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A Unified Framework of Regularization Methods for Degenerate
Non-Linear Optimization Models

Tangi Migot* Jean-Pierre Dussault' Mounir Haddou"
March 15, 2018

Abstract

In this paper, we study three classes of difficult non-linear optimization, problems with comple-
mentarity (MPCC), vanishing (MPVC) and cardinality constraints (OMCC). They all have in common
degenerate constraints, which fail to satisfy classical constraint qualifications in a generic way. The
feasible sets of these problems are non-convex, possibly non-connected, with an empty relative interior.
This causes several difficulties in practice. In a recent work (Dussault et al. 2017), we propose a unified
framework of methods that consider a regularization-penalization-active set method to solve the MPCC,
which possesses the best known convergence properties. In this paper, we extend this unified framework
to MPVC and OMCC and consider some applications on optimal control problems.

2010 MSC: 90C30, 90C33, 49M37, 65K05.
Keywords: Non-Linear Programming; MPCC; Cardinality Constraint; MPVC; Relaxation Methods.

1 Introduction

In this paper, we study a non-linear optimization model with degenerate constraints including complemen-
tarity constraints, vanishing constraints and cardinality constraints.

rER™ (1)

with

0 < Gi(z) L Hi(z) >0,
Hy(z) >0, Ga(z) o Ho(x) <0, [’
Hg(l') >0, G3(1‘) o H3(£L') =0,

where f: R®" - R, g: R* = RP, G1,H; : R® = R Gy, Hy : R® = R%, G5, H; : R” — R, o denotes
the component-wise product of two vectors also known as Hadamard product.

We decide to skip classical equality constraints h(z) = 0 in order to simplify the presentation, although
they could be successfully added without loss of generality in a straightforward way.

Problem can be equivalently written as a special case of an optimization problem with geometric
constraints

X =<LzecR"

min f(z) st. F(z) €T,
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Figure 1: Feasible set of the complementarity, vanishing and kink constraint.

where F(z) := (g(x), h(z), ¥(x)), ¥(z) := (G(z), H(z)), T := (]—00,0/Px {0} xC?) and C := C1UCRUC5 :=
{(a,b) : 0<aLlb>0}U{(a,b) : b>0, ab<0}U{(a,b) : b>0, ab=0}. In this context, we have
X =FYD).

This general form obviously includes Mathematical Programs with Complementarity Constraints (MPCC)
[9, 26], 12| 14 [16] 17, 19, 20], Mathematical Programs with Vanshing Constraints (MPVC) [10l 15| 22} ]
and a more general form of Optimization Models with Cardinality Constraints (OMCC) [5] 6], 4, [7, TT] that
we will call ”Kink Constraints”.

These 3 families of constraints are the most popular in the literature among the degenerate non-linear
programs. MPVC and OMCC can both be cast as an MPCC. However, this approach leads to several
difficulties as pointed out in [I] and in [6, [7].

Remark 1. The motivation to consider kink constraints is to generalize what have been called cardinality
constraints. In [6] the authors consider the relazation of the cardinality constraint with

lzllo < k= eTy>n—ry>0,z0y=0.

In this case, the kink constraint is simplified, since the right-hand side of the degemerate constraint is an
independent variable.

In this context solving the problem means finding a local minimum. Even so, this goal apparently modest
is hard to achieve in general due to the degenerate nature of the MPCC. Therefore, numerical methods that
consider only first order information may be expected to compute a stationary point.

The wide variety of approaches with this aim computes the KKT conditions, which requires some con-
straint qualifications to hold at the solution to be an optimality condition. However, it is well-known
that these constraint qualifications never hold in general for . For instance, the classical Mangasarian-
Fromowitz constraint qualification that is very often used to guarantee convergence of algorithms is violated
at any feasible point. This is partly due to the geometry of the complementarity constraint that always has
an empty relative interior.

These issues have motivated the definition of enhanced constraint qualifications and optimality conditions
for the MPCC, MPVC and OMCC as in [I7, [16] 29, [12] to cite some of the earliest research on MPCC. In
particular, it was shown that the genuine necessary condition for these problems are M-stationary conditions.

In view of the constraint qualifications issues that plague the 7 the relaxation methods provide an
intuitive answer. The complementarity constraint is relaxed using a parameter so that the new feasible
domain is not thin anymore. It is assumed here that the classical constraints g(x) < 0 are not more difficult
to handle than the complementarity constraint. Finally, as the relaxing parameter is reduced, convergence
to the feasible set of is obtained similarly to a homotopy technique.

In [26], the authors introduce a unified framework of regularization methods for the MPCC, which
contain most of the methods proposed in the literature with proved convergence to M-stationary points. Our
motivation in this paper is to show the straightforward applicability of the unified framework for optimization
methods (UFO) for the more general degenerate non-linear program ([I)).



2 Applications in Optimal Control Problems

In this section, we discuss some applications of degenerate non-linear programs applied to various optimal
control problems. Complementarity constraints appear in a very natural way in many applications involving
contact problem (for instance robot system with two modes: contact and no-contact. See optimal control
of multiple robot systems with friction [27]) or change of phase, but also in many optimal control problems
[3]. A large family of problems related with a very recent interest in the literature is the optimal control of
sweeping process [8]. For instance, in [3T] the authors study the quadratic optimal control problem with a
linear complementarity system in the constraints.

2.1 Optimal control of the obstacle problem

One of the most typical example is the optimal control of the obstacle problem [24], which is a mathematical
problem governed by variational inequalities in function space.
The distributed optimal control of the obstacle problem with control constraints [32]

min i(y) + = ull?

YEHI(Q),ueL2(Q),E€H1(Q) T )

st. Ay=u—&+ f, (2)
0<p—-yLl&>0,

Ug < u < up a.e. in Q.

Typical assumptions suppose 2 C R™ (n > 1) open and bounded, j(y) a Fréchet-differentiable observation
term j : H}(Q) — R of the state y of an L?(2) regularization term with v > 0. The bounded linear
operator A : H}(Q) — H~1(Q) is assumed to be coercive. The right-hand side f belongs to H~1(£2). The
control bounds satisfy ug,u, € H(2). The obstacle ¢ € H'(Q) satisfies ¢ > 0 on I' in the sense that
min(p,0) € H ().

