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Abstract

We study the empirical measure associated to a sample of size n and
modified by N iterations of the raking-ratio method. The empirical mea-
sure is adjusted to match the true probability of sets in a finite parti-
tion which changes each step. We establish asymptotic properties of the
raking-ratio empirical process indexed by functions as n — +oo, for NV
fixed. A closed-form expression of the limiting covariance matrices is de-
rived as N — +o0o. The nonasymptotic Gaussian approximation we use
also yields uniform Berry-Esseen type bounds in n, N and sharp estimates
of the uniform quadratic risk reduction. In the two-way contingency table
formulas characterizing the limiting process are very simple.
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1 Introduction

1.1 The raking-ratio method

In survey analysis, statistics, economics and computer sciences the raking-ratio
iterative procedure aims to exploit the knowledge of several marginals of a dis-
crete multivariate distribution. Despite many papers from the methodological
and algorithmic viewpoint, and chapters in classical textbooks for statisticians,
economists or engineers, no probabilistic study is available when the entries of
the algorithm are random, or when the discrete measure is empirical.

A natural method. It has been re-invented many times in various fields, and
was probably used long time ago. Depending on the setting it may be viewed
as stratification, calibration, iterating proportional fitting or matrix scaling.
Fitting after sampling is also used to deal with missing data. We initially called
it auxiliary information of partitions as we re-invented it as a generic special
case of the general nonparametric partial information problem stated later.

Representative sample. In a survey analysis context, the raking-ratio method
modifies weights of a contingency table built from a sample of size n in order
to fit exactly given marginals. Such a strict margin correction is justified when
a few properties of the finite population under study are known, like the size
of subpopulations. The modified sample frequencies then reflect the marginal
structure of the whole population. If the population is large or infinite the in-
formation may come from previous and independent statistical inference, from
structural properties of the model or from various experts.

Remark A. Making the sample representative of the population is an ad hoc
approach based on common sense. The mathematical impact is twofold. On



the one hand all statistics are affected by the new weights in terms of bias,
variance and limit law so that practitioners may very well be using estimators,
tests or confident bands that have lost their usual properties. On the other
hand, replacing marginal frequencies with the true ones may smooth sample
fluctuations of statistics correlated to them while leaving the uncorrelated ones
rather unaffected. We would like to quantify these statements more precisely.

The algorithm. A sample is drawn from a population for which & > 2 marginal
finite discrete laws are explicitly known. Initially, each data point has a weight
1/n. The ratio part of the algorithm consists in computing new weights in such a
way that the modified joint law has the currently desired marginal. The raking
part of the method consists in iterating the correction according to another
known marginal law, changing again all the weights of the previous step. The
k margin constraints are usually treated in a periodic order, only one being
fulfilled at the same time. The raking-ratio method stops after N iterations
with the implicit hope that the previous constraints are still almost satisfied.
As a matter of fact, the k margins converge to the desired ones as N — +o0.
See Section [I] for a numerical example in a two-way contingency table, k = 2.

The limit. This algorithm was called iterative proportions by Deming and
Stephan [8] who first introduced it. They claimed that if the frequencies of a
multiway contingency table are raked periodically as N — +oo they converge
to the frequencies minimizing the chi-square distance to the initial frequencies,
under the margin constraints. It is wrong, and Stephan [IT9] modified the al-
gorithm to achieve this minimization. Lewis [I4] and Brown [6] studied the
case of Bernoulli marginals from the Shannon entropy minimization viewpoint.
When k& = 2 Sinkhorn [I7, 18] proved that a unique doubly stochastic matrix
can be obtained from each positive square matrix A by alternately normalizing
the rows and columns of A, which shows that the algorithm converges in this
special case. Finally Ireland and Kullback [12] generalized previous arguments
to rigorously justify that the raking-ratio converges to the unique projection of
the empirical measure in Shannon-Kullback-Leibler relative entropy on the set
of discrete measures satisfying the constraints. From a numerical viewpoint, the
rate of convergence of the algorithm is geometric, see Franklin and Lorentz [TT].

Remark B. When the sample size n — +o0 it is equivalent to minimize chi-
square, likelihood or discrimination information contrasts since they share the
same first order expansion and the empirical frequencies are uniformly close to
the true ones. However, none of these minimizers is explicit due to nonlinearity
of sums of ratios showing up. This is why iterative proportions are very useful
in practice. They are converging, intuitive and each step is easily computed.

Non explicit bias and variance. The initial values being empirical fre-
quencies the converged solution of the algorithm still deviates from the true
probability measure, and moreover in a rather complicated way. The modified
empirical distribution satisfying only the marginal constraint of the current it-
eration, there is a permanent bias with respect to other margins. The exact
covariance matrix and bias vector of the random weights after IV iterations are
tedious to compute. For instance, estimates for the variance of cell probabilities



in the case of a two-way contingency table are given by Brackstone and Rao
[B] for N < 4, Konijn [I3] or Choudhry and Lee [7] for N = 2. Bankier [2]
propounded a recursive linearization technique providing an estimator of the
asymptotic variance. In Binder and Théberge [4] the variance of the converged
solution requires to calculate weights at each iteration.

Remark C. Exact computations lead to intractable bias and variance formulas.
We would like to identify leading terms when n is large compared to N and
provide comprehensive explicit formulas as n — 400, then N — +o0.

Quadratic risk reduction. Modifying marginals frequencies of a small sam-
ple may have serious drawbacks. Typically, a statistic has less variance but
more bias when sample weights are changed by using raking, calibration or
stratification methods after sampling. In the spirit of Remark A, a risk re-
duction is expected whenever the statistic of interest is well correlated to the
k known discrete marginal variables. Exact computation of moments being
ineffective, evaluating the quadratic risk of a specific statistic requires bias ex-
pansions and asymptotics for correlations of weights. No global risk reduction
property has been established, and no multivariate or uniform central limit
theorem as n — 4o0.

Remark D. To control simultaneously large classes of statistics one needs to
work at the empirical measure level. We feel that a general study of empirical
measures modified through auxiliary information is lacking to further analyze
and unify calibration type methods. In particular, a weak or strong invariance
principle for the raked empirical process could provide joint limiting laws and
uniform quadratic risk evaluations, directly for additive statistics like empirical
means as well as indirectly for non linear estimators like empirical minimizers.

The small population case. An asymptotic approach is no more relevant in
survey analysis when the underlying population is rather small. In this case,
the way the sample is drawn has a so deep impact that it may even become the
main topic. A study of calibration methods for finite population can be found
in Deville and Sarndal [9, [I0]. This is beyond the scope of our work.

Goals. In this paper we consider classes of empirical means raked N times,
sampled jointly from any population. We look for closed-form expressions of
their Gaussian limits and limiting covariances as n — 400 then N — +o0.
We also intend to quantify the uniform risk reduction phenomenon and provide
sharp statistical estimation tools such as uniform Berry-Esseen type bounds.

Organization of the paper. In Section|l.2|we relate the raking-ratio problem
to nonparametric auxiliary information. The raking-ratio empirical process agLN)
is defined at Section[L.3|then usual assumptions on a class F of additive statistics
are given at Section In Section we state results for a%N)(]-' ) when N is
fixed. A nonasymptotic strong approximation bound yields the uniform central
limit theorem with rate as n — 400, as well as a uniform control of the bias and
the covariances for fixed n. The approximating Gaussian process is studied at
Section [2:2] which establishes the uniform risk reduction phenomenon provided
the iterations are stopped properly. At Section [2.3] in the two partitions case



we characterize explicitly the limiting process as N — 4o0. All statements are

proved in Sections [3] and [4 The provides a few examples.

1.2 An auxiliary information viewpoint

Let X3, ..., X, be independent random variables with unknown law P on some
measurable space (X, A). Let P, = n='>"" | dx, be the standard empirical
measure on P(X) hence on A. Our interest for the raking-ratio method came
while investigating how to exploit various kinds of partial information on P to
make P, closer to P. Usually such an information is hidden in assumptions and
mixed with technical requirements, sometimes it is clearly isolated out.

Motivation. A parametric model provides a tremendous amount of informa-
tion by specifying P = Py up to a finite dimensional parameter 6, so that P,
can be replaced with the most likely Py (x, ... x,) among the model. Clearly
[P, is used to minimize the empirical likelihood, but the resulting Py, (x, ..., x,,)
is of a very different nature, far from the initial Dirac measures dx,. On the
opposite, in a purely nonparametric setting the information mainly comes from
the sample itself, so that only slight modifications of P, are induced by weak
hypotheses on P — like support, regularity, symmetry, logconcavity, Bayesian
model, semi-parametric model, etc. In between, we would like to formalize a
notion of auxiliary information on P based on partial but concrete clues to be
combined with P,,. Clues may come from experts, models or statistical learn-
ing. The simplest generic situation one can start with is when the probabilities
P(A;) of a finite number of sets A; € A are known — which in a parametric
setting already determines 6 then P. Interestingly, the nonparametric redesign
IE”S) of P,, follows easily if the A; form a finite partition of X whereas it is not
obvious how to optimally combine information from overlapping sets, and hence
several partitions. It turns out that the raking-ratio method is a natural way.

Information from one partition. Let Agl), . ,A%Z C A be a partition of
X such that P(AM) = (P(Agl)), ce P(Afﬁi)) is known. The random measure

P = 1% P4, > ox, (1.1)
P, (A“ )
j=1 X eAlV

is called the strong belief empirical measure in a companion work in which
P(AM) is itself estimated at a fast rate and the relative cost of the two types
of data is used to balance a risk. In P(AM) is known exactly thus ]PS) is
the minimum entropy projection of PP, on this set of constraints. We establish
below, in the special case N = 1, that IP’%I) indexed by functions satisfies classical
properties like Donsker theorem, deviation bounds and strong approximation.
The main fact is that the limiting Gaussian process of \/ﬁ(IE"%1 ) — P) has a smaller
variance than the P-Brownian bridge, despite the bias induced by the random

ratios in (1.1).



Extension to N partitions. The next step is to combine several sources of
information on P of this type. Unfortunately there is no explicit modification of
P,, matching simultaneously several finite discrete marginals while minimizing
the relative entropy to P,. We will study elsewhere a centered process that is
no more a discrete measure but fulfils the margin constraints. An alternative
consists in recursively updating the current modification P%Nﬁl) of P, onto
PY) according to the next known marginal P(AWN)) = (P(ASN)), ce P(AS,?Q))
exactly as in for P%l) from P,, = ]P’Slo). This coincides with the Deming and
Stephan’s iterative procedure for a multiple-way contingency table.

1.3 Information from N finite partitions

The raking-ratio empirical measure. For all N € N, let my > 2 and
AN = {AgN)w.‘ (N)} C A be a partition of X for which we are given
the auxiliary information P(AMN)) = (P (AgN))7 . ,P(AgnN)) to be exploited.

