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A theory is developed for the emission noise at frequency v in a quantum dot in the presence of
Coulomb interactions and asymmetric couplings to the reservoirs. We give an analytical expression

for the noise in terms of the various transmission amplitudes.

Including inelastic scattering con-

tribution, it can be seen as the analog of the Meir-Wingreen formula for the current. A physical
interpretation is given on the basis of the transmission of one electron-hole pair to the concerned
reservoir where it emits an energy after recombination. We then treat the interactions by solving
the self-consistent equations of motion for the Green functions. The results for the noise derivative
versus eV show a zero value until eV = hv, followed by a Kondo peak in the Kondo regime, in good
agreement with recent measurements in carbon nanotube quantum dots.

In quantum devices, the fluctuations of electrical current
provide information on the dynamics of electrons [1-4],
as well as on the energy-photon exchange with the mea-
surement circuit or with the electromagnetic environment
[5-16]. Understanding the nature of these fluctuations in
a quantum dot (QD) is thus a crucial step insofar as
this system is the elementary brick of quantum circuits.
The measurement of current fluctuations in a QD is be-
coming more and more precise, and reliable results are
now available both at zero-frequency [17-19] and finite-
frequency [8, 20, 21]. Interpreting these experimental
findings turned out to be a challenging task, especially
in the case of a biased interacting QD with asymmetric
couplings to the reservoirs. In view of the challenges,
there is an increasing need to develop a theory for cal-
culating the current noise in non-equilibrium, incorpo-
rating the inelastic scattering contributions that play a
crucial role when Coulomb interactions are present. So
far, most of the noise calculations in a QD connected
to left (L) and right (R) reservoirs, either do not dis-
tinguish between the noise in the L-reservoir and that
in the R-reservoir [23-31] or assume that the left cou-
pling strength I';, and the right coupling strength I'r are
equal [1, 24, 32, 34], in apparent contradiction with ex-
periments [8, 20, 21]. Indeed, the measured asymmetry
of the couplings can be very large, e.g. a = 11 [8], where
a =T'1,/T'g is the asymmetry factor. Certainly, there are
theoretical works where the distinction between left and
right couplings is made, but these works are limited to
the calculations of the zero-frequency noise [28] and sym-
metrized noise (generally not the quantity measured in
experiments) both for non-interacting [2, 3, 35-38] and
interacting QDs [39, 40]. In some other works, a lin-
ear combination of the auto-correlators and of the cross-
correlators is calculated [41, 42]. In summary, develop-

ing an efficient theory to calculate the finite-frequency
noise in non-equilibrium, and investigating the effects of
Coulomb interactions and of coupling asymmetry on the
noise profile in each reservoir are important unsolved is-
sues which we address in this Letter.

The noise considered here is the emission noise [43-45]
at frequency v, Sus(v) = ffooo(Afa(t)Af[g(O))e*Q””tdt,
where Al (t) = I,(t)—(I,) is the deviation of the current
from its average value (the index « (/) represents one of
the two reservoirs). We calculate S, 3(v) in an interacting
QD by using the non-equilibrium Keldysh Green function
technique. When the system is in a steady state, we
establish the following formula:
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where f5(e) and fl(e) =1 — f¢(e) are the Fermi-Dirac
functions for electrons in the y-reservoir and holes in the
d-reservoir respectively, and where the matrix elements
M(zg (e,v) are listed in Table I. These elements are writ-
ten in terms of the transmission amplitude tog(e), the
transmission coefficient T,5(g) = |tas(¢)|?, the reflection
amplitude 744(¢) = 1 — taa(e), and an effective trans-
mission coefficient defined as T (e) = 2Re{tna ()} —
Taa(€) [46]. The transmission amplitude is related to
the retarded Green function in the QD for spin o, G7 (¢),
through: t,s5(e) = i\/Tol 3G (g), where Ty, = 2mp, |V |?
is the couphng between the QD and the a-reservoir, V,
being the electron hopping amplitude between the QD
and the a-reservoir, the density of states of which is p,.
To lighten the notations, we do not put a spin index to
tap(€) since we consider a spin-unpolarized QD.
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TABLE I: Expressions of the matrix elements M’YB(e v) involved in Eq. (1) for the noise Saos(v) of an interacting QD with
arbitrary coupling symmetry. TLeR () is an effective transmission coefficient defined as ng’a () = 2Re{taa(e)} — Taale).
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FIG. 1: Tllustration of the six physical processes contributing to Srr(v) with the emission of an energy hv in the L-reservoir
(top row with orange background devices), and the other six physical processes contributing to Srr(v) with the emission of
an energy hv in the R-reservoir (bottom row with pink background devices). The transmission amplitude ¢; of the e-h pair for
each process with ¢ € [1,12] is indicated at the bottom of each diagram. A green (blue) sphere represents an electron (a hole)
and a yellow wavy arrow represents the emission of energy hv in one of the reservoirs.

