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WIGNER MEASURES AND EFFECTIVE MASS THEOREMS
VICTOR CHABU, CLOTILDE FERMANIAN-KAMMERER, AND FABRICIO MACIA

ABSTRACT. We study a semi-classical Schrodinger equation which describes the dy-
namics of an electron in a crystal in the presence of impurities. It is well-known that
under suitable assumptions on the initial data, the wave function can be approximated
in the semi-classical limit by the solution of a simpler equation, the effective mass equa-
tion. Using Floquet-Bloch decomposition and with a non-degeneracy condition on the
critical points of the Bloch bands, as it is classical in this subject, we establish effective
mass equations for more general initial data. Then, when the critical points are degen-
erated (which may occur in dimension strictly larger than one), we prove that a similar
analysis can be performed, leading to a new type of effective mass equations which are
operator-valued and of Heisenberg form. Our analysis relies on Wigner measure theory
and, more precisely, to its applications to the analysis of dispersion effects.
Keywords: Bloch modes, semi-classical analysis on manifolds, Wigner measures, two-
microlocal measures, effective mass theory.

1. INTRODUCTION

1.1. The dynamics of an electron in a crystal and the effective mass equation. The
dynamics of an electron in a crystal in the presence of impurities is described by a wave
function W (¢, x) that solves the Schrédinger equation:

h2
(1) iho W (t, z) + %AI\II(t, z) — Qper () U(t, ) — Qext(t,2)V(t,z) = 0,

\Il|t:0 = \Ij().

The potential Q,, is periodic with respect to some lattice in R? and describes the in-
teractions between the electron and the crystal. The external potential (). takes into
account the effects of impurities on the otherwise perfect crystal. Here i denotes the
Planck constant and m is the mass of the electrons. In many cases of physical interest,
the ratio between the mean spacing of the lattice and the characteristic length scale of
variation of (. is very small.

Denote that ratio by . After performing a suitable change of units and rescaling the
external potential and the wave function (see for instance [44]) the Schrodinger equation
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becomes:
(1.2)

i000° (£ ) + %Am‘f(t, z) 6—12vper (2) (0. 2) = Vst 2)97(t,2) = 0,
¢€|t:0 = @D(E)

The potential V., is periodic with respect to a fixed lattice in R?, which, for the sake of
definiteness will be assumed to be Z.

Effective Mass Theory consists in showing that, under suitable assumptions on the
initial data v§, the solutions of (I.2)) can be approximated for £ small by those of a
simpler Schrodinger equation, the effective mass equation, which is of the form:

(1.3) 0:0(t,) + 5 (B e, D)o(t, ) — Vass(t, 2)6(1,2) = 0,

where, as usual, D, = %81,. Above, B is a d x d matrix called the effective mass tensor.
It is an experimentally accessible quantity that can be used to study the effect of the
impurities on the dynamics of the electrons. Both the question of finding those initial
conditions for which the corresponding solutions of (1.2]) converge (in a suitable sense)
to solutions to the effective mass equation and that of clarifying the dependence of B
on the sequence of initial data have been extensively studied in the literature [11, 44, 3,
29, 9.

Another scaling limit that has been widely studied in this context is the semiclas-
sical limit; it deals with the behavior as ¢ — 0 of the solutions to the semiclassical
Schrodinger equation:

(1.4)
_ g? T )
i00° (b ) + 5 8,0 (,7) = Vi (g) v (t, 1) — 2V (t, )07 (t, ) = 0,

Us|t:0 = ¢8

whose characteristic wave-lengths are comparable to €. The interested reader can con-
sult, among many others, references [24} 27, 44] for results in that direction, or [30,
10, 2 [14]] for extensions of these results that allow to consider the presence external
potentials of order one, without the factor £? in front Vexs(z), and of magnetic fields
[43] [16]].

We again refer to [44] for details on the well-known derivation of from (L.I)). It
is straightforward to check that the solutions to (I.2)) and (1.4) are related through:

(1.5) VE(t,x) = 0° (é,x) )

Therefore, at least formally, one should be able to recover the effective mass equation
(I.3) by performing the semiclassical limit & — 0 in (1.4]) simultaneously with the limit
t/e — 4o0.
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This type of simultaneous limit, combining high-frequencies (¢ — 0) and long times
(t ~ t. — +00), when the periodic potential is absent is relevant if one wants to under-
stand the behavior of solutions of beyond the Ehrenfest time [36, 4, 40]. Note also
that, again when V., = 0, the change of time scale transforms the semiclassical
equation (1.4)) into the non-semiclassical one (that is, the one corresponding to ¢ = 1).
Therefore, it is possible to derive results on the dynamics of the Schrodinger equation
via this scaling limit [37, 18, 7, 15]. The reader can consult the survey articles [38.16] and
the introductory lecture notes [39] for additional details and references on this approach.

Our goal in this article is to apply the aforementioned viewpoint to obtain new results
on the effective mass approximation, by studying the asymptotic behavior of the position
densities:

W= (t, @),
issued from general sequence of initial data (¢)5). To do so, we first use the Floquet-

Bloch decomposition to show that, under a spectral simplicity assumption on the peri-
odic potential, [1)°|? behaves, as ¢ — 0, like a superposition of the form:

t
Z ¥n <§7€Drm> U; (—,Qf)
neN < <
where ¢, is the n'" Bloch wave and v¢ propagates following an equation of the formﬂ
is@tvi(zﬁ, ‘CC) - )\n<€D9E>U7€1<t7 ‘I') + 52%){‘5@7 x)”f’l,(t7 il') = 07 (tv iL‘) S R X Rd7

where A\, (¢D,) is the corresponding Bloch energy. See Section for definitions and
a precise statement of this result. Then we perform a careful analysis of the asymptotic
behavior |vE(t/e,-)|? following the approach in [37, [7, 4], whose main consequences
are presented in[I.3] Finally, the applications of this analysis to Effective Mass Theory
are presented in[I.4] This strategy has two main advantages: first, it allows to sum the
infinite number of contributions of each Bloch wave for a very general class of initial
data, without making any strong assumption on their structure. Second, it seems to give
the first results in the literature on the validity of the Effective Mass Approximation in
the presence of degenerate critical points in the Bloch energies.

2

?

1.2. Floquet-Bloch decomposition. The analysis of Schrodinger operators with peri-
odic potentials has a long history that has its origins, among other sources, in the seminal
works by Floquet [21] on ordinary differential equations with periodic coefficients, and
by Bloch [[12]], who developed a spectral theory of periodic Schrédinger operators in the
context of solid state physics. Floquet-Bloch theory can be used to study the spectrum
of the perturbed periodic Schrodinger operator:

2
_%A:p + Vper ({) + 52‘/;xt(t7 LE’),
g

'We recall that if ® is a bounded function ®(D,) denotes the Fourier multiplier defined by
O(D)f(€) = ®(&)f(€) forall f € L*(RY).
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see for instance [45] 31, [32] 33]] and the references therein, and [42] 23| 29] for re-
sults in the semiclassical context. The Floquet-Bloch decomposition gives as a result
that the corresponding Schrodinger evolution can be decoupled in an infinite family of
dispersive-type equations for the so-called Bloch modes. We briefly recall the basic facts
that we shall need by following the approach in [23], [24]].

The Floquet-Bloch decomposition is based on assuming that the solutions to (1.2))
depend on both the “slow” x and the “fast” x /e variables. The fast variables should
moreover respect the symmetries of the lattice. This leads to the following Ansatz on
the form of the solutions ¢ of (1.2):

(1.6) Vet x) = U° (t,x, f) ,

where U¢(t, z, y) is assumed to be Z?-periodic with respect to the variable y (and, there-
fore, that it can be identified to a function defined on R x R% x T<, where T? denotes
the torus R?/Z?). One easily checks that U¢ must solve the following equation:

. 1

iU (t, x,y) = 5(5D$ + D,)2Us(t, 2, y) + Voer (y)US(t, 2, )
(17) +€2‘/ext<t7x)Ua<t7x7y)7

U E’t:o = wé
The initial condition in (1.7) must be interpreted in terms of the natural embedding
L*(R}) — L*(RY x T¢). Identity (I.6) makes sense, since one can check that, under
suitable assumptions on the initial datum, U (t, x, -) has enough regularity with respect
to the variable y; the fact that ¢)° must be given by (I.6)) follows from the uniqueness of

solutions to the initial value problem (1.2)).
The equation satisfied by the Fourier transform with respect to x of U*:

ﬁ\e(t, £ y) = Us(t, z, y)e*ig'mdx,

R4

involves the following family of operators acting on Z¢ - periodic functions:
1
P(E) =5 (6+Dy)" + Vourly), €€R

The operator P(€) is self-adjoint on L?(T?). It has therefore a compact resolvent, and
there exist a non-decreasing sequence of eigenvalues (the so-called Bloch energies):

01(§) € 02(8) < - S 0nl(§) <+ —> Fo0,

and an orthonormal basis of L?(T?) consisting of eigenfunctions (¢, (¢, )), oy (called
Bloch waves):

P(&)en(y,6) = on()enly. ), fory e T
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Moreover, the Bloch energies g,,(§) are 27er—periodi whereas the Bloch waves satisty
on(y, &+ 2mk) = e ™o, (y,€),  forevery k € Z°.

It is proved in [46] that the Bloch energies o, are continuous and piecewise analytic
functions of ¢ € R?, and that the Bloch waves can be chosen in such a way there exists
a subset Z of the fundamental domain B := [, m)¢ (B is called the Brillouin zone) of
zero Lebesgue measure such that each ¢, is analytic in £ € B\ Z. If the multiplicity
of the eigenvalue g,,(€) is constant for ¢ € RY, then g, is a globally analytic function
of &; moreover, it is possible to find an orthonormal eigenbasis of the corresponding
eigenspace consisting of functions whose dependence on ¢ is also analytic.
Now define:

U (t, x) ::/d Pn(y, eD)U(t, x,y)dy
T

. dwdé
= @n U (t o) Z—=dy.
/Td /Rdedso (y,e§)U(t, w, y)e L Y

form an orthonormal basis of L?(T?) implies that

The fact that (¢, (-, €))

neN
Us(t,2,9) = Y enly, eDa) U (1, 2).
neN

Besides, when the n-th mode is of constant multiplicity 1, it turns out that for each
n € N the functions U}, satisfy:

(1.8) Up(t, ) = un(t, ) + O(elt]),
where u;, are the solutions to:

ie20uE (t, 1) = 0, (eD)UE (t, ) + 2V (t, )ul (¢, 2),
{m@mzmmmwwwm.

Precise statements of these facts, as well as the nature of the norms in which the approx-
imations take place can be found in Section[I.4]

The construction we have described so far is called the Floquet-Bloch decomposition.
It leads to the following representation formula for the solution of (I.2)):

(1.10) ) =Y e <§,5D$> US(t, ).

neN

(1.9)

This formula implies that the solutions of (I.2)) can be decomposed as a countable su-
perposition of waves whose dependence on the fast variable is given by a Bloch wave,
whereas the profile U describing the dependence on the slow variable is given by a
time-evolution whose dispersion relation involves the corresponding Bloch energy (for
suitably chosen n).

2This follows from the fact that for every k € 74, the operator P(¢ + 2k) is unitarily equivalent to
P(€&) since P(€ + 2mk) = e~ 27k v P(¢)ei2mky,
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1.3. Quantifying the lack of dispersion. As the previous discussion shows, one of the
main steps in understanding the limiting behavior as € — 0 of the position densities of
solutions to the Schrédinger equation relies on a careful analysis of the solutions
of equations of the form:

(L11) { ie20uf (t,2) = MeDy)us (t, o) + e*Vo (t, 2)us (t, ), (t,7) € R x RY,

us|i—o = ug.

This equation ceases to be dispersive as soon as A(¢) has critical points £ # 0, and this
is always the case if A is a Bloch energy. Heuristically, one can think that one of the
consequences of a dispersive time evolution is a regularization of the high-frequency
effects (that is associated to frequencies €£ = ¢ # 0) caused by the sequence of initial
data. These heuristics have been made precise in many cases; a presentation of our
results from this point of view can be found in [[15]. The reader can also find there a
detailed account on the literature on the subject.