Assume that
ov=_ min PAM)>0, NeN, (1.2)

1<jsmny
and AN £ AWNV2) if |N] — No| = 1, otherwise A1) = AWN2) is allowed. For
N = 0 the information is empty, mo = 1, A® = {x}, P(A®) = {1} and &y =
1. For any measurable real function f write P{” (f)=Pu(f) =n"t3", f(X,),
= [ faP and o2 (f) = Vi@ (/) P(1). In (L1) B allocates the

random weight P(A§1))/nIP’n( Al )) to each X; € A () Hence
(1) 3 ( (1))
1 _ 1)
=1 Jj=1 X; A(l)
mi P(A(l) my P(A(l))
- _ J 0
=25 40y Z TX) | =2 o i Br U Lagn):
=P VI Z PO (aD)

Let define recursively, for N € N,, the N-th raking-ratio empirical measure

my (V)
PO (f) = Zm (=D(f1, (N)) (1.3)
Pr (A7)

and the N-th raking-ratio empirical process
oM (f) = V@ (f) = P(f)- (14)
For A € A we also write a%N)(A) = a%N)(lA). By 1' we have for all V € N,

PV (AM) = P(AY), oM™y =0, 1<j<my,  (15)



as desired. Both Welghts and support of the discrete probability measure IP’( )

are random since also reads

P(AM)

PV ({X:}) =PV <{Xi}>m’

for X; € ASN)

A few more formulas concerning ai) and PV are derived in Section The
main question is wether or not transforming P%) iteratively per 1) could be
misleading in terms of estimation risk as well as Donsker type convergence.

Iterated Kullback projections. The formula (|1.3) means that the raking-

ratio method is an iterated maximum likelihood procedure. The random discrete

measures P%1)7 s ]P’%N ) are well defined provided that

min  min P, (A(k)) (1.6)

1<k<N 1< <my,

which almost surely holds for all n large enough and N fixed, by (1.2]) and the
law of large numbers. In this case, the N-th iteration }P’%N) is the Shannon-

Kullback-Leibler projection of PV~ under the constraint P(AWN)). Given
probability measures @Q,, and @ supported by {X7, ..., X,;} write

QX))

dic(Qu || Q) = Y- Qu({X:})log ( QX))

Proposition 1. If @ holds then

P(N)—argmm{dK( D1Q) s QAN = P(AN), supp(Q):{Xl,.‘.,Xn}}.

A mixture of conditional empirical processes. By introducing, for A € A
such that P(A) > 0 and IP’%N)(A) > 0, the conditional expectations

(N)
B = et B4 = T (1.7

we see that (|1.3)) further reads

IP’%N) ZP AW E(N 1)<f|A ) P(f) = (A(N))]E( |A(N )
j=1
Therefore can also be formulated into
oM (1) =D PAT eV (),
j=1
o) = v (B (71A7) — B(71A)) (L8)



(N-1)
n.j

is the conditional empirical process of P%Nﬁl) on aset AV

Each « ; * of the
new partition A®Y). Their mixture with weights P(AM)) is o). In view of
1) and 1) we have to study the consequences of l) on P%N_l)(flA(_N))
and BN (f|A;-N)) asn — +oo, for f#1,mn).

j

Bias problem. The processes affyj_l) are not centered due to the factors

1/]P’51N71)(A§.N)) in 1’ and 1’ In general we have

E (B 0(714) ~ B(/]4)) =E (W R <P%N1><A> ) P(A>>> .

except for (4, f) = (Ag-N*l)7 1 ,v-1)) hence o) is no more centered if N > 1.
J

This unavoidable bias is induced by (1.5 to globally compensate for the local

(A(N ). The bias tends to spread through

1| since the auxiliary information P(AM)) is applied to the biased IED%N -b

instead of the unbiased IP,,. However, our results show that the bias process
E(a™M(f) = v (BN () - Pf)

vanishes faster than 1/4/n uniformly over reasonable classes of functions.
Variance problem. In view of (1.5) and Proposition [I| one may expect that

IP’%N)( f) has less variance than P, (f) at least whenever f is sufficiently well
approximated by the step functions 14 for A € A% k < N. Our results confirm
that V(aq(lN) (f) < V(a%o) (f)) for n large and that finite dimensional covariance
matrices decrease faster than 1/n uniformly over many f. The quadratic risk
may still increase, IE((]P’%N)(f) —P(£)?) > IE((IP’%O)(f) — P(f))?) because of the

bias process. Our main result shows that it is asymptotically not the case.

cancellation of the variance of IP’%N)

1.4 The raking-ratio empirical and Gaussian processes

Let M denote the set of measurable real valued functions on (X, .A). Consider
a class 7 C M such that sup;cz |f| < M < 400 and satisfying the pointwise
measurability condition often used to avoid measurability problems. Namely,
limy,—s o0 fm(x) = f(x) for all x € X and f € F where {f,} C F. depends on
f and F, C F is countable. With no loss of generality also assume that

afeF, Ac A=AV U . UAN) | feF (1.9)

In addition F is assumed to have a small uniform entropy, like VC-classes, or
a small P-bracketing entropy, such as many classes of smooth functions. For a
probability measure @) on (X, .A) and f,g € M define dé (f.9) = [x(f —9)%dQ.
Let N(F,e,dq) be the minimum number of balls having dg-radius € needed to
cover F. Let Ny |(F,¢,dp) be the least number of e-brackets necessary to cover
F, of the form [g_,94+] = {f : 9- < f < g4} with dp(g—,94) <e.



Hypothesis (VC). For c¢g > 0, 19 > 0 it holds supg N (F,¢e,dq) < co/e™®
where the supremum is taken over all discrete probability measures Q on (X, A).

Hypothesis (BR). Forby > 0, g € (0,1) it holds Ny |(F,e,dp) < exp(b§/e*"™).

Only constants ¢y and by change if one extends an initial F to satisfy .
Uniform boundedness is the less crucial assumption and could be replaced by a
moment condition allowing truncation arguments, adding technicalities.

Let £°°(F) denote the set of real-valued functions bounded on F, endowed with
the supremum norm ||-|| . The raking-ratio empirical process oY) defined at
is now denoted a%N)(]:) = {ozslN)(f) : f € F}. Under (VC) or (BR) Fis a
P-Donsker class. Thus ai?’(]-‘ ) converges weakly in £°°(F) to the P-Brownian
bridge indexed by F, that we denote G(F) = {G(f): f € F}. Remind
and that G(F) is a Gaussian linear process such that, for any f,g € F,

E(G(f)) =0, Cov(G(f),G(g)) = P(fg) — P(f)P(9)- (1.10)

As for o) we write GO(F) = G(F) and, for short, G(A) = G(14) if A € A.
The N-th raking-ratio P-Brownian bridge GN)(F) is the centered Gaussian
process indexed by F defined recursively, for any N € N, and f € F, by

mpy
GM(f) = GNN() = FCR(AATENTIAT).
j=1
Lastly, the following notation will be useful,

ot =V(f(X)) = P(f*) - P(f)?, oF= ;telga?, (1.12)

where 0']2c = V(a%o)(f)) =V(GO(f)).

2 Main results

2.1 General properties

We now state asymptotic and nonasymptotic properties that always hold after
raking Ny times. The i.i.d. sequence {X,} is defined on a probability space
(Q,T,P) so that P implicitly leads all convergences when n — 400 and (X, .A)
is endowed with P = P¥X1. For all N < N, the information P(.A(N)) satisfies
. Most of the subsequent constants can be bounded by using only Ny and

d(No)y = min dy = min  min P(A,(N)

) > 0. (2.1)
0<N<No 0SN<No 1<j<mn J

Write L(z) = log(max(e, z)) and define ky, = H%‘;l(l + Mmpy).
Proposition 2. If F satisfies (VC) or (BR) then for all Ny € N it holds

limsup—————= sup

n—+oo /2L o L(n) 0<N<No

O‘;N)H]__ < KN OF @.S.



Remark E. The limiting constant xp, < (1 + M/5(NU))NO is large, and possibly
rough, except for Ny = 0 where kg = 1 coincides with the classical law of the
iterated logarithm — from which the proposition follows.

The nonasymptotic deviation bound for a$f" ) (F) also has the usual magnitude.

However, since the partition changes at each step the constants are severely
penalized by factors similar to xy, above, involving

No No No
ANO = H (SN» MNO = H my, SNO = Z my. (22)
N=1 N=1 N=1

Proposition 3. If F is pointwise measurable, bounded by M then for Ny € N
and n € N, we have

P ( sup
0K N No

af®

ag;wa > A) < 2M0 My, P (‘ AAN, >

>

'}' (14+ M+ X/y/n)No
+ SNO (1 - 5(1\70))” :

Under (BR) it holds, for n > ng and Ao < A < Dg/n,

]P( sup
0< NNy
where the constants Do, D1, Do are defined at (@ and ng, Ao just before.
Under (VC) it holds, for n > ng and \g < A < 2M+/n,

P ( sup
0K NNy

where the constants D3, D4 are defined at @) and ng, Ao just before.

a;me > /\) < Dy exp(—DaA?) + Sny (1= dvy))"

affv)“f > A) < DsX exp(—DaA?) + S, (1 — ()"

Remark F. Clearly, to avoid drawbacks Ny should be fixed as n increases, and
F limited to the most crucial variables f(X). In this case, Proposition shows

that HaS{VO) ||+ is of order Cy/logn with polynomial probability and C' > 0 not
too large. We also deduce that E<||Oé£'LNO)||f> < D with an explicit D < +o0.

Concentration of measure type bounds are more difficult to handle due to the

mixture 1) of processes oMb

n,j  involving unbounded random coefficients.
,

The raking-ratio empirical process aglN)(]-" ) converges weakly in ¢°°(F) to the
a

N-th raking-ratio P-Brownian bridge GV)(F) defined at (1.11)) and studied at
Section 2.2 The R™No-valued version is as follows.

Proposition 4. If F satisfies (VC) or (BR) then for all Ny € N, as n — +00
the sequence (a,(lo)(}'), e a,(INO)(}')) converges weakly to (GO (F), ..., GNo) (F))
on Loo (F — RNo),

By using Berthet and Mason [3] we obtain the following upper bound v,, for the
speed of weak convergence in Lévy-Prokhorov distance djp and the speed of
almost sure convergence in ||-|| » distance. Powers given by Berthet and Mason
are « = 1/(2+5wp), B = (4+ 519)/(4 4 10v) and v = (1 — rg)/2r. They can
be slightly improved and conditions (VC) and (BR) generalized.

10



Theorem 2.1. Let 6y > 0. If F satisfies (VC) then write v, = (logn)? /n®.
If F satisfies (BR) then write v, = 1/(logn)Y. In both cases, one can define
on the same probability space (2, T,P) a sequence {X,} of independent random
variables with law P and a sequence {G,} of versions of G satisfying the fol-
lowing property. For any Ng = 0 there exists ng € N and dy > 0 depending on
No, M, My, Sng> ANy, O(No)» Bos Y0, €05 o, bo such that we have, for all n > ng,

P < sup
0<N<No
where G is the version of GV derived from GV =G, through .

Remark G. Applied with 6y > 1, Theorem makes the study of weak conver-
gence of functions of a;N)(f ) easier by substituting M to oM through

o] ) <

lim supi sup

n—+oo Un 0NNy
then exploiting the properties induced by as in Section For instance
the finite dimensional laws of G(V) are computed explicitly at Proposition For
nonasymptotic applications, given a class F of interest it is possible to compute
crude bounds for ng and dj since most constants are left explicit in the proofs.

