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QUANTUM ERGODICITY FOR LARGE EQUILATERAL QUANTUM
GRAPHS

MAXIME INGREMEAU, MOSTAFA SABRI, BRIAN WINN

ABSTRACT. Consider a sequence of finite regular graphs (Gn) converging, in the sense
of Benjamini-Schramm, to the infinite regular tree. We study the induced quantum
graphs with equilateral edge lengths, Kirchhoff conditions (possibly with a non-zero
coupling constant «) and a symmetric potential U on the edges. We show that in the
spectral regions where the infinite quantum tree has absolutely continuous spectrum, the
eigenfunctions of the converging quantum graphs satisfy a quantum ergodicity theorem.
In case a = 0 and U = 0, the limit measure is the uniform measure on the edges. In
general, it has an explicit analytic density. We finally prove a stronger quantum ergodicity
theorem involving integral operators, the purpose of which is to study eigenfunction
correlations.

1. INTRODUCTION

Quantum ergodicity, one of the fundamental theorems of quantum chaos, is a result
about spatial delocalization of eigenfunctions. In its original context [31} 17, [32], it says
that the eigenfunctions of the Laplace-Beltrami operator on a compact Riemannian mani-
fold become equidistributed on the manifold in the high energy limit, provided the geodesic
flow is ergodic.

In their influential work [24], Kottos and Smilansky suggested that the ideas and results
of quantum chaos should apply to quantum graphs. It is therefore natural to inquire
whether quantum ergodicity holds on quantum graphs. By a quantum graph, we mean a
metric graph, equipped with a differential operator and suitable boundary conditions at
each vertex. We refer the reader to Section 2.1l for a more precise definition.

Let us briefly survey some earlier results of quantum ergodicity on quantum graphs.

The first investigation appeared in [9], where it was shown that the eigenfunctions of
star graphs are not quantum ergodic in the high energy limit. More precisely, by studying
the behaviour of the semi-classical measure when the number of bonds becomes large and
the lengths approach a common value, one sees that it is not the uniform measure.

A positive result of quantum ergodicity later appeared in [10] for graphs associated to
intervals maps. In this paper, instead of studying directly the high energy behaviour of
the eigenfunctions 1, of the quantum graph, the authors study the eigenfunctions ¢;(\,)
of associated unitary operators U(\,) which encode the classical evolution. It is shown
that both notions of quantum ergodicity (for ¢, or ¢;(\,)) are intimately related if the
size of the graph goes to infinity, see also [12] for a precise statement.

The previous result can serve as a motivation to consider asymptotic quantum ergodicity
for general quantum graphs. In this case, one considers a sequence of quantum graphs,
first studying the high energy behaviour, then taking the size of the graph to infinity. A
general strategy for studying this regime was introduced in [20], and it is shown that the
validity of asymptotic quantum ergodicity (AQE) depends on the spectral properties of the
Markov transition matrix Mjy (A) = Uy (A)|2. Namely, AQE should hold if the spectral
gap of M(\) does not decay too fast as the graph grows larger. This can be regarded as
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a “chaotic” assumption, similar to the ergodicity of the geodesic flow on manifolds. Note
that the spectral gap of quantum star graphs closes quite rapidly.

It is natural however to study the high energy behaviour of a fized compact quantum
graph. This question was settled later in [I8] in the case of Kirchhoff boundary conditions,
where it is shown that quantum ergodicity does not hold for a generic metric on the graph,
except if it is homeomorphic to an interval or a circle. The semi-classical measures were
moreover characterized, and the “scars” were described.

To conclude this brief survey, we mention the paper [21] in which bounds on the en-
tropy of the semi-classical measures were obtained for several families of quantum graphs.
Finally, the paper [14] proved that asymptotic quantum ergodicity holds for sequences of
quantum graphs without back-scattering, if the underlying discrete graphs are (¢ + 1)-
regular expanders with few short loops. Under these “equi-transmitting” boundary con-
ditions (which do not include the Kirchhoff conditions), the Markov operator M (\) is just
%B, where (Bf)(b) = Eb+€/\fb+ f(b%) is the non-backtracking operator on the edges. It is

known that if the graphs are expanders, then %B has a uniform spectral gap [3, 2]. So this

result of [14] confirms the general philosophy of [20] in this situation.

All the previous results were concerned with the high-energy behaviour of eigenfunc-
tions, be it for a sequence of quantum graphs or a fixed graph. In this paper, we are
interested in a different regime. Ultimately, we believe the following principle should be
true : suppose that an infinite, possibly random, quantum tree has purely absolutely con-
tinuous spectrum in an interval I. Consider a sequence of quantum graphs converging to
this tree in the sense of Benjamini-Schramm, and suppose the underlying discrete graphs
are expanders. Then as the graphs G grow large, the corresponding eigenfunctions whose
energies lie in the bounded interval I will satisfy a quantum ergodicity theorem.

This kind of result can be interpreted as a delocalization result for the infinite quantum
tree. It says that if the tree is spectrally delocalized (has pure AC spectrum in I), then
it also has a form of spatial delocalization (converging quantum graphs satisfy quantum
ergodicity in I).

This point of view originally stemmed from the study of quantum ergodicity for discrete
graphs. The first incarnations of it appeared in the proof of quantum ergodicity for the
adjacency matrix of a regular graph [3|, 2, I5]. The question was later addressed in full
generality in [4], in the framework of Schrédinger operators on graphs of bounded degrees.
As an important application [5], it was shown that the eigenfunctions of the Anderson
model on a large graph become equidistributed if the disorder is weak enough, in the
region of AC spectrum previously provided by Klein [23]. This was among very few
theorems of delocalization for the Anderson model, the opposite regime of localization
being quite well understood today. More applications appeared in [6], where the first
results of quantum ergodicity for non-regular graphs were given. We also mention the
recent paper [26] which studies quantum ergodicity for sequences of compact hyperbolic
surfaces, also in the bounded interval regime.

The present paper is a first step towards the proof of such a general criterion for quantum
graphs. We study a simple family of quantum graphs : regular equilateral graphs, and
endow them with the natural Kirchhoff conditions. We also allow for identical coupling
constants « on the vertices and identical symmetric potentials U on the edges. It is
known [I6] that the corresponding infinite tree has bands of AC spectra. We confirm the
general principle by showing that eigenfunctions with energies in such bands are quantum
ergodic, as the graph grow large. More precisely, when the graph G is large enough,
|2

the probability measure |¢J(-N) (z)|* dx on G approaches an explicit measure %\If A (7) d,

for most eigenfunctions w](»N). In the special case U = a = 0, the density W, () is

just a constant and we obtain the uniform measure ﬁ dz on Gy (see §[24] for more
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precision). In general, W, (z) is essentially the density of the spectral measure of the
infinite quantum tree. The equidistribution in case U = «a = 0 holds precisely because
this spectral measure is constant in this case, as = varies along the tree.

Our paper is organized as follows. In Section [2] we introduce our quantum graphs and
discuss the main results. In Section B.I], we construct discrete functions on the directed
bonds of G, which turn out to be eigenfunctions of a non-backtracking operator B. We
then prove our main result in Sectiondl As in the case of combinatorial graphs 2,3 4], one

can also ask about the behaviour of the eigenfunction correlators Q,Z)j(»N) (m)¢](N) (y) dx dy.
For this purpose, we provide a more general quantum ergodicity result, Theorem 2.3
involving integral operators. This result is proved in Section [0l

We plan to address the general criterion for quantum ergodicity in such a bounded
interval regime in a future work. It should be expected that the proof will become much
more difficult and technical in this case. A very interesting application would be to prove
quantum ergodicity for weak random perturbations of the equilateral model we study here,
whether in the edge lengths or the coupling constants. In fact, it was shown in [I] that
the AC spectrum of the Laplace operator on the equilateral quantum tree T, is stable
under weak random perturbations of the edge lengths.

2. PRESENTATION OF THE RESULTS

2.1. Background on quantum graphs. Let G = (V, E) be a (combinatorial) graph,
and fix L > 0. The associated equilateral metric graph, denoted by @, is obtained by
identifying each edge with [0,L]. In doing so, we fix an orientation on each e € F,
identifying 0 with an origin o, € V and L with a terminus t, € V. We shall write dg for
the distance on G induced by the usual distance on [0, L].

A quantum graph is a self-adjoint differential operator acting on the Hilbert space
H := P.cr L?[0, L]. We consider the following Schrédinger operator.