Existence of minimizers of can be shown assuming j to be bounded below and weakly lower semicon-
tinuous [25, Thm 2.1]. The study of stationary conditions of has been focused on S-stationary conditions
assuming additional assumptions on the set of admissible controls. In [24], the authors consider a discretized
version of this problem to prove existence of solutions and study the stationary properties of this problem.
The satisfaction of this condition had some practical interest for instance in [24] to prove convergence of the
discretization scheme and discretization error estimates.

2.2 Locomotion problem

The locomotion problem is to move from a given start to a given end position without considering individual
steps as a human would do them. This macroscopic perspective considers a plant with continuous dynamics
that can be described by ordinary differential equations. If combined with a suitable cost function one
obtains a standard optimal control problem. The direct approach to optimal control is chosen here and thus
a combination of a discretization technique and a non-linear optimization method is used. The goal of the
considered inverse optimal control task is to determine a cost function within a given parametrized family
of cost functions such that the corresponding optimal control result has minimal distance to given data. In
consequence, this problem is a special bilevel optimal control problem where the lower level is the optimal
control problem and the upper level is the inversion problem.

In [2], the authors consider numerical methods to solve this problem using relaxation method SS and SU
as well as some lifting approach to solve the corresponding MPCC.



2.3 Robot motion planning

The complementarity constraint is the most popular degenerate constraint, but the vanishing constraint also
appears in a very natural way, since it can be used to express logic implication, i.e. for some index @

(Gi(z)Hi(z) < 0, Hy(z) > 0) <= (0 < Hi(z) = Gi(z) <0).

One example of logic constraints in a real-world application arises in robot motion planning [23]. Here, a
communication network of a given density needs to be maintained among a swarm of independent mobile
robots. For each pair (4, j) of robots, H; j(x) > 0 indicates that the pair is communicating. Then, 0 < G, ;(z)
must be satisfied to ensure that the distance between robots i and j actually allows for communication.
Conversely, this distance constraint vanishes for each pair (¢, j) of robots with H; j(x) = 0 which do not
communicate. The study of an active-set approach for the related MPVC as well as numerical results have
been shown in [22].

3 Preliminaries

In this section, we introduce some definitions, some preliminary notions and their consequences.
Given z* € X, we denote

I10 = {i | Gi(2*) > 0 and H;(z*) = 0},
Z7:={i | Gi(2*) < 0 and H;(z*) = 0},
0. =70 yz7°,

I " :={i| Gi(z*) < 0 and H;(z*) > 0},
I9% .= {i | Gi(z*) = 0 and H;(z*) > 0},
7% .= {i | Gi(x*) = 0 and H;(z*) = 0}.

Furthermore, we denote

Icc = {17 ) ql}v

Ive :={ql +1,...,q1 4+ ¢2},
Irkc={ql+q2+1,...,q1 +q2 + g3},

and
q=ql+q2+q3.

In a comprehensive way, we denote Igoc =7NTZce.
The polar cone of a cone K is a closed and convex cone defined by K° :={d|d"z <0Vz € K}.
The tangent cone of a set Q2 at x* € Q is a closed cone defined by

Ta(z*):={d|d= klig)lotk(xk — z*) with ¢, > 0 and ¥ — 2* with ¥ € Q}.
The regular (or Fréchet) normal cone of a set Q at z* € Q is a closed cone defined by
No(a*) = {d|d¥ (z — z*) < o]z — z*|)) V& € Q}.
The limiting (or Mordukhovich) normal cone of a set  at «* € £ is a closed cone defined by
Na(a*) :={d|d= lim d* with d* € No(z*) and 2% — 2* with 2* € Q).
We consider the specialized sets

Lyrpoc(x*) :={d|0< VGy(x*)Td L VHy(z*)'d >0 (i € I),
VGM(.%‘*)TCZ >0 (Z S I+O), VHh(l‘*)Td >0 (Z € ZO+)},



Lyrpve(r®) = {d| VHy(z*)'d=0 (i € It°), VHy(2*)Td >0 (i € T UT™?),
VGoi(z*)'d <0 (i € I°7), (VHi(z*)Td) (VG (z*)'d) <0 (i € I%)},
and
Lomcc(z*) = {d|d"'VHz(z*) =0 (i € I*°),d" VHz;(z*) > 0 (i € I°),
dT'VGsi(z*) =0 (i € I°F), (AT VG (x*))(dT VHzi(z%)) = 0 (i € T9)}.
The generalized linearized cone of at * € X is the closed cone defined by
Ly :={d|Vg(z*)"d <0} N Lypoc(e™) N Lupvo(z) N Lomoo(x™).

Note that this cone is not polyhedral and is in general not convex. However, we denote it linearized cone
since it can be interpreted as a first order approximation of the tangent cone of X’ at x*.

Definition 3.1. A point x* € X is said B-stationary if
—Vf(x*) e Lx(z¥)°.

We see from this definition that a B-stationary point is closely linked with local minima of a linearization
of . This is formalized in the following result.

Theorem 3.2. Let z* € X be a local minimum of that satisfies the following constraint qualification:
Tx(27)° = La(x7)°. (3)
Then, x* is a B-stationary point.
Proof. 1t follows from local optimality of z* that
Vf(x)Td>0, Vd € Tx(z*),
which implies
V") e Tx(z¥)°.
Using the constraint qualification , z* is then a B-stationary point. O

Obviously, computing a B-stationary point is already a very hard problem. Thus, in the next section, we
define some other optimality conditions that are more tractable from a computational point of view.

4 Optimality Conditions and Constraint Qualifications

We introduce two conditions that we will show are interesting optimality conditions for this problem. We
use here the following notation VF(z*)Ny (F(z*)) = {VF(z*)v | v € Nx(F(z*))}.

Definition 4.1. A point z* € X is said
o M-stationary if —V f(z*) € VF(x*)Nx (F(z*));
o S-stationary if —V f(z*) € VF(x*)Nx(F(z*)).

We observe that S-stationarity implies M-stationarity.