M) — G;N)H <dop <400 a.s.
f

From Theorem we derive estimates of the rate of uniform convergence for
the bias and the variance. The covariance of GV is given at Section

Proposition 5. If F satisfies (VC) or (BR) then for Ny € N it holds
: vn N
Jim sup Y- sup [ (P(1)) = P(f)| <d
imsup - = o %y, S0 ( () (f)| < do

where v, — 0 and doy are as in Theorem |2.1], and

E (B () - PUNEN(9) ~ Ple))) — +Cov (6(£),6M(g)) \

. n
limsup — sup
n—+oo Un f geF

1
— limsup — sup \ch (P (). B (g)) =~ Cov (G<N><f>,G<N><g>)] < \/gdoaf.
™

n—+oco Un fgeF

A second consequence of Theorem is uniform Berry-Esseen type bounds.
Let @ denote the distribution function of the centered standardized normal law.

Proposition 6. Assume that F satisfies (VC) or (BR), fit Ny € N and let
dg > 0, v, — 0 be defined as above. If Fy C F is such that

ag:inf{V(GW)(f)) :fefo,ogNgNo} >0

then for any dy > dy there exists nqy € N such that for all n > nq,

P (f) - P d
max sup sup |P \/HM <z | - @) < ——vn.
0SN<No feFy zeR V (GM(f)) V2mog

11



Let L be a collection of real valued Lipschitz functions ¢ defined on Lo (F) with
Lipschitz constant bounded by C, < +oo and such that o(G™)) has a density
bounded by Co < +00 for all0 < N < Ny and ¢ € L. Then for all n > nq,

(M) < 2) — ( W><)y< .
ogr?vagXNo ilég igg P (cp(an ) < x) P(p(GYY) <z)| < di1C1Cov,

Remark H. The first statement is a special case of the second and also reads

< 4
— V.

= V2moy "

The functions f € F overdetermined by the knowledge of P(AM)) have a small
V(G (f)) and are excluded from F,. Proposition @ is especially useful under
(VC) since vy, is polynomialy decreasing, thus allowing larger C1C5 and £. An
example is given at Section [-3]

max sup su ]P’(ozglN) éx) —P(G(N) Sw)‘
R, S sp (f) (f)

2.2 Limiting variance and risk reduction

In this section we study the covariance structure of GN)(F) from (L11), for
N fixed. The following matrix notation is introduced to shorten formulas. The
brackets [-] refer to column vectors built from the partition A®) appearing
inside. Let V! denote the transpose of a vector V. For k < N write

E [fIA““)} = (E(f\AY”),-~-,E(f\A5,’f,1))t, G [A“ﬂ = (G(Ag’”),...,G(A(k)))t

my

and, for [ < k < N define the matrix P 40040 to be

P(AM 1AW
Pywjam). . = P(Ask)|Az(-l)) =—2 L 1<i<m,1<j<my.
(Pacam), ; ; D)
Write Idy the identity matrix & x k. Remind that V(G(f)) = P(f?) — (P(f))?,
P(A®)t = PLA®] and P(AF) N A§-k)) =0 if 4 # j. The covariance matrix of
the Gaussian vector G[A®] is V(G[AW]) = diag(P(A®)) — P(AR)EP(AR)).
Let - denote a product between a square matrix and a vector. Finally define

oV (H =E[f1AV] +

L !
Z (=D P aanjad P a2 400 -+ P gy g0 - E [f|.A( L)} .
1<L<N—Fk
k<li<ls<..<lp<N

(2.3)

The closed form expression for the covariance function of GX¥)(F) is as follows.

Proposition 7. For all N € N the process GV (F) is Gaussian, centered and
linear with covariance function defined to be, for (f,g) € F2,

N
Cov (6M(1),6M(g)) = Cov (G(7),G(9) = Y- 2™ (/) ¥ (G14V)) - 2" (9)

k=1

12



Proposition [7] implies the following variance reduction phenomenon.

Proposition 8. For any {f1,..., fm} C F and N € N the covariance matrices
=) = VI(GM(£1), ... GMN)(fr))) are such that 2O s s positive definite.

Remark I. In particular we have V(G (f)) < V(GO(f)) = o}, f € F. The
asymptotic risk reduction after raking is quantified by combining Propositions
and [8] Given 9 > 0 and 0 < 0¢ < oF there exists some ng = ng(gg, F) such
that if n > ngy then any f € F with initial quadratic risk a?/n > og/n has a
new risk, after raking N times, equal to

E((BM() = PU)) = “LAW) + el f)on)

n

where v, — 0 and dy are as in Theorem [2.1] and

)
A(f) = W € 10,1]
8 OF
N
V(€M) =0t - S0 v (lAV]) - oM(p). (24
k=1

so that the risk reduction holds whenever A(f) < 1 and n is large enough.

When N; > Ny > 0 there is no guaranty that the covariance structure of
aiM) (F) decreases compared to that of aglNO)(]: ). A simple sufficient condition

is to rake two times along the same cycle of partitions.

Proposition 9. Let Ny, N1 € N be such that Ny > 2Ny and
AWNo=k) — AN1=k)  f5r 0 < k < Np.

Then it holds V(G (f)) < V(G (f)) for all f € F and S5 — ) is
positive definite for all {f1,..., fm} C F.

Remark J. In Appendix [.2| a counter-example with N7y = Ny + 1 shows that
the variance is not decreasing for all functions at each iteration. This case is
excluded from Proposition [J]since Ny = Ny + 1 < 2Ny if Ny > 1 and, whenever
Ny =1 and N; = 2 the requirement AM0) = AN s not allowed.

2.3 The two margins case

We now consider the original method where k partitions are raked in a periodic
order. Let us focus on the case k = 2 of the two-way contingency table case. The
Deming and Stephan algorithm coincides with the Sinkhorn algorithm for matrix
scaling. Denote A = A = {A;,...,A,,,} and B = A® = {By,..., B,,,} the

13



two known margins, thus A®™*tY = A and A®™ = B. Likewise for 1 <i < my
and 1 < ] < mo rewrite (P.A|B)i,j = P(AJ|Bl), (PB|A)i7j = P(BJ|A,L) and

GlA] = (G(A1),...,G(Am,)),  Elf|A] = (E[f|A1], ..., E[f|Am,])",
G[B] = (G(B1),...,G(Bn,))",  E[fIB] = (E[f|Bi],...,E[f|Bm,))".

The size of P 43P pj4 is m1 x my and that of Py 4P 45 is ma X ma. A sum
with a negative upper index is null, a matrix with negative power is also null, a
square matrix with power zero is the identity matrix. For N € N* define

SN () =

1,even

(PB\APA\B)k (E[f|A] — Ppa-E[f|B]) ismi x1, (2.5)

BNE

S () = > (PasPsia)" - (E[fIB] — Pas - E[f|A]) isma x 1,  (2.6)

k=0
N+1 .
SN () = S e + (P aP )’ E[fIA] is my x 1, (2.7)
N+1 .
SN () = S+ (PasPsia)” T ELfIB] is ma x 1. (2.8)

Proposition 10. Let m € N. We have

GE™(f) = G(f) — Y% ()T G[A] — S5 2 () - G[B], (2.9)
GV (1) = G(f) — S (1) GlA] - S5 () -GIBL (2.10)

Remark K. The limiting process GOV) evaluated at f is then simply G(f) with
a correction depending on the Gaussian vectors G[A] and G[B] through the two
deterministic matrices P 45 and Pp4 carrying the information and operating
on the conditional expectation vectors E[f|.A] and E[f|B].

The following assumption simplifies the limits and ensures a geometric rate of
convergence for matrices SMN and SYZ()M as N — +4o0.

i,even

Hypothesis (ER). The matrices P 45P |4 and Pp 4P 45 are ergodic.

Remark L. Notice that (ER) holds whenever the matrices have strictly positive
coefficients. This is true for P 4 5Pp4 if Z;nzgl P(ANB;j)P(B;NnA’) > 0 for
all A, A’ € A hence if each pair A, A’ € A is intersected by some B € B with
positive probability. The later requirement is for instance met if X = R¢, P has
a positive density and the partitions concern two distinct coordinates.

Proposition 11. Under (ER) the matrices s (f) and Sl(f;gd(f) forl=1,2

l,even

converge uniformly on F to Sy cven(f) and Sy oqa(f) satisfying

Sl,odd(f) = Sl,even(f) + Pl [.ﬂy S2,even(f) = SQ,odd(f) + P2 [f]y

14



where Py[f] = (P(f),..., P(f))" are m; x 1 vectors. More precisely, given any
vector norms ||-||m, forl = 1,2, there exists ¢; > 0 and 0 < \; < 1 such that

sup HSl even f) - Sl,even(f)H < Cl)\lN
fer mi

sup HSZ(,]Zzgd(f) - Sl,odd(f)H <a\.
feF my

The main result of this section is the simple expression of the limiting process for
a two partitions raking procedure. Let dy p denote the Lévy-Prokhorov distance.
The matrices S1 even(f), S2,0ad(f) and scalars A1, Ay are as in Proposition

Theorem 2.2. Under (ER) the sequence {G(N) } defined at converges
almost surely to the centered Gaussian process G (F) deﬁned to be

G (f) = G(f) — St,even(f)" - G[A] — S2,04a(f)" - G[B], f€EF.

Moreover we have, for all N large and c3 > 0 depending on A\, Ay, P(A), P(B),
de(G(N), G(Oo)) < c;;x/ﬁmax()\l, )\Q)N/Q.

Theorem [2.2) may be viewed as a stochastic counterpart of the deterministic rate
obtained by Franklin and Lorentz [T1] for the Sinkhorn algorithm. Mixing both
approaches could strengthen the following two remarks.

Remark M. The matrices P 43, Pgj4 and the vectors E[f|A], E[f|B] are not
known without additional information. They can be estimated uniformly over
F as n — +o00 to evaluate the distribution of GV) and G(°), thus giving access
to adaptative tests or estimators. Since A1, Ay and c3 are related to eigenvalues
of P 43Pg4 and Py 4P 45 they can be estimated adaptively at rate 1/y/n in
probability. This in turn provides an evaluation of dyp(G), G(>)).

Remark N. In the case of an auxiliary information reduced to P(A), P(B) one
should use A = {A, A°}, B = {B, B¢}, estimate the missing P(AN B) in P 43,
P34 and the conditional expectations on the four sets, then S cven, S2,0d4d- On
the opposite, the above characterization of the limiting process G(‘X’)(]: ) can be
generalized to a recursive raking among k partitions in the same order.

