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Abstract An internal energy function of the mass density, the volumetric
entropy and their gradients at n-order generates the representation of multi-
gradient fluids. Thanks to Hamilton’s principle, we obtain a thermodynamical
form of the equation of motion which generalizes the case of perfect compress-
ible fluids. First integrals of flows are extended cases of perfect compressible
fluids. The equation of motion and the equation of energy are written for
dissipative cases, and are compatible with the second law of thermodynamics.
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1 Introduction

Phase transitions between liquid and vapour are associated with a bulk internal-
energy per unit volume £o(p,n) which is non-convex function of mass density
p and volumetric entropy n. Consequently, in continuous theories, the sim-
plest model allowing to study inhomogeneous fluids inside interfacial layers
considers an internal energy per unit volume ¢ in the form

1
e =ceo(p,n) + §>\Igradpl27 (1)
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where the second term is associated with the non-uniformity of mass density
p and A is a coefficient independent of n and grad p.

The energy form in Eq. (1) has been introduced by van der Waals and is
widely used in the literature [1,2]. The model describes interfaces as diffuse
layers and has many applications for describing micro-droplets, contact-lines,
nanofluidics, thin films, fluid mixtures and vegetal biology [3-6]. Thanks to
the second-gradient theory, the model was extended in continuum mechanics,
to the behaviour of strongly inhomogeneous media [7-9]. Nonetheless, at equi-
librium, expression of energy given by Eq. (1) yields an uniform temperature
in all the parts of inhomogeneous fluids [10]. Consequently, the volumetric
entropy varies with the mass density in the same way as in the bulks; this
fact leads to monotonic variations of densities but they are qualitative fea-
tures of non-monotonic behaviours in transition layers which require two or
more independently varying densities - entropy included - (chapter 8 in [10]);
additively, the temperature through liquid-vapour interfaces is not necessary
constant [11]. So, with the form of energy given by Eq. (1), the thermodynam-
ics of inhomogeneous fluids is neglected and it is not possible to model flows
with strong variations of temperature such as those across non-isothermal in-
terfaces. In fact, it is difficult to take account of the gradient of temperature in
the expression of the internal energy, but we can use the gradient of entropy.
The simplest model was called thermocapillary fluids [12]. Such a second-
gradient behaviour has also been considered by several authors in physical
problems when the temperature is not constant in inhomogeneous parts of
complex media [13,14].

We improve the model: when strong variations of mass density and entropy
occur, a general case can consider fluids when the volume internal energy de-
pends on mass density, volumetric entropy and their gradients up to a conve-
nient n-order (with n € N).

The Hamilton principle allows to write the equation of conservative motions in
an universal thermodynamic form structurally similar to the equation obtained
in the case of conservative perfect fluids [15]. Consequently, all perfect fluid
properties, as the Kelvin theorems are preserved and isentropic or isothermal
motions can be studied.

The case of dissipative motions is considered. From the equation of motion,
the conservation of mass and the balance of entropy, we deduce the balance of
equation of energy. The equation of energy is not in the same form as that of
classical fluids. A new vector term — in form of flux of energy — appears, which
takes the gradients of mass density and entropy into account. The Clausius-
Duhem inequality can be deduced from the viscous dissipation and the Fourier
inequality: that proves multi-gradient fluids are compatible with the second
law of thermodynamics.

Notations: For any vectors a, b, term a” b denotes the scalar product (line
vector a” is multiplied by column vector b) and tensor @ b’ (or a®b) denotes
the product of column vector a by line vector b’ where superscript 7 denotes
the transposition. Tensor I denotes the identity transformation.
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Principal nomenclatures:
p, n and s denote the mass density, volumetric entropy and specific entropy.
¢ denotes the volume internal energy.
o and T denote the extended chemical potential and extended temperature.
D; denotes the space occupied by the fluid at time t.
Dy denotes the reference space.
F' denotes the deformation gradient.
u and ~ denote the velocity and acceleration of the fluid.
=, 0 and H denote the generalized chemical potential, generalized temperature
and generalized enthalpy.