In the special case where q1 + ¢2 4+ ¢3 = 0, the problem is reduced to a classical non-linear program.
In this case, it is well-known that under a classical constraint qualification, for instance Guignard Constraint
Qualification (GCQ) Ty (z*)° = Lx(2*)°, a good optimality condition is given by the KKT condition. We say
that z* € X is a KKT point if there exists A9 € RE. with A{' = 0Vi ¢ Z,(z*) such that —V f(z*) = Vg(z*)\.

The following result shows the link between S-stationary points and KKT points of . The Lagrangian
function associated to at x* is given by

L(z*) := f(z*) + Mg(z*) —v°VG(z*) — vEVH (),

where (A, %, v) € RP x R? x R



Theorem 4.2.

*

z* is a KKT point of <= x* is an S-stationary point.

Furthermore, this condition can be explicitly written as

VL(z*) =0,

N =0(i ¢ 1) 0 >0 (i € T,)

ve =0 (i € IL), vl =0 (i € I2L),

ve >0, vH 20(161’800).

v =0 (i € Tyo ULyg), v <0 (i € Tyt), (4)
VH:O(zeI‘”CuIVC) Hz()(z'ez;g)

vE>0,08 =0 (i€ I )5

vl =0 (i e IV, v, fO(zGIIi(OC)

szO,VfIZO(zel'?{OC)

Proof. The condition is obtained in a straightforward way from the definition of KKT point. It remains
to show that it is equivalent to the Definition

We know that for a given finite collection of sets I' = M;T; € R™ it holds true that Ny (z*) = NN, (z*)
by [28, Proposition 6.41]. Thus, it is sufficient to compute Ng, (*),Ne, (2*) and N, (z*):

e For (1, it has been pointed out in [I4, Proposition 2.1] that

) dy = 0,dy €Rifa=0<b,
Ncl(a,b): (dl,dz) di ER,dy =0if a > 0=,
d1§07d2§01fa:b20

e For (5, direct computation gives

d1:0,d2§01fa<02b,
dy=0,dy eRifa>0=b,
Ne, (a,b) = < (dy,da) | di >0,dy =0if a=0<b,
dy =0,dy =0ifa<0<b,
d1:O7d2§Oifa:b:0

e For (3, direct computation gives

) di €R,dy=0if a=0<b,
NCS(a,b): (dl,dg) d; =0,dy GRifa#():b,
d1:07d2§01fa:b:0

This concludes the proof.
O

In the special case of g1 = ¢2 = 0, i.e. only OMCC, with n; = n — ¢3 such that z,y € R™ x R? and
Gs(z,y) =, H(z,y) =y and f(z,y) = f(z) we get:

— Vf(z*) = NVg(z*) — vOVG(z*) — vIVH(z"),

()
N =0(i¢Zy(x"), v =0 G cZF), v >0 (G T%), % =0 c2®UuzPUuz™).

This condition corresponds to the definition of S-stationary point for OMCC in [6]. In the mentioned paper,
the authors prove that under a weak constraint qualification a local minimum of the problem satisfies (5]).
However, this is no longer true in our more general context of kink constraints as illustrated by the following
example.



Example 1. Consider the following three dimensional example:

minzy — x3
z€R3

s.t. x3 —4dx1 < 0,23 —4xo <0,

zo > 0,21 029 = 0.

S-stationary condition for this problem at the local minimum z* = (0,0,0)T yields to

0 —4 0 1 0
1 =M 0 |+X| =4 | =[O0 |- 1],
1 1 1 0 0

A >0, >0,09 =007 >0.
However, the only solution in the above equation is

M =0,X=10v%=00"=-3,

which is a contradiction with the sign of the multiplier v .
Similar examples can be found for MPCC and MPVC in the literature. This phenomenon is generic from
degenerate non-linear program as .

Theorem 4.3. The M-stationarity condition at x* € X is equivalent to

VL(z*) =0,

M =0 £ L) 20 (i€ T,)

V=0 (€ 130, v =0 (i € 7).

=0 orvd >OV >O(ZEIgOC)

=0(zeIi UIVC) 1/1 <0 (ieZyh), (6)
( ETVLUTE), v >o<ieI;%>

Proof. We proceed in a similar way as in Theorem

We know that for a given finite collection of sets I' = N;I"; € R™ it holds true that Np(z*) = NN, (z*)
by [28] Proposition 6.41]. Thus, it is sufficient to compute N, (x*),Ne, (z*) and Ne, (z*). It can be noted
here that these sets only differ for indices i € Z°° compared to those from the proof of Theorem

e For (1, it has been proved in [I4] Proposition 2.1] that

di=0,dy e Rifa=0<b,
Ne, (a,b) = 1 (d1,d2) di eR,dy=0ifa > 0=,
either dido =0ordy <0,do <0ifa=b=0

e For (5, direct computation gives

d1:0,d2§01fa<02b,
dy=0,dy eRifa>0=b,
Ne, (a,b) = { (dy,da) | dy >0,dy =0ifa=0<b,
dy=0,dy =0ifa<0<b,
dldgzo,dlzoifa:b:()



e For (3, direct computation gives

) di €R,dy=0if a=0<b,
Nes(a,b) = ¢ (di,dz) | di =0,d2 € Rifa#0=b,
dldQZOifa:bZO

This concludes the proof.
O

The observation that S-stationarity may not hold at a local minimum has motivated the following key
result.

Theorem 4.4. Let z* € X be a local minimum of that satisfies the following constraint qualification:
Tx(z*)° C VF(z* )N (F(z")). (7)
Then, x* is an M-stationary point. Conversely, if * € X is an M-stationary point, then holds.

Proof. The first part of the proof follows the exact same steps of Theorem

We now prove the converse. Let 2* be an M-stationary point. For any d € Ty (z*), by [13], there exists
a smooth function ¢ such that z* is a local optimum of mingex ¢(z) and —Ve(z*) = d. It follows that z*
is an M-stationary point of mingex ¢(x) and hence, by Definition we have

d=—Vp(x*) C VF(z")Nx(F(z")).
Since, we choose arbitrarily d, we have Ty (z*)° C VF(z*)Nx (F(x*)). O

We know from [I4] and [10] respectively for MPCC and MPVC that the condition (7)) is the weakest
constraint qualification that ensures such result. Besides, in [10] the authors give an explicit formulation of
this condition. It is to be noted that both constraint qualifications in Theorem and Theorem [1.4] are
independent from the choice of the objective function.