It is important to underline that even if the noise for-  The proof of Eq. (1) is the following (see Ref. [49] for
mula for the interacting QD shows an apparent similar-  details): we start from Eqgs. (A11)-(A15) of Ref. [1], ob-

ity to the one obtained for the non-interacting QD [1],  tained in the flat wide band limit for the conduction
the two formulas are distinct since the effective trans- band after having factorized the two-particle Green func-
mission coefficient ng’o‘(s) differs from Trr(e). Espe-  tion in the QD into a product of single-particle Green
cially 775 (¢) incorporates inelastic scattering contribu-  functions.  Provided that the system is>in a steady
tions [47, 48] which are crucial in interacting systems at  state, we have [2, 3]: G5(¢) = GL(e)X5, a( VG4 (e),
finite temperature and voltage. In the absence of in- where Eét G( ) is the total self-energy [2, 4]: Et<0t U( ) =

t ti h ly elasti tteri .
eractions, or when only elastic scattering processes are Ef,g( o) + ER, (€) + Emt (o), with 25,0'(5), the self-

0 . ] . )
present, 75" (¢) simply equals Tpp(e): this result fol energy brought by the couphng with the a-reservoir, and

lows from the optical theorem which is verified in this $2 b tional self. b he i
case [49], and allows one to recover the formula estab- int,o(€), the additional self-energy brought by the in-

lished in Ref. [1] in the non-interacting case. The differ- teractions in the QD. Making use of these relations and
ence between the noise formula in Eq. (1) and its non-  noticing that the linear and quadratic terms in Elnt (&)
interacting counterpart can be seen as the exact analog ~ cancel in the steady state, one derives Eq. (1.

of the difference between the Meir-Wingreen formula for ~ 11 the same way that in the Landauer approach the
the current valid in the presence of interactions [50] and current is interpreted in terms of transmission of elec-

the Landauer formula obtained using scattering theory. trons from L-reservoir to R-reservoir, the auto-correlator
Soa (V) can be interpreted in terms of transmission of e-h



pairs or their constituents through the QD, from all pos-
sible initial locations, before the pairs recombine leading
to the emission of an energy hv in the a-reservoir. To
get Saa (), we thus have to identify the whole set of such
physical processes for each given initial state, determine
their transmission amplitudes ¢;, and take the quantum
superposition | >_, ;| to calculate the transmission prob-
ability. The processes contributing to Srr(v) are six in
number as depicted in the top row of Fig. 1. We re-
strict the discussion to Srr(v) because one can straight-
forwardly deduce Sgr(v) by interchanging L and R in-
dices.

When the e-h pair is initially located in the L-reservoir,
there are three possibilities to emit energy in the L-
reservoir by recombination of e-h pairs: (i) through pro-
cess P in which one electron of energy € (green sphere)
and one hole of energy ¢ — hv (blue sphere) both ex-
perience an excursion into the QD and come back to
the L-reservoir, corresponding to the transmission am-
plitude t; = trp(e)t] (¢ — hv); (ii) through process
Py in which the electron experiences an excursion into
the QD and comes back to the L-reservoir, whereas the
hole is reflected by the left barrier, corresponding to the
transmission amplitude to = t1r()r} (e — hv); and (iii)
through process P3 in which the hole experiences an ex-
cursion into the QD and comes back to the L-reservoir
whereas the electron is reflected, corresponding to the
transmission amplitude t3 = rp1(¢)t} ; (¢ — hv). By tak-
ing the quantum superposition of these three processes,
[t1 + to + t3]?, we get a contribution to the noise which
is equal to the matrix element MEE (e, v) of Table I [49].
Note that even if the amplitudes ¢; 2 3 involve the L-index
only, we use the subscript LR in the notation for the effec-
tive transmission coefficient, TLQE’L(»S), for the reason that
it gives back T r(e) when the optical theorem holds [49].
When the e-h pair is initially located in the R-reservoir,
both particles cross the entire structure to emit en-
ergy in the L-reservoir by recombination, as depicted
in Fig. 1(P4), giving rise to the transmission amplitude
ta = trr(e)t] zp(e — hv), which leads to the matrix el-
ement MPR(e,v) of Table 1 after taking |t4]>. When
the electron is initially located in the L-reservoir and the
hole in the R-reservoir, as depicted in Fig. 1(P5), the
electron is reflected and the hole transmitted, giving rise
to the transmission amplitude t5 = rrr(e)t] p(e — hv)
which leads to the matrix element MFF(e,v). By
symmetry, the transmission amplitude in process Pg is
te¢ = trr(e)r] (e — hv), leading to the matrix element
MEE(e,v). We do not need to take any quantum super-
position for the three processes P4-Pg as each of them
corresponds to a different initial state.