Here we show that, in the presence of critical points of A\, some of the high-frequency
effects exhibited by the sequence of initial data persist after applying the time evo-
lution (I.T1). We provide a quantitative picture of this persistence by giving a com-
plete description of the asymptotic behavior of the densities |u®(, )|* associated to a
bounded sequence (u°) of solutions to (I.T1)). We are going to give an explicit proce-
dure to compute all weak-+x accumulation points of the sequence of positive measures
(Juf(t,x)|?) in terms of quantities that can be obtained from the sequence of initial data
(ug). These results are of independent interest; we have thus chosen to present them in
a more general framework than what it is necessary in our applications to effective mass
theory.

In order to obtain a non trivial result we must make sure that the characteristic length-
scale of the oscillations carried by the sequence of initial data is of the order of €. The
following assumption is sufficient for our purposes:

HO The sequence (u§) is uniformly bounded in L?(R?) and c-oscillating, in the
sense that its energy is concentrated on frequencies smaller or equal than 1 /¢ :

(1.12) limsup/ U5 (€)|2de — 0.
6> /e

e—0t R—+o0

We shall assume that A is smooth and grows at most polynomially, and that its set
of critical points is a submanifold of RY. More precisely, we impose the following
hypotheses on A and V' :

H1 V. € C°°(R x R?%) is bounded together with its derivatives and A € C*(R?) ,
together with its derivatives, grows at most polynomially; i.e. there exists N > 0
such that, for every o € N¢ . one has:

sup [OEME(1 +1€1%) " < oo



H2 The set
A= {£eR: VA(E) =0}
is a connected, closed embedded submanifold of R? of codimension 0 < p < d
and the Hessian V2 is of maximal rank over A.

The hypothesis H2 implies the existence of tubular coordinates in a neighborhood
of A. A stronger version of H2 is to suppose that all critical points of A are non-
degenerate (that is, V(&) is a non-degenerate quadratic form for every ¢ € A), which
implies that p = d and A is a discrete seﬂ in R%. We first state the main result of this
section under this stronger hypothesis.

Theorem 1.1. Suppose that the sequence of initial data (uj) verifies HO, denote by (u°)
the corresponding sequence of solutions to (L.11). Suppose in addition that H1 is satis-
fied and all critical points of X\ are non-degenerate.

Then there exists a subsequence (ug") such that for every a < b and every ¢ € C.(R?)
the following holds:

b b
(1.13) kh—>Holc>/ /]Rd o(z)|[u*(t, )| *dwdt = Z/ /Rd o(z)|ue(t, v)|Pdadt,

geA
where ug¢ solves the following Schrodinger equation:

(1.14) i0pue(t,z) = VENE) Dy - Dyug(t, @) + Vi (t, 2)ue(t, 2),
with initial data:

Ug|i=o is the weak limit in L*(RY) of the sequence (e_ig'mugk).
If A = (0 then the right-hand side of (1.13)) is equal to zero.

Note that u¢ may be identically equal to zero even if the sequence (uf) oscillates in
the direction £. For instance, if the sequence of initial data is a coherent state:

R 1 T — Xg [
o) = o (T2 ) e,
centered at a point (g, &) in phase space with p € Cy(R?), then ug,—o = 0 for every
¢ € R% Theorem (I.1) allows us to conclude that the corresponding solutions (u®)
converge to zero in L (R x R?).

Theorem can be interpreted as a description of the obstructions to the validity of
smoothing-type estimates for the solutions to equation (1.11) in the presence of critical
points of the symbol of the Fourier multiplier. We refer again the reader to [[15] for
additional details concerning this issue.

We will obtain Theorem [I.1] as a particular case of a much more general result; it is
however more complicated to state and requires some geometric preliminaries. Refer-
ence [13] gives in a self-contained presentation the (simpler) proof of Theorem|I.1

3If moreover one has that \ is Z%-periodic, which is the situation when ) is a Bloch energy, this set is
finite modulo Z<.



8 V. CHABU, C. FERMANIAN, AND F. MACIA

First, it will be convenient to identify A to a function defined on (R%)* rather than
R? (via the standard identification given by the scalar product). Define the cotangent
bundle of A as the union of all cotangent spaces to A

T*A = {(2,§) e R x A : w € T{A},

each fiber 77 A is the dual space of the tangent space T¢A. Note that this is well-defined,

since T*A C (R%)** = R?. We also define the normal bundle of A which is the union
of those linear subspaces of R¢ that are normal to A:

NA = {(2,€) e RYx A : z € NeA},

where N¢A consists of those z € (R?)** = R that annihilate T¢A. Every point x €
R? can be uniquely written as * = v + z, where v € T¢A and 2 € N¢A. Given a
function ¢ € L>(R?) we write my(v,§), where v € T¢ A, to denote the operator acting
on L?(N¢A) by multiplication by ¢(v + -). Note that assumption H2 implies that the
Hessian of \ defines an operator VZ\(§)D, - D, acting on N¢A for any £ € A.

The next result is the analogue of Theorem [I.1]in this context. The sum over critical
points is replaced by an integral with respect to a measure over 7™ A, and the Schrodinger
equation becomes a Heisenberg equation for a time-dependent family M of trace-
class operators acting on a certain L>-space. More precisely, the operators M depend on
teRandoné € A,v e T, gA; for every choice of these parameters, M, (v, £) is a trace-
class operator acting on L? functions of the vector space N¢A. Note that M, can also be
viewed as a section of a vector bundle over 7*A, namely: | |, ocp- £} (L?(NeA)). In
the following, given a complete, locally compact, metric space X we denote by M (X)
the set of positive Radon measures on X.

Theorem 1.2. Let (uf) be a sequence of initial data satisfying HO, and denote by (u°)
the corresponding sequence of solutions to (I.11). If H1 and H2 hold, then there exist
a subsequence (ug"), a positive measure v € M (T*A\) and a measurable family of
self-adjoint, positive, trace-class operators

Mo : TEA S (0,8) — Mo(z2,6) € L (L*(NeA)), Trrz(nea) Mo(v,§) = 1,

such that for every a < b and every ¢ € C.(R?) one has:
(1.15)
b b
i [ [ ol )it = [ T ma(e. O Milw. ) v(do de)
a JRE a *A

k—o0

where t — M;(v,§) € C(R; LL(L?(N¢A)) solves the following Heisenberg equation:

DM (0,6) = | 5TNOD. D+ v (0. M|

M‘t:() — M(].

(1.16)
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Remark 1.3. When A consists of a set of isolated critical points, Theorems [I.1] and [I.2]
are completely equivalent. Note that in this case, T*A = {0} x A and the measure v
(which in this case is a measure depending on ¢ € R? only) is simply

VvV = Z 05556,

£eA

where o = Hug\tZOH%Q(Rd). In addition, N¢eA = R? and the operator M;(&) (which

again does not depend on 2) is the orthogonal projection onto ug(t, -) in L?(R?) (recall
that u, solves the Schrodinger equation (1.22)). These orthogonal projections satisfy
the Heisenberg equation (1.16).

Remark 1.4. As it will be clear from the proof of this theorem, the measure v and the
family of operators M(v, ), depending on v € T, ¢ A, only depend on the subsequence
of initial data (ug*). At this point, it might be useful to stress out that in this regime the
limiting objects M, v cannot be computed in terms of the Wigner/semiclassical measure
of the sequence of initial data, as it is the case when dealing with the semiclassical
limit (see Section 2] for the definitions of these objects). We will see later that they are
defined as two microlocal Wigner measures of (ug*) in the sense of [18,[19,37]. In [13],
we have explicitly constructed sequences of initial data having the same semiclassical
measure but such that their time dependent measures differ. This type of behavior was
first remarked in this context in the case of the Schrodinger equation on the torus, see
(36, 37].

As soon as A has strictly positive dimension (i.e. it is not a union of isolated critical
points), the measure v may be singular with respect to the z variable. See [15] for
specific examples exhibiting this type of behavior. See also that reference for examples
proving the necessity of hypothesis H2; it is shown there that different types of behavior
can happen whenever the Hessian of ) is not of full rank on A.

1.4. Back to effective mass equations. The Floquet-Bloch decomposition and Theo-
rems [[.1] and have interesting consequences in Effective Mass Theory. Denote by
I C N the set of indices n such that the multiplicity of the Bloch energy o, () as an
eigenvalue of P(&) is constant for every ¢ € R (note that it is possible that this set is not
finite). Recall that this implies that g, is real analytic [46]]. Chose a strictly increasing
subsequence of (0, )nc; taking the same values as the original sequence. From now on,
we are going to denote this new sequence of distinct Bloch eigenvalues by:

AL(§) < A2(§) <-or < An(§) — oo

For every j € Nand w € L?(T? x R?) we define:

(1.17) Poow(z,y) = ¢; (y,eDs) /]I‘d ©i(z,eDy)w(z, x)dz,
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and, for every distinct Bloch eigenvalue \,,, we construct the corresponding Bloch spec-
tral projector:

(1.18) I = > P
P&)¢; (§)=An ()@ ()
The action of these operators extend to functions v € L*(R%) by identifying v to v®1 €
L*(T? x RY).
HO’ The sequence (¢/f) is strongly e-oscillating:
Vs >0,3C, > 0: || (eDy)” U5l r2rey < Cs,  uniformly in .
and its energy is concentrated on well-separated Bloch eigenvalues:
1.19 @) = YT Wi ) (2,2 + (@),
( ) Y5(2) nZGIH/\n(wo@l) z - +7°(z)
with ||7°|| 2gay — 0 as e — 07,
In what follows, we shall denote by A,, C R? the set of critical points of the Bloch
eigenvalue A, (&) for j € I.

Remark 1.5. The fact that the sum presented in equation (I.19) is infinite induces a
difficulty consisting in showing that the series converges. We shall see in Section {4
(Lemma [4.4)) that the strong e-oscillation property of H0’ is crucial in establishing this
convergence.

Theorem 1.6. Assume HO’, and that H2 holds for any distinct Bloch eigenvalue ), (&)
forn € I. Then, there exist a subsequence (£,)en, positive measures v, € M, (T*A,,),
n € I, and a measurable family of self-adjoint, positive, trace-class operators

MO,n : Tg*An =) (075) L MO,n(va 5) € ‘C}i-(L2(N§An))7 TrLQ(NgAn) MO,n(U7£) = ]-a

such that for every for every a < b and every ¢ € C.(R?) one has:
(1.20)

lim / [ ol a)Pwat = 3 / /. a0, )M, )] v, )i

Jjerl
where M, (-, v,&) € C(R; LY (L*(N¢Ay,)) solves the following Heisenberg equation:

1
iatMn<ta v, 5) + |:§V2)\n(f)Dy ) Dy + m‘/ext(tv')<v7 5)7 Mn(t7 v, 5)

Mn’t:O = MO,n-

(1.21)

Let us now precise Theorem when one of the Bloch eigenvalues A, (£) have a
finite set of critical points.

Theorem 1.7. Assume HO’, and that H2 holds for any Bloch eigenvalue \,,(§) forn € I
and assume that for some ng € I, the set \,,, of critical points of \,,, is finite. Then the
measure vy, and the operator M, of Theorem|[I.6|above satisfy:
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(1) The operator M, (t,&) is the orthogonal projection on ¢ which solves the ef-
fective mass equation:

(1.22) 10pbe(t, 2) = VX (€) Dy - Db (t, ) + Vi (£, 2) e (, @),
with initial data: _
Veli=o is the weak limit in L?(R?) of the sequence (e*ig'xwg%) where
U =T, (5 ® 1) (2,2).
(2) The measure v, is given by
Vng = Z agde, g = ||Veli=oll L2 (ma-
€€,

Besides, we have the following characterization of the initial data of the effective
mass equation.