Let U € L*(0, L) be a real-valued potential satisfying

UL-z)=U(x).
We define an operator Hg acting on ¢ = (1¢)ecr € @ecr W22(0, L) C H by
(2.1) (Hate)(e) = —¢ (xe) + U(we)tbe(we).

Thus defined, Hg is not essentially self-adjoint: we need to impose suitable bound-
ary conditions at each vertex. In this paper, we will consider the generalized Kirchhoff
boundary conditions with parameter a € R given by

e Continuity: For all v € V and all e, ¢’ € E, we have 1) (t.) = te(0e) =: ¢(v) if
te = 0t = V.
e Current conservation: For all v € V,

> %el0) = Y ve(L) = av(v).

€:0e=1 ete=v

If G is finite, Hg is self-adjoint on the domain of functions in @.cx W*2(0, L) satisfying
the Kirchhoff conditions. When G' = T, is the infinite tree, Hr, is essentially self-adjoint
on the set of compactly supported functions in @.cp W*2(0, L) satisfying the Kirchhoff
conditions [I6], and can hence be uniquely extended to a self-adjoint operator. We refer
the reader to [I1] for more details on the construction and properties of quantum graphs.

In the sequel, we will consider sequences of finite graphs Gy = (Vi, En), which we will
suppose to be (¢ + 1)-regular for some ¢ > 2, meaning that all vertices are connected to
exactly ¢ + 1 neighbors. However, to lighten a bit notations and proofs, the parameters L
and «, as well as the potential U, will not depend on N.



4 MAXIME INGREMEAU, MOSTAFA SABRI, BRIAN WINN

FEigenfunctions on the edges. Fix an edge e € Fn and consider the eigenproblem

(2.2) — Y+ Uthe = Me
for A € C and ¢, € W22(0, L). On this edge e = [0, L], choose a basis of solutions C)(z),

Sx(z) of (22) satisfying
Cy(0) SA(0)) (1 0
CA\(0) SO N0 1)
Note that if U = 0, we may take CA( ) = cos VAz and S)(z) %

Denote ¢(A) = Cx(L), s(A\) = S\(L), ( ) = C4(L) and s'(\) = S\(L). Any solution
e of ([22) satisfying 1.(0,\) = ¢; and 9. (0, A) = co will have at L the values

Ye(L,A)\ _ ¢ (N s\
(2.3) <1/}£3(L7 )\)> = M) <c;) where M) = (c'()\) s/()\)> )
By the Wronskian identity, we have
(2.4) c(N)s'(A) —s(A\)d(\) = 1.

Since U is symmetric, we have the following identity (cf. [16, Lemma 3.1]):
(2.5) c(A\) =s'(N)
Indeed, z — C\(L — x) and x — s'(A)Cy(z) — ¢ (N\)Sx(z) are both solutions of ([2:2)), with

the same value and derivative at x = L, so that they must be equal. Evaluating these
functions at = = 0 gives (25]). Similarly, we have

(2.6) s(AN)Cx(z) — c¢(N\)Sr(z) = SA(L — ).

2.2. Spectral theory on the infinite tree. Let Hr, be the operator (2.I]) on the equi-
lateral (¢ + 1)-regular quantum tree G = T, with the Kirchhoff boundary conditions.
It is known [16] that

(2.7) O'(HTq) =01 Uosg,
where
(2.8) o1 ={AER:[(g+ 1)c(A) +as(A)] < 2/q},

o ={AeR:s(\)=0}.
Moreover, assuming q > 2,
Oac(Hr,) =01, 0opp(Hr,) =02 and o1Noy=10.

In general, o9 is a discrete set, oo C (D), where D is the operator Dy = —" + Ut
with Dirichlet boundary conditions on [0, L] and points of o3 are eigenvalues of Hyp, with
infinite multiplicity. Moreover, o(Ht,) has a band structure with infinitely many gaps
[29]. In the special case a = 0 and U = 0, we denote —Ar, = Hy_, and have

Uac(_ATq):fjK(n—lL)He)Q’(mL—H)T and gpp(—ATq):{(%)z}oo ’

24 -
where 6 = arccos Y7 € (0, 3).

We say that I C gac(Hr,) is in a fized band if the map I > X — (g 4 1)c(A) + as(A) is
injective.



QUANTUM ERGODICITY FOR LARGE EQUILATERAL QUANTUM GRAPHS 5

2.3. Presentation of our results. Consider a sequence of (¢ + 1)-regular combinatorial
graphs Gy = (Vn, En), with |[Vy| = N, satisfying the following assumptions:

(EXP) The sequence (Gy) is a family of expanders. That is, there exists 8 > 0 such
that the spectrum 0(%) C[-148,1—=p]U{1} for all N, where Ag, is the adjacency
matrix of the graph Gy.

(BST) For all r > 0,

lim #{x € VN : pay(x) <71} _

N—oo N 0

where pg, (z) is the largest p such that the sub-graph contained in a ball of radius p
centered at x has no closed cycles.

These assumptions were also needed to prove quantum ergodicity for discrete graphs
in [2, 4]. They are known to be “generic”, in the sense that a regular graph picked at
random will typically satisfy these assumptions. There are also explicit examples of (G)
satisfying both assumptions [27, 13]. Assumption (BST) means that the graphs (Gy)
have few short cycles, equivalently, they converge to the combinatorial (¢4 1)-regular tree
T, in the sense of Benjamini-Schramm [§].

We may now present our main result, which essentially says that in the regions where
Hr, is spectrally delocalized, it also has a form of spatial delocalization. Namely, if we
consider a sequence of quantum graphs converging to T,, then the eigenfunctions in any
bounded interval within the AC spectrum of Hr, are quantum ergodic when the graph is
large enough. To clarify this result, we present it in the form of three theorems of growing
generality. Theorem 2] discusses the special case where the observables are constant
on the edges. General bounded observables are considered in Theorem Finally,
Theorem 23] studies the case where the observables are replaced by integral kernels.

Theorem 2.1. Assume (Gn) satisfies (EXP) and (BST).
Let (wﬁlN))neN be an orthonormal basis of eigenfunctions of Hg, and let (A,(qN)) be the
corresponding sequence of eigenvalues. Let I be an open interval such that I C oac(Hr,)

lies in a fixed band of AC spectrum, and denote by N(I) the count of )\SLN) el.
Let a : En — [—1,1]. Then

(2.9) lim —— 3 @™, ap)) — (a)

2
N—oo (I) )\%N)e[ ’

:0’

where (), 0y = Seepy ale) fy |08 (we) 2 de and

1
(a) = 7= D ale).
We postpone discussing the consequences of this theorem until §2.41 In order to describe

the limiting distribution of the ]wy(LN) (t)|? dt inside the edges, we now replace the locally
constant observables a(x.) = a(e) by general observables f(z.) as follows.

Theorem 2.2. Assume (Gy) satisfy (EXP) and (BST).

Let (T/Jr(zN))neN be an orthonormal basis of eigenfunctions of Hg, and let I be an open
interval such that I C oa.(Hr,) lies in a fived band of AC spectrum. Then for any function

f=(fe) € @eery L?[0, L] satisfying |f(x)| < 1, we have

(2.10) lim o 3 [, pE) ()| =0,

N—o0 (I) )\glN)e[
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where <1/}n7 f¢n> = ZeeEN foL fe xe)‘wn(xe)P dwe,
= Z / fe Te \I’A xe)dxea

eEEN
1 Gy (&, 7.)
kx  Im Gf‘rtio (0,0)

and if w(A) == (g + 1)c(N\) + as(A), we have

Wa(ze) =

q—l—l

(2.11) _ /sA /s L—1)S\(1)dt.

Here, T, is a lift of . to Tq (the universal cover of Gy ).