To get the cross-correlators, one needs to consider the
interference terms between the processes accompanied
by an emission of energy in both reservoirs [2, 3, 32].
Our study shows that the sum Spr(v) + Sgrr(v) corre-
sponds to the interference between the processes P5 and

Py, as regards the term proportional to f¢(g) fi(e — hv),
since MEE(e,v) + MEE(e,v) = t5t; + tit11, and to the
interference between the processes Pg and Py as re-
gards the term proportional to f&(e)fr(e — hv), since
MEE(e,v) + MEE(e,v) = tot]y + tit12. These interfer-
ence terms can be either positive or negative according to
the relative values of € and v, but become strictly nega-
tive at zero-frequency due to charge conservation. As far
as the contributions proportional to f¢()f"(e — hv) are
concerned, they are given by the interference between the
process P7 and the set of processes P1-P3 when o = L,
and between the process P4 and the set of processes Pg-
P1p when oo = R.

The noise, given by Eq. (1) with Mgg(a,y) of Table I,
is completely determined once the retarded Green func-
tion G7(g) in the QD is known. For the non-interacting
single energy level QD, we take the Breit-Wigner form:
G" () = [e—eo+i(Tr +Tr)/2] 7! where ¢ is the QD en-
ergy level. For the interacting single energy level QD, we
use the self-consistent renormalized equation-of-motion
approach, as developed in Refs. [5-7], which applies to
both equilibrium and non-equilibrium and allows one to
determine G (¢) [49]. Tt has been successfully used [57]
to quantitatively explain the experimental results [58]
about the interplay of spin accumulation and magnetic
field in a Kondo QD, and is well adapted to describe
the Kondo regime in which the noise measurements are
performed [8].

In Fig. 2, we report the noise derivative, dS,q(v)/dV, as
a function of the voltage V for two values of a =T'1,/T'g
and U (with g = —U/2), as well as the derivative of
the sum of the cross-correlators d[Spr (V) + SrL(v)]/dV .
For completeness, we also plot the derivative of the
total noise, dSiot(v)/dV, where Siot(v) = [Spr(v) +
a’Srr(v) — aSpr(v) — aSrr(V)]/(1 + a)?, following re-
cent theoretical works which show, by using a current
conservation argument along with the Ramo-Shockley
theorem, that this is the quantity which is measured in
experiments [37, 38, 40]. A common point to all the
curves is the presence of a plateau of value zero at volt-
age smaller than frequency, here |V| < hv/e = 0.32 mV,
since hv = 78 GHz. The origin of this plateau is related
to the fact that the system cannot emit at a frequency
higher than the energy provided to it, i.e. the voltage, in
full agreement with experiments [8, 21]. In the absence
of interaction (Figs. 2(a) and (b)), the noise derivatives
present a broad peak at |eV| > hv. Its intensity is larger
for dSgrgr(v)/dV than for dSyr(v)/dV for both symmet-
ric and asymmetric couplings, due to the fact that the
L-reservoir is grounded (puy = 0). The effect of the
coupling asymmetry is to shift the position of the broad
peak towards lower values of V. Note that in both cases,
the derivative of Spr(v) 4+ Sgrr (V) is sign negative (green
curves in Figs. 2(a) and (b)). In the presence of interac-
tions, the electronic transport through a QD is strongly
affected. In the Kondo regime, when the number of elec-
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FIG. 2: Noise derivative dSx(v)/dV as a function of V' (with
pur = 0, urp = —€V) at T = 80 mK, v = 78 GHz (chosen
such that hv < kpTx) for g = —U/2 (middle of the Kondo
ridge). (a) and (b): U =0. (¢) and (d): U = 3 meV. (a) and
(¢): T',r = 0.5 meV (a = 1). (b) and (d): 'z = 0.8 meV,
I'r = 0.2 meV (a = 4). A Kondo peak is observed close to
eV = hv when U # 0. Plots for V' < 0 are not shown since
dSx(v)/dV is an odd function in V.
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FIG. 3: (a) Spectral density A(e) = —n 'Im{G5(¢)} for

I'L,r =05meV (a=1),and I't = 0.8 meV, I'r = 0.2 meV
(a=4), at U =3 meV, gg = —U/2, and T = 80 mK. The
vertical lines indicate the positions of ur = —eV = —0.35 mV
and pr, = 0. The a = 1 curve has been vertically translated
for clarity. The spectral density at U = 0 is shown in blue
in inset. (b) and (c¢) Schematic representation of the relative
importance of the transmission processes at low temperature,
low transmission and for eV ~ hv: Ps is dominant over P11
for a = 1, and P11 is dominant over Ps for a = 4.