Proposition 1.8. Let ¢ € R? and let us assume that for every k € 74 the functions

-£—2mk .

v > g5y

converge weakly to some limit 1§. Then, with the notations of Theorem

Weli—o(x) = > (€)Y (€ — 2mk)f (x).

P(€)p; (&)= (£)w; (&) kez?

Some results that are related to Theorem|l.”/|can be found in the work by Allaire and
Piatnitski [3] (see also [2] for similar results in a related problem); in that work homog-
enization and two-scale convergence techniques are used to obtain a precise description
of the solution profile for a particular class of initial data admitting only one term in the
decomposition (I.19). In [9], Barletti and Ben Abdallah obtained a result similar to The-
orem by following the approach initiated by Kohn and Luttinger in [35]] consisting
in introducing a (non-canonical) basis of modified Bloch functions. The starting point
in our approach is conceptually closer to that in [44], in the sense that we analyse the
structure of Wigner measures associated to sequences of solutions. The main novelty
here is the use of two-microlocal Wigner measures, that give a more explicit geometric
description of the mechanism that underlies the Effective Mass Approximation, showing
that it is a result of the dispersive effects associated to high-frequency solutions to the
semiclassical Bloch band equations. Moreover, we are able to deal with the presence of
non-isolated critial points on the Bloch energies (which may appear in dimension larger
than one) and to treat the infinite sum of (1.19).

1.5. Structure of the article. Section [2]is devoted to preliminaries about pseudodif-
ferential operators and semi-classical measures. Then, in Sections [3| we introduce the
two-microlocal tools that we use for the analysis of the dispersion properties of solu-
tions to equations of the form (I.11]) and for proving Theorems [I.1] and [.2] Finally,
in Section 4] we come back to the effective mass equations and prove Theorems [I.6]
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and Some Appendices are devoted to basic results about pseudodifferential calcu-
lus and trace-class operator-valued measures, and to the proof of technical lemma.

2. PSEUDODIFFERENTIAL OPERATORS AND SEMICLASSICAL MEASURES —
PRELIMINARIES

In this section we recall some basic facts on Wigner distributions and semiclassi-
cal measures, which are the tools we are going to use to prove Theorem [I.2] and de-
rive preliminary results about Wigner measures associated with families of solutions of
equations of the form (L.TT].

2.1. Wigner transform and Wigner measures. Wigner distributions provide a use-
ful way for computing weak-x accumulation points of a sequence of densities (|u®|?)
constructed from a L?-bounded sequence (u?) of solutions of a semiclassical (pseudo)
differential equation. They provide a joint physical/Fourier space description of the en-
ergy distribution of functions in R¢. The Wigner distribution of a function f € L?*(R%)

is defined as:
: _: _ev EVY g v
Wi, 8): /Rdf@ 2>f<x+ 2>e (27m)d’

and has several interesting properties (see, for instance, [22]).
o W5 € L?(R? x RY),

2

e Projecting W} on z or £ gives the position or momentum densities of f respec-
tively :
[ witeoa =1, [ wit o= | 7(2)
R4 ’ " g 7 (2me) €
Note that despite this, ¥ is not positive in general.
e Forevery a € C°(R? x RY) one has:

(21) /Rd R CL(ZL’, S)W;([L‘, f)de’ d€ = (Ops(a)fv f)LQ(Rd)a

where op_(a) is the semiclassical pseudodifferential operator of symbol a ob-
tained through the Weyl quantization rule:
dg

ov.@fw) = [ (T e ) el

If (f<) is a bounded sequence in L*(R?) then (TV5.) is a bounded sequence of tempered
distributions in &’(R? x R?). This is proved using identity (2.1)) combined with the fact
that the operators op_(a) are uniformly bounded by a suitable semi-norm in S(R? x R?),
see (A.I). Appendix [A] contains additional facts on the theory of pseudodifferential
operators, as well as references to the literature.

In addition, every accumulation point of (IW}.) in §'(R? x R) is a positive distri-
bution and therefore, by Schwartz’s theorem, a positive measure on R? x RY These
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measures are called semiclassical or Wigner measures. See references [24), 34, 26, 27]]
for different proofs of the results we have presented so far.
Now, if 4 € M, (R? x R?) is an accumulation point of (1¥5.) along some subse-

quence (g;,) and (| f+|?) converges weakly-* towards a measure v € M, (R?) then one
has:

22) /R (e de) < v

Equality holds if and only if (f¢) is e-oscillating:

(2.3) lim sup / F2()*de — 0,
I€|>R/e

e—0+ R—+o00

see [24] 26| 27]. The hypothesis HO that we made on the initial data for equation (I.TT]),
is this -oscillating property. Note also that (2.2) implies that / is always a finite measure
of total mass bounded by sup, || f* ||%2(Rd).

2.2. Space-time Wigner measures. We need to define semiclassical measures for se-
quences (f¢) which are solutions to a certain evolution equation; these sequences are
bounded in C(R; L?(R%)) and therefore are only locally integrable with respect to the
first variable (the time variable). We introduce a localized-in-time Wigner distribution
acting on test functions a € Ci°(R7 . x R2%) though identity (2:1):

(Wigera) i= (0Do(a)8f*, 017 2
where ¢ € Ci°(RR;) and a° stands for:
a*(t,1,2,§) == a(t,er,z,§).

This particular scaling in the variable 7 corresponds to the scaling of the dispersion
relation in the equations that we are considering (namely, equations (I.2)) and (L.T1)).
The following result holds in our context:

Proposition 2.1. Let (f) be bounded in L} (R; L*(R?). Then (W5,.) is bounded
in C°(R7 . x R2%), uniformly in ¢ > 0 and ¢ € C3*(R,). It is possible to extract
weakly converging subsequences (W;jmk) such that, for every ¢ € C5°(R?) and every

a € C°(R} . x R2%) one has:

lim (Wjh,,a) = / alt,,z,€)|e(t) Paldt, dr, de, d€).
R2xR2d

k—o00

The accumulation points ji are always positive Radon measures on R? _ x Ridg. If, in
addition, (| f**|*) converges weak-x in the sense of measure to some measure v then:

/ (-, dr, - d€) < .
R-,—XRE
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Equality takes place if and only if for every ¢ € C§°(R;) the sequence (¢ f°) satisfies:

(2.4) lim sup / 6 f2 (7, &)|2drd¢ — 0.
e—0t ‘527|+‘5€‘>R R—o0
The proof of this result is by now classical; it can be obtained by following the lines
of the proofs of the analogous results in [25] 24} 27]].

2.3. Wigner measure and family of solutions of dispersive equations. We will now
consider Wigner distributions associated to solutions of the evolution equation:
(2.5)
{ 120 (t, 2) = NeDy)us (t, z) + e Ve (t, )us(t, 2) + 3¢5 (¢, 1), (t,x) € R x RY,
Uf,_g = U
[t=0 0

where V¢, and ) satisfy hypothesis H1 and ||g°(Z, -)|| 12(ga) is locally uniformly bounded
with respect to ¢

When the sequence (u5) of initial data is uniformly bounded in L?(R?), so is the cor-
responding sequence (u®(t)) := (u®(t,-)) of solutions to (2.5) for every ¢ € R. There-
fore the sequence of Wigner distributions (W, ,)) is bounded in C(IR; S'(R? x R?)).
Nevertheless, its time derivatives are unbounded and, in general, one cannot hope to find
a subsequence that converges pointwise (or even almost everywhere) in ¢ (see Proposi-
tion [2.6] below). This difficulty can be overcome if one considers Wigner distributions
n (¢, z). Our first result states that the corresponding measures /i are localized on the
dispersion relation (or characteristic set) of the principal part of equation (2.5).

Proposition 2.2. Let (u¥) be a sequence of solutions to (2.3) issued from an L*(R?)-
bounded sequence of initial data (ug), and suppose i € M (R}, x R2%) is obtained

from Proposition along some subsequence. Then, for every a € Cgo(RfvT X Riflg):

/ a(t,r,z, &) p(dt,dr, dx,d§) = / a(t, \(§),x,&)p(dt, dx, dE),
R2 xR2d R xR2d

for some positive measure i € M (R, X Rifig)-

The reader can consult [24] or [36] for a proof of this result. If, in addition, the
sequence of 1nitial data is e-oscillating then, by Proposition[2.1} it is possible to describe
the projection of 1 on the time variable ¢.

Proposition 2.3. Let (u¥) be a sequence of solutions to (2.3) issued from an L*(R?)-
bounded and e-oscillating sequence of initial data (uj). Then there exist a subsequence
(ex) tending to zero as k — oo and a t-measurable family ji; € M (R? x R?) of finite

measures, with total mass essentially uniformly bounded int € R, such that, for every
E€ L'(R) and a € S(R? x RY):

lim E(t)alz, Wik, o (@, §)dz d dt = / Et)a(x, &) pe(dx, dE)dt.

k=00 JryxRIxRE RxRAx R4
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Moreover, for every E € L'(R) and ¢ € Co(R?):

lim // x) |k (t, x)|*dr dt = // E(t)o(x) py(d, dE)dt
k=00 Rd RéxRd

Remark 2.4. If the limits in Propositions [2.2] and [2.3] take place along the same subse-
quence, then the corresponding limit measures are related by:

:u(t7 x, 5) = Mt(xv f)dt

This result is proved in [36], Theorem 1; see also Appendix B in [40]. Later, we shall
also use the following observation.

Lemma 2.5. Suppose H1 holds. Let (u®) be a sequence of solutions to (2.3) issued
from an L?(R?)-bounded and e-oscillating sequence of initial data (u5), then also
holds.

Proof. Let us first prove that (u®(t)) is € oscillating for all ¢ € R. Indeed, consider
X € C(R,) with x(7) = 1 for |7| < 1 and x(7) = 0 for |7| > 2, and set

o) - (1 (E2) Y

Then, the family (u3) satisfies

D
205 (t, 1) = MeDy)us(t, 1)+ Vi (t, 2)us (t, 1) —e {X <|€Rx|> ,VeXt(t,x)} us(t, x).

Symbolic calculus gives

[x ('62”5') ,Vext(t,a:)] w(t,) =0 (}%) in L*(RY).

Therefore

elt
(2.6) ()2 @e) = Nug(O)l]2ga) + O ( 1|12|) ’

and the e-oscillation of (uf) implies the e- oscillation of (u®(t)).

Let us now prove that we have (2.4). Let B € C*°(R) such that 1 — x(7) = 7B(7),
using equation (2.5), we obtain
(1=x) (2Dy + MeDy)) (¢u°) = B (e2Dy + MeDy)) (—Vexedu®) + €77,
where
G =B (’Dy + AeD,)) (WD — eg°0).

Clearly, (g¢) is uniformly bounded in L*(R; x R%). As a consequence, for ¢ € C°(R;),
we have

Q2.7) gu® = x (*Dy + A(eDy)) (¢u®) + £%r°,



16 V. CHABU, C. FERMANIAN, AND F. MACIA

where the remainder 7 statisfies that (op_(a)r®) is uniformly bounded in L?(R; x R%)

for any a € Cgo(Rffiﬁ&). Let us now fix ¢ > 0 and let N, M > 0 be such that for all

£ e REINE)| < M(1+ [€]Y). Because of the -oscillation of (uf(t)) for all t € R, we
can write for R, ¢ > 0,

(1) (|€2Dt\ 4]‘%|€Dm\N> ()

— (1 . X) (’€2Dt‘ + ‘EDx‘N> X (M) (¢us) + QE,Ra

R cR

with 0. = (1= x (225 ) ) (¢u). Clearly,

1602l sy < / O0E) 2145y (D2 g

and by 1D we deduce limsup ||0: r|| 12w, xra) e 0. Therefore, using || we ob-
—00

e—0t
tain in L*(R; x RY),

(1) <|52Dt| ;|€Dx|N) ()

-y (‘szf' . '5DI'N) X (ﬂ) X (£2D: + MeD,)) (60) + ool 1)

R cR

To conclude the proof, we observe that choosing ¢(M + 1) < 1/4, then, for every
R > 2(2 4+ M) the support of

ro— -0 () (B acen

is empty. This shows that for every ¢ € C>°(R),

e—0t

limsup/ ]57;(7', &)|Pdrdé — 0
[e27|+eg| V>R fimroo
holds, which is sufficient to prove the (u.) satisfies (2.4). O

2.4. Localisation of Wigner measures on the critical set. It turns out that the fact
that (u®) be a sequence of solutions to (2.5]) imposes restrictions on the measures /i, that
can be attained as a limit of their Wigner functions. In the region in the phase space
R? x ]Rg where equation (2.5)) is dispersive (i.e. away from the critical points of \) the
energy of the sequence (u°) is dispersed at infinite speed to infinity. These heuristics are
made precise in the following result.