In the previous theorem, G%q (z,y) = (Hr, —7) !(z,y) is the Green’s function of Hr,,

o is an arbitrary vertex, and we denoted GM0(z,y) = lim, ;o GM(z,y). Note that this
Green’s function is completely explicit, see (3.9) and Appendix [Al
Theorem [2.1] follows directly from Theorem and identity (A.4)), which implies that

Uy, () dt
Jo O, (1) dt = o1, and thus Iy ?v _ \EINI'

Quantum ergodicity for integral operators. We now present a more general quantum er-

godicity result whose aim is to study the eigenfunction correlator ley(LN) (a:)%(LN) (y) dx dy.
This also allows us to gain a better understanding of the limiting density .
In general, an integral operator on @, L[0, L.] takes the form

L

(K¢)($e) = Z /0 ’ Ke,e’ (xeaye’)¢e/ (ye/) dyer -

e’'cEN

In the following we consider integral operators whose kernels vanish if d(e, €’) is large. For
convenience, we consider directed edges and consider operators of the form

(2.12) (Kr) () = / Kby v, (T, Yo, )8y, (Y6, ) Ay
(1717 SbE)b

where by := b and the sum runs over non-backtracking paths of length exactly k& whose
first vertices are (op,tp). Given such Ky, we have

(2.13) <1/}(N K T/J(N - Z / / Kbl,bk xb17ybk)¢( (xbl)l/f( (ybk)dxbldybk7

b1 ,bk €By,

where the sum now runs over all k-paths (by;b;) = (zo;xx) in Gy. The factor 2 in the
left-hand side of (ZI3]) arises because we sum over each bond twice. We shall prove that

Theorem 2.3. Under the assumptions of Theorem [2.2, if the integral kernels satisfy
| Kby by (T, Yb )| < 1, then

lim —— > )(¢£N),Kk¢§zN)> - <Kk>>\5LN)‘2 =

N—oo N(I) )\%N)EI

where

1
(K)o =+ > / / Kby oy (@015 Y5, )V ) (015 Yy, ) Aoy Ay
(b1;br)E€ B
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and for xp, € b1, yp, € by, we have

1 GA+IO ('Ibl ) ybk)
26x Im G%‘g‘o(o, 0)

(214) \I])\J{,‘(xbl’ybk) =

Here, &y, and Gy, are lifts of xp, and yy, to Ty such that d(Zy,, G, ) = d(p,, Ys,, )-

2.4. Consequences. Using Markov’s inequality, it follows from Theorem 2] that for any
€ > 0, we have

— (N) (N) g\ —
]\}I—IPOON( ) {)\ el: ’<¢n ,ay,, > (a>’>e} 0.
In particular, we obtain that for fixed large IV, we have
L 1
(215) > ale) [ @R e~ = 3 ale)
ecEyN 0 ‘ ’ ecEN

for most )\( ) ¢ I. Formula ([2.15)) is justified if a is supported on a macroscopic part of
Gy, say |suppal = ¢+ |Gy for some 0 < ¢ < 1. In this case, the error term, essentially an
inverse power of the girth of the graph, is sufficiently small for typical graphs. However,
the control we have on the remainder in the limit (2.9]) is not good enough to justify (2.15])
when a has a small support (for instance, when a is supported on a single edge). Similar
difficulties arise for combinatorial graphs [3, [6].

For general observables f, we similarly deduce from Theorem that

(216) L @R @~ 5 [ @, @) e

for most )\%N)

€ I and observables with large support. One subtlety one should not forget
is that, when we say “for most )\%N)”, the set of indices for which this holds true depends
on the observable f.

The limit measure turns out to be the uniform measure in the special case U = 0 and

a = 0, as we report in Appendix [A.2l So in that special case we get for any observable
fN) = f with large support that Jax |¢7(LN) (2)|2f(z)dz ~ IG—IN\ Ja, f(x)dz for most
)\%N) € I. In other words, most eigenfunctions equidistribute in the large graph limit (in a

weak sense). Such an equidistribution holds because in this special case, for any fized A, the
density of the spectral measure of the infinite tree = Im GM0(z, z) is constant as T moves

along the tree, so that ¥, ) (z) is a constant. In general, (2.16) says that |1/)n (m)|2 varies
along the tree essentially like this density does (at the fixed A&N)). Note that by (A.4),
x +— Wy (x) is analytic (cf. [30, p. 10]) and symmetric on each edge : Uy(L — z) = ¥, (z).

Curiously, the coefficien -norm of the function 1, restricted to the vertices

(see ([T).

Theorem 23] can similarly be interpreted as saying that when N gets large enough, the

n

. N Im G (25, 171,
correlation 1/1,(1 )(gzcbl)w,(1 (yb,) dzp, dyp, approaches % - % . W day, dyp, .
Tq\ 7™

Note that Theorem 23] formally generalizes Theorem 2.2l In particular, the |¢,(1N) (t)|? dt
equidistributes if and only if the diagonal W ;(t,t) = constant.

Remark 2.4. We can also test for quantum ergodicity in several bands of AC spectra
simultaneously. In fact, if I is a finite union of open intervals I,., each lying in a band,
then the variance (m) of each I, vanishes, so the same holds for the sum on /.

If we replace N( 3 by = in (ZI0), we can deduce moreover that the variance (2I0) also

vanishes for I between the AC bands, as long as I N oy = (). In this case, no real proof
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is needed; this simply follows because the number of eigenvalues in such regions becomes
negligible as the graph grows large. See Remark [4.4] for details.

Finally, one does not expect delocalization for A € oy. There, s(A) = 0, and solu-
tions satisfy Dirichlet boundary conditions. This means that there exist eigenfunctions
supported on individual loops of the graph, in a sine-like way, and vanish identically
elsewhere on the graph. See [25], Section 5] as well as [18].

Remark 2.5. One may wonder if we can hope for a stronger “quantum unique ergodicity”
result, namely that [q \ng)(x)lzf(x) dz ~ \G—lNI Ja f(x)dz for all AN € I and all
observables f.

To illustrate the subtlety of this question, let us discuss the very easy case where ¢ = 1
and U = a = 0. In other words, Gy is just an N-cycle. Under Kirchhoff conditions, the
Laplacian on Gy is the same as the Laplacian on the interval Iy = [0, N L] with periodic
boundary conditions. Note that this case does not enter the framework of our theorem,
since these graphs are not expanders.

An orthonormal basis of eigenfunctions of —Ay, is given by er(z) = M keZ.

VNL

For this basis, quantum ergodicity, and even quantum unique ergodicity, are tr1v1al in

fact [ |ex(2)* f(x)de = 5z [ f(2) dz

A more interesting basis is given by (vj)jen, where

(2) 1 (2) 2 <2j7mc) d (2) 2 (2j7mc)
[ . = — SIn n : X)) = —— COS .
o =UND Y A AN A NL NL

1

In this case we have, [ |vg;(z)]>f(z

)da T =NL
f!v2j+1(9€)\2f( de = 7 [ f(z)de+ 57 [ f
Zlvj,fv] () = D

AeI

But ¥jen |y wr J cos(F5E) f(z) de* = Sjen [(vajs1, H)I* < 1f 132,y < NL, assuming
|f(z)| < 1. Hence,

/\H

f(z)de — 5 [ f(z) cos(452) dz as well as
x)co (4]{;21) dz. Hence,

2
— <— . NL=-—" 0
jEI
as N — oo, since N(I) — oo. In fact, \; € [a,b] iff (32)% € [a,b], i-e. j € [5L\/a, ZLV/),
so N(I) = ¢y - N. This proves (2.10) for this basis.

However, note that for )\ € I, so that j = JL¢; for some ¢; € [Va, V], we have
[ i ()2 f(x) = % [ f(z)sin®(cjz) dz. We may choose observables such that this is
not close to the umform average. In fact, taking f(z) = cos(2¢jz ) yields the error
NL J f(z) cos(2¢jx) = 5. Therefore, in this case, we do not have [ \w ( W f(z)de ~

m Ja, f(x)dz for all )\,(1 ) € I and all observables f

The moral of this discussion is that, if one wants to show an equidistribution result
holding for all eigenfunctions, one should probably restrict a lot the space of observables.
In particular, the observables should not oscillate at a speed much smaller than the size
of the graph Gy, like they do in our theorems.

3. RELATIONSHIP BETWEEN THE CONTINUOUS AND DISCRETE PROBLEMS

3.1. Non-backtracking eigenfunctions. Given v € C, we set

(3.1) w(y) == (¢ + 1)e(y) + as(y) .
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As in [16], we consider

w(y) £ yw(y)? — 4.

(3:2) P () = %

This function arises in the study of transfer matrices on the quantum tree. Note that for
A € 0ac(Hr,), the p*(X) are complex conjugate (see 28)), with |pE(N)[? = %. In general,

(3.3) (==,  qmt)+u (@) =w).