trons in the QD is equal to 1 and T' <« Tk (T being the
Kondo temperature), the differential conductance shows
a Kondo peak around V = 0, in addition to the broad
peaks resulting from the Coulomb blockade [49]. These
effects have their counterparts in the noise. Indeed, the
noise derivative shows two clear features (Figs. 2(c) and
(d)): a Kondo peak above |eV| = hv, and a secondary
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broad peak in the proximity of |eV| = U/2, correspond-
ing to the boundaries of the Coulomb blockade struc-
ture, in full agreement with experiments [8]. We ob-
serve that the noise intensity is reduced in the pres-
ence of interactions, as expected in the Kondo regime
[24]. This is related to the fact that T (e) > Tor(e)
(curves not shown), leading to a decrease of MEE (e, v)
which provides the dominant contribution at low tem-
perature. Moreover, the derivative of Spr(v) + Sgrr(v)
changes sign at |eV| = U/2, going from positive to neg-
ative values with increasing V. It explains why for sym-
metric couplings (e = 1) the total noise derivative be-
comes smaller below |eV| = U/2. We also notice that
the height of the Kondo peak in dSpr(v)/dV is larger
than in dSgpr(v)/dV when a = 1. This relative order
in magnitude is reversed when I';, > I'g: in this case
the Kondo peak becomes more prominent for the more
weakly-coupled reservoir. The explanation is the follow-
ing: when a # 1, (i) the more pronounced Kondo res-
onance in the density of states is pinned at the chemi-
cal potential () of the more strongly-coupled reservoir
(orange curve in Fig. 3(a)), and (ii) at low temperature,
the main process contributing to dSpr(v)/dV is P5 with
a probability equal to Tpr(e — hv) at low transmission,
whereas the main process contributing to dSrr(v)/dV is
P17 with a probability equal to Tr,r(e) at low transmis-
sion. In the process P5 of Fig. 3(c), there is a transfer
of holes from the R-reservoir to the L-reservoir at en-
ergy close to ug = —eV, in the vicinity of which a rel-
atively smaller Kondo resonance is observed, whereas in
the process P11 of Fig. 3(c), there is a transfer of elec-
trons from the L-reservoir to the R-reservoir at energy
close to uz, = 0, in the vicinity of which a stronger Kondo
resonance is observed (orange curve in Fig. 3(a)). Since
Py contributes to dSgr(v)/dV, the Kondo peak is more
visible in dSgr(v)/dV. In the same way, Fig. 3(b) illus-
trates how the height of the Kondo peak in dSyr,(v)/dV
is larger than that in dSgr(v)/dV when a = 1.

We have established a general formula for the emission
noise in an interacting QD asymmetrically coupled to
reservoirs taking the inelastic scattering contributions
into account, and we have given a physical interpreta-
tion of the results in terms of the transmission of an e-h
pair through the QD with an emission of energy. Com-
bining the theory with the equation-of-motion approach
to determine the transmission amplitudes entering the
noise formula, we have discussed the profile of the noise
derivative. The obtained results explain most of the dis-
tinctive features recently observed for the noise in a car-
bon nanotube QD, specially, the presence or the absence
of a narrow peak in dSx(v)/dV versus V in the vicinity of
+hv/e, and why the Kondo peak in the noise derivative
is more prominent in the more weaky-coupled reservoir.
The theory developed in this Letter can be applied to
treat other realistic systems.
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In this Supplemental Material (SM), we first present the detailed calculation of the finite-frequency noise for an
interacting quantum dot (QD) with asymmetric couplings to the reservoirs (Section A), secondly we prove the relation
MLLf (e,v) = |t1 +ta+13]? (Section B), where the second formulation appears when we take the coherent superposition
of the processes P1, P and P3. Thirdly, we give the relation between the various transmission amplitudes and
coefficients in the case of a non-interacting QD, or when only elastic scattering is present, for which the optical
theorem holds, and we derive the noise matrix elements in that case (Section C). Fourthly we give the expression of
the self-consistent equations of motion used to determine numerically the retarded Green function in the case of an
interacting QD (Section D), and end up by discussing the results obtained for the differential conductance in the case
of symmetric and asymmetric couplings (Section E).

A — CALCULATION OF THE CURRENT NOISE FOR AN INTERACTING QD WITH ARBITRARY
COUPLING SYMMETRY

We start from the expression for the current noise in a QD given by Egs. (A11-A15) in Ref. [1] obtained in the flat
wide band limit (FWBL) for the conduction band. We get Sus(rv) = 27_, C(z)( ) with