Proposition 2.6. Let (u?) be a sequence of solutions to (2.3) issued from an L*(R?)-
bounded and c-oscillating sequence of initial data (u), and suppose that the measures
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e are given by Proposition[2.3| Then, for almost every t € R the measure p is sup-
ported above the set of critical points of \ :

supp iy C A = {(z,€) e R x R? : VA(£) = 0}.

The result of Proposition2.6follows from a geometric argument : the fact that u° are
solutions to (2.5) translates in an invariance property of the measures /i;.
Lemma 2.7. For almost every t € R, the measure L is invariant by the flow
L REXRY S (1,8) — (24 sVA(E),8) e REx RY, s e R.

This means that for every function a on R% x R that is Borel measurable one has:

[ oo s = [ alnOumldnde), scr
Rd xR Rd xRd

This result is part of Theorem 2 in [36]. We reproduce the argument here for the
reader’s convenience, since we are going to use similar techniques in the sequel.

Proof of Lemmal[2.7} Ttis enough to show that, for all a € C°(RYxR?) and E € C°(R),

the quantity
d

REw= [ 20 f(@odl@)| Wi loodsds i

Rx R4 x R4 ds =0

tends to 0 for the subsequence ¢;. of Proposition Note that < (a o ¢})] 0= VeA-

s=

V.a = {\, a}; therefore, by the symbolic calculus of semiclassical pseudodifferential
operators, Proposition [A. T}
3—0)

d
. [AeD) , op.(a)] + O£<L2(Rd)) (€)
and, using the fact that (u°) solves (2.3):

o | .

0P, (E(a © ¢s)

iéﬂwWQMmm@M%Mﬂmﬁ+O@

£
- d € 3 - 3 €
—— [ 205 (op.@ur(t).w(0) dt = = [ Z(®) (op.(@)ur(t). w(0) dt = OFc).
R R
This estimate together with identity (2.1)) show that R*(Z,a) = O(e), which gives the
result that we wanted to prove. 0
Proposition 2.6/ follows easily from Lemma [2.7] and the following elementary fact.

Lemma 2.8. Let Q) C R? and @, : R x Q — R x Q a flow satisfying: for every com-
pact K C R x Q such that K contains no stationary points of ® there exist constants
a, B > 0 such that:

a|8|_5< |(I>5(IL‘,€)| <Oé|8|—|—ﬂ, ‘v’(w,f) € K.

Let yu be a finite, positive Radon measure on R% x ) that is invariant by the flow ®..
Then 11 is supported on the set of stationary points of Ps.
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Proof. Tt suffices to show that (K) = 0 for every compact set K C R¢ x ) as in the
statement of the lemma. By the assumption made on @, it is possible to find s, — +o00
such that ®,, (K), k € N, are mutually disjoint. The invariance property of x implies
that (P, (K)) = pu(K) and therefore, for every N > 0:

H <U qDSk(K)> = NU(K)

Since p is finite, we must have p(K) = 0. O

3. TWO-MICROLOCAL ANALYSIS OF DISPERSIVE EQUATIONS

The localization result for semiclassical measures that we obtained in the preceding
section is still very far from the conclusions of Theorems and In particular,
Proposition [2.6] does not explain how the measures ;; depend on the sequence of initial
data of the sequence of solutions (u). For obtaining more information, we use two-
microlocal tools that we introduce in a rather general framework in this section and that
we use for analyzing dispersion effects and proving Theorems|[I.1]and [T.2]

3.1. Two-microlocal Wigner distributions. From now on, we assume that X is a con-
nected, closed embedded submanifold of (R?)* with codimension p > 0. Given any
o€ X,T1,X and N, X will stand for the cotangent and normal spaces of X at o respec-
tively. Denote:

NX ={(o,v) :ce X,ve N, X}, T°X ={(o,v) : 0 M,veT;X}.
The tubular neighborhood theorem (see for instance [28]) ensures that there exists an
open neighborhood U of {(¢,0) : ¢ € X} C NX such that the map:

U3 (0,v) — o +v € (R,
is a diffeomorphism onto its image V. Its inverse is given by:

Vs &—(0(§),6—0(§)) €U,

for some smooth map o : V' — X. When X = {&} consists of a single point, the
function o is constant, identically equal to &.

We extend the phase space T*R? := R¢ x (Rd)z with a new variable 7 € R, where

R4 is the compactification of R? obtained by adding a sphere S?~! at infinity. The test
functions associated with this extended phase space are functions a € C*°(T *]Rji6 X Rg)
which satisfy the two following properties:

(1) there exists a compact K C T*R? such that, for all n € RP, the map (x, ) —

a(x,&,n) is a smooth function compactly supported in K;
(2) there exists a smooth function a, defined on T7*R¢ x S¢ ! and R, > 0 such

that’ lf |77| > RO’ then a(%éﬂ?) = aoo(x7€777/|?7’>
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We denote by A the set of such functions and for a € 4 we write:

a.(z,€) = a (x,f, ﬂ) .

€

Given f € L?(RY), we define the two-microlocal Wigner distribution W];X © e D'(R? x
V x R9) by:

3.1) <Wj< a> = (0p.(ae) f|f)r2ey,  Va € CP(RY x V x RY).

This family of operators (op,(a.)).g is uniformly bounded in L?(IR%), by the Calderén-
Vaillancourt theorem (see Appendix @) In addition, any function a € C°(R?% x V') can
be naturally identified to a function in C°(R? x V' x R¢) which does not depend on the
last variable. For such a, one clearly has

(W)= [ ale.oWie.drde
R xRd
Putting the above remarks together, one obtains the following.

Proposition 3.1. Let (f).~¢ be bounded in L*(R?); suppose in addition that this se-
quence has a semiclassical measure . Then, (W;S’E)DO is a bounded sequence in

D'(R? x V x RY) whose accumulation points 11X satisfy:

(W¥.ay= [ ale.Opldr,de), Vae PR x V).
Rd xR4

The distributions X turn out to have additional structure (they are not positive mea-
sures on R% x V x Rq, though) and can be used to give a more precise description of
the restriction p1]gay y of semiclassical measures. The measure ;X decomposes into
two parts: a compact part, which is essentially the restriction of 4% to the interior
R x V x R? of R x V x R?, and a part at infinity, which corresponds to the restriction
to the sphere at infinity R x V' x S,

3.2. The compact part. For 0 € X, we define functions of L?(N,X) as functions
RP 5 z +— f(z) where z is the parameter of a parametrization of N,X. These
parametrizations depend on the system of equations of X that we choose in a neigh-
borhood of the point 0. Let p({) = 0 be such a system in an open set €2. Then, a
parametrization of N, X associated to this system of equations is

N, X = {'dp(0)z, » € RP}.

Besides, one associate with the system () = 0 a smooth map from the neighbor-
hood {2 of ¢ into the set of d X p matrices such that

(3.2) §—0(§) = B)e(§), e
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Given a function a € C°(R? x 2 x R%) and a point (o, v) € T X, we can use the system
of coordinates (¢) = 0 to define an operator acting on f € L?*(N,X) given by:

Q7 (o) f(z) = /Rp . a <v + tdSO(U)Z ;L y,a,B(a)n) Fly)er =y Ei;:iz

In other words, Q¥ (o, v) is obtained from a by applying the non-semiclassical Weyl
quantization to the symbol a (v + *dy(0) -, 0, B(0)-) € CZ(RP x RP),

Q¢(o,v) = a" (v + 'dp(0)z,0,B(0)D,) .

If one changes the system of coordinates into ¢(£) = 0 on some open neighborhood Q
of o, then, there exists a smooth map R(&) defined on the open set 2 N Q) (where both
system of coordinates can be used), and valued in the set of invertible p X p matrices,
such that 3(¢) = R(€)p(€). One then observe that the matrix B(€) associated with the

choice of @ is given by B(£) = B(€)R(€)™". Besides, for a € C°(R? x (2N Q) x RY),

Qo) = [ ( § ap(0) Y g@n) Fwpeirt—n 414y

2 (2m)P

= /RPXRP a (v + 'dyp(o) tR(O')Z ~|2— y7 o, B(O’)R(o‘)_ln> Flw)eir e 1Y

We obtain

Qf(g7 U) = U(O‘)Qf(d, 'U)U*(U)7
where U (o) is the unitary operator of L*(N,X) ~ L?(RP) associated with the linear
map from R? into itself : z — "R(c)z. More precisely,

Vf e LA(RP), U(0)f(z) = |det R(0)|> f(*R(0)z).

This map is the one associated with the change of parametrization on N, X induced by
turning ¢ into @, and the map (z,¢) — (*R(0)z, R(c)~!() is a symplectic transform
of the cotangent of R”. This is the standard rule of transformation of pseudodifferential
operators through linear change of variables (see [1] for an example or any textbook
about pseudodifferential calculus).

Because of this invariance property with respect to the change of system of coordi-
nates, we shall say that a defines an operator Q, on L*(N,X). Clearly, Q,(c,v) is
smooth and compactly supported in (o, v); moreover, Q,(c,v) € K(L*(N,X)), for
every (o,v) € TX, where K(L?(N,X)) stands for the space of compact operators on
L2(N, X).

Proposition 3.2. Let X be given by Proposition Then there exist a positive mea-
sure v on T* X and a measurable family:

M:T*X 5 (0,v) — M(o,v) € LY (L*(N, X)),

satisfying
Trren,x) M(o,v) =1, forv-ae. (o,v) € T"X.
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such that, for every a € C°(R? x V x R?) one has:
(p*,a) :/ Trr2(n, x)(Qalo, v) M (o, v))v(do, dv).
T+ X

Proof. We suppose that we are given a local system of p equations of X by ¢(&) = 0.
Without loss of generality, we may assume that dg/p(€) is invertible. We consider the
smooth valued function B satisfying £ — 0(§) = B(£)¢(€) and we introduce the local
diffeomorphism

©: (p(£), ") = €.

Note that if & = ®((), ¢ = (¢',¢"), we have (' = ¢(&) = p(P(¢)). We use this
diffeomorphism according to the next lemma.

Lemma 3.3. Forall f € L*>(R%) and a € A,

on.(a)f « )= (on. (o (4061000, B@(E) £ ) ) Kot L Kot )40
where f +— K. f is an isometry of L*(R?).

The proof of this lemma is in the Appendix [C| This lemma and the results of [15] on
vector spaces give that up to a subsequence, there exist a positive measure 1 on T*R%~?
and a measurable family of trace 1 operators:

My : T*"R*" 5 (0,v) — My(0,v) € LL(L*(RP)),
satisfying
(op.(as)f , f)
B /R iy D) (" ("de(0,0") 7 (=,u"), @(0,0"), B(®(0,0"))D-)

% Mo(u", 9")) dvo(du”, d").

The reader will find in Appendix [B] comments on these operator-valued families. Note
that the map 0" — o = ®(0,0") is a parametrization of X with associated parametriza-
tion of T*X,

(0", u") = (0,v) = (©(0,6"),' d®(0,6")~(0,u")) .

Since the Jacobian of this mapping is 1, after a change of variable, we obtain an operator
valued measurable family M on 7™ X and a measure v on 7™ X such that

(op.(a)f . f)
= [ i (@ (140(0.6/(2)) 7 (2.0) + v, Blo) D.) M(,0)) dodo do).