If ()\E»N))jeN C R is the discrete spectrum of Hg, , we shall denote ,ujc = ,ui()\gN)). We
drop the superscripts (N) from notations where it will not lead to confusion.
Fix G = Gn. Given an orthonormal basis (1) of eigenfunctions of Hg with eigenvalues

Aj, we define the discrete function v; on Vy by

(3-4) P(v) = ;(v).
This is well-defined as v; satisfies Kirchhoff conditions.
Let B be the set of directed edges of Gy, so |B| =2|En| = N(qg+1). Each edge b € B

has an origin o, € Vv and a terminus ¢, € Vy. We denote by b the reversal of b.
Consider the non-backtracking operator B defined on ¢?(B) by

BAHG) = > FOH),

bren,”

where A is the set of edges b with oy = t, and V/ # b, i.e. the set of outgoing edges from
b. Define 74 : CVNV — CPB by

(T4)(b) = ¥(ty)  and  (T-9)(b) = P(0p).-
Inspired by [2], we define

(3.5) fi=riy—pyr_ah;  and  ff =74 — py Ty
Lemma 3.1. The following properties hold:

(3.6) Aty = w(X\;)i,

(3.7) w; Bfj=f; and w; B f; = fj.

Proof. Let v € Viy and b € B be such that v = t;,. We write
(Act)(ty) = ¥i(op) + S jtye).
bten,t
Recall that 1 (ty+) = 1¥;(0p+ )c(A;) + 1 (0p+)s(A;). By the Kirchhoff conditions, 1;(op+) =
¥;(ty) and Yprent V5 (opt) = Y5 (ty) + arhj(tp). We thus get
(Acthj)(t) = 5(00) + [ac(¥y) + @) i () + 55 (t)-

By [@3), (35 EZZ;) — M5! (35 g’b’g) It follows that 1;(0p) = (A )i (t) — s\ ), (t).
Recalling (8.1]), this proves (B.6]). Next,
(BfH®) = > [(ty+) — pj i (0p+)]

bten,”
= (A)) () — v5(0) — qu; ¥ (ts)
= [w(Aj) — a0 (ts) — ¥j(0p).
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Using (B3), we get (B;)(b) = q vj(t) — i (0p) = = f;(b).
J
Finally, to prove that B*f; = L #* note that if ¢ is the edge reversal, i.e. (vf)(z0,21) =

py 097

f(z1,20), then B* = Br and f; = vf;, so we deduce that B*f; = H%fj*. O
j

If k € N, we denote by %, = CPB* the set of complex-valued functions on the set By of
(discrete) non-backtracking paths of length &k in Gy. Note that By = Viy and B; = B.

In Section [ below we are going to express the quantum variance in ([2.10) using the
discrete graph function TZj which is an eigenvector of Ag,. In this reduction, energy-
dependent observables K* arise. Experience has shown us that the non-backtracking
quantum variance is more adapted to handle such observables. This is defined using the
eigenvectors f;, f7 of B and B* as follows :

1 bV 2
(38) Varg, (K*) = = > (/7. K5 ;)|
NI 2

for K% € 4, where we denoted (f, Kpg) = 3 (zomn)eBy | (@0, #1) K (205 2)g(2p—1, T ).-

3.2. Relationship between the continuous and discrete resolvents. Let G?Fq (x,y)
be the integral kernel of the resolvent of Hr, at energy v € C, and let G:&T (v,w) be the
q

Green’s function (Ar, — )~ '(v,w). This is well-defined, at least when v € C* = {Imz >
0}, so that v is away from the spectrum. On the real line, we denote

GMNx,y) == GMO(z,y) == hfol G (g, y), AeR
"

when this limit exists. We use this notation for Green’s functions of different objects,
indicated with subscripts.

Explicit expressions for the Green’s function on the quantum tree were worked-out by
Carlson in [I6]. One fixes by € Ty, by = [0, L], and define for = € b,

Uy(x) = =s(7)Cy(x) + [e(7) — an™ (7)] S, (x) ,

Vy(@) = s(7)Cy (L — z) — [e(y) — quT(7)] Sy(L — ).
Given xg € by, using the notations of [1], we let T/ and T, be the subtrees produced by
cutting T at xg. Any bT € Tj;o has the form B"by, which is an abusive notation to say
that b* can be reached by a non-backtracking path of length n. Similarly, any b~ € T,
takes the form b~ = B*™by for some m. We then define the functions

{Uv‘;xo (y) = (W= ()" Uy(y) ify € By,
Vi @) = (= ()" Va(9)  if y € By,

where gy is the point in by at the corresponding position to y. Then U~ and Vvtxo are
solutions to the Kirchhoff problem on T and T;FO, respectively. Given x,y € T, choose

o,v such that z,y € T}/ N'T, . Define

— (v .
Y o - %;IST)X;)L(Z/) if y e T/,
(3.9) 7, 9) = v,V

W (o) iftyeT,,

where W () is the Wronskian

Wz;{,o(x) - V’\/J,ro(x)(Uﬂ;v)l(x) - (V'\/J,ro)/(x)U';v(x) :

Then it is shown in [16] that G:fq (w,y) is precisely the Green kernel of Hr,.
In Appendix [AT], we prove the following lemma :
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Lemma 3.2. Let v € C* and v,w be vertices in T,. Then we have
G, (v,w) = =s(1)G) (v,w).

(A)+i0 (

Tq v, W).

If X € 04c(Hr,), we also have G%‘;io(v,w) = —s(\)G,

3.3. Spherical functions. The spherical function of parameter A € R is given, for d € Ng,
by

(3.10) %(d):qdﬂ(qilpd(z;q) Z:Qd<2j§>>’

where P, (cos ) = cosrf and Q,(cosf) = W are the Chebyshev polynomials of the
first and second kinds, respectively.

As is well-known, for A € (-2,/g,2,/q), we have

Im G,AalT (v, w)
q

Im Gf‘% (0,0)"
q

D)\ (d(v,w)) =

where o € T, is any vertex. This follows from the fact that ®y ,(w) := ®x(d(v,w)) is the
unique eigenfunction of A, which is radial from v and normalized as ®) ,(v) = 1. So one
just checks that the function on the right-hand side satisfies these properties.

Using Lemma 3.2, we deduce that for A € oac(Hr,),

Im G, (v, w)

3.11 B, (k) = — a2

( ) ()\)( ) Im G%\ (0, 0)
q

for vertices v, w separated by a distance k on the tree.
The spherical function is also the unique solution of the recursive relation

1
(3.12) Dy(d) = p (APA(d — 1) — Dx(d - 2))
with initial conditions

A
3.13 Oy\(1) = —— d d,(0) = 1.
(3.13) A(1) g1 ™ A(0)

4. PROOF OF THE MAIN THEOREM

4.1. Reduction to a discrete quantum variance. Recall that the functions 1/1” were
defined in ([3.4]). The following lemma tells us that [|¢),[|;2(g,) can be expressed in terms

of 9hn |2 (v

Lemma 4.1. Let (¢,) be an orthonormal basis of eigenfunctions with corresponding eigen-
values (Ap). For any n such that A\, ¢ o2, we have

a1) 2l =250 ([ 53,000 ) 1412

b s ([ 500,00 )l

Proof. We may write ¢y, (xp) = ¢ (0p)Ch, (zp) + 15, (05) S, (xp), expressing 1), in the basis
Ch, (z) and Sy, (z). Since ¥y, (tp) = n(0p)c(An) + ¥, (0p)s(Ay), and since A, ¢ o2 implies
s(A\n) # 0, we get using (2.0,

(42) yn(ar) = 2l =)

S, (p)
SO Vel o

5(An)

¢n (tb)
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Thus,
L 9 1 WJn !2
; fo(z)|[Yon (z)|" do = fb )83, (L — =) da

¢n( )7/) (tg)Q(%;\:Lﬁ)n(Ob P (ty) / Fo(2)Sy, (L — )5y, () dz

_|_

2 L
(4.3) + % /0 fo(2)S3. () de.

Consider the special case where f, = 1 for all b. Since ||1,||* = 2 LS ven fo |V (2)|? doe
(the half is due to directed edges), and since fOL Sin( —z)dx = fo 52 x)dx, we get

L
2l = 82(1%) ([ s dx) <Z nlon)l? + 3 wn<tb>r2>

beB beB

o ([ S0 L= 80,00 ) S ntarTin )+ vnlon) ).
beB
Now Eb‘wn(ob)‘Q = Y [Ua(t)? = (a+ Ddnl?, Sy bn0n)tbn(ts) = (tn, Agytn) and
b Un(te)¥n(on) = (Acy ¥, ¥n). ) )
The result then follows from (B.6]), which tells us that Ag,¥n = w(A,)Yn. O

Recall that By, is the set of (discrete) non-backtracking paths of length k in G = Gy.
We now define the following discrete quantum variance. Given K* € J4, a family of
operators depending on A, we set

(4.4) Var! (K*) = Z I (s K|
where
(4.5) (o Kap) = > p(wo)K (zo;zx)d(ar) -
(o571 )€ By,
We also introduce
1
<K>:N K(zo;xr) and 567 ={K € 4, : (K) =0}
(x0;2k)EBx

and notice that if S, € 7%, are the constant functions

1
(¢+1)g1
for k > 1, then for any K € J%;, we have K — (K)S), € J6°.