2 Model of multi-gradient fluids

Perfect fluids of grade n + 1 (n € N) are continuous media with a volume
internal energy & which is a function of p and n and their gradients in form

€:€(p’vp7"',vpp,'"7vnp’ n’vn""7vpn7"'7vnn)’ (2)
where VP, p € {1,...,n}, denotes the successive gradients in space D; occupied

by the fluid at time t.

grad? p = VPp = {p,zjl ey } and grad’n = VPy = {77’%'1 ey, },

where the subscript “comma” indicates the partial derivative and x;, ...x;,
belong to components of Euler variables = [:L'l,SCQ,SCg]T € Dy, space of the

fluid at time ¢. We indicate indices in subscript position without taking account
of the tensor covariance or contravariance. We deduce

Oe Oe Oe - Os -
de = —d —d —:d —:d
=% o ”+<6w Vp>+<5V77 V")
O - . O - .

Sign : means the complete contraction of tensors such that,

Oe - . Oe
(avpp -dV”p) <dep- avpp) = Eapray, oy, Wy gy

de - . Qe
L OP,, | — Do _
(3Vp77 AV 77) B (dV a 3VP77) T Sy e, R T %dp

where repeated subscripts correspond to the summation (!). We call the ther-
modynamical functions,

.0 - Oe
p=— and T=—,
dp an
1 -
Due to the fact that Eprayy g dpyzjy v osmy, = APy - oosay) Pz ey and
RUCT IR dnaz;, --- s, = dnaz;, - Ty €My vy > WE indifferently permute the posi-

tion of the two terms in the summation.
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the extended chemical potential and the extended temperature, respectively.
We may also consider the case of an inhomogeneous configuration in the ref-
erence space by taking the reference position of the fluid into account; for the
sake of simplicity, we will not do it. So, the fluid is supposed to have infinitely
short memory and the motion history until an arbitrarily chosen past does not
affect the determination of stresses at present time.

3 Equation of motions. Generalized temperature and generalized
chemical potential

3.1 Virtual motions

The virtual power principle is a convenient way to obtain the motion equation.
For conservative motions, it writes as the Hamilton principle. A particle is
identified in Lagrange representation by position X = [Xl,XQ,Xg]T € Dy,
reference space of the fluid. The variations of a motion are deduced from the
functional family of virtual motions

X =i(z,1; B),

where € Dy, [ is a scalar parameter defined in the vicinity of 0, when the
real motion corresponds to 5 = 0. The virtual displacement ¢ associated with
any variation of the real motion is written in the form

(. t; B)
06X = ——"""7 .
B o

(4)
The variation is dual and mathematically equivalent to Serrin’s one ([15], p.
145). Additively, we only consider variations with compact support in Dy;

consequently, 6 X = 0 on boundary 0Dq of Dy.
The mass density satisfies the mass conservation law,

P det F' = pO(X)7 (5)
where pg is defined on Dy and F = dx/0X is the deformation gradient.

Equivalently, we can write

% +div(pu) =0,

where u is the fluid velocity. The motion is supposed to be conservative and the
specific entropy s = 1/p is constant along each trajectory (isentropic motion)

ndet F=mno(X)  with  7o(X) = po(X) so(X).
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Equivalently to relation (6), we can write

/B
E + div (nu) = 0.

Lemma: The variations of mass density and volumetric entropy verify

_ divo (po 6X) _ divo (0 0X)
T qetF and - on = — 3

where divg denotes the divergence in reference space Dy.

op (7)

The proof of the lemma comes from the velocity definition,

0X (x,t) wt 0X(x,t)
ox o 7

which implies

0X 00X 00X
9z Ut g vt —0 v du=-F—7—,

where d/dt denotes the material derivative. But,

ox 06X
FF'=1 — (F=—-F0F'F=———""2.
0 o 0X 0X
From the Jacobi identity and Eq. (5), we get
00X . X
ddet F' = —det F' tr (8—X) = —det F divgdX and p = pdoe(tF)’

which implies

op

0X

B , Opo
= % F {po divo (6X) + == 5X]

and consequently relation (7)!. The same calculus is suitable to volumetric
entropy n and we obtain relation (7)2.