We now take advantage of the fact that o(®(¢)) = ¢’ for all ¢ € R in order to write
dep(®(¢))d®(¢) = (I1d,0).
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We deduce
V2 e RP, 1dP(Q) 'dp(®(())z = (2,0),
which implies
Vz € R, dp(®(C))z = "d®(¢) ' (2,0).

Therefore,

(op(a)f . f) = /T T (0" (‘dp(a)z + 0,0, B(0)D.) M(o,v) dv(do.dv)

- / T (Qul(o)M(0,0) dv(do. o).
O

3.3. Measure structure of the part at infinity. To analyze the part at infinity, we use
a cut-off function y € C°(R?) such that 0 < xy < 1, x(n) = 1 for |n| < 1and x(n) =0
for || > 2, and we write

(W a) = (W an) + (W], a).
with
(33) an(e,&n) = al@. &y () and a(e, &) = alw,&m) (1-x (35))
Observe that ar is compactly supported in all variables. We thus focus on the second

part, and more precisely on the quantity
lim sup lim sup <W]f<’€, aR> .

R—o0 e—0t
We denote by SA the compactified normal bundle to A, the fiber of which above o is

T*R4 x S, A with S,A being obtained by taking the quotient of N,A by the action of
R’ by homotheties.

Proposition 3.4. Let (f¢) be a bounded family of L?(RY). There exists a subsequence ¢y,
and a measure v on Sy such that for all a € A,

lim lim <W;§;f’“,aR>:/ oo (, 0y W)y (dx, do, dw)
Rd x X x Sd—1

R—00 k—+00
f—_“(f)>
" /IR;dxchsdl (oo (x,f, ‘f _ a(§)| :“(dflfa df)

Proof. We begin by recalling the arguments that prove the existence of the measure 7,

which are the same that the one developed in the vector case in [15]. Since a = a.

R R

for |n| large enough, we have a'* = a-} as soon as R is large enough and the quantity

lim sup lim sup <W;§’€, aR>

R—o0 e—0t
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will only depend on a.. Therefore, by considering a dense subset of C.(T*R? x S%~1),
we can find a subsequence (¢;) by a diagonal extraction process such that the following
linear form on C,(T*R¢ x S1) is well-defined

l:as — lim lim <WX7E’“ aR> .

1>
R—00 k—+o00 foRo

We then observe that

Va,3 € N, 30,5 >0, sup < Caﬁ(g\ﬁl + RPN,
R2d

029; (™),

This implies that the symbolic calculus on symbols (a%). is semiclassical with respect
to the small parameter v/¢? + R~2. To be precise, one has the following weak Garding
inequality: if a > 0, then, for all x > 0, there exists a constant C); such that

13 1 &€
(w30 2 = (w0 (4 ) ) 1 s

We then conclude that the linear form ¢ defined above is positive and defines a positive
Radon measure p. It remains to decompose p above X°. In this purpose, we set

a'(z,&,m) = a"(x,§,n)(1 - x) <%)

and we observe that, by the definition of :

lim lim lim <W;§,’f’“,aR’5> = /d L, oo (x,&, 5_—0(5)) p(dx, d§),
RaxXexSa—

§—0 R—o0 £—0 ‘f - U(€)|
which concludes the proof of the existence of the measure .

Let us now analyze the geometric properties of this measure. We choose a system
of local coordinates of A and introduce the matrix B as in (3.2). By Lemma [3.3| and
the result of [15] for vector spaces: up to a subsequence, there exists a measure , on
R? x R?P x SP~! such that

lim lim lim <WfX’E,aR’5>

6—01T R—00e—0"*
: - n B(2(0,§")w ) ~

= (o) dq) , 1 7@ y s d 7d ’d )

Jo g (00 20000.80, )

The mapping " — ®(0,£") is a parametrization of X and the mapping (z,§) —
(td®(0,&")"tz, ®(0,£")) is the associated mapping of T%R?. Therefore, this relation
defines a measure ¥ on 7% X x SP~! such that

(3.4)
. B(o)w \ -
WwXe GRS\
511}/(1]’{*‘ Rh—r)rologlglf(r)a' < f @ > /CZ\”*XXSPI (oo (ZE’O—7 |B (O’)(JJ‘) 7<dx,d57dw>

Besides, using that Id = do(0y) + B(0g)dyp(0op) for any oy € X, we deduce that for
any ¢ € T,,R%, we have the decomposition

¢ =do(09)C + B(og)dp(og)¢, with do(oo)¢ € T,X and B(ogp)dep(cp)¢ € Ny, X.
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Now, since dyp is of rank p, one can write any w € SP~! as w = dp(0()¢ and the
points B(op)w are in N,,X. By identification of v in (3.4), we deduce that v(x, o, -) is
a measure on the set

B(o)w N N.X
— sp-ti = No « = 9,X
st @5 ="V = sex
which completes the proof of the proposition. 0J

3.4. Two microlocal Wigner measures and families of solutions to dispersive equa-
tions. We now consider families of solutions to equation (2.5). As proved in Propo-
sition the Wigner measure of the family (u°(¢)) concentrates on the set A =
{VA(£) = 0}. To analyze u' above A, we perform a second microlocalization above
the set X = A, with average in time. We consider for § € L!(R) the quantities

/Re(t) <W1fg(i), a> dt

for symbols a € A. Up to extracting a subsequence €, we construct L> maps
t — v (dr,do,dw), t— v(do,dv), t— M(o,v)

valued respectively on the set of positive Radon measures on R? x A x S9!, on the
set of positive Radon measures on 7*A and finally on the set of measurable families
from T A onto the set of trace class operators on L?(NA), such that for all § € L*(R)
and for all a € 8°(d):

/9(t)<Wj;,fE“t),a> dt — // O(t)aoo(z, 0, w)ye(dx, do, dw)dt
R R JRIxAxS4—1

k—+o00
+/ e(t)TI'L2(NUA)(Qa(O',U)Mt(O','U>Vt(dO', d'l])dt
R JT*A

The measures +* and v, and the map M" satisfy additional properties coming from
the fact that the family (u°(¢)) solves a time-dependent equation. These properties are
discussed in the next two sections. We shall see that we can choose the sequence ¢
such that the map ¢ — M, is continuous (and even C), and the measures +, are invariant
under a linear flow. These properties are discussed in the next two sections.

3.5. Transport properties of the compact part. Since A is the set of critical points
of \, the matrix d*) is intrinsically defined above points of A. Thus, using the formalism
of the preceding sections, it defines an order two differential operator Q2 which
acts on functions on S(N,A). We write abusively

Qazr(oyyn = A°N(o) D, - D..

a)nn

Proposition 3.5. The map t — v, is constant and the map
t = My(o,v) € C(R; L1 (L*(N,A))
solves the Heisenberg equation ([I.16).
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Proof. We analyze for a € C3°(R3?) the time evolution of the quantity <ij\5’(i), a> . We
have
1

S a) = 5 ([op.(a) MDY (1) () (b (o), Ve (1) (1)

By standard symbolic calculus for Weyl quantization, we have in £(L?(R?))

1 1
E [Opa(a€>7 /\(€D>] = g Opa(V/\(g) : vaE) + O(€>
Besides, by Taylor formula and by use of VA(c(§)) = 0, we have

(3.5) V) = d*A(0(€)) (§ = a(&)) + T(€) (6 — (&) - (€ —a(€)),

where ' is a smooth matrix. This yields

VA - Veau(r,6) = 0.2 8)
with
b(x,&n) = d*No(€))n - Vea(z,&n) +T(E) (€ —a(€)) - nVaalz, &,n).

At this stage of the proof, we see that % <VV:\E(E iy a> is uniformly bounded in ¢, thus
using a suitable version of Ascoli’s theorem and a standard diagonal extraction argu-
ment, we can find a sequence (¢,) such that the limit exists for all a € C5°(R3?) and all
time ¢t € [0,7] (for some 7" > 0 fixed) with a limit that is a continuous map in time.
The transport equation that we are now going to prove shall guarantee the unicity of the
limit.

We observe that for any local system of equations of A, p(£) = 0, the operator @}
satisfies for (o, v) € TA,

Qf(o,v) = bV (v + tdp(o)z, 0, B(O)DZ)
= op, (&*A(o)B(o)n - Vza(v+ 'do(o)z,0,B(o)n)).

On the other hand, we observe that, setting

1
0(¢m) = SdMEm - n,

we have
i[Q7(0), Q¢ (0,v)] = i['Blo)d*N(0)B(0)D; - D. , Q3(0,v)]
(3.6) = op; ("de(0) 'B(o)d*X(o)B(o)n - Vea(v+ 'de(o)z,0, B(o)n)),

and we now focus on the matrix ‘dy(0)?B(c)d*\(0)B(c), and thus on the properties
of the hessian d*\(0).
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For £ € A, the bilinear form d*\(€) is defined intrinsically on 7;R¢ and d*>\(§) = 0
on T¢A. We can associate to the function £ — (&) a decomposition of TR? above
points ¢ € R? as

Tng — Tg(g)A X Ng(g)/\
(£¢) = (do(§)¢, (Id = do(§))C)

By construction, if £ € A, we have

1d — do(¢) = B(E)dp(€).
We deduce that any ¢ € T;R? satisfies

¢ =do(§)¢ + B(§)dp(§)¢ with do ()¢ € T,A.
Therefore,
VE e A, dNE) = d?NE)B()dp(E).
Taking into account this information, equation @ becomes
11Q5(0),Qf (a,v)] = op, (&*A(0) B(o)n - Vya(v + ‘dp(0)z, 0, B(o)n)) .
We conclude
Qy (0,v) = i[QF(0), @y (o,v)].
This implies that

1
10 (My(o, v)(do, dv)) = EdQA(U)DZ D, +my, . (v,0), Mi(o,v)| v(do,dv).

Taking the trace, we get 0,1, = 0, thus v is equal to some constant measure v and M,
satisfies equation ([1.16)), which proves the proposition. 0

3.6. Invariance and localization of the measure at infinity. We are concerned with
the property of the L>®-map ¢ — ~'(dz, do,dw) valued in the set of positive Radon
measures on R? x A x S?~1. We now define a flow on R% x A x S9! by setting for
seR

o5 1 (z,0,w) = (x + sd®Ao)w, o, w).

Proposition 3.6. The measure ' is invariant by the flow ¢5.

Proof. We use the cut-off function  introduced before and set

a™(w,&,n) = alw,&n) x (g—Ta(g)> (1 Y (}%)) :

we introduce the smooth symbol

b (x,&,n) = a™? (x + sd%(@%,s, n) :

which satisfies (bf*),, = as o ¢5. Using equation (3.5)), we obtain

(0), (2,6) = a"** (x + V)¢, #) +0780(,€)

€ — (&)l



27

where for all multi-index «, 3 € N¢, there exists a constant C, g5 > 0 such that r??
satisfies:

sup 8§8§r5’5‘ < Cqp-

z,£€Rd

A
As a consequence, (W7, r&d

() e ) is uniformly bounded in R, §, € and:

(W b0) = (WG b) + 0(9),

uniformly with respect to R and ¢, with

b = o™ (4 VA )
(o, €)= (4 e TN

Note that this symbol is smooth because |¢ — o(£)| > Re on the support of a®°. We
are going to prove that for all € C§°(R),

lim lim lim H(t)iU/VA’E bYA= 0.

§—0t R—ooe—0t Jp ds us(®) s

Indeed, by the calculus of the preceding section, we have
d Ae TR Ae R,
£<Wu5(t)’b8’ > - <Wu5(t),v>\ . VICS7 >

with

RS _ 1 R,é( S >
R TR A T &

The symbol cf"s is such that for all all multi-index o € N¢, there exists a constant
C,, > 0 for which:

sup 02 (c).| < CulRe)
z,6€R4

This implies in particular:

C

Hopg((cf’g)e)Hc(LZ(Rd)) = Re

By symbolic calculus, we have

= [op.((c).). MeD)] = op. (VAE) - Vo(ef).) + 0 (5).