The following lemma allows us to reduce the statement of Theorem to a bound on
the variances of three operators. Recall that k), and (f),, were defined in Theorem

(4.6) So(zp) =1 and Sk(xo; zp) =

Lemma 4.2. Let (1,) be an orthonormal basis of eigenfunctions of Hg,, with eigenvalues
(An). Assume N\, € I C oac(Hr,). Then
(1) We have

(4.7) [4hnl|? = ﬂ— <Cri

(2) Given a function f = (fe) on the quantum graph Gy, define K¢y, Jrn € 54 and
Mf,n € JA4 by

L
Kpn(wo)= 3 % /O Fnan) (82, (L — 1) dt,

S
T1~TO
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L
Jf,n(xl): Z ﬁ/{) f(xo,xl)(t)sin(t)dt7

xo~IT1

) L
$2(A\n) /0 J(wo,21)(t)Sx, (L — ) Sy, (t) dt.

Mﬁn(ﬂTO, 371) =
Then
(4.8) 2 (Y, fon) = Wy (Kpn + Jpn + Mpn)ctn) -
Moreover, we have
(4.9) 2 (s ) = (an) = Wy (K g = (K ) So)tbn) + (s (T = (1.0 S0)00n)

+ (s (M — (M7)81)GUm) -

(3) If f is locally constant, i.e. fe(x) = ce and |c.| < 1, define Ky € A and My € J4
by Kr(z0) = Y z1~ao Cwo,zr) and My(20,71) = C(zg,2,)- Then we get for I C oac(Hr,)
and (f> as in Theorem [2],

Z (s fibn) = ()7 < CLp (Var! (K — (Kj)So) + Var! (M — (M) 51)) .

N Ael

Proof. (1) The equality in ([£7]) follows from (.T), by the definition of k). To see the uni-
form bound, first note by Cauchy-Schwarz that | fOL Sy, (L —1x)Sy, (z)dz| < fOL S3 (x)dz.

We therefore have
1 _
K, > g+ |w )l / S)\ ) dex.

As A\ € 0ac(HT,), we have [w(A,)| < 2\/6. Hence, k), > q+1 Q\T fO SA x)dx. Finally,

note that I > A — SQL(A) fOL S%(x)dz is continuous, so it reaches its minimum on I C

Oac(Hr,), say at A. This minimum cannot be zero, otherwise S3 () would be identically
zero. Hence, % fOL S3 (z)dx > cp,r > 0, proving the claim.
(2) Equation (48] readily follows from (43]). To deduce (£.9]), note that

2 (Vs FUn) — (Fn) = Wy (K 4 Tpm + Mpn)atbn) — 2 (f)anrin, - [0nll?-
On the other hand,

(s (K 1) S0 + (Tpn)S0 + (Mpn)S1)ctbn) = ((Kpn) + (pm) +

where we used (3.6]), that .AGNizn = w(An)thn. But

(M)

w0 il

M, 1
(Ko + U+ S0 = L5 oo [
(zo,z1 )EB

25 (L_t)SA (t)
1S2(L—t)+ S2 (t n n
M ( )+ S5, (1) + i+l

w()\n)} dt
R,
23> /f (O, (£) dt = 263, (),

(:Bo,l‘l)eB

where we used (A.4). Hence, (£9) is proved by comparing the expressions.
(3) If f is locally constant, f(y, 2,)(t) = C(zg.21)> We get (f)x, = (f). Also,

Wy (K 1.0)ctn) = Wny (Jrn)Gn) = a1 (Wns (Kp)athn)

(s (M) G0n) = by, 1,(bn, (Mf) i)
<Kf7n> = <Jf7n> = an7L(Kf> and <Mf,n> = bn7L<Mf> .
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where a, 1, = % fOL S3 (t)dt and by, = % fOL Sx, (L —t)Sy, (t)dt. Since |a,,r| <
CrL and |b,, | < C}L for A\, € I C 04c(Hr,), the proof is complete. O

4.2. From the variance to the non-backtracking variance. The aim of this Section
is to express (£9) in terms of non-backtracking variances, following [2].
As in [2, §3], we introduce the stochastic operators S : /G, — 4,

_ Ac

1
= ifk=0 and S:=-B fork>1.
g+1 q

Here, (Bf)(zo: zk) = Yoy 1eNu, \{zx_1} f (#1, Tr41). We then define

1 T-1 N 1 X
Sr Z:?;)(T—T)S and Sr ::T;S .

We then observe that
KN = (I — 8)(SpKY) + SrK™.

On the other hand, define iy, : 4 — 511 and V : G, — A1 by (ixJ)(x0; Tps1) =
J(x1;2541) and (VK)(zo; 2p4+1) = K(21;2841) — K(20; 21). We then have

ViirK = q(I — S)K.
Hence, using the fact that Var! (K + K3) < 2 Var! (K1) + 2 Var! (K3), we obtain
(410)  Varl (K* — (K")Sy) < 2¢72 Var! (V¥i,Sp K*) + 2 Var’ (SpK* — (KM Sy)

where Sy is as in (Z.0]).
Next, using [2, Lemma 6.4] and the idea in the proof of [2| Lemma 7.8], we express

2ilm py - (Y5, (V' K)avj) = (f;. KB fj) — (9. KBYj) »
where g;, g are defined like f;, /7, except that p; are replaced by E It follows thatll

1
VarI(V*ZkSTKA) S max T — 12 Var{lb(szTKA) .
i [Im Hj |

Assuming I C 0a¢(Hr,) is in a fixed band, so that w(I) C (—2,/7,2,/q), this maximum is
bounded by some C;. Back to (AI0), note that for any K, we have

Sr(K)Sp = (K) Sk,
since S1 = 1. We thus finally get
(4.11)  Var'(K* — (K*)Sy) < 2¢72Cy Varly (ixSTE™) + 2 Var! (Sp[K* — (K*)S,]) .
Taking advantage of the invariance. Let us introduce the operators R?Lfr 2 G, — Hk

defined by
A , TS, s
(Rl K9 (wo; @nsk) = (15 )" (15 ) KN (@i Tnrik) -

1 Actually, instead of Varl, (J), we should have 1 Var],(J) + 2 Var!, (J), where Var! is defined using
gj,g; instead. Since this variance is controlled exactly like Varl, (J), except for replacing gy by p; in the
arguments, we omitted it for transparency.
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Using (B.7), we have Var] (K*) = Var! (1 S0 R}, K?*). Summarizing and using ([#.3),
we see that

1 2
__TSEQ)Wmfwﬁ—%fhj

1 & ) 1 & )
< Cr Varp, (- Z R} vioSrK}) + Cr Varl, (- Z R ioSTJ})

(4.12)
e Varflb( ZRmzlsTMf) +2Var! (Sp[K} — (K7)So))
r=1
+ 2 Var! (§T[Jf — <J}>so]) +2Var! (Sp[M} — (M})S1]) ,
where K = Ky, Jf = Jy; and M = My ;.

4.3. Controlling the variances. We next try to bound the variances in terms of Hilbert-
Schmidt norms. For clarity, we start with energy-independent observables K.