Due to definition (4), variation § and space gradients are independent, so they
commute (§VPp = VPdp, §VPn = VPon). Expression (3) implies,

Oe Oe Je - de -
be=—39§ — 0 —: V6 — Vo
T Ty n+(3vap)+(3an)+

Oe - Os .
VALY V™ ).
+<5V"p v p>+<5V"n v 77> ®)

We define operator div, as follows :

divy(bj,..5,) = (bji...5,)

, p €N with wj,...,2;, € {21,20,23}.

»Tjp--Thq

Classically, term (bjl___jp) ». . corresponds to the summation on the re-
gy

peated indices j; ... j, of the consecutive derivatives of b, ... j, with respect
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to zj, ...z;, (%)
Operator div,, is the extended divergence at order p. Operator div, decreases
from p the tensor order and term VP increases from p the tensor order. We

deduce,

Oe ) Oe Oe
(8V V&p) = div (8V 6/)) (8V ) dp

[ L Oe Oe Oe
<5V2p Y 5p) = div {<3V2 V5p> div <5V2 > 5p] =+ dive <5V2p> op

( 0c v"(sp) = div4, + (—1)"div, (%) 5p

oV™p
with A,, p € {1,...,n} verifies
B Oc 1 , Oc Cp_o
A, = (3Vp :VPT 6/)) (le (8vpp) : VP 6/)) +...

- Oe \ - _ Oe
q—1 : : - p—1 7.
e (e () 9] s ot (555 o

We obtain the same relation for the volumetric entropy,

Oe . Oe Oe
<5V V577) = div <5V 57}> div <5V > on

O -, L Oe Oe Oe
(5V277 Vv 577) = div {(GVQ V577) div (6V2 ) 577} + dive (6V277) on

( 0e Ev"(sn) = divB, + (—1)"div, (%‘in) on

ovVm™y
with B, p € {1,...,n} verifies
Oe Oe .
B = p—1 (P2
b (8VP77 \% 677) (le (8V ) \Y% 577) +

_ Oe . _ Oe
q—1 : . — p—1 4.
+ (*1) <d1vq1 <6vp7’]> . Vp q(;n) 4+ ...+ (*1) lep,1 (an) 57’]

We denote
E=p—div®d, +divo P2 + ... +(-1)"div,, &
} (10)
0=T— diV!pl + diVQ WQ +... +(—1)"d1vn an

[au, a2, a13}

2 For example, when A = | a21, a2z, a3 | , then

as1, a32, a33

divA = [a117x1 +a21,z, +a31,z5 , A12,2; +a22,25 +a32,25 , @13,z +023,25 +033,23 ], and
divo A = a11 51,2y + 021 2p,2; + 31 ,05,09 T 012,09 ,00 T 022,05,00 T 032,24,25 + 13,21 ,25 +
Q23 25,25 T Q33 25,25 -
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with
Oe Oe
QP = avpp = {E’Pvmjlnqmjp }’ Wp = avpn = {E’U,mjl---mjp }’ (11)
where z;,,...,2;, € {x1,22,23}. We call = and 0 the generalized chemical

potential and the generalized temperature, respectively.

3.2 The Hamilton action. Generalized enthalpy
Let £ be the Lagrangian of the fluid, i.e.

1
L=-pu'u—ec—pR, with u’

5 w=ul?,

where ¢ is defined by Eq. (2), u denotes the particle velocity and (2, function
of (x,t), denotes the potential of external forces. Between times ¢; and t3, the

Hamilton action writes
ta
a= / L dxdt,
t1 Dy

where dx dt denotes the volume element in time-space [t1,ta] X D;. Classical
methods of variation calculus yield the variation of Hamilton’s action

da = a/(ﬂ)w:o-

From 642 = 0, we deduce

to 1
5a:/ / [PuTéqu <—uTu -Q> 5055} dx dt.
t1 J Dy 2

From egs. (9) to (11), we deduce the value of de and
to 1
5(1:/ / {{puT(;uﬁL(—uTuEQ)(;p@(;n]
t1 Dy 2
+div(A; +...+A, + B4 +...+Bn)}d:cdt,

where term div (A; +...+A, + By + ... +By) can be integrated on dD; and
consequently has a zero contribution. Then,

to 1
5@:/ / [POUT5u+detF(§uTu—5—Q) 5/)—(detF)9577} dXdt,
t1 Do
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N | =
g
I~
\
1
\