We conclude this section by showing that condition given in Theorem is stronger than condition

@ given in Theorem
Theorem 4.5. Let z* € X satisfies , then it also satisfies .

Example 3.1 in [14] in the context of MPCC shows that this result is sharp, since we do not have the
equality in general.

Remark 2. Another degenerate kind of constraint that could have been considered is the ”cross constraint”,
i.€.

{z | G(z) o H(xz) = 0}.

In this case, a remarkable phenomenon arises, since the Fréchet normal cone is then reduced to the singleton
0, while the limiting normal cone gives {(d1,dz) | dida = 0}. So, the S-stationary condition does not give
any pertinent information.

5 A Constraint Qualification to Show Convergence of the Regu-
larization Methods

In the previous sections, we introduced very weak constraint qualifications that have been used to provide
optimality conditions. In particular, Theorem [{.4]shows that our goal is to define a numerical method, which
converges to M-stationary points. However, both constraint qualifications are very hard to check in practice,
and they may not be sufficient to prove useful algorithmic properties. In this section, we introduce a new
constraint qualification and prove that it is useful in an algorithmic context.



Definition 5.1. G-GCRSC holds at x* if for any partition

12y = Acc U Bee U Cec,
%% = Ave U By,

7%, = Axc U Bge,

such that
Z vIVg(x Z vEVG(x Z vEVH;(x
with
v] =0 (i ¢ Iy),
v =0 (i ¢ I35 U Acc UTYE U Ave UTYVE U Ake),
v 0( ¢I§CUACC UI‘:}:CUBVC UIKCUBKC),

’L

andeEO(@EI( M), v and vt >0 (i € Acc), v€¥ >0 (i € Cee), v (i € Bee) >0, vE <0 (i €

TVELUAve), v >0 (i € 7,,2), there exists § > 0 such that the family of gradients
{Vgi(l‘) (Z S Il), VGz(IL‘) (’L S I3), VHZ(SU) (Z S 24)}
has the same rank for every x € Bs(xz*), where
Ty :={i € Zy(z")| — Vg;(z") € P},
Is —IgCUCCcU CUA}(QU{ZGAQQU CUAV(;|VG( )EP},
Iy =TI UBUILL U {i € Acc|VH;(z*) € PYU {i € T8 — VHi(z*) € P},
with the notations
P = VF(I*)Nx(F(.T*)) and B = Boo U Byc U Bge.

In the special case where there is no partition of Z% that satisfies the condition of the definition above,
the gradients are obviously linearly independent (G-LICQ).

Furthermore, G-GCRSC is weaker than assuming constant rank of the family of gradients of active con-
straints in a neighborhood (G-CRCQ), since the G-GCRSC condition considers only the family of gradients
that are linearly dependent with coefficients that have M-stationary signs.

During the process of an iterative algorithm, we are interested in the study of accumulation points of
sequences computed by the relaxation method. It is common to compute sequences that satisfy the following
assumptions.

Assumption 5.1. Let {z*} and 0 # {v*} € RE x Ra1F92+a3  Ra1T42403 pe sych that 2% — z* and

(i) VIR + Y vVt = > vIPVGi ) =Y vV H (aF) - o,

v &k
o Jin =0 (i ¢ Zy), lim - =0 (i ¢ IO uUToE U T

uH k +
and hm W =00 ¢ I(erg IVOC UII%OC)’



G,k H,k LGk

;}Lm % 0 or khm = >0, hm H "H >0 (i € Z2),
o Ly Gk Hk LGk
(iii) lim %4—%i— =0 or lim = <0 (z € I‘O/OC)
bosoo  IIPRIE koo IVFlle

] LGk H.k 00
kILH;oW =0 (i ¢ Txo),

(iv) the family of gradients of non-vanishing multipliers in are linearly independent.
This condition may correspond to some kind of sequential optimality conditions.

Remark 3. Note that assumption (iv) is not restrictive. According to [30, Lemma 7.1], we can build a
sequence of multipliers that satisfies (i), and , such that the gradients corresponding to non-vanishing
multipliers in equation are linearly independent for all k € N. This may change the multipliers, but
previously positive ones will stay at least non-negative and vanishing multipliers will remain zero.

The first step in our analysis is to prove that the sequences of multipliers satisfying Assumption are
bounded.

Theorem 5.2. Given two sequences {x*},{v*} that satisfy Assumption . Suppose that zF — z* € X,
and G-CRSC holds at z*. Then, the sequence {v*} is bounded.

The proof is skipped here, since it is a straightforward extension of the ones presented for MPCC and
MPVC respectively in [9] and [10].
A major consequence of the previous result is now stated.

Corollary 1. Given two sequences {x*} {v*} that satisfy Assumption . Suppose that x* — x* € X, and
G-CRSC holds at x*. Then, x* is an M-stationary point of .

Up to this point, it could be noticed that boundedness is not necessary to obtain Corollary (I} however,
it will be of importance in the study of the convergence of the relaxation method.

6 UFO : Unified Framework of Optimization Methods

6.1 Regularization Methods for (|1)

Consider the following non-linear parametric program R;(x) parametrized by the vector ¢:
s.t. g(xz) <0, h(z) =0, (Re(x))

with 76,77 : RL — (Ry U {+00})" "% such that #¥ = oo for i € Zyc UZxe and i(t) = g =
Ty euTre and € RY — Ry such that lim_0#(f) = 0 and the relaxation map ® : R" — Re1+42+243,

In the sequel we skip the dependency in t and denote ¢ to simplify the notation. It is to be noted here
that ¢ is a vector of an arbitrary size denoted [ as for instance in [9] where | = 2.