As a conclusion the above G(*°) is the intrinsic limiting process when n — 400
then N — +oo. Even if n is large it is wise to choose a very small N to
guaranty good constants in previous sections, then estimate de(G(N),(G(OO))

from the sample as in Remark M. If it is sufficiently small then G®V) may serve
(V) g(N)

to evaluate risks and confident regions, by estimating S; /.., Lod

f. Otherwise N may increase.

q at required
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3 Proofs of general results

3.1 Raking formulas

Write

Bun,=1{ min min P, (A(.N)) >0 (3.1)
’ 0K NNy 1<j<mn J
and By, n = Q\ By n,- The probability that o) is undefined is

No

P( E,No)g ZmN(1_§N)n<SNO (1_5(1\70))”

N=1

On B, n, we have, by (1.3),

(
my (N)
s (Z P(Az ) PON-1) f1A<N> ZP(flA(N))>

m N

_ N P(Ag‘ )) (N_1)(f1 ™) — P(f1A§N)) a(N—l)(A(_N))
= P;N—l)(AgN)) n AS P%N—l)(A§N)) n j
o pat™)

= o (U - EGAT ) L0m). (32)

_ n Al
j=1 Py 1)(A§'N)) ( ! ’ )
By (1.7) this implies (1.8]) since for any A € A,

o D (f1a) = E(flA)af 1 (A) = PV (F14) — E(FIAPLYV(A).

Define A%O) ={Q} and, for N > 1
M ={aa=aP Al naAll e <mek <N} 33)
For any A € A((TN), ]P’SLN) associates to each X; € A the weight

N p A(’“))

1
(N) f” 3.4
Wy nk 1Pk 1) ) ( )
Jk
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The case N =11is 1' By induction on l} lb and since A%N) is a refined

finite partition of X', we get

MmN 41 P(A(N+1))

PNV (f) = — e PO (1 oven)
32:21 P (A(N+1)) AS
MmN 41 P(A(N+1)

- Z IP’(N) A(N+1) Z Zw 1AnA(N+1)(X)

j=1 AeA<N)z 1
n MN+1
N+1
=D 0D 30 DT Lpaven (XM (AN A7)
i=1 AEA(N) j 1
=S5 Y LaX)eN Y (A).
i=1 AE.A%N'H)

3.2 Proof of Proposition
The partition A%N) is defined at ii By using || it holds, for N > 1

dic (P | POVY)

n (N-1)
e o (B XD)
> o (D)

WV (4)
SR T S ()

AeAlN D I=1

mN IP(N 1)(A(N n
- Z;log ( P(ANM) > PR IS lAmA;_M(Xi)

AeAN Y
my (N=1) 4(N)
S BN DAY 1og ) (3.5)
n J P(A(N)) :
i=1 i
since .Af(jN_l) is a partition of X’. Hence the contrast between ]P’%N_l) and ]P’%N) is

the same on {X71,..., X, } as on A). Now, by convexity of —log(z) it follows,

17



for any probability law @ supported by {X7, ..., X,, },
dre (P%N_l) I Q)

= -2 log (({X})ZPN V{x 40 (Xi)

P NG

o BV (X)) AR
- S S S ) g s (S

=1
mn n
—1), 4 (N) Q{Xi})
> 7ZHD$LN 1)(14] )log <Z WIAEN)(XJ
j=1 =1

(N=1) 4(N)
—ZPW (AN g(P" 4, )> = dic (P || P

P(AM)

where the final identification relies on 1’ and P = P on A,

3.3 Proof of Proposition

The classical law of the iterated logarithm holds for the empirical process asLO)
indexed by F under (VC) and (BR). See Alexander [I], in particular Theorem
2.12 for (BR) and Theorem 2.13 based on Theorem 2.8 that uses in its proof
the consequence of Lemma 2.7, which is indeed (VC). Namely, for any ¢ > 0,

with probability one there exists n(w) such that, for all n > n(w),

n
un| [P — Pl < 1+e, wu,= /720_ LoL() (3.6)
].‘

where 0% = supz V(f) < M?. Let 1 < N < Np. By ([L.3) it holds

PY) PN=1) ey — PN=D( £ P(A(N)) ]P’N 1) 1
n (f)_ n (f)_ n (f A-EN))W Z f (N))

= J

3 s
Z - 2

EQND(f | AP (P(AS) = PN (M)

<.
I
—

Since PYY) is a probability measure we have ||IP’$LN)(f1A)H]: < MPYY (A) hence
IERY V(1 AT < M and [PV (£) = BV (£)] < Mmy||BR™ = Pllr
Also observe that (1.2) combined to the fact that AW is a partition implies
my < 1/0n and dn = §(n) = 6(n,). Therefore

e ) e ] L

<up (1+ Mmy) HIP;N—” - PHF

-7
f
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where

nNzﬂ(1+MmN)<ﬂ(1+§Z> < <1+ M )NO

k=1 k=1 5(No)

which by (3.6)) remains true for N = Ny = 0. This proves that, given Ny € N
and for all € > 0,

limsup,/——~ sup
n—+oo \ 2L o L(n) o< NN,

12 PH (1+e)kyor a.s.
and Proposition [2 follows.

3.4 Proof of Proposition

Step 1. We work on B,, n, from (3.1), which is unwritten but is in intersection
with all subsequent events. By (1.8)) and (3.2)) we have, for N > 1,

1
agy () = WNlRANU<N]>0f—MﬂAWUn4M)

with [B(£14™)] < M, and

B

my
a(N)H >/\ <P ZP (N)
7j=1

(% 1w )

Each term in the latter sum satisfies, for K < P(A§N)) and K’ < P(AgN)) -K

- 1>H PAM)

3

P(ﬂN:LN%\(N“uv E(£14]")alY <AWWL>A>

P((1+M H (V- UH >K/\)—|—IP( 1>(A(N>)<K)

AK
(N-1) > (V) gt
o (0], 25 o -t <)
AK
<2P ([a2] > .
(0‘” oI+ M (37)

where the last bound holds provided that K'y/n > AK/(1 + M). Define

1
1+ (1+M)/n

Since 6y < 1/2 for any N > 1 it holds K’ > 0 and, as required,

A _1-p_1-(+p)/2 _1-iv1+p) K
(1+M)/n 8 B2 h Bon K

B = € (0,1), K=p6y, K =1-dx(1+0).
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We have shown that for any N > 1,

(]

Applying (3.7) again with A turned into the smaller A3y /(1+ M) then iterating
from Ny we get, for Ay, = H%‘;l dn and My, = H%()Zl my < 1/Apn,,

A 0
)]—' > (1+ MA+ ];/\/E)No> '

N-1
0],

ABéS
(N)H >\) < ‘ N,
o, f/)\)\2mNIP’ T

(o

> /\> < 2N My P (‘
f

The latter upper bound being increasing with Ny we conclude that

F>>\>.

Step 2. By Talagrand [20], for n > 1, ¢t > 0, independent Rademacher random
variables €1, ..., €, also independent of X1, ..., X,, we have, for some universal
constants D] > 0, D) >0, C > 0,

2t
P (L > D} -+ ) < exp (~Djmin (1. 57

-,
or M

No
P (s, o], 2 0) € Sor (o], ) < e (i
0<SN<No F N F

where, by the last maximal inequality in Theorem 2.14.2 of van der Vaart and
Wellner [2I] applied to F with envelop function constant to M, it holds

1
< C/ \/1+10gN[ ](‘/.'.,Mé“,dp)dé“
0
F

pn =E

% Zﬁif(Xi)

Under (BR), we have p,, < C" with C" = C(1 4 bo/(1 — rg)). For A\g = 2D}’
we get, for any n > 0 and \g < A < 2D0%\/n/M we get, for all n,

A
P (lof®llz > ) <P (Ia®lls > Di (i + 557 ) ) < e (-5
1

where D = D), /4(D})?*0%. Therefore, according to step 2, taking

_ 2D}o%
M

A2
DyA%,

D
0 (1+ M + Dg)2No

, Dy = Ng2"°My,, Dy= (3.8)

yields P(maxo<y<n, ||| 7 = A) < Dy exp (—D3A2) for Ay < A < Doy/n.

Step 3. By Theorem 2.14.9 in [2], under (VC) there exists a constant D(cg)
such that, for ¢y large enough and all ¢ > ¢,

()< ()" 25):
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Denote A1, and Az, the two solutions of AAy, = to(1+ M + \/y/n)Ne. Notice
that, for n large, A1 ,, is close to to(1 + M)No /Ay, and Mg, = O(nNo/2(No=1)),
It ensues that for some ng, Ag it holds, for all n > ng and \g < A < 2M/n, the
bound P(maxog n <N, ||a£,N)Hf > \) < D3A" exp(—D4)\?) where

Dy No2No My, ( D(co)An, \"" = % (3.9)
(1 + M)wNo M /oo ’ M?2(3M + 1)2No

Finally, at each step, add Sy, (1 — 5(N0))n to take B y from 1) into account.

3.5 Proof of Proposition 4 and Theorem

Theorem [2.1|implies Proposition {4|since the weak convergence on (£°°(F), ||-|| z)
is metricized by the Lévy-Prokhorov distance between oz,(lN) and G%N) which is

(N)

(A% 4+ 2, B (4) < B (4) 1 £} <

(N)

inf{& > 0: P

(N)
n

(A) < PC

(3.10
To see this, recall that v, > 1/n% and v, — 0 in Theorem remind (|1.6))
then observe that

P (o € 4) <2 (o € 4} {60, <} )
o ({lot9 -], > ) ) 42 05
<PGWM e A™) + % + 5N, (1= 8(ng))”

remains true by exchanging a%N) and (G,(zN). Since vy, is the slowest sequence, if

ng satisfies vy, > 1/n2° + Sy, (1- J(NO))% then v, > 1/n% + Sy, (1 - 6(1\70))”
for all n > ng. Whence (3.10)).

We next establish Theorem Fix No € N.
Step 1. Let introduce the transforms, for f € F, N > 1 and 1 < j < my,

¢G.Nf = (f —E (f | AE-N))) Lyon,
s f = dumf=F—D Ef] AEN))lAi_m.
Jj=1 j=1

It holds P(¢(n)f) = P(¢¢,n)f) = 0 and, since AN is a partition of X,

(0. (DG nyg) =0, 1<j#j <mpy. (3.11)

Moreover, the Lo (P) property of conditional expectations yields

my
2 _ 2 2 _ 2 _ 2 2
03t = PUGN) <0507 = Pt =D 05,1 <OF (3.12)
=1
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Next consider the class of backward iterated transforms
Fny = ) © -0 by (F),
Hiny = UKKN U1gj<mk D k) © Plret1) © o 0 Py (F),

where ¢pq1y0...opn) =idif k=N > 1 and F) = Hg) = F. Also write
Fo = Usenen, Fivy and Ho = Upenen, Hin)- By iterating it comes
0%, < 0%, < 0% We first show that properties of F transfer to F(x), H() for
0 < N < Ny and thus to Fy and Hg. Remind the constants defined at .

Lemma 1. Assume . If F is pointwise measurable and bounded by M
then F(ny and Hn (resp. Fo and Hg) are pointwise measurable and bounded
by (2M)N /AN (resp. (2M)No /AN, ). If (VC) (resp. (BR)) holds then Fy and
Ho also satisfies (VC) (resp. (BR)) with the same power vy (resp. ro) as F.