Lemma 4.3. Suppose that I is in a fized band of AC spectrum. Then for any K € 4.,

N N #{x L PG (x) < k}
Varl 2 N 2
T ( ) > CL,IN(I) H ”%” Ck,q,L,IN( [) N ” Hoo

where | K% = 5 Y(wownen, K (@o;2x)[> and || Kl|oo = max(zga,) [K (wo; 24)]-

Proof. As we showed in Lemma B, if )\ is an eigenvalue of the quantum graph with
eigenvector 1, then w(\) is an eigenvalue of Ag, with eigenvector 1/1 By assumption, if
AnsAj € Tand A, # A, then w(\y,) # w(A;), so the eigenvectors ), and wj are orthogonal.
If \y = Aj = Xand ¢, L wj, we find as in (LI]) that <¢n,1/1]>/£)\ =0, so T/Jn and 1/1] are

again orthogonal. If ¢, := 1, /||t ||, we may thus complete (¢y)x,cs to an orthonormal
basis (¢,)N_; of £2(Gy). Hence, recalling ([@4) and using ([&T), we get

Var! (K) < Cr.1

3 1K < Lf E:Hkb¢ul

(D) &

2

el
2 N
L N

7y 2 MKaonlP = Ly 1Kl

where | K¢||% sy = & Seyevy [Ka(z,y)>. We may then apply [2, Proposition 2], which

tells us that

#{x: pay(r) <k}
(<,
for some ¢y, 4,77 > 0. This concludes the proof. O

IKclisy < I1K1% + crar.r

Remark 4.4. The fraction % arising in Lemma [£3] is asymptotically bounded. In
fact, as w is injective on I, we have N(I) = #{w();) € w(I)}. Moreover, w(\;) are all
eigenvalues of A, . Conversely, if ; € w(I), p; = w(t;) is an eigenvalue of Ag, , we may
construct an eigenfunction of Hg,, with eigenvalue ¢; via formula (@.2)). Hence, N([) is the
number of eigenvalues of Ag, in w(I), so M = po(w(I)) = (b0s Xw(r)(AT,)do) by the
law of Kesten-McKay [22], 28]. Since w(I) C ( 2,/4,2,/q), we have po(w(I)) > Cr > 0.
Henceﬁ, lim sup y_yo0 % < C'I_l.

2Note that this argument continues to hold on any I on which w is injective and INoy = (). If moreover
INoy =0, we see that N(I) — po(w(I)) = 0 because w(I) N (—2,/q,2,/q) = 0.
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From here, one may adapt the “ultra-short” proof of |2 §4], see also [0, §2], to obtain
a simple proof of Theorem 2.1 Indeed, in this case, the observables are independent of
the energy (cf. Lemma [£2](3)). Since our main concern is Theorem [22] we consider the
general case directly. As the observables now depend on the energy (Lemma [£21(2)), we
use the non-backtracking quantum variance and give the following analogue of Lemma [£.3]

Lemma 4.5. Let K* € J4,, k> 1, depend on X as in [&I2), and let I be in a fived band
of the AC spectrum. Then

(4.13) lim sup Varl, (K*) < C(L, I) hmsup/ K2 dX,

N—oo

where | K%, = + > (@woszr) | K (wo;21,)|%. A similar bound holds for Var! (K?*) if k =0, 1.

Proof. As in Lemma[3] if ¢; := 1/)]/||1/)] I, we may complete (gbj)w()\ yew(r) to an orthonor-
mal basis ((;5])] 1 of /2(Gy). Denote f] f]/qujH We then have for m; = w(};),

2
Varly (%) < BL Y iy g
mjew(I)

As previously mentioned, m; = w(\;) are eigenvalues of .AGN and we denote the rest
of the eigenvalues corresponding to the completed base (gb]) ", also by {m]}

Since w is injective and continuous on I, it is either strlctly increasing or strlctly de-
creasing. Assuming the former without loss of generality, we now define J™ = K w™t(m;)
if mj € w(I), J™ = K if m; > w(b) and J™ = K% if m; < w(a), where [a,b] := T

Let x be a continuous function, with 0 < x < 1, x = 1 on w(I), x = 0 outside a
d-enlargement w([l)s of w(I). We have

C%I mj 7 % ol
Var(K%) < iy 20 5 Gl < gy xtma) I il

mjew(I) j=1

2 N ~ _—
. > oxlmy) Y- > T (wo; xk) I ™ (w0 k) fi(@e—1, k) f5 (-1, Uk)
N(I) j=1

(w0,21)€B (z2;21),(Y2;Y%)

where the last sum runs over paths (z2; ), (y2; yr) with 2o, y2 € Ny \{zo}, and (xo; y) =
(xo,x1,Y2,---,Yk)- To keep the notations clear, we now assume that

(4.14) J™(xo; ) = F(m)K (zo; vk)
for some continuous function F' on R, |F(m)| < ¢;. We comment on the case of the
operators in (£I2]) at the end of the proof.
Recalling ([B.5]) and the formula f(Ag)(z,y) = Zévzl f(mj)o;(x)p;(y), we get
1 A CZ al T
Vary, (K7) < N{T) Z|F my)[*x(m;) D > K(xzoiae)K(zoiyr)

(wo0,21)€B (x2;%K),(Y2;YK)

x ((¢J‘ (2-1) = v(my)o () ) (63 (1) = v(m;) ;)
2 —
- % Z Z K(x();xk‘)K(xO;yk)[(X‘FF)(AG)(xk,yk)

(w0,21)€B (z2;2%),(Y23Yk)
— (OXIF*)(Ac) (@, yr—1) — (WXIFI*) (Ac) (zr—1, Ur)

+ é(X’FP)(.AG)(mklaykl)] g

where v(m) = p~ (w™!(m)), and we used the fact that [~ (\)|? = % for X € 1.
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As in [2] Proposition 3], see also [4, Theorem 4.1], we approximate each continuous
function x(m)|F(m)[?, v(m)x(m)|F(m)[?, 7(m)x(m)|F(m)[* by polynomials Q1,Q2,Qs
up to an € error. Let de = max(deg(Q;)).

Recall that pg, () is the largest p such that the sub-graph contained in a ball of
radius p centered at x has no closed cycles. If pg(xg) > de + k =: dc, then we have
Qi(Ag)(z,y) = Qi(Ar,)(,7) for z,y in a k-ball around xg where #,7 € T, are lifts of
x,y € G. The “bad” x¢ with pg(zo) < dck induce an error term. Finally, we replace the
polynomials ); by the original functions, yielding an € error. In the end, we get

. oo Y > K(weswk) K (zoi k)

N(I) pa(r0)>de 1, T1VZ0 (x2;57k ), (Y2;5Uk)

[(XIF*)(Ar,) @k, k) — @XIFP)(AT,) (ks Gie—1) — (VXIFI?)(Ar,) (Fr-1, k)

Varfy, (K*) <

/ k
3PP e, )] + LD e,
+ Cl#{pcg\lej de,k} (q + 1)q2k||KHgo

for some C’ > 0.
Since Ar, has purely absolutely continuous spectrum, it follows that f(Ar,)(v,w) =

L [ f(m)Im G™(v,w)dm, where G™ (v, w) = lim,o(Ar, — (m +in)) " (v,w) (see for in-
stance [7, Lemma 3.6]). Hence,

Varl, (K*) < Nc Z Z Z (K(wo;xk)K(ﬂUO%yk)

(1) PG (x0)>de+k T1~T0 (2251),(Y2;y8)

L, XL G 10 G ) — o Ton) I 3 )

- . 1 e~ .
— /f(wflm) Im G™(Zp—1, k) + glmG (xk,l,yk,l)} dm)

C'N(g+1)g* | 1o #{pc (@) < dex}
K c’ = g™ || K||2,.-
If d(v,w) = s, then Im G™ (v, w) = ¢ P (s), where @y, is the spherical function defined
in B10) and ¢, = Im G™(0,0). Let e, = (xp—1, k), €, = (Yr—1, yx) and suppose ey, # €.

_l’_

Then there is a path (vo,...,vs) with vg = Zg, v1 = Tg_1, Vs—1 = Yp_1, Vs = Yk S0 the
term in square brackets takes the form

—_— 1
(4.15) Cm, (@m(s) — [M_(w_lm) + ,uf(wflm)] D,(s—1)+ quM(s - 2)) =0,

where we used the fact that ¢(u=(t)+p~(t)) = w(t), as well as B12). Since pg(wo) > deg,
e, # e, iff (y2;yk) # (z2;2%). We thus see that the sum vanishes if (yo;y) # (z2;2%), so
only the diagonal terms may be nonzero. Recalling ([B.I3]), we get

V(BN S s 3 Y

pc(wo)>de+k (z1;2))

g+1 m?
4.16 / F(m)|?|K (zo; 1) |? - - d
(4.16) o, (F P K @oi@) - x(m)e i) )
C'N(q+1)q #{pc(r) < dei
VD, 4 ool <dead gy,
Recall that F(m)K (zo; z) = J™(zo; 23) = K™ (29;21,). We finally change the vari-

ables m = w(\). Note that [w'(\)| < C (m fact, A — w(\) is analytic [30, p. 10]) and
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¢m < cr. Using Remark 4.4l we see that the first term of (4.I6]) is bounded by

C(L, 1) limsup/ 1K 2, dA
N—oo JIg
where &' goes to zero with §. The last term in (£LI6]) goes to zero as N — oo thanks to
(BST). Therefore, the proof is now complete for Var{lb(K M) by first taking N — oo, then
el0andé 0.
The control of Var! (K*) for k = 0 is similar. For k = 1, we find that

Var! (K*) S / )Z Z J™(xo,x1) ™ (20, y1) Im G™ (21, 71) dm
w( mOEthylENzo

We write the sums }" ey 374, yien;, in the form

Z |T™ (20, 21) > Tm G™ (&1, 1) + Z J™ (o, x1) ™ (20, 2-1) Im G™ (T1,Z-1) .