1€
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We deduce that for all § € C5°(R),
d ANe TR
/Ré’(t) = (Wi, b%)dt

= [o (L lon e o) o (5)

::uéﬂﬂ<§ng@fﬂJA@Dy+§Km@wﬂu%ﬂ,M@Odﬁ+O(R

t@mmﬁmmw%u%»ﬁ+0<%>

d
_ 0@y+0(%).

As a conclusion,

(Wi, b0 = (Wi, b50) 4 0(6)

= (W2 b") + O(sle) + O(|s|R™Y) + 0(0)
= (W26 b)) + O(sle) + O(s|R™) + 0(0),
which implies the Proposition. U

3.7. Proofs of Theorems[I.I|and [I.2] Remind that, as explained in Remark [I.3] The-
orem [I.2] implies Theorem Indeed, if A reduces to a set of isolated points, the
operator M, is the orthogonal projector of L?(IR?) on the function u(t) and the equa-

tions (1.14)) and (1.16)) are equivalent.

Let us now prove Theorem We first observe that the measure 7, is zero. Indeed,
by H2; for 0 € A, d2)\(0) is one to one on N,A. Therefore, since ~; is a measure
on SA, the invariance property of Proposition 3.6 and an argument similar to the one of
Lemma [2.§]yields that v, = 0. As a consequence, the semi-classical measure /i, is only
given by the compact part and one has for any a € C°(R?*?) and ¢ € L'(R),

[ o) [ a6t = [ 00) | T @ulov) Mildo o) at.

Then, taking ¢ = 1,4 for a,b € R, a < b, and in view of Proposition and of
Lemma 2.5, we deduce that for every every ¢ € C.(R?) one has for the subsequence
defining M, and v;:

e—0

b b
iny [ [ ot Pdadt = I/ | Trisen [Qolo. )Mo ] v(d, dE)t,

where M, satisfies (I.16)). This concludes the proof of Theorem|[[.2] We emphasize that
the measure v and the operator valued family )/, are utterly determined by the initial
data.

1

)
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4. SEMICLASSICAL MEASURES FOR THE BLOCH DECOMPOSITION

In this section we prove Theorem which requires in particular to sum series in-
duced by the decomposition of the data in equation (1.19). The proof combines three
ingredients. We first analyse the high-frequency behavior of the spectral projectors as-
sociated to the Bloch decomposition IT} - (see ) and of the operator of restriction to
the diagonal y = . Second, we prove a priori estimates for solutions of equation (1.7)
and we study the decomposition of 1)° to (1.2)) as:

o0
Y=Y 45, where ¢ =TI5 U|yeyye,
n=1

U® being the solution to (I.7) whose initial datum is 1)°|;—o ® 1. Finally, the last step of
the proof consists in computing the Wigner measure of (¢°) . We shall prove that it is
the sum of the Wigner measures of some solutions to dispersive equations with initial
data 15, |i=o.

A function U € L*(R{ x T¢) can be written as:

Ulx,y) = Z U ()™,

kezd
with:
||UHi2(Rded) = Z “UkH%?(Rd)'

kezd

We denote by H?(R? x T?), for s > 0, the Sobolev space consisting of those functions
U € L*(R¢ x T?) such that:

bposrn = 3 [ (1126 + Y DR(€) P

kezd

1U]

We will repeatedly use the following remark.

Remark 4.1. There exists a constant ¢ > 0 such that:

MU

H (R xTd) S H <5Dz>s U”LZ(RdXTd)+‘|P(8Dm)s/2UHL2(RdXTd) S CHU’

H(RdxTd)

for every U € L?(R? x T¢) and € > 0, where, as usual,

(&) =1+ 1)

4.1. High frequency behavior of Bloch-band projectors. Here we shall gather some
results describing how the e-oscillation property behaves under the action of the opera-
tors P¢ that are used in the proof of Theorem

We start by analysing the boundedness properties of the spectral projectors. We shall
use the following remark
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Remark 4.2. Let j € N. Any ¢ € R? writes £ = n + 27k with k¥ € Z and 7 in the
Brillouin zone. Therefore, the relation ¢;(y,n + 2km) = e~ ™Yy (y,n) implies the
existence of a constant C' > 0 such that for all (£,y) € R? x T¢ and s > 0,

|Dypi(y, &) < C(€)* and [Dipn(y,§)| < C.
Lemma 4.3. Given s > 0, there exists Cs > 0 such that:
HP;jUf m@ixtdy < Cs||U]

Hz(RIxTd),
foreveryj €N, e >0and U € H:(RY x T?).
Proof. Since [P(eD,)*?, P ] = 0, one has:
||P(5DI)S/2P;U||L2(Rd><11‘d) < HP(gDr)S/QUHL?(Rded)-

A direct calculation gives, for every u € L?(R?),

[0 (+ eDa)ull poaxray < [|ull p2(ra)-
On the other hand, as ||¢;(-,&)|/z2pe) = 1 for any £ € R? one has for any U &
He(R? x T9):

< | D2} Ull sy
L2(Rd)

(eD,)* /Td ?;(z,eD)U (-, 2)dz

Combining this fact with the estimate valid for eny u € L*(R?),
| <EDI>890J'('7 EDx)u“L2(]Rdx’J1‘“l) = ”SOJ'('v 5Dx)<5D:c>suHL2(RdXTd)
< ||<5DI>SU||L2(Rd><Td)>
gives the bound:
H <5Dx>SP;jUHL2(Rd><Td) S H <€Dx>s U”L2(Rd><11'd)'

The conclusion follows by Remark 4. 1] O

Strongly e-oscillating sequences enjoy good frequency localization properties with
respect to the Bloch decomposition. This is the content of the following lemma, that will

be used to reduce our analysis to that of sequences of initial data that are a superposition
of a finite number of Bloch waves. Set, for a Bloch energy A, withn € N:

L:={7 € Nt P(E)p;(&: ) = Al&)pi(&, )5
Clearly IT5 =% .., P

J€IL ~ @5

Lemma 4.4. Let (v°) be a bounded sequence in L*(R?) that is strongly e-oscillating.
Then, for every s > 0,

2 — 0
H(REXTD) nrJ0

lim sup Z HHEnve‘
>N

+
e—0 n
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Proof. By Remark [4.1] it is enough to prove the result for

| P(eD,)*1I5, and ||(eD,)**1I5

g
U ||L2(]Rd><’IFd) U HLZ(RdXTd)

for all £ € N and the result will follow for
||H§\nUEHH§(IRd><’]I‘d) :
One shall then conclude by standard interpolation. We write
(4.1) 5,056, y) = Y (v, €€) (/ @(2,8£)d7~') vE(€).
jeln, T4
Therefore, for any k € N and y € T¢,
42 PEOTE (60 = M9 T eilned) ([ it s )
jEln T

For every ¢ € RY one has

Z/%Zf

JEI,

= (1P 1) = par(€).

nEN

where py; is a non-negative polynomial of degree at most 4k. Dini’s theorem ensures
that for every R > 0 the following holds:

Dy =
R)i= s e S [ 7t

Let 0 > 0 and choose R > 0 such that for 0 < j < k:

2

e—0t+

limsup/|£| Rp4j(€§)|{1\5(£)\2d5 <9

(this is where the strong e-oscillation hypothesis comes into play). Then, using (4.1)
and (4.2)) we can estimate:

hmsupz HP (eD,)*TI5

’U ||
L2(R4xTd
e—0t )

n>N
<C limsupZ/ n(6) Z/ P(z,€8)dz
e—0t ‘6€‘<R ]EI

<C Dy(R)limsup |[v°]|3. (rey T C0 e Co.

e—0t

+ 04

Iv()|

( )

Since 6 > 0 is arbitrary, this proves the result when s > 0 is an even integer. For dealing
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with ||(eD,)?*1I5 we observe that

“II7
2Vl L2 (RAxT)

(DT (60) = (6% 3 s 0) [ 5e.02) 70

J€In
and we argue as before to conclude the proof. 0

Remark 4.5. If one only assumes that (v°) is e-oscillatory then one gets the conclusion
of Lemma4.4{in the particular case s = 0.

4.2. High frequency behavior of the operator of restriction to the diagonal. We
now focus on the properties of the operator of restriction to the diagonal y = z /¢, i.e.
under the action of the operator L¢ that maps a function U defined on R? x T to:

LfU(z) = U <33 g) .
Lemma 4.6. Suppose s > d/2, then operator
L7 : L*(RY; H¥(TY)) — L*(RY)
is uniformly bounded in ¢.
Moreover, if U¢ € L*(R%; H*(TY)) satisfies the estimate:
(4.3) limsup [|[1r(eD2)U* || 2w, Ho(T4) 0,

e—0t

where 1 is the characteristic function of {|| > R}, then the sequence (L°U*®) is
bounded in L*(R?) and c-oscillating.

Proof. Let U® € L*(RY; H*(TY)) and write it as
Us .CE y Z Uk 127rk-y’
kezd
and

HU”%?(Rg;Hs(Tg)) = Z <k>s HUkHi%Rd)-
kezd
Then there exist constants C', Cy s > 0 such that

1/2
S Uil < C (Z \k|28||U;H%2<Rd)> < CaolUF | asimcrgy,

kezd kezd
and therefore:
4.4) 1L U 2@y < D Uk l2eey < CasllU |l 2@asrnog)-
kezd

Let us now show that, under the hypothesis of the proposition, v* := LU* defines an
e-oscillating sequence. Given § > 0, since s > d/2, there exists N5 > 0 such that

> kT < 8%

|k|>Ns
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Define:
)= 3 Up(mpe™t.

|k|<Ns
Clearly,
[v* = 5[l L2ray < O[|US || L2(ra b (ray)-

Therefore, it suffices to show that for any 6 > 0 the sequence (v5) is c-oscillating. The
Fourier transform of vj is:

~ —~ 2rk
Bo- > G (-2,
|k|<Ns

Therefore,

1LR(eD)v5 2y < Y | La(eDy + 27k)Ug || p2 ).
|k|<Ns

If R > R, for Ry > 0 large enough, one has 1x(- + 27k) < 1p/, for every |k| < Nj.
This allows us to conclude that for R > Rjy:

1MR(eD)Vs 2y < Y 1 Lrs2(eDa)Uk |l 12(rey < CasllLr(eDa) U || ey prs(ray)

|k|<Njs
and the conclusion follows. O
Combining Lemmas [4.3]and [4.6] yields the following result.

Corollary 4.7. If ((eD,)* v°) is bounded in L*(R?) for some s > d /2 then the sequence
(w®) defined by:

x
(o) = LR () = Po (,2), jEN
w®(x) 5, U7 (2) U C e R
is e-oscillating.

4.3. A priori estimates. In the proof of Theorem [I.6] we shall use the following a
priori estimates for the solutions of equation (1.7)).

Lemma 4.8. Given s > 0, there exists a constant Cy > 0 such that any solution U¢
to with initial datum Us € H*(R? x T?) satisfies:

(4.5) IU=(2, )]

ae®ax1d) < UGl s (raxTaey + Cselt],

uniformly in € > 0.

Proof. In view of Remark we are first going to study the families ((¢D,) U¢) and
(P(eD,)Y2U#). Start noticing that (¢D,) U® satisfies the equation

ie20,((eDy) U?) = P(eD,)({(eD,) U?) + €2V (eDy) UF + €2[Viyy, (e D) UC.
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As a consequence, using the boundedness of V,V. on R x RY, we obtain by the
symbolic calculus of semiclassical pseudodifferential operators, that the source term
can be estimated by:

Vet (¢, -), e D) U (E, )| Lo excrey < Ce[US(E )| 2 @excre),
for some constant C' > independent of ¢ > 0 and ¢ € R. Using standard energy
estimates, we deduce the existence of a constant C; > 0 such that for all ¢t € R,

| (€Dg) US(t, )| r2raxtay < || {(€Dz) Usll r2raxtay + Cielt].
A completely analogous argument yields the estimate:
1P(eD,) U (t, )| 12 (maxray < |P(eDz)'?Us || 2(maxmay + Crelt].