W) = oon [ de[G5 2200 — ) + 35,0063 (e~ )] Y
Ay = - / N de[ G ()35 o (2) + G5 ()58 1 (0)] [ G (e = h)35 (2 = hw) + G (e = ) (= — hw)] (S2)
Cohw) = = / 4|25 0 ()G ()55 4 (6) + T 0 ()G ()T5,0(6) + B8, ()GA()T5, ()] GZ (e = hv) , (83)
cw) = % [ &G (e) [2;0(5 — )Gl (e — hv)S3, (e — hv)
£ o8 = hV)G3 (£ = )5 4 (e = hw) + 53 4 (= = hv)Gia (e = h)B5 , (= = hw)] | (S4)
cOw) = 77/ de[ G5 ()50 () + Ga(e)35 ,(2)] [ G5 (6 = W) o6 = ) + Glae = )2, (e — hu)H ,
(S5)

where ZZ’%‘( ) = D kea lVa |2g,:‘;§( ) is the contribution to the self-energy brought by the tunneling between the

a-reservoir and the QD. Gy a’<( ) and g;;';i(s) are the retarded, advanced, Keldysh greater and lesser Green functions
in the QD and in the disconnected a-reservoir respectively. The approximation made to get Egs. (S1-S5) amounts to
having factorized the two-particle Green functions in the QD into a product of two single-particle Green functions.
Provided that this approximation is made together with the FWBL assumption, the latter expression for the noise is
general and valid for any value of the Coulomb interactions in the QD and any symmetry of the tunneling couplings of
the dot to the two reservoirs. We remark that even if the spin index o appears in the Green function and self-energy
notations, it does not appear as an index in the noise notation since the system we consider in this Letter is spin

unpolarized. When the system is in a steady state, G2 () is simply given by [2, 3]
GZ(2) = G(e)S5:,, ()G5(e) - (S6)
In the presence of interactions, the total self-energy can be put in the form [2, 4]

Zr,a,z(e) _ Zz‘i;<( )_i_zr,a,%( )+Er a,<( ) , (87)

tot,o int,o



ra,2

where 37" (¢) is the additional contribution brought by the interactions residing in the central region. In the FWBL,
Yo o(e) = —il'a/2, 55 ,(e) = il /2, E(ig(e) =1y fS(e), and E(ig(e) = —il o fl (), where Ty, = 27po|Va|?, po being
the density of states of the a-reservoir and V, the electron hopping amplitude between the QD and the a-reservoir.

In the absence of interactions, Yiy; »(¢) = 0 and the self-energy contains only the tunneling contributions. As a result,
the following relation holds: G% () — G%(e) = —iGL(¢)(T'r + T'r)G%(e), ensuring the optical theorem to be satisfied;
the expression for the noise in this case is given in the Section C of this SM.

In the general case, when interactions are present, the latter relation no longer holds due to the contribution of the
interaction self-energy. However the calculation of the noise can still be done according to the procedure presented
below provided that the system is in a steady state. By incorporating Eqgs. (S6) and (S7) into the expression of the
noise given in Egs. (S1-S5), one gets

2
Sap(v) = 5T 5aﬁ/ ds[fa (e — w)G7 (e Zrm )Go(e) + [S()Gh (e — hw) Y T fi(e — hw) G (e — hw)

~

+hr rﬁ/ de[a’“ ZFJ7 )Ge(e)GE (e — hv) Zrm (e — hv)G%(e — hv)

S HOCE hV)GL(S)GZ(E — hv) = f5(e)fi(e — hV)Gi(E)G‘?‘,(E — hv)
—i[f5(e)Gh(e) — f5(e)Ga(e)] Ghle — hv) YT fli(e — hv)Go(e — hv)

+ifl(e — hv)G2(e — hw) — fli(e — )G (e — hw)| G (e vaf ] . (S8)

The r.h.s. of Eq. (S8) results from the contribution proportional either to X5  (€)25 , (e —hv) or to ¥ ()5, (e —hv)
in Egs. (51-S5), once we have inserted Eqs (S6) and (S7). We have checked that the remaining contributions coming

from the linear and quadratic terms in Emt o+, Ejlt o (& — hv) cancel in the steady state.

Expression for the auto-correlators S;r(v) and Sgrr(v)

From Eq. (S8), taking « = = L and rearranging the various terms, we get the expression of the auto-correlator
noise associated with the L-reservoir, that is

su) = 5 [ | Erin e s e - w)

+ 3 TLD,Gh(e — hv)G(e — hv) fi(e) fiH(e — hv)

+> T 05Gy(e)Ga(e) Gy (e — hv)Ga(e — hw) £ (e) £y (e — hw)
¥,8
~T2[Gh (e )G" (e - hv) +Ga(e)Gale — )] fi () f1 (e — hw)
—i Z rir, — G3(2)] Gy (e — bv)Go(e — hw) fi(e) 1 (e — hv)

+i Z Iir, [Ge(e — hv) — Gl (e — hv)] G;(a)Gg(a)fj(E)ff(E —hv)| . (S9)



Introducing the transmission amplitude t,5(e) = iy/To 3G%(€) and the transmission coefficient Toz(g) = |tas(e)|* =
I'wI'3GL(e)G%(g) in this expression, and performing the sum over v and J, we get