Proof. If F is uniformly bounded by M then for N < Ny we have

2M

1
sup su =sup max su ; <M1+ —) < —
}_p Xp ’¢(N)f‘ ]:plgjgmN Xp ‘(b(J»N)f’ ( 5N) on

thus, by backward induction from Ny to 1, F(n,) and H(y,) are uniformly
bounded by (2M)N /Ay. Tt readily follows that Fy and H, are bounded by
(2M)No /A,. Assume that f, € F. converges pointwise on X to f € F. From

kgf}rloo 1A§,N) (X)fe(X) = 1A§N)(X)f(X) and P(1A§N>fk) <SP(fe) <M

we deduce by dominated convergence that limy_, 4o E(fk | A§N)) =E(f | AgN)).

Thus ¢(; n)fx converges pointwise to ¢; n)f and ¢(n)fr = Zgnle ®¢,N) fr to
oy f = Z;n:’\{ b~y f- By iterating this reasoning backward from N to 1 we
obtain that F(y) and H(y) are pointwise measurable, by using the countable

classes ¢(1) o ... 0 ¢ (Fx) and UlgngUKjgmk‘b(j,k 0 P(41) © - © D) (Fx)
respectively. Assume next that F satisfies (VC). By (3.11]) we have

dp(dv) [+ d(v)9) :/ (Zm—ﬁ(@'zv)f - ¢('N)g)>2dQ
Q y j= I Js

= dy(eG.n b 9)

J=1

:;iAW (F—9-E(—914™) dQ

my )
<;/A§m(f—g—(62f—Qg)) aQ

=dj(f,9) — (Qf — Qg)*

thus dg(f,g) < e implies d3)(d(w) [, d(n)9) < dg(f,g) < €. If F can be covered
by N (F,e,dq) balls of dg-radius ¢ centered at some g then ¢(ny(F) can be
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covered by the same number of balls, centered at the corresponding ¢(n)g and
hence the same number of centers ¢ 1) o ... o ¢(n)g suffices to cover F(ny. All
the ¢(j,k) © P(k+1) © .- © ()9 are needed to cover H ), that is SN N (F,e,dg).
This shows that Fy (resp. Hg) obeys (VC) with the same power vy and a
constant co(Ng + 1) (resp. ¢ Z%”:() Sn). Assume now that F satisfies (BR).
If g < f < g4 then we have

— N
h(j,N) = 1AEN)97 - 1A/(VN)E (g+ ‘ A§ ))
N
S eGmf S g —1,mE ( - A§ )> = h{;

and the Ly(P)-size of the new bracket [h . \y, B

(4:N)?

Bty ) = [ (95— 9=+ Blge — g | AM)) ap
PY(G,N) " (5,N) AN + - + - J

G 18

= P(1,0(9+ —9-)*) + P(A])E(g —g- | A7)’
+2E(g+ — g | 4")P(1 400 (94 — 9-))-
If dp(g+,9-) < € the Holder inequality yields P(1A§N> (9+—g-)) < &y/ P(Ag-N))
and E(gy —g— | A(VN)) <eg/ P(Ag-N)) hence
db () b)) < P(Lyoo (94 — 9-)%) + 37
so that ¢(n)f = E] 106, f € [h (N),h(N)] where h(N) = Z;n’\i hiE (j.n) Satisfies

d2 (h(_N), Zdz Gy G, N)) < d%(9-,9+) + 3mne? < dmpye’.

It ensues N[ ](Qb(N)( ),e,dp) < N[](]:,E/Q,/m]v,dp) and N[ ](.F(N),a,dp) <
N[ |(F,e/2NV/My,dp). To cover ¢(; k) © P(t1) ©-..0 ¢(n)(F) one needs at most
mp V| ](.7-',5/2N_k, /Mk+1-..my,dp) brackets. We have proved that
N[ ](.FQ,E,dP) < (No + 1)N[ ](f, E/QNO\/MNO,CZP),
N{1(Ho,e,dp) < SngN{(F,e/2N0\/Mn,, dp).
Therefore Fy, Ho satisfy (BR) with power 7o and constant 2"0No M by. [
Step 2. By (3.2) we have

o (p - S PA) ()
Q,, (f):;m (¢(JN)f)—Oé (¢( ) +T57(),
(3.13)
o -1 (A7)
Ly an 5N (6N f) s an(j,N) = m - L
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Under the convention that ¢(n.y1) 0 ¢(ny = id, iterating (3.13)) leads to
aM(f) = CYno)(<15(1 opnyf) + FM(),
N
ZF (Dk41) © 0O )

k=1

Clearly the terms FS“) carry out some bias and variance distortion. However
ald) (F(wy) is the main contribution to oy (F) and F) (F) is an error process.
Lemma 2. Consider the sequence v, defined at Theorem [2.1l If F satisfies
(VC) or (BR) then there exists Co < +oo such that we almost surely have, for

all n large enough, maxo< N<N, HFn ||; < CoLo L(n)/\/n. Moreover, for any
¢ >0 and 0 > 0 there exists n3((,0) such that we have, for all n > n3(¢,0),

1
(N) <
P (Krp&xm 15 = > Cvn) S o0

Proof. (i) Let us apply Proposition [2|to F and, thanks to Lemmal[l} to Hy and
H(ny- The following statements are almost surely true, for all n large enough.
On the one hand,

(N=1)( A(N) ‘< _
| Jmax 1<I§1§7}r(m’a" (A;7)] < by =207rkN,\/ Lo L(n). (3.14)

On the other hand, having oy, < o7 by (3.12),

max max max

a(m)’

O['(nkfl) (¢(j,k) o d)(lc-l-l) o...0 QZS(N)f)’ < max ” <

1<N<Ny 1Sk<N 1<j<my, 1<k<No
By (3.14), ¢,(j, N) = 1/(1 + a" V' (AM) /P(AN)/n) — 1 satisfies
) n b j j
oV
(Jhex | max |94, N)| b O(No) S 2 (3.15)
which implies
N
M| < ‘
HFn H 2 11<rrjl’irx lgn (. k Z_: o b f)
(3.16)
2b 202 S
(N)H n (k—l)‘ < ZnPNo
1SN EN, 4 f(SN) S 0 N 11 Ho  /Nb(ny)

The almost sure result then holds with Cy = 803—&%,0 SNo/O(Ny)-

(ii) We now work on the event B, n, of (3.1). There obviously exists n; such
that if n > ny then Sn,(1 — d(n,))™ < 1/4n’. We can also find £ > 0 such
that n?*/\/n = o(v,) as n — +oo. Therefore, whatever ¢ > 0 there exists
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na(k, SNy, €, F, P) such that (v, > 2Sn,n%"/8(n,)v/n for any n > ny. Choosing
n > maz(ni,n2) we deduce as for (3.15)) and (3.16]) that

IP’( max ||f N )||]:>Cv)

0NNy

P| Sy, max
1ISN<No

2n®
<P i, N _— P
= <<1<I§1VaéXNo 15?247)'(”\, |Qn(]7 )> = 5(1\/’0)\/5) + <1<HJ%TaSXNO

>n").
Ho

By Proposition [3| we see that under (VC) or (BR) the latter probability can be
made less than 1/8n? for any n > n3(¢,0) and n3(¢,0) large enough. Clearly
n3(¢,0) depends on (,0,n1,ns and on the entropy of Hg thus all constants in
Lemma [I] and Proposition [3] are involved. [

aﬁlN’U’

max gn(, N>|) > m)

Ho 1SFSmN

o)

> nf
Ho

< 2P max
1NN,

Step 3. Fix § > 0. By Lemmal[I] we can apply Berthet and Mason to F, which
ensures the following Gaussian approximation. For some constant cy(Fy, P) > 0
and ng(Fo, P) > 0 we can build on a probability space (Q,T,P) a version of
the sequence {X,,} of independent random variables with law P and a sequence

{G%O)} of coupling versions of G(9) in such a way that, for all n > ng(Fo, P),

(-

Keep in mind that constants ng and ¢y only depend on the uniform boundedness
and the entropy of Fy. By choosing 8 > 1, dg > ¢4(Fo, P) then applying Borel-
Cantelli lemma to (3.17)), it almost surely holds, for all n large enough,

-

1
< —. .
- ce(]:o,P)vn) <5 (3.17)

< dyvy,. (3.18)
Fo

Step 4. Let 6y > 0. We work under the event B,, n, of (3.1]) with a probability
at least 1 — 1/4n% provided that n > n;. The process G(¥) being linear on F

we see that the recursive definition applied to the version GSLO) of G
reads G (f) = G%N_l)(gzﬁ( ~yf). This combined to l) readily gives

max o — 6|
1<KN<No F
- 1<D1[1va<XNO N 1)(¢(No f) - G;N_l)((ﬁ(No)f) + F%N)(f)HF
", H (b0t o600 1) = B9 00y 0 o0 b )+ £
S ‘ 7 Todtax, 1M 7. (3.19)

25



Remind that v, > L(n)/y/n and Lemma [2 holds. By (3.18) and (3.19) we
almost surely have, for all n large enough and dy = 2d907

Lo L(n)
1<I§lva<XNo Vn

By Lemmas [lf and [2} (3.17)) and (3.19), for ng > max(ni,n3(¢, 6p), ng,(Fo, P))

and dy > c¢g, (Fo, P) + ¢ we have, for all n > ny,

< do’l)n.

N) _ G;N)H}_ < dg,vn + Co

1 1
o 6| > d) < WOHP( max (7] > cun) < o

P max
1< N<Ng 0<N< Ny o

To conclude observe that the parameters No, M, My, , Sn,, AN, , d(No)» 00, Vo, Co, To, bo
have been used at one or several steps to finally define ng and dj.

3.6 Proof of Proposition
Theorem [2.1] implies, for f € F,

PO (1) — P(f) = %GW )+ %R%N)(f) (3.20)

Where G(N) is a sequence of Versions of the Centered Gaussian process GM) from
and the random sequence 7" ||R || F satisfies

(N)
i<l her] <l cons & o

n—-+oo Un

We have to be a little careful with the expectation, variance and covariance of

the coupling error process RSLN).

Step 1. Since G (f) is centered the bias is controlled by

sup Y7

feF Un

(N)

o (]R%N)(f))‘ <E (TZ,, ) . (3.21)

Write a,, = /K logn where K > 0 and 8y > 1 from Theorem can be chosen
as large as needed. Then, for 6§ > 1, € > 0 and k € N* consider the events

h= {0 <or o). = {0, <o)

Cou = {Qk_lan < HGWHF < akan}.

E(BYV() - P ‘ = sp | -
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By Theorem [2.1} P(A¢) < 1/n% and v,, > a,//n for all n large enough, hence

1 ) () ()
7]E(7~£LN)) =K n 1An +E n ].AcmBn +]E L 1Acch
Un, Un Un " Un o

n+2M N
<do+e+ MP(A;) +E (T 135)

Un n

+o0o T(N)
<d0+26+21[<]< Z 1C7L,k> .

k=1 n

By Theorems 7] I and @ G (f) is a centered Gaussian process indexed by F
such that, under (VC) or (BR),

E (HG(N)HJT) < 400, ?ggV(GW)(f)) <02 < +oo,

B([o®]) sct=op+(e™] ) <4 2

thus, by Borell’s inequality, for any version GSLN ) of GV

P (HGWHF > )\) < 2exp (-822%) . (3.23)

Therefore we have, since 6 > 1 and v,, > 4M//n > 2a, /n for n large enough,

(N) k
E (’"" 1CM> < LT 2MVG ) < phpp (HGWHF > 0" la,)

Un, Un,
(ekflan)2 >
8CZ

< 20Fnexp <—

and the following series is converging to an arbitrarily small sum,
a2 too g2(k=1) _ 1
E e | < 2nexp (— 2 ) 0% exp (— () ai)
Se (o) wr) 2 2
Klogn = & b 1
< nexp (— SCZ ) 2269 exp <_92( 1)) < =
k=1
where § < K/8C% — 1. It follows that (3.21) is ultimately bounded by dy.