A standard recursive argument gives, for all s € N, the existence of a constant C; > 0
such that for all ¢t € R,

[ {e D) US (t, )| 2 ascray + [1P(eD2)*2U (1) || omascray <
| (eD2)* Usll 2 + |1 P(eDe) 20 sy + Celil,
and the result follows for any s € R™ by interpolation. U
The proof of Lemma 4.8|shows that the following remark holds.
Remark 4.9. Given s > 0, let (V<(t,-)) solve
ie20;VE = P(eD,)V® + Voo VE + £3G°,
with initial data V and sup,g ||G°(¢, )|

Hs(Ré x4y uniformly bounded in . Then, there
exists a constant C'; > 0 such that

Hvs(tv ')HHES(Rded) < H‘/[)EHHES(RCIX'[M) -+ 535’75‘.

4.4. Decomposition of y°. Let (¢)5) be a strongly e-oscillating sequence satisfying the
assumptions of Theorem Denote by U¢ the solution to (I.7) whose initial datum is
Ug := 95 ® 1. Clearly, (Ug) is bounded in H?(R? x T?) for every s > 0 and, by Lemma
4.8] generates a bounded family (U (¢,-)) in H*(R¢ x T9). By uniqueness of solutions
to (I.2), the solution )° to (1.2]) whose initial datum is t)§ must satisfy:

Ve(t, ) = LFUS(t,-), teR.
Define
(4.6) Uit ) == LTS, US(t,-) = Y L°P, (y,Dy)US(t, ).
Jjel,

Lemma 4.10. For every n € N, 1;, solves an equation of the form
4.7)
G205 (t, 1) = Mp(e D) (t, ) + €2V (8, 2)UE (t, ) + 2 f5(t, 1), (t, 1) € R x RY,

where for all a € C5°(R??), uniformly int € R, we have
lop.(a) f5(t, )| 2a) < Cula)e
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for some constant C,,(a) > 0. Besides, for all t € R, (¢V5(t,-)) is e-oscillating.
Proof. Define for j € I,,

) = [ B DIV by, vilta) = 3 s (£.eD) st

Jj€In

Since (U¢) solves (1.7) and

Us(t,z,y) = ZZ%y,ED ,T),

neN jely,
it turns out that uj solves:
i523tu§(t, z) = Ap(eDg)u5(t, ) + 2V (1, z)us(t, ) + 52g§(t, ),
where:
g; = /Td[@(y,er), Vexe]U® (-, y)dy.
Since \;(€) is 27 Z%-periodic, it is easy to check that:
[Lfp,(-,eDy,), A\j(eDy)] = 0.

This implies that:

205 (8, 1) = MDD )5 (8, 1) + 2 Vie (£, )5 (8, ) + €2 f2 (8, ),
with

Z/d ©j 5D %(yagD )s Vext | U (-, y)dy.
T

ITL
Arguing as in the proof of Lemma @ and using symbolic calculus for semiclassical
pseudodifferential operators, we obtain that for all a € C5° (RZd),

lop=(a) f5(t: )| 2 ey < Clae,
uniformly in ¢ € R.

Finally, note that the initial data of equation (4.7) are c-oscillating by Corollary {.7]
and the same holds for (¢¢(¢,-)) for all ¢ € R by the argument used at the beginning of
the proof of Remark [2.5] O

Lemma 4.11. Forallt € Randall N € N, there exists Cy > 0 such that for all t € R,

> et

n>N

(4.8) <ry + Cnelt], llmsuprNN—> 0.

e—0t

L2(R4)

Proof. Lemma gives that for s > %, there exists C' > 0 such that

> Wt L (Z 15, Us(t, -)) > OIS, Us(t

n>N n>N

L2(R4) L2(R4) Hs(R4xT?)
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We then apply Remark [4.9|to the family V*(¢,-) = 3=, _ \ 115 U°(t, -) for which

ZH exttm

n>N

Us(t,x) = = Y [I5,, Ve (t, )] US(t, 2).

n<N

We deduce the existence of C'y > 0 such that

> IS, Us(t, )

n>N

S ON€|t| +

> I5,U°(0, )

n>N

Hs(R4xT?) Hs(R4xT?)

For concluding, we observe that U¢(0, -) = ¢)§ ® 1 is constant in the variable y and, by

Remark [4.1]and Lemma[.4] we can write for every s > 0,

2
Z 15, (5 © 1) <
Hs (RIxT4)

Chmsup Z ||l_[E (Y5 ® )|

n>N

lim sup
e—07t

Hg(RIXTI) p _> 0,

where we have used the orthogonality of the eigenprojectors II , and the commutation
of the operators P(¢D) and (¢D,)* with I1§ . O

Corollary 4.12. As a consequence

Yt — Y Wt

0<n<N

lim lim sup = 0.

N—oo o0+

L2(R?)
4.5. The Wigner measure of ¢° and the accumulation points of |1/°|2. Our first re-
sult gives a description of the time and space Wigner measure of a sequence of solutions

to (I.2) in terms of the Bloch decomposition.

Proposition 4.13. Let (1)°) be a sequence of solutions to (1.2)) issued from an initial
data satisfying the assumptions of Theorem[I.6] Then there exist a subsequence such
that, for every ¢ € C°(R;) and a € C3°(R7 . x R2%):

Jim (0p., (0™ )00, 00 ey = 3 [ alt M) )lol0) o (o )i

neN

where, for each n € N, the measures i € M (R? x R?) are supported on {(z,§) :
V. (&) = 0} and, for every b € C§°(R; X Rifig)f

(4.9) lim (Opak (b) fzk7 ¢ka>L2(Rt xRE) = / b(t7 Z, 5)#?<dx7 dé)dt
k—ro0 RxR2d
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Proof. We apply Proposition to obtain a subsequence such that, for every ¢ €
C5°(Ry) and a € C3°(R7, x R2%):

(4.10)
]}Ll’glO(Opak (as’“)qﬂ/}e’“, waek)L?(Rthg) = /]R2 g2 CL(t, T, T, g) |¢(t) |2/]’(dt7 d7—7 de’, dg)?

for some positive measure i € M (R? x R*?). From the decomposition (4.6)), one also
has:
4.11)

(Opgk(ask)@fk,¢¢Ek)L2(Rthg) = Z (Opgk (@Ek)¢¢zk,¢¢§f)L2(Rthg) + o(e).

m,neN

We claim the following:
i) If n # m then for all a € C5°(R7, x R2%)

(4.12) ,}LT{)IO(Opak(aek)¢ o QUK ) Lo, ey = 0.
ii) If a € C3°(R7, x RZ%) is such that a(t,7,2,£§) = 0 in a neighbourhood of
{7 = A\.(&)} then:
(4.13) ,}LIEO(OP% (@™)PYt, 9t ) 12w, xray = 0.

Before proving these claims, we show how the result follows from 1) and ii). Let us
denote

Dy, = {(1,€) : 7= Au(§)}-

Notice that if 7 varies in a compact set, then there exists a finite number of eigenvalues
An(€) such that 7 = A, (§). Let n € N; by hypothesis H0, there exists a neighbourhood
U, of D,, such that D,,, "U,, = () for every m € N, n # m. Let a € C*(R? | x Riflg)
such that a(t, 7, x,&) = 0if (7,€) € U,. Then together with 1) and ii) imply:

Jim (op,, (™) 0™, GU™) 2R, xmg) = lim (0p, (a™)PUr", GV ) L2 xrs):

Since, by Corollary (¢g |1=0) is e-oscillating, Lemma combined with Proposi-
tions and 2.6 imply that the limits satisfy:

/ alt,7,2,€)|6(0) 2aldt, dr. de, d)
RQXRQd

N /]R R2d a(t’ )\n(f)’ T, 5) |¢(t)|2ﬂ?(d17, dﬁ)dt,

where the measures p are supported over the set of critical points of A\,. If a €
Ci°(R7, x R2%) is arbitrary, one covers the support of a by a finite union of neigh-
bourhoods U,, of D,, such that U,, N D,,, = () for m # n and decomposes a as a sum of
functions supported on each U,,. The result then follows from the previous computation.
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Claim ii) simply follows from Proposition [2.2] To prove claim i) consider the se-
quence of distributions:

<W;’Ln’ a> = (Opek (a®) iy, ¢¢;)L2(Rtmg)7

where n # m. All accumulation points of (Wdfwf) and (W;we) are measures supported
on disjoint sets, by Propositjon@ It follows from Proposition 3.3 in [24] that along any
convergent subsequence (V¥ ) converges to zero. Therefore, (W, ) itself converges
to zero. U

The next result shows how Wigner measures can be used to obtain the limit of the
position densities |¢°|%.

Proposition 4.14. Let (1) be a sequence of solutions to (1.2) issued from a strongly ¢-
oscillating sequence of initial data. Let (¢},) and i be as in Proposition (4.13)). Suppose
in addition that (|{)°*|?) converges in M (R; x R%) to a measure v. Then,

/R Rdgzﬁ(t,x)u(dt,d:c)zz /R Rngb(t,x)u?(da:,dg)dt.

neN

Proof. Set g5, = ZnN:1 ;. Since the 1], are e-oscillating by Lemma Remark
Proposition [2.1) and equation (#.13) give

im [ ol ta)fded = 3 [ ol (dndg)ar

k—oo d
RxR neEN,n<N

Then Corollary @d.12]implies:

lim Ot 2) [ (t, )| *dadt = lim ) / o(t, ) (da, dE)dt.
RxR2d

k—oo d N—oo
RxR nENn<N

0

4.6. Proofs of Theorems|[I1.6/and [1.7, and of Proposition [I.8} Let us begin with The-
orems [[.6 and

Proof. Assume we have HO’. Then, by Proposition 4.14] there exists a subsequence ¢
(eventually extracted from the preceding &},) such that for any ¢ € C°(R¢) and for any
real numbers a < b,

i [ [ @l = > [ otomitas.de

By equation (#.9)), the e-oscillation of %, equation (4.7) and Remark[2.5] " is a Wigner
measure of the family (¢¢). The analysis of Sectionhas precisely described the struc-
ture of Wigner measures associated with families of c-oscillating families of solutions
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to equations of the form (4.7)): there exist positive measures v, € M (TA,), and a
measurable family of self-adjoint, positive, trace-class operators

M, (t) : TeNy 3 (2,8) — M, (t)(z, f) € L1 (L*(NeAy)), Trro(vea,) Ma(t, 2,6) = 1,
satisfying the Heisenberg equation (1 and such that for all ¢ € C5°(RY),

/ ()i (der, d€)dt — / / Teravenn) (M2 ) Ma(t, 2,€)) va(dz, de)
Rd Rd

with the notations of the Introduction. This concludes the proof of Theorem

Theorem comes from the fact that the operator M, is of rank one as soon as the
set A\, consists of isolated points as described in Section O

Proposition [I.8| comes from computing the weak limits appearing in Theorem [I.1]in
the context of Bloch waves, which are those appearing in Theorem 1.7}

Proposition 4.15. Let £ € R? and suppose that for every k € Z the functions

s Yf(z)e T

converge weakly, as ¢ — 0%, to some limit {)f. Then e_éf'mLEP;j (Y5 @ 1) converge
weakly, as € — 0T, to:

&) YT —2mk)u, ) = [ i

kezd

Proof. If ¢;(y, £) is a Bloch wave then it satisfies the Bloch periodicity condition:
4.14) iy, § +2mk) = e g;(y, £).

Integrating (@.14) with respect to y on T? gives an expression for the Fourier coefficients
of ;(+,&). Therefore:

(4.15) iy, &) =Y (& + 2mk)e>™ Y,
kezd
Recall that

LP, (05 ©1) = ; (Z.eD2) /T Bz 2D (a)dz
Using formulas (4.14) and (.15]) we deduce:
L°PS (Y5 ®1) = I (eD,) Y cd(eDy—2mk)e>™ =4 (),

kezd

and therefore:

e HELEPE (U @1) = (D, +6) Y d(eD, — 2wk 4 e

kezd

EEEs (@),

The result then follows by taking limits. 0
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APPENDIX A. SEMICLASSICAL PSEUDODIFFERENTIAL OPERATORS

In this appendix we recall a few basic notions on the theory of pseudodifferential
operators that we use trough this article. The reader can consult the references [1} [17,
20, 41, 147] additional background and for proofs of the results that follow.