Remark 4. Note here that the length of the relaxation map has been augmented due to the cardinality con-
straints, which requires a special care. We make the following assumption for i € Tixc that the cardinality
constraint is relaxed through two relaxation maps:

®,(G(x), H(z):t) <0, &;(—G(z), H(z);t) < 0. (8)

10



The generalized Lagrangian function of (R;(z)) is defined for n € RP x R™ x Re1+a2+a3 » Ral+a2+a3
RI1+92+243 44

Lh, (x,m) = rf(2) + 9(x) 0’ — G(x)"'n® — H(z)"n" + &(G (), H(x); ) n".
Let Zg be the set of active indices for the constraint ®(G(x), H(x);t) <0, i.e.
To(x;t) :={i | ®;(G(z), H(z);t) =0} U{i | ®;(—G(x), H(x);t) = 0}.
The definition of a generic relaxation scheme is completed by the following hypotheses:

e &(G(x),H(x);t) is a continuously differentiable real valued map extended component by component,
so that
®i(G(x), H(x);t) := (Gi(x), Hi(x); 1) (H1)

e Direct computations give that the gradient with respect to z for i € {1,...,¢q1 + q2 4+ 2¢3} of
®,(G(x), H(z);t) for all z € R™ is given by

V.0, (G(x), H(x);t) = VGi(x)a (z;t) + VH;(z)af (z;1),

where off (;t) and o (z;t) are continuous maps by smoothness assumption on ®(G(z), H(z);t), which
we assume satisfy Vo € X

lim off (z;t) = H(z) and lim o%(2;t) = G(z). (H2)
el =0 lIt]l—0

e At the limit when [|t|| goes to 0, the feasible set of the non-linear parametric program (R;(x)) must
converge to the feasible set of (). In other words, given F(t) the feasible set of (Ri(z)) it holds that

”}‘igo{fﬂ | ®(G(x), H(x);t) <0} = { | G(z) o H(z) < 0}, (H3)

where the limit is assumed pointwise.

e At the boundary of the feasible set of the relaxation of the complementarity constraint it holds that
for all i € {1,...,q1 + q2 + 2¢3}

®,(G(x), H(x);t) =0 = Fg;(z;t) =0 or Fr;(x;t) =0, (H4)

where

(9)

and % is a continuously differentiable real valued function extended component by component. Note
that the function 1 may be two different functions in @ as long as they satisfy the assumptions below.
Those functions ¥(H (x);t), ¥(G(x);t) are non-negative for all x € {x € R" | ®(G(x), H(z);t) = 0}
and satisfy Vz € Ra1e2+a3
lim ¢(z;t) = 0. (H5)
It —0
Remark 5. These assumptions are not restrictive and motivated by the fact that ®(G(x), H(x);t) is an
approzimation (at the limit) of G(x)o H(x) as shown by (H3). is coherent with the C1 assumptions on
all the functions involved in . By construction of ® and regularity assumption, is logical. Finally,
gives a structure of the relaxation map, where is coherent with .
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Remark 6. According to (§)), we also consider ®;(—G(z), H(z);t). We clarify here how the hypotheses
extend to this case. The gradient of the relaxation map in (H2) becomes

V. ,(G(x), H(z); ) = —VGy(z)all (5;) — VHi(x)al (z58),
while in we get
®,(G(x), H(x);t) =0 = —Fg;(x;t) =0 or Fy;(z;t) = 0.

We will prove in Theorem that this generic relaxation scheme for converges to an M-stationary
point requiring the following essential assumption on the functions ¥. As t goes to 0 the derivative with
respect to the first variable of 1 satisfies Vz € Re!+492+a3

OY(z;t) _
Mgo oz =0 (H6)

T=z

As a direct consequence of these assumptions, we can compute an explicit formula for the relaxation map
at the boundary of the feasible set.

Lemma 6.1. Given ®(G(x), H(x);t) be such that for all i € Ty (x;t)
®(G(x), H(z);t) = Fai(w; t) Fr (w3 t).
The gradient with respect to © of ®;(G(x), H(x);t) fori € Ig(x;t) is given by

V. ®:(G(x), H(z);t) :== VG;(x)all (z;t) + VH;(z)al (x;1),

with
oS (a3) = Fai(ast) — 22 Furaast),
O z=H;(x)
ol (2:1) = Fypi(ast) — 220 Fe(ast).
Ox =G, (x)

We now give some examples of functions .
Example 2. Some examples of functions ¥ are:
o Y(x;t) =t as in [20,[15, [6] or [18).

o Y(x;t) = t10:,(G(x)), where O, : R =] — 00, 1] are continuously differentiable non-decreasing concave
function with 6(0) = 0 and tlimo O, (z) =1 Vo € Ryy completed in a smooth way for negative values.
2—

This method considered in [9, [10] was called butterfly relaxation in the aforementioned papers.
It should be noted that ¢ in Fg and Fy can be different, to get an asymmetric reqularization as in [10)].

Theorem 6.2. Assume that the relazation map ® satisfies all the above assumption with the construction

n . Then,
lim F(t) =X,
lIt]I—0

where the limit is assumed pointwise.

The proof is straightforward, using that lim ¢(¢) = 0 and the combination of (H3) with .

lItll—0
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HO)

G(x) x

Table 1: Feasible sets of the butterfly relaxation for the three families of degenerate constraints.

6.2 Convergence Properties of the Regularization Methods

The previous section introduces a large class of regularization methods for . The algorithmic scheme com-
pute a sequence of approximate stationary points for each value of a sequence of parameters {¢;} decreasing
to zero.

The main difficulty here is that convergence property are deteriorated by the approximate computation of
the stationary points. It has been shown in [21, Theorem 9 and 12] or [9, Theorem 4.3] for the KDB, L-shape
and butterfly relaxations that under this definition, sequences of epsilon-stationary points only converge to
weak-stationary point without additional hypothesis.

In order to attain our goal to compute an M-stationary point with a realistic method, we introduce a
specific definition of approximate stationary point. The definition of epsilon-stationary point called strong
epsilon-stationary point, which is more stringent regarding the complementarity constraint.

In the sequel, we prove the strong convergence property of the regularization methods with this notion
(Theorem and give an algorithm (Algorithm [T).