(w0,x1) (x—1,20,21)

The first term has the required form, since Im G™(v,v) is bounded. For the second term,
we have ImG™(Z1,2_1) = ¢, Pn(2). Using the Cauchy-Schwarz inequality, we have
| z0,21) ™ (@0, 1) T™ (0, 2-1)| < ¢ X (20,21) /™ (0, x1)[2. This completes the proof.

Finally, in the previous proof we assumed (£I4]) that J™(zo;xx) = F(m)K (xo;zk). In
(£12)), for k = 1,2, we have operators of the form

n T-1

T i) = -3 > > [ FrensOm i 01

r=15=0 y1,..,ys+1E€EB(Tn—rt1,5+1)

where Fr, s is continuous and uniformly bounded |Fr;,s(m)| < Cr. Looking back at
the proof, we see that all arguments continue to apply; the notations simply become
more cumbersome. Here, instead of |F(m)|?, we have Fr, s(m)Fr y ¢ (m), which we
approximate by a polynomial as before. ]

4.4. End of the proof. We may now conclude the proof of Theorem From (4.I12)
and Lemma £33 we have

lim sup —— Z ) %,fﬂ)] (fIx ) i

N—oo N( )\EI

2 2
< C'(L,I)limsup H iOSTK;‘ H ZRn TZOSTJf
(4.17) Ao o W=t 4
A A 2
ZRmzlsTMf +||SriK7 = (K7)S0)|,
H

+HSTJf—<Jf>SoH +HSTMf_<Mf>Sl]H }d)\

The first three terms may be controlled in exactly the same way as in [2, p. 661-662],
and give vanishing contributions as N — oo, followed by n — oo, for any T.

The remaining terms are of the form ||Sp.J* ||, for J* = K* — (K*)S},. By [2, Remark
2.2], we know that ||‘§TJ>\||%’7; < %8| J| .. The result follows by letting 7' — oc.

5. THE CASE OF INTEGRAL OPERATORS

The aim of this Section is to prove Theorem 2.3l
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We start by decomposing the integral in (2.13]). Using (£.2]), and the notation Sy (x) :=
S, (z), we have

/ (@) (Kt () day = > / / Kb by, (T, Yby,) {S (L_xb)l/)n(ob)

bl,bk (An)
Sn( b)— Sn(L _ybk) Sn( bk)
n t N 4 n t dapd )
+ SO Y (b)} { SO Y (op,) + SO) VUn(ty,,) | dopdys,
so denoting by = (x¢, 1) and by = (xx_1,xk), we have
L (L — 1y )S (L — s
- Z ¢n($0)¢n($k—l)/ / Ky by, (1o 5 Sty ) SnlL bl() )( b) dry, dsp,
(w0;z1)€ B, 0 /o An
7, )Sn (s
+ Y Ya()n(ar) / / K, %ﬁb&% dry, dsp,
(wo;71)EBg An
Sp(L —1p,)Sy(s
+ > Unlwo)tn(zy / / Kby b, (T, 5 5b;,) L (bl)) (5,) dry, dsp,
(w0;21)EB,
- L rL Sh Sy (L —
+ > T/Jn(xl)wn(xkfl)/ / Kb, by, (76 Sby,) (Tbl)g )f ) dry, dsp, -
(wo;21)EDB, 0 o 5°(An)

Assume k > 2 (the case k = 1 is similar to Theorem R2.2)). If Jx , € 4, Mg, € 56,1
and Pk, € J,_o are defined by

L rL Sn L —r Sn s
JKJL(mo;xk) :/0 /0 K($O§xk)(rb178bk) ( bl) ( bk)

5%(An)

d?“bl dsbk s

Mg n(z0; 1)

Sp(L — 1y, )Sp(L — s
= Z / / K(:BO ) Tbl s Sbk) ( 521 2>\ )( k) d?"bl dSb;C
2x €Nz \Mzk—2} "

Sn (o) Sn(8h,_1)
+ / / K(x 13Tk—1) TbO?Sbk 1) ;2()\ ) b drbo dsbk—l
T_ 1€Nx0\{x1} n

Pg n(21525-1)

Sy (1, )Sp(L — s
= //Kxoxk) (Tby > Sby,) (rs,) S bk)d?“bldSbk,

2
onle\{ZQ} l‘kEka 1\{1% 2} i (An)
where K(ﬂﬁo;ﬂ?k) = K(ggmxl%(gjk_hg&k), we thus get
(5'1) 2<¢na kan> = <1Z}na (JK,n + MK,n + PK,n)Glz}n> .

As before, we can aim to control Var! (K — (K)Sy) for K € 2%, with Sy, as in (&8]). This
is why we consider

<7;Z)n, (k) Sk + (M) Se—1 + <PK,n>5k—2>G1Ln>

(5-2) = [(Jk.n) Pus () (B) + (M) @oyn) (k= 1) + (Prcn) @,y (kb = 2)] - [
=:2 <Kk>n,L,a
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where in the first equality, we used (38) and the fact that if ®5,(\) := ®(k), therl]

(5.3) (Sk)a = ®r(Ag) .-
Using (47, this yields the formula
1
(Ki)nLa = 57 > / / Kby b, Ty, Yo )Y r ke (Toy 5 Yy, ) Aoy dy,
(b1;by)EBy,

where, for k > 2,

(5.4) \I/)\mk(.%'bl,ybk) = 2[{1 {Sn( 32 (;)f (ybk)q)w()\n)(k)
+ ( xb1) (L K;(y)\bl;)) + Sn(xbl)sn(ybk) q)w()\n)(k _ 1)
Sn(xy, )Sn(L — yp,
i -2

For k = 1, we have for b = (xg,x1),

1 Sn(L - xb)sn(L - yb) + Sn(xb)sn(yb)

(5.5) U, (@, ) = 2 kix 52(An)
1 Sl 25 Sl )y )

Using (B.10]), we may express (5.4) as

1
2Ky, Im G%’; (0,0)82(\pn)

\IIAn7k(xbl ) ybk) =

X SN(L_xbl)S (ybk)ImG (0b17tbk)+S( _xbl)S (L ybk)ImG (0b170bk)

+Sn(xb1)s (ybk)ImG (tbl7tbk)+S (wbl)S (L ybk)ImG (tb170bk) .

Noting that 7, +— Im G)rfq (v,9,,) is an eigenfunction of Hr , we see as in (£2]) that

Sp(L — ybk)ImG (v Ob,) + Sn (ybk)ImG (v tbk)

ImGA (U ybk) =

$(An) ’
so we deduce that for z;, € by,
W e (Ty 5 Yoy )
1 Sn(L — xp,) Im G L (Zo, ;) + Sn (zp,) Tm G L (@1, Tb)
(5.6) N 2k, Im G%’;(o, 0) s(An)
1 Im G (&b, 5 Gy, )
2y, Im G%Z(o, o)
3Thls is well-known : by definitions @3J) and (@), we have [(Sk)ev](z)

(q+1)qk 1 Z(wo (TR ),T0= xd)(xk) for k > 1 and [(SO)G¢]( )
d1(\) = +17 then ([@3) holds for £k = 0,1. Next, [(Sk+1)c¥](z

then using B12), this yields [®s11(Ac)¥](x), as asserted.