where dX denotes the volume element in Dg. Let us denote m =

£2; taking account of Egs. (7) and (8), we obtain

ta X
(5a—/ / [ pouTFfl——i—(detF)mép (detF)@én} dXdt =

2 “ ) T T
pOT —poVom +mnoVy0
t, JDo

TF(SX) , :
/ / + divg (m po 0 X) — divg (019 6 X) | dXdt,
Do

5X} dXdt+

where V and divy denotes the gradient and divergence operators in Dy, re-
spectively. The last integral can be integrated on the boundary of [t1, ta] X Dg
and consequently is null. Then,

t2 d(uTF
50:/ / {lpo% —POVon +770V0T@
t1 Do

The fundamental lemma of variation calculus and ng = pg sg yield

5X} dXdt.

d(ul'F
% Vim +so Vg0 =0.
Due to (T )
d(u" F T r0u
bl Sl =ZI\F
dt <7 o 0:B> ’

where ~ denotes the acceleration vector, we obtain the equation of conservative
motions,

~y+egrad (5 + 2) +sgradd =0 or ~+grad(H + 2)—0 grads =0, (12)

where H = = + s0 denotes the generalized enthalpy. Relation (12) is a ther-
modynamic form of the equation of isentropic motions for perfect fluids which
generalizes relation (29.8) in [15].

3.3 Isothermal motions

We assume that

ta
/ / n dxdt = Sy, (13)
t1 Dy

where Sy is a constant. Only mass conservation (5) is considered. The volu-
metric entropy becomes an independent variable which is subject to constraint
(13) and action a can be replaced by

ta
b:/ (L4 0gn )dxdt,
Dy



Multi-gradient fluids 9

where scalar 6y is a constant Lagrange multiplier associated with integral
constraint (13).
For any variation & of 1, with § X = 0, we immediately deduce

ta
/ / [det F (6p — 0) ks |dXdt =0
t1 Do

and consequently
0 =6y,

that corresponds to isothermal motions in the sense of generalized temperature
0. When x = 0, for any variation of § X, we get the equation of motion in the
form

v +grad (E+ Q) =0.

At equilibrium, without body forces,
E=puy and 6=46,

where pp denotes the chemical-potential value in fluid bulks.

3.4 Conservative properties of perfect multi-gradient fluids

The circulation of velocity vector u on a closed fluid-curve C is J = 7{ ul dex.
C

From [15] p. 162,

d
— ¢ ul da = %WT dx

Thanks to Eq. (12), we deduce:

— The velocity circulation on a closed, isentropic fluid-curve is constant.

— In a homentropic motion (the specific entropy is uniform in the fluid), the
velocity circulation on a fluid-curve is constant.

— The velocity circulation on a closed fluid-curve such that 8 = 6 is constant.

From

_lrd(T)—a_u_;’_a_u _ a_uT —a_u+rt %
e e U e T

and
v +grad (H 4+ 2) — 6 grads =0,

in the case of stationary motions, we obtain
L 7
rotu x u = fgrad s — grad JU u+H+902). (14)

Equation (14) is the generalized Crocco-Vazsonyi relation for multi-gradient
fluids.
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The Noether theorem proves that any law of conservation can be represented
by an invariance group. It has been proved that the conservation laws ex-
pressed by Kelvin’s theorems correspond to group of permutations consisting
of particles of equal specific entropy [16]. It is clear that this group keeps the
equation of motions invariant both for the classical perfect fluids and also for
multi-gradient perfect fluids. Consequently, it is natural to surmise that the
most general perfect fluids are continuous media whose motions verify Kelvin’s
theorems.

4 Equation of energy and thermodynamical relations
4.1 Equation of balance of energy

Let us consider a dissipative fluid. The equation of motion written in the
conservative case can be extended to viscous fluids in the form

pYy +pgrad =5+ ngradd — dive, + pgrad 2 =0,

where o, denotes the viscous stress tensor of the fluid. Due to the relaxation
time of viscous stresses, the viscosity does not take into account of any gradient
terms. We denote M, B, N and F as,

M =p~+pgrad = + ngrad — divo, + pgrad {2,

dp .
B=2
5t +div (pu),

d
N:de—ierin—rftr(UvD),
P2 (Lplutpsino-mmip0)+
= gruutpE+n P

1 0
div{{(ipuTuanEnLn@erQ)I+UU}u+x}+dinrpaa—t.