Recall that given a function a € C*®°(R? x R?) that is bounded together with its
derivatives (we denote the space of all such functions by ), one defines the semiclassi-
cal pseudodifferential operator of symbol a obtained through the Weyl quantization rule
to be the operator op_(a) that acts on functions f € S(R?) by:

op(a)f(z) = /Rd ! (I ;_ yaé‘f) 'S £ (y)dy (2ff>d.

These operators are bounded in L?(R?). The Calderén-Vaillancourt theorem [[13]] en-
sures the existence of a constant C; > 0 such that for every a € .S one has

(A.1) llop. ()|l (r2ray) < Caq Na(a),
where
Ny(a) := Z sup |05 cal.
aGNQd,\a|§6deXRd

We make use repeatedly of the following result, known as the symbolic calculus for
pseudodifferential operators.

Proposition A.1. Let a,b € S, then
_ < 2p(2)
Opa(a)opa<b> - Ope(ab) + %Opa({ch b}) te Rz—: )
with {a,b} = Vea-V,b—V,a-Veband

[op.(a),0p.(8)] = ~op.({a,b}) + =’ R,

IR || (roray < C sup  Nag(0205a)Na(9.050),  j = 1,2,
loo|+[B]=3

for some constant C' > 0 independent of a, b and ¢.

We also need the formula for the conjugation of a pseudodifferential operator with a
linear oscillating phase:

if—o-x
€ .

g, () ==e
For every f € L*(R%) and a € S one has:

(A.2) op.(a)(eg, f) = egop(ac(- - +&))f-
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APPENDIX B. TRACE OPERATOR-VALUED MEASURES

In this appendix we recall general considerations on operator-valued measures. Let X
be a complete metric space and (Y, o) a measure space; write H := L*(Y, o) and denote
by L1(H), K(H) and L(H) the spaces of trace-class, compact and bounded operators
on H respectively. A trace-operator valued Radon measure on X is a linear functional:

M :Co(X) — LY(H)

satisfying the following boundedness condition. For every compact K C X there exist
a constant C'r > 0 such that:

Tr[M(9)] = Ciesup o], Yo € Co(X).

Such an operator-valued measure is positive if for every ¢ > 0, M(¢) is an Hermitian
positive operator. Let M be a positive trace operator-valued measure on X, denote by
v € M, (X) the positive real measure defined by:

/ o(x =TrM(¢p), Vo e Co(X).

The Radon-Nikodym theorem for operator valued measures (see, for instance, the ap-
pendix in [25]) ensures the existence of a v-locally integrable function:

Q: X+ LYH), TrQ(z)=1, Q(z) positive Hermitian for v-a.e.v € X,
such that:

/¢ v(dz), Yé € Co(X).

Note that this formula implies that M/ can be identified to a positive element of the dual
of Co(X; IC(H)) via:

<anémmmmm:éﬁmmmmmyTewxuw.

It can be also shown that every such positive functional arises in this way. Let (e;(z)) jen
denote an orthonormal basis of 7 consisting of eigenfunctions of Q(z):

Q(z)ej(z) = oj(x Z o(x 1, wv-ae..

Clearly, both p; and e;, 7 € N, are locally y-lntegrable and

Z@J Yej (@) (e;(z)], v-ae.,

where, as usual, |e;(z))(e; (x)\ denotes the orthogonal projection in H onto e;(x).
Moreover, as a consequence of the monotone convergence theorem, the following result
easily follows.
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Lemma B.1. Let M be a positive trace operator-valued measure on X. Then there
exist a and a non-negative function p € Ll (X,v; L'(Y,0)) such that, for every a €
Co(X; L>(Y,0)) one has:

[ mmaoata@n) = [ [ ate oo notapin)

where m,(x) denotes the operator acting on H by multiplication by a(x, -). The density
p is given by:

Z@J )lej(z,y)

APPENDIX C. PROOF OF LEMMA [3.3]

We denote by F. the semi-classical Fourier transform defined for f € L?(R?) by

3

FF(€) = (2ne) 2 F (ﬁ) |

We consider a smooth cut-off function y which is equal to 1 on the support so that we
have a(z, &) x(§) = a(z, §) and we can write

(Ope(as)f ) f) -
(2me)” /R a (‘U %) e N (E)

The rest term O(e) comes from Taylor formula close to 5+£ and the observation that

FeFEOX(E)x(§)dE de' dz + O(e).

(fj . 5})eéx-(§*f/) — Eax] (eéx'(€*§/)> 1< < d,
1
and the use of integration by parts. Similarly, we juste need to consider vectors (&, &)
which are close to the diagonal and if we introduce a smooth function © compactly

supported on |£] < 1 and equal to 1 close to 0, then for some J > 0 (that will be chosen
small enough later), we have

(op(ac)f . f) = (2me)™* /Rgd e (I’€+§/>

2

% ei’”'(ﬁ—ﬁ’)fsf(g/)

7190 (555 won(@ac g s + 0
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We are left with the integral
N
I, = (27Tg)d/ a. <:c, ﬂ) eim'(ﬁfﬁ’)]:ef(f/)]_“s
R34 2

6 (5755/) d¢ d¢' dx
— (27r8)_d/ﬂw a. (x, w) S @O-2NFF((¢))
(<I>(C> —2(¢)

(E)x(&)x(&)

x Fe f(2(€)) o (C) Jo(¢) x 0 D(C) x 0 2(¢)O

. ) d¢ d¢’ da

where ( — Jp(() is the Jacobian of the diffemorphism ®. Setting

C:9+€§ and Cz@—eg,

we have fort € R,
1
(0 + etv) = B(0) + ctd®(O)v + £ / d*®(0 + etsv)[v,v](1 — s)ds,
0
whence

(®(Q) + ©(¢") = 2(6) + 3B+(9 v)lv, vl

1
2
®(¢) — @(() = ed®(O)v + e* B2 (6, v)[v, v],

with

BE(0,v) = /01 2 <<I> (9 +582) + O (9 - 58%)) (1— s)ds.

Note that the functions Bj are smooth, bounded and with bounded derivatives, uni-
formly in €, as soon as the variables 6 and v are in a compact. We obtain

I = (2m)™ / a <m,(1>(8) +5 B+(9 v)[v, v]) o' (@2 O)vreBe (Bo)lv])
R3d

x]—"af<<1><0—sg>>ff< <0+5 >>J¢<0+5 >J¢<0 ;)d@d@’dx,

where we have omitted the localization functions in 6 + 6% and 0 — 6%, which makes that
the integral is compactly supported in € and v, with moreover £|v| < ¢ on the domain
of integration. We shall crucially use this information later.
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The change of variable z = d®(0)~u gives

I, = (2m)™¢ /R a. (tdCI)(H)_lu, (0) + EQ—QBj(e,v)[v, v])

Xeiu-v+isu~td@(ﬂ)*lBg(e,v)[v,v]fa‘f (cp <9 _ 5%)) Fr (cI) <Q i 5%))
% Jo (9 + eg) o (9 - 5%) J31(0) o de' du,

with the same property on the domain of integration (f in a compact and |v| < d). Note
that

a (tc@(e)lu, () + %QBj(é), ), v])

= a(tdq)(@)_lu, d(0) + %23;(9,1})[1),@],

B (00) + 5 B20.0)[v.0]) 0 (2(0) + 5 B2 (0. v]))

3

/

=a (tdCD(H)_lu, ®(0), B(®(6)) %) +er.(0, u,v)[v,v].

The matrix r. is supported in a compact independent of ¢ in the variables (u, #). Besides,
the matrix r. is smooth, bounded, and with bounded derivatives, uniformly in ¢, as soon
as the variable v is in a compact, which is the case on the domain of integration of the
integral /.. Using Taylor formula on the Jacobian terms, we write

a (tdcp(e)—lu, o(0) + %QB;L(G), v, v]) o (9 + gg) o (9 . gg)
=a (td@(G)lu, ®(0), B (®(6)) g) Jo(0)2 + er@ (0, u,v)[v,v] + erV (0, u,v) - v,

where the vector 7. is supported in a compact independent of ¢ in the variables (u, )
and, as r., 1s smooth, bounded, and with bounded derivatives, uniformly in € on the
domain of integration of the integral /. (where 6 is in a compact and ¢|v| < 4, § to be
chosen later).

Denote by K. the isometry of L2(R?) :
d
foe Je( )2 Fof (2(4),
then

(op(ae)f , f) = (op. (ac) Ko f , Kof) +e(RK.f, K.f),
with

a.(u,0) = a (tdCI)(O)_lu, ®(0), B (®(0)) 9;/) ,
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and where R, is the operator of kernel

(&H)H(%W)WQ<H+0 9_8>,

2 7 ¢
with K. = KV + k@,

KO00) = [ (00.0.0) 0+ (0, u0) [ o]) s 0015 00l
Rd

KP(0,0) = /

Rd

a. (tc@(ﬁ)_lu, d(0) + %B;(@, v)[v, v]) el

w L amotaz 0ot _ 1] gy,
)

The proof concludes by Schur lemma and the next result.

Lemma C.1. Let us fix § small enough. Then, for any j € {1,2}, there exists a constant
C; > 0 such that for all € > 0,

/ sup | KY) (0, v)|dv < C;.
Rd 9cRd
Indeed, by this Lemma, we obtain that for all ¢ > 0

(2’/T€)_d/ sup Kg (94‘979—9)
R? §€R? 2 €

do’ = (27r)_d/ sup |K. (0 — ev,v) |dv
R

d pcRd

< (zw)d/ sup | K. (6,v) |dv < Cy + Cs,
R

d cRd

and similarly

(27T6)_d/ sup
R4 §'eR4

I p_p
K. <9+9 ,9 9>‘d6’:(277)_d/ sup |K. (0" + ev,v) |dv
2 3 Rd ¢’ cRe

< (27r)_d/ sup |K. (6',v) |[dv < C; + Oy,
R4 §/€R?
By Schur Lemma, these two inequalities yield the boundedness of R, uniformly in € as
an operator on L?(IR%).
Let us now prove Lemma[C.T]

Proof. Note first that the functions K Y) are compactly supported in the variable €, uni-
formly in e. We are going to prove that for any N > 0, there exists a constant C'y ; such
that, for |v| > 1,

(1+ )M [EP(0,0)] < Ony.
These inequalities are enough to conclude as in the lemma. For proving these inequal-
ities, we crucially use that the domain of integration in u is compact and we shall gain
the decrease in v by using the oscillations inside the integral.



46 V. CHABU, C. FERMANIAN, AND F. MACIA

Let us first focus on K. Since 6 is in a compact and B is bounded, we have

o+ £ td(0) B (0,0)[o, o] > [o] — Moo

for some constant M. Therefore, if 6M < 1/2, we have
1
|v +5td(I>(9)_1BE_(0,v)[v,vH > §|v|,

and, for |v| > 1, integration by parts give

(AN, u,0) v+ ANrP [, 0])

u

KM (9,v) = /Rd v+ e'd®(9) "' BZ (6, v)[v, ]|

« eiu-v+i5u-td<1>(9)_1Bg (G,U)[v,v]du.

Since r{" and r{*) have smooth compactly supported derivatives in u, uniformly bounded

in €, we obtain the existence of a constant C'y; such that

KM (0, 0)] < v Cyia.
Let us now study K, 52) that we turn into

1 2
K®(0,v) = z/ / u'd®(0) ' B (0,v)a. (td(I)(H)_lu, O(0) + %B;(@,v)[v,v])

0 JRd
iu-vtiteu- td®(0) =1 B (0,v)[v,v] dudt.
Once written on this form, one can see that the arguments developed for KV apply
again since the function

X e

u s u'd®(0)BZ(0,v)a. (tdq)(ﬁ)lu, D(0) + ?B:(Q,v)[v,vo

is compactly supported in the variable u, smooth and bounded with derivatives that are
bounded uniformly in €.
O
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