Definition 6.3. z* is a strong epsilon-stationary point for (Ri(z)) with ex > 0 if there ewists n* € RP x
R™ x R3? such that

VLR, @05 t)| o, < en

and
gi(a®) < >0, gzt < e Vie {1,...,p},
|h(z®)| <t +0(6k) Vie{l,...,m},
Gi(z* )+t,m- > —e€p, ni * >, ni F(Gy(xh) +kal) <e Vie{l,...,q},

Hi(xk)_'_kaJZ_eka 771‘1_1sz07 nflk(H( )+tkz) Sek VZ€{17aQ}7

®;(G(a%), H(z¥); 1) <0, nf* >0,

N O(GaR), Ha )5 t)| =0 Vi€ {1, q).

We use here the convention that [nFt¢| < e for ¥ = co = nf = 0.
The representation of V® gives that

VLg (z,m5t) = )+ anng ZVGVG ZVHVH (10)
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where (79,17%, 7%, n®) >0 and v9 = n9,

& —nEall(z;t), if i € Zec,
vy =< —nall(z;t), ifi € Iy, and

i
—(nf =t gzl (xt), if i € Ikc,
nH —n2af(z;t), if i € Iec,

v = nH —nPaf(x;t), ifi € Iy,
nf — (F —ntz)al (x;t), if i € Ike.

The following theorem is a direct consequence of both previous lemmas and is our main statement.

Theorem 6.4. Given {t;} a sequence of parameters and {e;} a sequence of non-negative parameters such
that both sequences decrease to zero as k € N goes to infinity. Assume that ¢, = o(ly). Let {x* n*} be a
sequence of strong epsilon-stationary points of according to deﬁmtionfor all k € N with 2% — x*
such that G-CRSC holds at x*. Then, x* is an M-stationary point of .

Proof. The proof relies on the use of Corollary [} So, it is sufficient to check that up to some sufficiently
large k the sequence {*} and the sequence {v*} defined in satisfy Assumption In particular, we
choose a sequence ¥ that satisfies condition (iv) of Assumption This is always possible according to
Remark [B

We denote ||[v*|| o := ||[v9%, v&F vHF| . that without loss of generality we assume to be non-zero for k
large.

e By definition of the sequence, it holds that HVE}%t (xk,uk;tk)Hoo < €, thus as kK — oo we obtain
VLE, (zF,vF;t;) — 0. A same argument gives that v9°* > 0.

We now show that for k sufficiently large any I/iG’k <0 fori e I?/E and l/Z-H’k >0 fori e I‘;g. Let
i € Iyh, by assumption (H2), off (#%;tx) — H;(2*) > 0. Thus, for k sufficiently large aff (z¥;¢;) > 0
and since 77? F >0 we get ViG F <0, A straightforward adaptation of this reasoning can be used to

show that v/"* > 0 for i 7,2 So, Assumption (i) is checked.

e It is clear by the complementarity condition in Definition that v/ * 50 for all i ¢,
Let us now consider i ¢ Zoh UZOE UZY,, fe. Gi(z*) # 0. It follows that G;(a*) + & — Gi(z*) # 0.
By the complementarity condition in Definition we obtain that niG * =0 for k sufficiently large.

We now consider nfb’k > 0 for k sufficiently large, otherwise the proof of this case is completed (VIG k=
0). By Deﬁnition it implies that i € Zg and so either Fg,(z¥;t;) = 0 or F;(2*;t,) = 0 according
to (H4). However, Fg;(z";t;) = 0 is not possible, since Fg;(a*;tp) — G;(z*) # 0 by (HF). So,
Fp,(z¥;t;) = 0 and by (9) we have nZ-H’k — 0 as 9 is non-negative and €, = o(f;). We can now use
Lemma [6.1] to obtain

af (a;ty) = Fg(2¥ ), and off (a";t) = — Blwite)

. Fei(a®;ty).
i Oz Gz(x 3 k)

z=G;(z*)

This yields to the following inequalities for k sufficiently large

H,k vt
k b i
oo 227" = |

ox

=G, (z*)

G,k
It follows that lim —i— = 0.
koo I7Flle

H
v

sk

By the exact same way, we can prove that klim i = 0 foralli ¢ Iéfg UI‘j}g UIIi(OC, which concludes
—00 0

this part and Assumption (ii) is checked.
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e Let i € 79. Tt is sufficient to consider the case i € Zp for k sufficiently large and in particular {n®*}

is unbounded, otherwise this case is directly satisfied. By Definition [6.3] it implies that i € Zs and so
either Fg;(2*;ty) = 0 or Fy,;(2%;t;) = 0 according to (H4)). We consider Fy;(z¥;t) = 0 (the other
case is a straightforward adaptation) and we can now use Lemma to obtain

0 1
oS (ahity) = Fou(aity), and afl(abs ) — — 200 Fey(a; ).

Ox =G, (z*)
Since Fp,;(z*;t) = 0, by (9) we have n{{’k — 0 as ¢ is non-negative and e = o({y).
Let 0 # C < oo such that _lim vIE vl = C.
—00

If C' = 0, the result would follow as klim |V1Hk|/||u||OO < oo.
— 00

So, assume that C' # 0. Then, klingof % I,G,(Ik)ViH’k/HnHOO = 0 by (H6). Thus, we get

klim ul-G’k/HyHoo = klim mG’k/HVHoo > 0. We conclude by examining two cases: either G;(z*) > 0 or

—00 — 00

G;(2%) < 0. If G;(2¥) > 0 the product of the limit is vanishing, since the complementarity condition

and €, = o(tg) gives that lim I/iG’k/||1/||0O = lim niG’k = 0. It is the same argument if G;(2*) < 0

k—o0 k— o0

and lim 77 = 0. Finally, if G;(zF) < 0 and lim v /||v]|le = lim %% > 0, we get C' > 0 since
k—o0 k—o0 k—o0

G(z*) < 0 implies Fg(z%;t) < 0 and ViH’k = fn;b’kFg(:ck;tk).

This proves that Assumption (iii) is verified.

Finally, we can apply Corollary [1] to get the result. O

Theorem ((6.4) attains the ultimate goal. However it is not a trivial task to compute such a sequence of
epsilon-stationary points. This is discussed in the following section.