1/)(17) Since ®o(A) = 1 and

Jrl)q’C Z (£03Th41),T0= z¢($k+1) =

) =
GIDTF D wosen)mo—a (Ac®)(@r) — P(zp-1)] = 7[(SkAct)(z) — (Sk- 11/1)( )l I B.3) holds for j < k,
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Im GF}Z (%0,yp)
K An
n Im GTq (0,0)

words, (Ki)n.r,a = (Kk)a,- Recalling (5.1) and (5.2), we thus get

which is the expression in (Z.I4]). Similarly, Wy i(xp, 1) = 5 . In other

1

17 0 Kh) = (K, [ < Var! (7 = (7))

An€l
+ Varl (M — (M) S_1) + Var! (P — (PR)S)_2),

where JI)}" = JKn, M;}" = Mk, and PI)}" = Pk .
From here, we argue as in the discussion following Remark B4l Namely, we use non-
backtracking quantum variances and control them as before using the operators Rﬁm. The

only difference is that the variance of the remainders Var! (Sy[J — (J)Sy]) should now be
controlled for general k in Lemma 5] not just £ = 0, 1. Using the same ideas of the proof
of this lemma, we arrive at a bound of the form

c / S o
xtm) > " T™(@o; m) I (o3 yk) Tm G (&, G) dm
WN(I) w(I) o€V $k7yk65(1‘0,k‘)

Var! (K)‘) <

where S(xg, k) = {d(y,x0) = k}. We may just bound this using |Im G™(Zx, g)| < ck, so
the sum becomes Y s, | Yayesteni 177 (@0 @) [ < (0 -+ D1 S e, [ (w022
Of course, such a crude bound would be problematic if we needed to take k — oo as
in the control of the non-backtracking quantum variance (where k is replaced by n + k,
n — 00). In this case the expression should be bounded with more caution (in Lemma .5
for example, we used the recursive formula ([@I5]) to rule out off-diagonal terms, thereby
avoiding Cauchy-Schwarz). Here however, k is fixed and is the same as the one in Kj.
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APPENDIX A. SOME GREEN’S FUNCTION IDENTITIES

A.1l. Relationship between resolvents on the quantum and combinatorial trees.
Lemma can be in principle derived from the results of [16, Section 4]. Given that we
use it in a crucial way, we present here a self-contained proof.

The first step is to calculate G:fq (op, 0p) for some bond b € T,. Indeed by (B.9) we have

U’\;v (Ob)ny—i;_o(ob)
Wilo(0b)

G,’}‘q (Ob’ Ob) =

for v ¢ o(Hy,). If b € B", N B*™b,, where b, and b, are the edges containing o, v
respectively, we get U, (0p) = 1~ (1)U (0), Vohylop) = p~(7)"V5(0) and W, (op) =
(1= (7)™ W7, where W7 = V7(0)U;(0) — V5(0)U,(0) = s(7)(1 = (gu™(7))?). Hence,

7
U, (0)V,(0)  —s(y)gut(y)s
(A1) Gy, (on,0p) = 'Y(W)/JY( - 5@)([1)3“@21)@()7))21
—5(7) _ —s(7)

)

po(v) —qut(y)  (g+Dp(v) —w(y)
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where we used ([B.3]). More generally, if (v, ..., v) is a non-backtracking path of vertices
in T,, then we can take o = vy, v = v}, and
Uso(0o) Voo (k) Uy (v0) V5 (v —s(7)(u= (7))
G% (UO,Uk) _ 5 Y3 _ (:U’ (’Y))k "/( 9{) ’y( 0) _ (’7)7(/‘ (7))
’ Wio(vo) Wio(vo) (¢+Dp=(7) —w)
We thus showed that for any v € CT,
— d(v,w)
A2 Gh (v,w) = —s(y (k=) = —s(y Gu v,w),
( ) Tq( ) ( )(q—i-l)u_(’y)—w(’y) ( ) -ATq( )

where the last equality is by the classic form of the Green’s function of Ar,, see e.g. [19,
Chapter 1] or [7, Lemma 2.1]. Note that from (B0)), 4= () coincides with the quantity
e+ (w(7)) in [2, Section 6], both being the solutions of gz — w(y)x + 1 = 0.

If v = A+ in with A € oac(Hr,), then taking n | 0 in (A.2), we get G%‘gio(v,w) =

—S(A)%. This coincides with —S(A)G%TZ‘)HO (v, w), proving the lemmaf].

A.2. Limiting measures and Green’s functions. If we re-write U,(x) and V,(z) in
the basis {5, (x), Sy (L — x)}, we find as in (@2]),

Vy(z) = QN+(7)57(L —x) + 8,y(z),
Uy(z) = — (S'y(L —x)+ QM+(’7)57($)> )

If 2,y belong to the same bond b = (0,v), and supposing that y € T, we have by (3.3,

= (v) Uy(@)Vy(y)
p= () w
(1~ (NS (L = x) + 8y (@) (gt (NS (L — ) + 5, (y))
s(V(g +Dp=(v) — w(7)] ’
using (B3). Taking v = A 4+ 10 with A € 0,c(Hr,) and recalling that G%q(o, 0) =

—s(A
G ey by (BT, we get

Gy, (2,y) =

NN

q

N G2 (0,0)
Git, (,) = — 3035~ (ML = 2)SA(L = ) + Sa(@)S(y)
1 (WSIL = 2)S1(v) + au" (NS SAL ~ )
Hence,

Im Gr}q (0,0)

Im G, (2. 1) = S5z = 008s(2 = 1)+ $3)3,0)

s2(N)
+ %S)\(L —x)S\(y) + @5“33)5)\([/ - y))
Re G2 (0,0
%(Im 1= (NSA(L — 2)S(y) + Im g (N Sa(@)Sh (L — )

4 (Y LIS -
Note that —S(A)m is well-defined for A € oac(Ht,). In fact, the denominator has a non-
zero imaginary part in this case, so in particular it never vanishes. In general, it is easy to see that this

fraction can have a pole only if w(\) = (¢ +1). If @ = 0, this only occurs for A € 2. Hence, Gi\;gio(v, w)

exists more generally for A € R \ o2 in this case and equals —s(A\)GM+0 (v, w).
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+1)Im A)s(A -1 w(N)s(A
Now Ime‘rq(o7 0) = \Egﬂgu 5\)( )(/(\”)2 and Re G4, (0,0) = ‘12—q‘(q+1)ﬂ(_())\)(7)w(/\)|2. Hence,

— w(A
Re Gz\rq(@ 0) = qg—qlm ImG)l‘«q( ,0). We thus get

mGA (0,0
Im Gz, (0,0) (SA(L — 2)S\(L — y) + Sx(@)Sa(y)

w(})
2

(A3) Im G)rl‘«q (x,y) =

+ ——28\(L — x)S\(y) Sx(z)Sx\(L —y)

(L - 2)5() — =L NSy (@) (L — y>)

2(q+1)
Im G2 (0,0
S(Tf;z ) (SM = 2)S\(L —y) + Sx(2)5x(y)
i) [SA(L — 2)Sx(y) + Sx(z)Sx(L — y)] )
g+1 ’

1 Im G’,}Z (z,y)
2Kx, ImG,)I‘f;(o,o)
(A.3]) is symmetric in x and y, it holds for y € T, too.

By a similar method we may also recover Wy, (s, , yp, ) with the help of identity (B.11)),
thus obtaining an alternative proof of (5.6]).
If we specialize to y = x in (A.3]), we get
Im A+i0 T.T
(A4) Gfi.o( ) _ 1 . (53(
Im G3™(0,0) s(A)

which recovers ¥y i(z,y) = from (B.5]). Because the final expression in

2w(A)
g+1

2)+ S3(a) + 22N g, 1 - w>sA<w>) .

If we consider the special case where a = 0, U = 0 we find the interesting property that

Im G%‘;io(x,x) is constant as a function of z. Indeed we have then S)(z) = L\/\?ﬂf) and
w(\) = (¢ + 1) cos(v/AL), so
mG%':iO(:U,:C) 1

= sin cos T) — sin T) COos ? sin? T
ATy o) = sy (VAR o (VA) /A oA i )

+2cos(VAL) (sin(\/XL) cos(VAz) — sin(v/Axz) cos(\/XL)) sin(\/Xm))

1 .92 2 s 2 2 22
=—— (sin®(VAL) cos®>(VAz) — sin?(VAz) cos?(VAL) + sin®(V Az
o (VAL 05 (VA) = sin (Vie) cos'(VAL) +sin?(VAx)
=1.
On the other hand, by @II), (&), we have ry, = L [ W
in this case. Hence, we deduce that the limiting measure in the si)e(nal case a=0,U =
is the uniform measure :

dz. So k), = qTL
0

2
A5 g = .
(A.5) »@) =TT
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