Step 2. Starting from (3.20) and the bias and variance decomposition, the
quadratic risk is in turn controlled by

£ ((BV() - PU)?) - =7 (M)
= [ (B ) - PG| + 27 (BRO(5)) + 2 Cov (607(),RM())

(3.24)
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(i) By step 1, the first right-hand term is the squared bias, of order d3v2/n.

Concerning the second right-hand term in , we bound E(R (N)(f)Q). Fix
€ > 0 and assume that n is large enough for the followmg statements. By setting

s = (r (N)) then using v, > an/v/n, an, = Ky/logn < y/n we get, for y = 2,

1 Ny si s s
TSUPE(R( )(f) ) <]E 5 1An +]E 5 1A%mBn +]E 1ACF]BC
Un feF Un Un vn

n+2M )\’ o)
<o+ 4 () P(AZH]E(SUQ s

Up, s
stV
3SM
Cltor2ots () L 5 ()

< (do + 3¢)? 292’“ 2IP’<HG(N)H > g1 )g(do+4e)2

where the series is equal to its first term n? exp (fa% / 86’37) times a convergent
series, by using (3.23)) as for step 1 with K > 16C%. We have shown that

1 1
limsup — sup V (R;N) (f)) limsup — E (sﬁjV)) < d2. (3.25)
n—+oo Uy feF n—+oo Up

(i) Concerning the covariance term in (3.24) it holds

1

Cov (M (AR ()| = — [E (SN (RN ()|

< T, (f)+ TAngB”(f) + TA;ﬂBg(f)

Un

where

(N)

TD(f):IE<'G$LN)(f)T 1D>, D € {An, AS N B, A N B°} .

As a consequence of ,
Ta, () <E (|G (do + €)1, ) < (do +€)orE (N(0, 1)) -

By using again P(AS) < 1/n? we see that

2M+/n + ay, 3M
TA;ﬂBn(f) <E (an <f> 1A;~L0Bn) X Gn ( \F) - <e.

Un Un

N
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Lastly, for g,(LN) = HG%N)H}_, K large and all n large enough it holds, by (|3.23

(N)
Tac e (f) <E< (N (W—Fg) 1B;§>

Un

+o0 (N)
oM
- E <g7gv> <M> 1CW>
k=1

Un

+oo
S (] - ) <
zz:l a,n w5 a €
The above upper bounds do not depend on f. By (3.24)) and (3.25)) this implies

lim sup — sup ‘E (®() ~ P1)?) — +v (€(1) ‘ < \/fdoaf.

n—+oco Un feF n

Step 3. Let extend Step 2 to the covariance. By Step 1 we have, for all n large,

[Cov (B (1), B(9)) —E ((B() = P(£)) (BY(9) ~ P9)) )]

= [E(BM () = P() +E (B(g)) — Plg)] < 202

Now, by the upper bounds computed at (i) and (ii) of Step 2,

(P00 - PUNEE ) - L)) ~ 2 Cov (E(),6V(9))

< E(|6MNROG)) + & (|6 @RM()]) + B ([RV (RO ()
o (0 47) < 2o

2

n

2 2 1

< =(do +e)ory] Zv, + —(do + €)%v2
n 7r n

3.7 Proof of Proposition [6]

Fix Ny € N and L. Let apply Theorem from which we also use ng and v,.
We have, for all 0 < N < Ny, p € L, z € Rand n > ng

(i ) € - (ftel) <o -], <o)
< 5 +P(4(G0) <7+ oo,

1
< +P (@(G;N) ) < ac) + c0CyCov,
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and

( (G(N)) <z-— coclvn>

< e ({o10i™) <a-ncim b0 ok - 659, <)

1
<5 +P (s@(aﬁfv’) e(GM) + coCrun < a:)
so that
]p( (N) (N) !
@(an ) g .T) 2 P (@(Gn ) g l') - COCICQUn - ﬁ

This establishes the second statement of Proposition [6] provided ¢; > ¢ and
n = ny = ng where np is large enough to have (¢1 — ¢o)v, > n~2. The first
statement coincides with the special case £ = {py : f € Fo} where pf(g) = g(f)
are pointwise projectors and we then have a Lipshitz constant C; = 1 whereas
©of (G%N)) = G%N)(f) has a Gaussian density bounded by

! C ! < 400
02 = —/—— .
2@ (£)) V2o

4 Proofs concerning the limiting process

4.1 Proof of Proposition [7]

Step 1. Let us first relate GV (F) from to G(F) = GO(F) from (1.10)
by means of the vectors <I>,(CN)( f) introduced at 1} before Proposition
Lemma 3. For oll N € N* and f € F it holds

N
V() =6() ~ Y #V()" & [4¥)]

k=1
Proof. The formula is true for N = 0. Assume that it is the case for NV > 0.
Recall that sets A € .AEJNO) from (1.9) are identified to f =14. By 1)

GV () = GV (f) — E {f | A(NH)T .G MNH)}

- (V) (¢
;@ [ <k>}

MN 41

S ) (G<A;N+1>> W RIR)
k=1

= G()—E[7]AN] 6 A0

iv: [@(N) ‘I,;N) [A(NJrl)] E[f | A(N+1)]T el [A(k)}
=1
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where the my Xmy41 matrix <I> [.A(N“‘l)] ((I)ch)(AgAHI))7 ce (N)(A(NH)))

MN 41
satisfies
N (N+1)y g (N) ¢ g (N+1) (V) t
Z E(f | A; )@, (A = [(I)k [AN+D] . E[f | AN+
j=1

Now observe that (I)S\],VJ:T)( ) =E[f | AN*+D] since no index L matches in the

sum defining (I>§€N) when N = k. It remains to show that
(I)ECN)(f) _ q);N) [A(N+1)] “E[f | .A(N'H)} _ (I)](€N+1)(f)_ (4.1)
For 1< k< Nand1l<j<my41 we have
N) A (N+1)y (N+1) k
(ANt — [Aj | A®)

Z (*ULPA(zl)\A(m P a2 1400 - P gy g0 - B [AENH)M(IL)}

1<KLEN—k
k<li<..<l <N

where, for [ = k,k +1,..., N the vector

t
i o) (PATTY Al Pl naf)
E{AJ’ A ]: @ 0
P(A}7) P(Aw,)

is also the j-th column of P 4v+1)| 4. Therefore, by turning L into L'=L+1,

_ q’/(cN) {A(N+1)} E [f | A(N+1):|
my 1

_ Z (f | A(N+1)) }(CN)(A§N+1))

MN41

- Z E(f | ANTD)E [A§N+1) ‘A(k)]

MN41

+ Z (f | Ay > (—D*P ga0pam P yap gt - E {AENH)\AUL)}

1<KLEN—k
k<li<..<lp<N

= (~)'P yoven B [ fJAN Y]

+ Z (-1)*F P qa0pam - PA(lL/,l)IA(lL/,z) 'PA(NH)‘A(LL/,I) -E [f|A(NH)}

1KL'<N+1—k
k<li<..<lp/=N+1

where all terms are different from those in

q)ch)(f) =E [f | A(k)]+ Z <_1)LPA(l1>|A<k)"'PA(zL,>\A<lL/_1)'E [f|.A(lL/)} .

1KL'<N+1-k
k<li<..<lp/<N+1
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Having collected all terms of <I>§€N)( f) in , this establishes 1) The proof
is completed by induction. [

The functions <I>,(€N) and the process G are linear, hence Lemma |3[ implies that
G™W) is a linear process. Moreover G(f) and G[A*)] being centered Gaussian,
Lemma [3| proves that GN)(f) is a centered Gaussian random variable.

Step 2. To compute the covariance of GV)(F) we need the following properties.
Recall that PA(k)lA(k) = Id,,, is the identity matrix of R™*.

Lemma 4. For 1 < k,l < N and f € F we have

Cov( G(f)) =V (GIA®Y)) -E[f | AD, (4.2)
cov( A(l)) ( A<>)PA<1>|A(k), (4.3)
V) =E[f1AD] = 3 Paopew o). @44)

k<IN

Proof. The j-th coordinate of the vector V (G[A®)]) - E[f | A®)] is

PAM A = PAPNES | AP) — ST P(AP) PAME(f | A

JAISmy

= (1,0 H-praA) 3 E(1 40 f)

1<i<my,

= Cov (G(Ag.k))@(f)) .
Likewise the (i, j)-th coordinate of the matrix V (GLAK)]) - P 40y a0 is

PAM) (1 = PAM)PAY | Ay = 37 PA)P(AE)PAP | AD)

JEMLmy

P(AY AR~ PA) 3T PA naB)

1<m<my,

— Cov (G(Agk)), G(Ag”)) .
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By the definition 1} of the vectors q)l(N)(f) we get
> Paoam -2 (f)

k<IN
- Z P ywjaw - E [f | A(l)}
k<IN
+ Z (*1)LPAU>|A<MPA<11>\A(l) P aapai-n - E [f \ A(IL)}

kE<IKN,IKLKN-I
I<h<..<lp<N

= Z (71)L+1PA(11)\A(1“') cee PA(lL)|_A<lL—1) -E [f | A(ZL)i|
ISLEN—k
k<li<..<lp<N
—E[f 1 AP] - o)
which yields (4.4). O
Step 3. Let us first compute the variance of GN)(f). By Lemma we have

v (€M) -V (©(f)

N N
=3 oM () v (GlA®) - oM () - 23" oM (1) - Cov (GLAV], G(1))
k=1

k=1

+2 Z éch)(f)t - Cov (G[A(k)]aG[A(l)D ' (I)Z(N)(f)

1<k<IKN

hence Lemma gives, through and ,
N
V(6N () -V @) =Y oM () -V (6lAM) - vV ()
k=1

where, by (),

‘I'i(cN)(f) = ‘I’;N)(f) —2E [f | A(k)] +2 Z Pawjam "I’z(N)(f) = —q’/(cN)(f)~
k<IN
(4.5)
The formula is proved. It extends to the covariance since, by Lemma

Cov(GM(),6™(g)) - Cov(G(f), G(g))
= 5 (Tx(76) ~ 20n(f9) + 5 (Cx(9, /) ~ 2D (g. 1)
where, by and again,
Tnifg)= Y. oMV (GIAD]) Puoiae - o)

1<k<IKN
N

In(f.9) =Y oV ()" -V (G[AM]) -E g | AV

=1
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By replacing \I/,(CN)(g) with —<I>§€N) (9) according to 1) we obtain

(Cx(f:9) = 20(f:9) =—*Z‘I>(N) v (614%]) - 2V

N =

which is symmetric in f and g. The covariance formula of Proposition [7] is
proved.