Remark 7. Although we do not study the existence of strong epsilon-stationary points here. The same
behavior as the one explained in [26] has to be expected and the proofs can be extended. In [26, Thm 9.1
and Thm 9.2], the authors prove that reformulating with slack variables for the degenerate constraints
and then (R:(x)) possesses strong-epsilon stationary points in the neighbourhood of an M-stationary point.
It was illustrated in the aforementioned paper that this result is no longer true without slack variables.

6.3 The Algorithm to Compute Strong Epsilon-Stationary Points

The previous section underlines the interest of considering strong epsilon-stationary points (Definition [6.3)).
However, it is far from obvious to see how to compute such a point in practice. We answer this essential
question in this section.

6.3.1 Problem transformation

We make two transformations of that do not alter the theoretical properties but ease the numerical
approach.

First, we add slack variables on the relaxed constraints in order to satisfy the feasibility exactly as in
Definition Consider the following non-linear parametric program R;(x, s) parametrized by t:

(w,s)g%{g”lx R2qf(x)

s.t. g(z) <0, h(z) =0, (Ri(z, )
sq = G(x), sg = H(x),
ble > EGa SH > _EHa (I)(SG78H;t) < 0)
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with limy 0t = 0% and the relaxation map ®(sq, sg;t) : RITI2Ha3 x RalTa2+a3 _; Ral+a2+43 jg defined
by replacing G(x) and H(z) by sg and sy in the map ®(G(z), H(z);t).

We now penalize all the constraints that can be approximately satisfied in the Definition [6.3] The
following minimization problem aims at finding (z,s) € R™ x RI1T42+a3 » Ra1+92+43 5o that

1
min V,(z,s) := f(x) + —o(x, s
nin W (,5) 1= f(a) + 5-9(z.) i)
st. sq > —t%, sy > —t, ®(sq,sy;t) <0,

where ¢ is the penalty function
¢($, S) = || max(g(x),()), h(.’lﬁ), G(J?) — SaG, H(I) - 5H||2‘

An adaptation of Theorem gives the following result that validates the use of slack variables and the
penalization approach.

Corollary 2. Given a decreasing sequence {py} of positive parameters and {e;} a sequence of non-negative
parameters that decrease to zero as k € N goes to infinity. Assume that e, = o(ty,). Let {z* n*} be a sequence
of strong epsilon-stationary points of according to deﬁnition for all k € N with 2% — x* such
that G-CRSC holds at x*. If x* is feasible, then it is an M-stationary point of .

Proof. Assuming that z* is feasible for , the result is a straightforward adaptation of Theorem [6.4 O

The strong assumption on the previous theorem that xz* must be feasible is hard to avoid. Indeed, it is
a classical pitfall of penalization methods in optimization to possibly compute a limit point that minimizes
the linear combination of the constraints.

6.3.2 Active-Set Algorithm

We discuss here an active set method to solve the penalized problem . This method is an extension
of the method proposed in [19].

The set of points that satisfy the constraints of (R;(x,s)) is denoted by F; 7 and f;(x,s) denotes the
measure of feasibility

Bi(,5) = d(x,8) + [[(=sc + TN+ [ (=sm + )72 + (=D (s, sm5)) I
Let W(s;t,t) be the set of active constraints among the constraints
sSG Z _t_G7 SH Z _t_H7 (D(SG>SH7t) S 07 (12)

and fﬁf— denotes the set of points that satisfy those constraints. We can be even more specific when for some
i €{1,...,q} the relaxed constraint is active since

Qi(sq,sm;t) =0 = sm,; = Y(sq,i;t) or sq; = V(sm;t).

Remark 8. It is essential to note here that active constraints act almost like bound constraints since an

active constraint means that for some i € {1,...,q} one (possibly both) of the two cases holds
SGi=—1t or¥(sm;t),
or
sHi =—t or(sgist).

Considering the relazation from Kanzow & Schwartz it is obviously a bound constraint since ¥(sgi;t) =
Y(smq;t) =t. The butterfly relazation gives Y(sqi;t) = 104, (sgi) and Y(smi;t) = t104,(sq,:). This is not
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a bound constraint but we can easily use a substitution technique. This key observation is another motivation
to use a formulation with slack variables.

Furthermore, a careful choice of the function ¥ may allow to get an analytical solution of the following
equation in a for given values of sg, SH,ds, ds

SG H *

5q,i+ adsg, —V(smi+ adgy ;;t) = 0.
Solving exactly this equation is very useful while computing the largest step so that the iterates remain feasible

along a given direction. For the butterfly relazation with 6., (x) = the equation above is reduced to the
following second order polynomial equation if sg; + ads, , > 0:

X
x+ts?

(SH7¢ + deSH’i + t2)($G’i + O‘dSG,i) — tl(sH’i + OédSHﬂ.) =0. (13)

Algorithm |1| presents an active-set scheme to solve (P} (x, s)|), which is described in depth in the sequel of
this section. Apart from some specific parameters most of the input data are given in this algorithm through
the relaxation loop that will be discussed in Algorithm [2| (page .

Data:

Input Data: zF~!, s*~1; precision € > 0 ;

po > 0 initial value of p, pmin lower bound on the penalty parameter ;
Algorithm Parameters: o, € (0,1) update in p; 7y € (0, 1); sat:=true;
Initial estimate of the multiplier v/°;

Begin ;

Set j =0, p:= po ;

(%0, 50 Wy, Ag)=Projection of (zF~1, s¥=1) if not feasible for :

while sat and (|[VLE, (x%7, 577 00: 1)) |12, > €| ||lso or min(?) <0 or By, (z™7,s7) > €) do
Substitution of the variables that are fixed by the active constraints in Wj;

Compute a feasible direction d’ that lies in the subspace defined by the working set W; (see (L3))
and satisfies the conditions ;

7 Compute & the maximum non-negative feasible step along d’

[ B N R

a:=sup{a: (z"9,s") + ad’ € F, 5}

Compute a step length a; < & (see (13))) such that Armijo condition holds ;

8 if aj = & then

Update the working set — W;41 and compute A;;; the matrix of gradients of active
constraints

10 (zhdt1 gkt ly = (ghd sPI) 4 add

11 j=j+1;

12 if By, 7, (™I sPIFL) > max(7yi084, 1, (277, s%7), €) then

13 | pi= maX(Upm Pmin)

14 else

15 Determine the approximate multipliers 77+ = (n%, nf1, n®) by solving

W earg min [AT.n - VU, 5
VER‘

Relaxing rule : if 3 4, 77J+1 < 0 and (satisfy or aj =0 ) then
16 ‘ Update of the working set W, (with an anti-cycling rule) ;
17 | sati=|d/|| > €

18 return: z¥,s*, p or a decision of unboundedness.