S10) = 5 [ e[ Ten@Tinte w17 - )
+[Ti(e) + Tor(e = ) + Too()Tunle — ) + tos(@)trnle = hw) + o ()t (e — hv)
~3Re{t1 ()} Tis (e — hv) — Reftss(e — WV Tis ()| F5E) (e — )
+|1 - [2Re{t11(6)} = Ter(e)]| Tunle — hw) i (€) fly(e = hv)
+[1 = [Reftsi(e = ) = Tisle = )] | Ten()TaETEE - )] (s10)

We have used this result to write the expression of the matrix elements MZSL(E, v) along the first row of Table I

introducing an effective transmission coefficient defined as: TLe}fg’L(e) = 2Re{trr(e)} — Trr(€). The expression for the
auto-correlator noise in the R-reservoir, Sgr(v) given along the second row of Table I, is obtained from Spr(v) by
interchanging the indices L and R.

Expression for the cross-correlators Spr(v) and Sgr(v)

From Eq. (S8), taking @ = L and 8 = R and rearranging the various terms, we get the expression for the cross-
correlator noise, that is

Str(v) = %FLFR / b ds[z I, T5GL(e)Ge(e)Gl(e — hv)Ge(e — hw) f<(e) f§(e — hv)

P
GG (e — ) () Fh(e — h) — GG — ) () fh(e — hw)
—i YT 5 GE) — fH(E)CLE]Ch(e — hr)Ga(e — hv) fl(e — hv)

+i Y Ty [f1(e = w)Ga(e — hw) — fpy(e — hw)Gy (e — hv))] G;(E)Gg(e)fg(e)] : (S11)

Y

Introducing the transmission amplitude and coefficients, and performing the sum over v and §, we get

Sunv) = 5 [ | [Tun(e)Tinte — o)~ 0.0V Tin(e o) ~ Tan(e)ia e ~ )] S0 16 ~ )
+ [ Tor(&) Tin(e = hw) = thp(&) Tr(e — hv) = Ton(e)trn(e — hv)| fa(e) fl(e = hv)
| TLr(e)Tin(e = h) + tLr()tLr(e = hv) = trr() TLr(e = hv) = Tea(E)tes(e — )| fi()fhle = hv)
[ TR Ter(e = hv) + 1p(E)h r(e = hv) = 171 Tin(e — hv) = Tor(e)th(e — h)| F5(E) fh e — h)
(S12)
We have used this result to write the expression of the matrix elements M} (e, v) along the third row of Table 1.

The cross-correlator Sgr(v), given along the fourth row of Table I, is obtained from the expression of Spr(v) by
interchanging the indices L and R.

B — PROOF OF THE RELATION: M/E(e,v) = |t1 + t2 + t3)?

From Table I, we have

MEE(e,v) = |too(e) —tro(e — w)* + Trp () Tiw™ (e — hv) | (S13)



with TE%L(E) = 2Re{trr(e)} — Trr(e), thus
MILJLL(E,I/) = |tLL(e’:‘) — tLL(e’:‘ — hV)‘Q + [ZRe{tLL(e’:‘)} — TLL(e)] [QRe{tLL(s — hl/)} — ’TLL(E — hl/)}
[trr(e) —trr(e — hV)‘Q + [tLL(g) + tzL(€)] [tLL(5 —hv)+t(e — hl/)]
+T0(e)Trr(e — hv) —2Ref{trr(e)}Trr(e — hv) — 2Ref{trr(e — h)}TrL(e) . (S14)
Knowing that |t1r(e) —trr(e — hw)|> = Tor(e) + Tor(e — hv) — t5 . (e)trr(e — hv) — trr ()t} . (e — hv), this leads to
Mii(e,v) = Ter(e) + Torle — hw) + tro(e)trr(e — hv) + 1L (e)th (e — hv)
‘FTLL(E)’TLL({': — hl/) — QRG{tLL(é“)}’TLL({:‘ — hl/) — 2Re{tLL(€ — hV)}’TLL(€) y (815)
which can be factorized under the form
Mg (e,v) = Tep(e) + [1—top(e)][L = 7,(e)] Tor(e — hv)
+ton(e)1 —tpp(e)trr(e —hw) + L (e)[1 —trp(e)]tr (e — hv)
= Tor(e) + Rrr(e)Tor(e — hw) +trp(e)ry(e)ton(e — hv) +t7(e)rnr(e)tr (e — hv) ,  (S16)
where we have used the definitions of the reflection amplitude: rpr(¢) = 1 —ty1(¢), and the reflection coefficient:
Rirr(e) =rrr(e)r; (). Note that we have also the relation: Rpp(e) =1 — ’TLQg’L(s).