4.2 Proof of Propositions [§ and [9]
Since V ((G[.A(k)]) is semi-definite positive, for all 1 < k < N and f € F we have
2" VGIAM) - 2V (1) > 0

and the variance part (2.4]) of Proposition [§] follows from Proposition (7| For any
m € Ny, (f1,.y frn) € F™ and u € R™, it further holds, by Propositionagain,

ut (252) - E%V)) U

= 3wy (Cov(G), G(f) — Cov(GM(£), GM(£,)))

1<i,j<m

S Y (we™) v (6la®) - (wel(s)

k=11<i,5<m

2

t

= S wel™ () -V(G[A(k)])~ S weM ()| > o.

k=1 \1<i<m 1<j<m

e

Under the wrapping hypothesis of Proposition [9] we have
o), =\, 0<k< Ny,

since the corresponding (2.3) only involves ANo—k) = AMN1=F) for 0 < k < Np.
Assuming moreover Ny > 2N, we get, by Proposition [7]

V(€)= v (6 (1)

Ny No

S (GLAMI) - @ () = S ()" v (GLAM)) @ (f)
k=1 k=1

N;—No
= > o™ v (GA®]) e (1) > 0

k=Np+1
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and, for m € Ny, (f1, ..., frn) € F™ and u € R™,
ut (509 - 20 ) u
= u' (2 - B0) - (2 - 20))u

N1—Ng t
= > (Z ufb,im(fi)) ~V(G[A<k>]).( 3 ujcp,gm(fj)) > 0.

k=No+1 \1<i<m 1<G<m
4.3 Proof of Proposition

We show the result by double induction. For m = 0 we have G°)(f) = G
and, by (L.11), GV (f) = G(f) — E[f|A'G[A]. Assume that (2.9) and (2.10
1),

are true for m € N. For m + 1 we have, by the raking ratio transform (/1.1

G (f) = GE™HI(f) — E[f|B]) - GP™ V(B (4.6)

GO (f) = G (f) ~ E[f| Al GO |A] (47)
For 1 < j <mgyand f = 1p, we get, by 7 , , and (2.8]),
GEm+(By)
= G(B)) - S\nad (15,)" - GLA] - S50’ (15,)" - G[B]

m—1 t
=G(B;) - <kz (P.AIBPBM)k - (E[1p,|B] = P45 'E[lBjM])) -G[B]

=0

- (Z (PsiaPas)" - (B[15, Al — P - E[15,|B]) + (PsjaPas)” 'E[13j|«4]> -GlA]
k=0

where E[1p,|A] is the j-th column of Py 4 and E[1p,|B] is the j-th unit vector
of R™2. Therefore

G(2m+1) [B]

m—1 t
=G[B] - <Z(PABPBA)k(Idm2 - PABPBA)> -G[B]

m—1 t
- (Z (Pp1aPas)" (Ppa — Ppjaldm,) + (PB.APAB)mPBIA> - G[A]
k=0

= (PasPps)™)" - GB] — (PpaP.as)"Ppa) - GlA]
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Finally and then again (2.3), (2.6), and together imply
GEmHA(f)
=G(f) - S GlA - STV () GIB) — ELf|B]E - G B)
= 6() — (8050 () — (PsaPas)"Pua - ELfIB]) - GlA
- (Sé’,ﬁdlf () + (PasPsA)™ ~E[f|8])t - G[B]
= G(f) = S\men() - G[A] =SS0 ) () - G[B]

and (2.9) is valid for m + 1. If 1 < ¢ < my then E[14,|B] is the -th column
of P 43 and E[14,|A] is the i-th unit vector of R™! thus (2.9) for m + 1 and
f = 1p, in turn entails

G(2m+2) [A}

= G[A] - (Z (PsaPas)” (Idm, — PBlAP.AlB)> -GlA]

k=0

m—1 t
- <Z (PaisPsa)” (Pas — Pajsldi,) + (PA|BPB|A)mPA|B> - G[B]
k=0

= ((PaaPas)™)" GIA] - (P4 5P5)"Pas)' - GIB]

and also, thanks to and ,

G(2m+3)(f)

t
=G(f) — () — (PuaPys)"™ - E[fIA]) - GLA
t
— (852 () + (PasPsia)™ - EIfIB]) - G[B] — E[fIAJ - G214

= G(f) = S{nda(F)' - GIAl - S{oha ()" - GIB]
which is for m + 1.
4.4 Proof of Proposition

Step 1. For m > 1 let 0, ,, be the m x m null matrix. Also recall the vectors
P(A) = (P(Ay),...,P(An,)) and P(B) = (P(B1),..., P(Bm,)).

Lemma 5. Assume (ER). Forl = 1,2 there ezists an invertible m; x m; matrix
U, and an upper triangular (m; — 1) x (m; — 1) matriz T} such that

_ 1 O1,my—1Y) 77-1 - k_
PB‘APA‘B - Ul <0m1171 Tl ) Ul 1) k‘ETOO T]_ - O’I’Tbl—l,m]—l)

_ 1 01,mz-11) 771 ; ko
PA‘BPB‘A - U2 <0m2_171 T2 U2 Y k:ll)r—‘yl-’loo T2 - Omzfl,mzfl'
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Proof. Since A is a partition, for 1 < ¢ < my the sum of the m; terms of row
i of Py is Z;n:ll P(A; | B;) = 1 hence P 43 is stochastic. Likewise P4 is
stochastic and, by stability, so are P 4 5P |4 and P 4P 45. Let the column of
1’s associated to their eigenvalue 1 be in first position in their respective matrix
Uy, Us of eigenvectors. The announced decomposition is always true with some
upper triangular matrices 7; having Jordan decomposition 7; = D; + N; where
D, = PlAlel, A is a diagonal (m; — 1) x (m; — 1) matrix, P, is an invertible
(m; — 1) x (m; — 1) matrix and NV is a nilpotent (m; — 1) x (m; — 1) matrix of
order n; > 1 that commute with D;. Next observe that

(P(A) - PpiaPap)k = ZP(Ai)(PB|APA|B)i,k
=> P(4)> (Ppa)ii(Pap)k
i=1 J=1
=33 PUA)P(B,A)P(ALB) = P(A)

which proves that Py 4P 45 has invariant probability P(A). Similarly, P(B)
is invariant for P 45P g4, and the first line of U7 and U ' is P[A] and P[B]
respectively. Under (ER) these matrices are ergodic, which ensures that the
eigenvalues of A; have moduli strictly less than the dominant 1 since it is the
case of eigenvalues of T; hence D;. It follows that

lim AF =0, 1m_1, =12
k—+oo

Furthermore, since N; and D; commute it holds
TF = nf (k)NjDk_j 1=1,2, k>n.
par g )4 z
We conclude that limg_, 4 le =0p,—1,m-1. O
Step 2. Let Vi(f) = (E[f|A]=Pp4E[f|B]) and Va(f) = (E[f|B]—P 4 5E[f|A)).
Lemma 6. Under (ER) we have

lm (PgaPas)" - Vi(f) = 0,1,

lim
k—+4oco k—+oo

(P 45Pp1A)" - Va(f) = Oy

Proof. By Lemma [5] we have

P(A) P(B)
kETm(PB\APAlB)k = ( : > : kEIEOO(PAlBPB\A)k = ( : ) - (48)
P(A) P(B)
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The scalar product of P(A) by Vi(f) is null since P(A) - E[f|A] = P(f) and

P(A) PuELTB) = Y P(A)S " P(By | A)E(f|By)
j=1 k=1
= SO P(A; 0 BLEfB] = P(S).
j=1k=1

Likewise we get P(B) - V2(f)=0. O

The following convergences hold for any matrix norm. By Lemma [5] we have

N
N +1 Ol,m 1 _
Z(PBMPA\B)k =U; (0 SN lTk> Uyt
b—0 my1—1,1 k=011

N

N+1 01y _
Z(PAIBPB\A)k =0, (O b 2le> Uyt
k=0 me—1,1 Zk:o 2

Now, the matrices Id,,,—1 — 71 and Id,,,—1 — 7% are nonsingular since 1 is a
dominant eigenvalue of P 4P 45 and P 45Pp|4. It follows that

(N) o N+1 017m171 -1

Sl,even(f) =U <0m1—1,1 (Idml—l _ Tl)il(Idml—l _ T1N+1) Ul Vl(f)
N+1 01, mo—1 —1

s™ (py— U ( ma ) Ul v

Zodd(-f) 2 0m2_171 (Idm2_1 _ Tg)il(Ide_l _ T2N+1) 2 Q(f)

which, by Lemma [5] converge respectively to
N + ]. 01 mi—1 —1
S1 even =U i 11U -V
1, (f) 1 (Om11,1 (Idmlfl _Tl) 1> 1 1(-f)

N+1 Olm —1 —1
S = U- 2 1| Us - V& .
2,0dd(f) 2 (Omzl,l (Ide,l _ T2) 1> 2 Q(f)

Since we have already seen by using (4.8)) that

lim (PgaP.as)" - E[f|A] = Pi[f], kETOO(PAlBPBlA)k -E[f1B] = P[f],

k—+oco

we conclude by 1) and 1) that ng)dd (), Séﬁ\),en(f) converge to the vectors

Sl,odd(f) = Sl,even f) + 1 5 S2,even(f) = Sl,odd(f) + Pl [,ﬂ l"eSpeCtiVely
Step 3. Given the spectral radius p(T}) < 1of Ty let Ay = p(T})+e < 1,1 =1,2
for any € > 0. Then there exists a vector norm ||-||, on C™ ! such that its
induced matrix norm |||-|||, on matrices (m; —1) x (m; — 1) satisfies ||| T3||[, < A
Introduce the vector norm ||[(z1, ..., 2, )|} = |21] + || (€2, -y Ty )|, on C™ and
the induced operator norm |||-|||; for m; x m; matrices. Then we have

! t
0 01.m—1 e O[T (22, ey 2 )
' =supqz e C™: = IT
‘H< Oml_l’l r l P |$1|+||(x27...,l'ml)tHl ||| |||l
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for any m; xm; matrix T. Let K; = ’H(Idml,l = T)7 I, K, = Nl 1o
and K] > 0 be such that |-||; < K] ||| .- By using Lemmasand@we get

/

H‘Sl(];/vv)en Sl,even(f)

0 01.m,—1 1
< |0 N U
H’l< Omy—1,1 adm,ltn)lTN+1>
< K ||| (M= = T) 7 TN ] VIO I
< KlKl)\lNJrlKl VI()ll o < Cl)‘{vﬂ

oo

!