Algorithm 1: Active-Set Penalization Algorithm for the relaxed non-linear program (P:(z, s)).

At each step, the set W; denotes the set of active constraints of the current iterate s®J . As pointed out in
Remark 8] these active constraints fix some of the variables. Therefore, by replacing these fixed variables we

17



can rewrite the problem in a subspace of the initial domain. Thus, we consider the following minimization
problem

min U, (z, $s.us
(z,5)€R" xRISG|+1SH] o S5ausH)

s.t. sg; > —tforie Sq, sy, > —t fori € Sy,
D, (sg,sm;t) <0 forie SqgUSH,

where we denote

Ie = {i|sgi=—t},
Iy = {i|sui=—t}
Iy = {i]sui=1v(sait)},
Iy = il sai= ¢t}
I?;OH = {i|sgi=smi=9(0:1)},
So = {IN\(ZeUIlyuIgy),
Su = {I}\(Tuw UIgH UILy).

Sc and Sy respectively denote the set of indices where the variables sg and sy are free.

Some of the fixed variables are replaced by a constant and others are replaced by an expression that
depends on the free variables. It is rather clear from this observation that the use of slack variables is an
essential tool to handle the non-linear bounds.

A major consequence here is that the gradient of ¥ in this subspace can be done using the composition
of the derivative formula:

VOV (x, ssqusy) = J%jV\IIp(x, s), (15)

where Jyy, is an (n +2q) X (n + #S¢ + #Su) matrix defined such that
I,
Sy, = J{i\‘?.
sH
I,

The three sub-matrices used to define Jyy, are computed in the following way

Jffvj =1d,,
T .
e;, forie Sq,
O (x;t) T ; +0
sG —
L5 = o G for i € Ty,
20 T=SH

0, for i € ({1,..., g1 \Se)\ZEY,
el fori € Sy,

Oy (zst) T . 0+
SH —
ij’i = o |, e;, fori e Loy,

0, fori e ({1,... ,ql}\SH)\Ig‘T‘I7

where Jyy_ ; denotes the i-th line of a matrix and e; is a vector of zero whose i-th component is one. We may
proceed in a similar way to compute the hessian matrix of ¥, (z, ssqusy)-

The feasible direction d’ is constructed to lie in a subspace defined by the working set and satisfying the
sufficient-descent direction conditions for 27 € R**ISal+ISul.

VO (D) < g | VIS ()12,
1] < [ V27 (),

(SDD)
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where po > 0, p1 > 0.
The step length a; € (0,a] is respectively computed to satisfy the Armijo and Wolfe conditions for
= Rn+IScl|+ISH].

U2+ oyd?) < W(29) + 100, VIV (DT d | 79 € (0,1), (16)

VWi (29 + a;d)Td? > 1 VWi (DT d ) 1y € (7o, 1). (17)
If & satisfies the Armijo condition , the active set strategy adds a new active constraint and the Wolfe
condition is not enforced. Otherwise, the Armijo condition requires a@ < @ and the Wolfe condition is
enforced.

The relaxing rule is given by the following scheme : Relax some constraint iy if and only if the two
following conditions are fulfilled:

1. 77{0 <05
2. No constraint was added at the arrival point (2%, s%7) and no constraint was deleted at the previous

iteration.

The convergence will rely on the fact that at least one step satisfying Wolfe’s condition will be performed
before removing an active constraint.

6.3.3 Regularization scheme

Along this paper, we analyze an algorithm to solve through a regularization scheme and an active set-
penalization method to solve the sub-problems. The latter has been described in the previous sections. We
now formally defined the regularization scheme in Algorithm

Data: Let 20 = (2°,5°) be an initial point;
Let pp be an initial value of the penalty parameter;
Choose a sequence of precision {e}, a desired precision €., and a safeguard €,,in;
Set k=10
Begin ;
repeat
(tis th, Prmin,):=Oracle(eg) ;
2 1 = Algorithml(zk7 €k, Py Pmin,k): from the starting point 2%, use Algorithm 1 to

compute zF*1 an approximate stationary point of (PZ(z, s)) with penalty parameter
Pk 2 Pk+1 2 Pmin,ks
Set k+ k+1;

6 until (|| min(G(z* ™), H(z"™))||o0 < €00 and ¢(2F ) < €x0) o7 €1 < €mins

7 return: f,,; := f(z**1) the optimal value at the solution z,,; := z**! or a decision of infeasibility or

unboundedness.

- R

Algorithm 2: Relaxation method for Problem .
As a consequence of Corollary [2] if the final point of the sequence computed by Algorithm [2]is feasible for
and satisfies G-CRSC, then it is an M-stationary point up to some precision. Convergence of Algorithm
deserves a specific treatment that has been proved in [26] in the context of complementarity constraints.

Conclusion

In this article, we focus on the study of popular classes of degenerate non-linear programs including MPCC,
MPVC and the new Optimization Models with Kink Constraints, which generalize the OMCC. These prob-
lems are frequently encountered in many applications including several from optimal control as motivated
here. We give theoretical results on optimality conditions, constraint qualification with their algorithmic
application.
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A generalized framework presented in this article is used to analyze relaxation methods that aim to con-
verge to M-stationary points. Motivated by the approximate resolution of the sub-problems we defined a new
notion of approximate stationary point. We prove existence of such approximate point in the neighborhood
of an M-stationary point and provide an algorithmic strategy to compute such point.

Further research concern the implementation of this algorithmic strategy in the language Julia and its
application in real-world problems.
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