The terms appearing in Eq. (S16) correspond precisely to the terms appearing in [t; +to+t3]2, with t; =t ()t} (e —
hv), to = trp(e)ry (e — hv) and t3 = r(€)t] (€ — hv), so that we finally obtain

Mif(e,v) = [t +ta+ 1) (S17)

C — NON-INTERACTING LIMIT OR ELASTIC SCATTERING LIMIT

In this Section, we show that when we neglect the interactions in the QD, or when we have only elastic scattering, the
Table I of Ref. [1] can be derived from the Table I given in the main text of this Letter. Indeed, in that case there are
specific relations between the transmission and reflection coefficients which can be obtained from the optical theorem
as summarized below.

1 — Optical theorem

We define the S-matrix of a QD connected to a L-reservoir and a R-reservoir as S = 1 + iT, where the T-matrix is
given by

T <TLL(€) TLR(€) ) , (S18)

TRL(E) TRR(E)

in the {L, R} basis, where 1,5(c) = itag( ) with tag( ¢) the transmission amplitude from the a-reservoir to the j-
reservoir. For a QD, we have 7,4(¢ —/Tal'gGL(g), and thus Trr(e) = TLr(€). At low temperature, when only
elastic scattering of electrons are con81dered Sisa umtary matrix, SST = 1. Consequently the T-matrix must fulfill
the optical theorem: TTT = {[T* — TJ, leading to the following relations

2im{rrr(e)} = Tow(e) + Ter(e) , (519)
2lm{7rr(e)} = Trr(e)+ TLr(e) (S20)
2m{rLr(e)} = TLR(E)TLL(€) + TLR(E)TRR(E)
= TLr()7rL(8) + TLR(E)TRR(E) (S21)
where we have defined the transmission coefficient as Tos(e) = [Tag(e)]? = |tas(e)|?>. Egs. (S19) to (S21) can
equivalently written in terms of transmission amplitudes as
2Re{trr(e)t = Toole) +TLr(e) (522)
2Re{trr(e)} = Trr(e) + TLr(e) , (S23)

2Ref{trr(e)} = tLp(E)trr(e) +tor(e)trr(e)
trr(e)tyL(e) + tir(e)tRR(E) - (524)



Note that these relations are automatically verified if the relation G7 () — G%(e) = —iGL(¢)(T'r + Tr)G%(¢) holds.
It is easy to show that provided the optical theorem holds, the reflection coefficient Rua () = [ran(€)]? With roa(c) =
14+ iTaa(e) =1 — taa(e), reads as

RLL(E) = RRR(E) =1- 7—LR(5) . (825)

2 — Matrix elements appearing in the noise

When the optical theorem holds, which is the case in the non-interacting limit or in the elastic scattering processes
limit, the matrix elements involved in Table I of this Letter can be rewritten as shown below in Table II. Indeed,
starting from the definition of the effective transmission coefficients, we have

TER () = 2Reftaa()} — Toale) = 2m{raa(©)} — Taa(e) = Tea(e) . (526)

thanks to Egs. (S19) and (S20). Note that for symmetric couplings, i.e. I';, = I'g, the transmission amplitude does
not depend on the reservoir index any longer, and is simply denoted t(¢), which allows one to derive the matrix
elements given in Table I of Ref. [1].

(M) y=6=L \ y=0=R | y=Lé=R | y=Ré6=L |
a=L Ter(e)Tor(e — hv) Ter(e)Tor(e —hv)  |[L = Tor(e)]Tor(e — hv)|Tor(€)[l — Ter(e — hv)]
B=L | +ltre(e) —trr(e — w)|?
a=R Ter(e)Tor(e — hv) Ter(e)Ter(e —hv)  |Tr(e)[1 = Tor(e — )] |[1 = TLr(e)| TLr(e — hv)
B=R +‘tRR(E)—tRR(E—hV)|2
a=1L trr(e)tir(e — h) tir(e)tLr(e — hv) trr(e)tLr(e — hv) tir(e)tir(e — hv)
B=R | x[rir(e)rr(e —hv) — 1]|X[rrr(e)rRrr(e — hv) — 1]| Xrip(e)rRrr(c — hv) xrrr(e)roe(e — hv)
a=R trr(e)tLr(e — hv) trr(e)tip(e — hv) t1r(E)tLRr(e — hv) trr(e)tLr(e — hv)
B=L | x[ree(e)rir(e — hv) —1]|X[rgr(e)rrr(e — hv) —1]| Xrrr(e)rrr(e — hv) Xrrr(E)riL(e — hv)

TABLE II: Expressions of the matrix elements Mlg(a, v) for a non-interacting QD, or in the presence of elastic scattering
processes only.