IVi(A)I;
l

~ /
where ¢; = K;K;K]M. Similar constants show up for H’Sl(f:d)d(f) — Sl’Odd(f)‘Hz'

The final constants ¢; and ca depend on A1, Ag, €, both matrices (ER) but also
the two implicit constants relating the norms || - ||, || - ||m, of Proposition
to the equivalent norms || - |[1,]] - |]5 -

4.5 Proof of Theorem 2.2

Write Z; = maxigj<m, |G(4;)| and Zy = maxigj<m, |G(Bj)|. According
to Proposition the following right hand side random variables, for * €
{even,odd},

sup | (S{2(1) = $1.+(9)" - GLAl| < er sup [SE(1) = $1.()]| | 21

fer ferx
sup |(S5°)(£) = Sa.0(1)" - GIBI| < casup [$52(1) = Sen(P)|| 2o
fer ferF ma

almost surely converge to 0 since P (||G||z < +00) = 1. Hence the processes
G@™) G(2m+1) converge almost surely in £%°(F) to Ggi’,ﬁ%, ngo(; defined by

G (f) = G(f) = St.even(f)" - GLA] = Saeven(f)" - G[B]
=G(f) - R[f]" - G[B]

G () = G(f) — S1.0aa() - GIA] — Sz0aa(f) - GIB]
=G)(f) - Alf]" - GlA]

with G()(f) = G( ) = Steven(f)! - GLA] = S2.0aa(f)! - G[B] and using (2.8),
B Since PLf! - GLA] = P(f) X0 G(4;) = P(AG(T) = 0 and P[] -

G[B] = 0 almost surely, we see that Géif,zl (F)= Ggf%) (F) = G (F). Applying
Proposition [11] with the supremum norms || - ||, and || - ||, further yields, for

any m > 0 and ¢y = micy + maca,

6™ — 6| =[S0t = Steven) - GLAI + (S5 = Sz.ven)’ - GIB]||_
< comax(A, \o)™ 2 Z (4.9)
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where Z = max(Z;, Zs), and
HG<2m+1> - Gggong < comax(Ai, ho)™ 1 Z. (4.10)

Let eny = gnco max(Aq, /\Q)N/2 and gy = Fz_l(co max (A1, A2)V/2), which is well
defined for N large enough. From (4.9) and (4.10) we deduce that

P (HG(N) — G(O")HF > 6]\/) <P(Z >qn) <o max()\l,)\g)N/2
whence an upper bound for the Lévy-Prokhorov distance
de(G(N)7G(°°)) < max (IP (H(G(N) — G(‘X’)HF > EN> 7EN) < cogn max()\l,)\g)N/Z.

Let ® denote the standard Gaussian distribution function, ¢ = mi + mo and
c? = maxpeaup {P(D)(1 — P(D))}. The union bound

A C5Cy /\2
P(Z <o (l1-@o(=)) < A
wense (-0 (3)) < ree ()

shows that gy < 0604\/N log(1/co max (A1, A2)) for some ¢g > 0.

Appendix

.1 Elementary example

In many settings the auxiliary information concerns a few partitions and they
are raked in a periodic order. A subcase is a multiple ways contingency table.
The Raking-Ratio algorithm then changes the weights of cells of a contingency
table in such a way that given margins are respected, just as if the sample should
have respected the expected values of known probabilities. Let us start from
the following basic table which is the most common subcase of Section [2.3

P"(lA(l)mA(Q)) A§2) AéQ) Agf) Total | Excepted total
i J
AW 02 [ 025] 0.1 | 055 0.52
A 01 | 02 015 045 0.48
Total 03 | 045|025 1
Excepted total | 0.31 | 0.4 | 0.29

The margins of this sample differ from the known margins, here called expected
total. Firstly the weights of lines are corrected, hence each cell is multiplied by
the ratio of the expected total and the actual one, this is step N = 1.

P%l)(lAu)mA(z)) A§2) Aé2) Agz) Total | Excepted total
i J
AW 0.189 | 0.236 | 0.095 | 0.52 0.52
AfY 011 | 021 | 0.16 | 0.48 0.48
Total 0.299 | 0.446 | 0.255 | 1
Excepted total | 0.31 0.4 0.29
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The totals for each column are similarly corrected at step N = 2. Typically the
margins of the lines no longer match the expected frequencies. Here they move

in the right direction. Some estimators based on ]P’g) may be improved.

Pg)(l,q(”m,q(?)) A§2) Aé2) Agz) Total | Excepted total
i J
AW 0.196 | 0.212 | 0.108 | 0.516 0.52
AfY 0.114 | 0.188 | 0.182 | 0.484 0.48
Total 031 | 04 | 029 | 1
Excepted total | 0.31 0.4 0.29

The last two operations are repeated until stabilization. The algorithm con-
verges to the Kullback projection of the initial joint law. The rate depends only
on the initial table compared to the desired marginals. It takes only 7 iterations

in our case to match the expected margins.

IP’g)(lAgl)nA;g)) ASQ) AgQ) AgQ) Total | Excepted total
AW 0.199 | 0.212 | 0.109 | 0.52 0.52
A 0.111 | 0.188 | 0.181 | 0.48 0.48
Total 031 | 04 | 029 | 1

Excepted total | 0.31 0.4 0.29

The final raked frequencies are slightly moved away the initial ones, however
this has to be compared with the natural sampling oscillation order 1/y/n —
insidiously n was not mentioned. Clearly, for very large samples such a correc-
tion is unlikely since the initial table was already close to the true one, which
respects the margin constraint. For small samples such changes are likely to
occur that may improve a large class of estimators, and worsen others. In both
cases, a possible drawback is a slow rate of convergence of the empirical raking
weights, thus enforcing a so large IV that our results are no more relevant. This
happens in particular when A; and Ao of Proposition [11]|are close to one.

.2 Counterexample of Remark J

Let assume that P satisfies the following probability values

B 02 [ 025 0.1 055
B, 025 | 0.1 | 0.1 045
P(A;) | 04503502

and that f has the following conditional expectations

B, 075 | -0.5 [ 0.5 0.136
Bs 05 | 025 |05 0444
EMD(f)~ |0.611 | -0.286 | 0.5
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By supposing also that V(f|4; N B;) = 0.5 for all ¢ = 1,2,3 and j = 1,2
we can compute the theoretical limiting variances from Proposition [7] We get
V(GO(f) ~ 0.734; V(G (f)) ~ 0.563; V(G (f)) ~ 0.569; V(GB)(f)) ~
0.402. The fact that V(G®)(f)) > V(GM(f)) shows that the variance doesn’t

decrease necessarily at each step. As predicted by Propositions [§ and [9] we have
V(GM(f)) > V(GO(f)) for N =1,2,3 and V(G (f)) > V(G (f)).

.3 Raked empirical means over a class

General framework. Many specific settings in statistics may be modeled
through F. Typically X is of very large or infinite dimension and each f(X) is
one variable with mean P(f) in the population. To control correlations between
such variables one needs to extend F into Fx = {fg : f,g € F} and consider the
covariance process aglN)(}"X). Random vectors (Y1,...,Ys) = (f1(X), ..., fu(X))
can in turn be combined into real valued random variables gg(X) = o(Y1, ..., Yi)
through parameters 6 and functions gg that should be included in F and so on.
Consider for instance go(X) = 601Y] + ... + 0; Yy + €,(X) with a collection of
possible residual functions e, turning part of the randomness of X into a noise
with variance o2. The (VC) or (BR) entropy of JF rules the variety and com-
plexity of models or statistics one can simultaneously deal with. We refer to
Pollard [15], Shorack and Wellner [I6] and Wellner [22] for classical statistical
models where an empirical process indexed by functions is easily identified.

Direct applications. Since the limiting process G(V) of a%N) has less variance

than G(©) Theoremcan be applied to revisit the limiting behavior of classical
estimators or tests by using ]P’SIN) instead of P, and prove that the induced
asymptotic variances or risk decrease. For instance, in the case of goodness of
fit tests, the threshold decreases at any given test level while the power increases
against any alternative distribution @) that do not satisfy the margin conditions.
As a matter of fact, enforcing ]P’;N) to look like P instead of the true @ over all
AN makes IP’%N) go very far from P on sets where Q was already far from P.

Example: two raked distribution functions. Let (X,Y’) be a real centered
Gaussian vector with covariance matrix (f’l _11). We consider the raked joint
estimation of the two distribution functions Fx, Fy. An auxiliary information
provides their values at points —2 to 2, every 0.5. The class F we need contains
for all ¢ € R the functions fX(z,y) = Loy (z), f¥ (z,y) = 1_,4(y) thus
(VC) holds. For Z = X, Y let Fg0 (t) = Y, . PV ({Z,}) be the N-th raked
empirical distribution function and write Z;) < --- < Z(;) the order statistics.
To exploit at best the information we use N = 2m, F)(? ™1 and Fi(f;n ). Consider

N n— N . .

d(Zrz = Zi:11(Z(i+1) - Z(i))|Fé’n)(Z(i+1)) — Fz(Z(i41))| which approximates on
[Za1), Z(n)] the L'-distance between Fg\;) and Fz. Denote #(ZNTE the random

proportion of sample points where F' éN) is closer to Fz than F éozl The table

below provides Monte-Carlo estimates of D(ZNn) = E(d(ZNn) ) and p(Zer = E( (ZNTZ)

from 1000 simulations based on samples of size n = 200:
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0 10 ) 10 o)
z | Dy, | D53 | D) | wh | v
X | 0.084 | 0.058 | 0.065 | 0.752 | 0.724
Y | 0.085 | 0.043 | 0.053 | 0.731 | 0.681

This shows some improvement, especially for N = 10. For n rather small it
seems not always relevant to wait for the stabilization of the algorithm — here

denoted N = oco. Our theoretical results provide guaranties only for small N

and large n. We also observe on graphical representations that the way F' g\;)

(0) to cross F'z at the known points tends to accentuate the error at a

few short mtervalb where F ( ZL is far from F'z. This is less and less the case as

the auxiliary information partltlon is refined or the sample size increases.

leaves Iy,

Example: raked covariance matrices. Given d € N, and fi, ..., fg let V(Y)
denote the covariance matrix of the random vector Y = (f1(X), ..., fa(X)) which
we assume to be centered for simplicity. Instead of the empirical covariance

vO(v) = n~1>" Y'Y consider its raked version

V() = ((P%N)(fifj)), ) :
0.
Let ||-|| denote the Froebenius norm and define

oy (@) = Vi ||V (v) - (v

In other words,

o) ZZ( M) e ZZ( Gify)

i=1j=1 i=1j5=1

In the context of Proposition [6] observe that ¢y is (||-|| £, ||-]|)-Lipshitz with
parameter C; = d. Clearly ¢y (G®)) has a bounded density since ¢ (G™V)) is
a quadratic form with Gaussian components and has a modified X2 distribution.
Choosing a finite collection of such ¢y ensures that Cs < 4+00. More generally
by letting (f1,..., f4) vary among a small entropy infinite subset L4 of F¢ and
imposing some regularity or localization constraints to the f; one may have
Cy < +oo while {f; f; : fi, f; € F} satisfies (BR). The largest C5 still works for
L = Ugcg,La- Therefore Proposition |§| guaranties that

max sup
0NNy C
\dgﬁo (fl;wx’i%)e d

P (soy( My < x) ~-P (@y(G(N)) < x)’ < dod1 oy,

where it holds, for all N < Ny, d < do, (f1, .-, fa) € Lq and z > 0,

P (v (™) <) <P oy (6©) < 2)

by the variance reduction property of Proposition [8| Hence we asymptotically
have ]P’(gpy(aglN)) < 2) < Ploy(a © )) < z) — € uniformly among Y such that
P (py (GM)) < z) <P (py(G®) < ) — 2¢, for any fixed € > 0.
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