) 9) +er. (6, u,0)[v, 0]

The matrix r?) is supported in a compact independent of ¢ in the variables (u, #). Besides, the

matrix r§2) is smooth, bounded, and with bounded derivatives, uniformly in €, as soon as the
variable v is in a compact, which is the case on the domain of integration of the integral I..

Using Taylor formula on the Jacobian terms, we write

e <— LD (0) \u, B(6) + 5223;(9, )[o, U]> Jo (9 + 5%) Jo (9 - 6%)
—a (tc@(e)—lu, o(6), B(2(0)) i) Jo(0)* + erl (0, u, v)[v, o] + ert (0, u,v) - v,
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(1)

where the vector 72’ is supported in a compact independent of ¢ in the variables (u, ) and,
as 7‘5(2), is smooth, bounded, and with bounded derivatives, uniformly in ¢ on the domain of
integration of the integral I. (where 6 is in a compact and €|v| < 4, ¢ to be chosen later).

Denote by U the isometry of L?(R?) :
d
e Jae()2 Fef (@),
then

(Opa(aa)f , f) = (Opa (ae) U.f, uaf) +e€ (Reuef ) uaf) )
with

as(u,0) =a (— tdd(0)1u, ®(0), B (®(F)) Z) ,

and where R. is the operator of kernel

'l
(9,0’)»—>(27T€)dK6<0+0 0 9),

2 7 ¢
with K. = K 4+ k@,

KO0,0) = [ (100,0,0) -0+ 12(0,0,0)[p, o] ) et 4007 5 00l g,
R4

K2 (0,0) = /

2 .
Qe (ffd(I)(G)_lu7 o(0) + %B;(@, v)v, v]) luv
Rd

oL |:eisu-td@(@)_lBE_(B,v)[v,v] B 1} du.
€
The proof concludes by Schur lemma and the next result.

Lemma C.1. Let us fix 6 small enough. Then, for any j € {1,2}, there exists a constant C;j > 0
such that for all € > 0,

/ sup |[KY)(0,v)|dv < C;.
R? geRd

Indeed, by this Lemma, we obtain that for all e > 0

0+69 60-0
(27r5)_d/ sup K5< + , )
R4 gcRd

dy’ = (27r)_d/ sup |K¢ (0 — ev,v) |dv
R? geR

< (27T)d/ sup | K. (0,v) |dv < Cy + Oy,
R4 geRd

2 €

and similarly

(27r5)_d/ sup
R4 ¢’ cRd

0+6 60—60
K. ( + : >‘d0 = (27r)_d/ sup |K- (6' + ev,v) |dv
2 9 R4 9/ cRd

< (27T)d/ sup |K. (0',v) |[dv < C1 + Ca,
R4 ¢/ cRd

By Schur Lemma, these two inequalities yield the boundedness of R, uniformly in € as an

operator on L2(R?).

Let us now prove Lemma [C.]
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Proof. Note first that the functions Ks(j ) are compactly supported in the variable 6, uniformly
in . We are going to prove that for any N > 0, there exists a constant C'y,; such that, for
lv| > 1,

(14 )Y [K9(6,0)| < O,
These inequalities are enough to conclude as in the lemma. For proving these inequalities, we

crucially use that the domain of integration in w is compact and we shall gain the decrease in v
by using the oscillations inside the integral.
Let us first focus on K 5(1). Since 6 is in a compact and B is bounded, we have
v+ e'd®(0) ' BZ (0,v)[v,v]| > |[v] — M6|v|

for some constant M. Therefore, if 6M < 1/2, we have
’v + €td<1>(9)_lB€_(9,v)[v,vH > %M,
and, for |v| > 1, integration by parts give
Kg(l)(ﬁ,v) = /d }v + €td¢(6)_lBE_(0, v)[v, UH_QN (AuNrgl)(H,u,v) -+ Agr?) [v, v])
‘ piuvticu: td®(0) 1Bz (0,v)[v,v] du.

X

Since rél) and r§2) have smooth compactly supported derivatives in u, uniformly bounded in e,

we obtain the existence of a constant C',1 such that

(K0, 0)] < [o] 2V O

Let us now study Kg) that we turn into

1 2
K®(0,0) =i / / utd®(0) "' BZ (0, v)a. (td@(e)lu, d(0) + %Bj(@, v)[v, v])
0 Jrd
iu-vtiteu- td®(0) "1 B (0,0)[v,] dudt.
Once written on this form, one can see that the arguments developed for K. 5(1) apply again since
the function

X e

u— u'd®(0) ' B (0,v)a. (td<1>(9)_1u, o(0) + E:B;'(G, v)[v,v]>

is compactly supported in the variable u, smooth and bounded with derivatives that are bounded
uniformly in €. U
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