D — NUMERICAL CALCULATION OF G;(¢) IN THE PRESENCE OF COULOMB INTERACTIONS

When Coulomb interactions U are present in the QD, it is necessary to take the spin degree of freedom into account.
Indeed the Hamiltonian describing our system is the single-site Anderson Hamiltonian including on-site Coulomb
interaction and reads as

H= > thalhaoChao + Y _codbds +Unyny+ > (Vacl,,do +hc) (S27)
k,a€(L,R),o o k,a€(L,R),c

where d, (c;rma) and d, (Ckao) are the creation and annihilation operators of an electron in the QD (a-reservoir)
respectively, and n, = dfd,. Following Refs. [5-7], we numerically calculate the retarded Green function using the
expression

1— (ng) n (ns)
e—eo—0(e) TP (e) e—eo—U—%0(c) — TP (e)
with X0 (¢) = =il (¢) and To(e) = Y, _; g Tac(e). In the FWBL, X9 (¢) is independent of ¢ and takes the value
—il,. Hgl)(s) and T1% () are defined as

Gole) =

(S28)

=0(e) = (e — e0)T(e)

(1)
II;'(e) =-U , S29
) 5—50—U—Z<(73)(5)+UE((74)(5) (529)
(2) IS (4)
N (e) =2 G HE o - U (€) (S30)

e—ego— TP (e) + UE¢(74)(E)



where for ¢ € [1,4],

(#) 2 J4S) ¢4ga
2Oe) = S |Va [ ko - _ TThao 1, S31
7 () kza:' | E+55—€g—6ka+l’}/g+E+5ka—50—€5—U+Z’YD (831)

with &, = g0 + Re{SV (@)}, ALY = S (chuntras), AZ =1 =5 (chostras), AD =1, and AY =

kao koo koo

(d} cras)/Va. A;@a = (A(i) )* for ¢ € [1,3], and A;}il = —(A(4) )*. 7» and p are calculated by using the Fermi

koo kao
golden rule up to the fourth order with V,, [6, 7]. The numerical calculations are performed self-consistently.

E - DIFFERENTIAL CONDUCTANCE IN A KONDO QD

In Fig. S1, we report the color-plot of the differential conductance, G = dI/dV, for an interacting QD as a function
of the level energy g and bias voltage V. The results are shown for both symmetric and asymmetric couplings, and
both symmetric and asymmetric bias voltage profiles. In the presence of Coulomb interactions (U = 3 meV), we
observe a Kondo ridge in the n = 1 conductance valley (n being the QD occupation) characteristic of the Kondo
effect which manifests itself at low temperature (see plots in Fig. S1 at V' = 0). Here T' = 80 mK is lower than the
Kondo temperature, Tx =~ 4.38 K, estimated from the Haldane formula: kpTx ~ /UL /2exp(meg(eo + U)/2UT),
with T' = T', + T'g. Moreover, one observes a Coulomb blockade structure: a Coulomb diamond (shown in violet
in the center of the Fig. S1(a)) when the bias voltage profile is symmetric, or two parallel branches (eV = ¢y and
eV = g¢ + U) when the bias voltage profile is asymmetric (see Fig. S1(c)). The introduction of an asymmetry in the
couplings (weakening I'g over I'z, keeping I'p + I';, constant) induces the following two changes in the conductance:
(i) the value of the conductance decreases due to the reduced transmission through the QD, as it can be clearly seen
by comparing the intensity along the Kondo ridge; (ii) at a given value of ¢y, the relative height of the two broad
peaks is changed, e.g., in case of asymmetric bias voltage profile (Fig. S1(d)), the two sub-branches, eV =¢o+U < 0
and eV = gg > 0, becomes more prominent than the two other sub-branches eV =¢34+ U > 0 and eV = ¢y < 0.

)
1.00
. : 0.75
) 0.50
y e s 0.25
-5-4-3-2-10 1 2 -5-4-3-2-10 1 2 5-4-3.2.10 1 2 -5-4-83-2-101 2

-3
£o (MV) £o (MV) 0 €0 (MV) £o (mV) 0

FIG. S1: Color-plot of the differential conductance G of an interacting QD (in units of e?/h) as a function of the level energy
€o and bias voltage V, for T'= 80 mK and U = 3 meV. (a) and (c¢): symmetric couplings I'r, g = 0.5 meV (a = 1). (b) and (d):
asymmetric couplings I'r, = 0.8 meV, I'r = 0.2 meV (a = 4). (a) and (b): symmetric bias voltage profile ur, = —ur = —eV/2.
(c) and (d): asymmetric bias voltage profile pr, =0 and pr = eV.

Additional remark: the profile of the bias voltage through the QD and the asymmetry of the left and right couplings
are closely linked. It is generally expected that the profile is symmetric at ¢« = 1, and asymmetric at a # 1. However
only the consideration of the electrodynamics of the whole system can help in determining the link. Here, we rather
consider all the possible cases in Fig. S1, but choose to focus on an asymmetric bias voltage profile to be able to
compare the curves of Fig. 2 given in the main text of this Letter with experiments of Ref. [8].
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