Terms @ and r represent the heat flux vector and the heat supply, respec-
tively. The Legendre transformation of volume internal energy € with respect
to variables p,n, Vp,Vn,...,V"p, V™ is denoted 11,

II=ppu+nT+ (@15Vp> + (‘I’l EV77> +...+ <@an"p> + (‘I/nfvnn) — €.
(15)
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Then, II is a function of u, T, ®1,¥q,...,P,, ¥,.
1
Term D = 3 (8u/8m + (8u/8m)T) is the velocity deformation tensor and

_ 0% 0
X=P g "%

- 0Py . 0P9 - 0%, . 0%y
— | — pdiv—/—= c—— ] —nd e
+ <Vp 5 > pdiv—r + <V77 5 ) ndiv— +

. 0P, L, .. 0D,
+ (V"‘lp: )—(V” 2p:div )+

ot ot
. nep t 0P, -1 s 0P,
+ (71)? ! <V pP:delW) ++(*1) lplen,1W
. 0¥ . ow
n—1, . n _ n—2_.73: n
+(V n: 5 ) (V 7 div o )—i—

_ nep T ov, n— : ov,,
+ (_1)P 1 <V p?’]:dlvp_lw> ++(—1) 177 len_lw.

Let us note that partial derivative /0t and div, commute. Vector x is similar
to the flux of energy vector obtained in [17].

Theorem: relation
1
F—MTu— <§uTu+ E+s0+ 9) B-N=0

s an algebraic identity.

Equation M = 0 represents the equation of motion, B = 0 is the mass con-
servation and N = 0 is the classical entropy relation, then for dissipative
multi-gradient fluids, F' = 0 is the equation of energy,

ot

o (1
— (EpuTu—I—pE—i—nG—H—i—pQ)-i-

1
div{KgpuTqupEJrn@erQ)I+UU}u+x}+dinr

o0
P =0

Proof : Firstly, the proof comes from the identities in 2 terms, (div@ — r)
terms and o, terms. Secondly, we denote

My =p~v+pgradE + ngrad,

dp | ..
B=2
5t +div(pu),

ds
No = ptZ
0 P dt7

1 1
Fo%<§puTu+pE+n9H)+div{<§puTu+pE+n9>u+x},
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then,

0= 00 d (1 o o 9= 00
py" U+Pa Jrﬁa *P% suu+ = +77%*pat Urn
0

1 1 ds
8t< pulu+p= +n9>+divK§puTu+pE+n9> ]pea

0=Z il 1 - dp ..
T (5’& U+~+89) (E‘i‘le(PU))-

Moreover, we have

(Vp%) _ div (p (9451) _, 0divd,

ot ot ot
(v%f%) _ Kvp aig) - 8d2;452] ) adigidig
()[R,
+ (Vn Y M%) (=D w
b (1 S,
and a similar relation for 7,
<vn5 %) = div <n 38th> ) 8d2;w1
(o ) [ (70 5 -0 2457 0 25
(v ) = ( ) - (o )
+ (=1)P7 (V" » adw%) +.oH (=D adi"gi;lq'"}

ddiv, ¥,

From Egs. (3) and (15), we deduce
dIT = pdu+ndT+ <vp5d¢1>+ (vn : dw1)+. A+ (v"p : dsﬁn)+<V”n : dwn>

which implies

2 =P 5t+ at+<Vp. 5t> (Vn 5 >+...+<V Py )+<V UErr >
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Partial derivative 9/0t and div,, commute and consequently,

3_]7 B % 7 0 divd, n (—1) odiv, @,
ot Pot T o T Y
N 8_Ti 0div¥y (—1)" odiv, ¥,
Tor =" e T T o
: aél n—1 . aﬁ" n—2 1 3: aﬁn
+ div [p 5 +...—|—(V p: (,%) (V p:div 5t +...
_ nep 0P, nel 1 0P,
+ (_1)}7 1 (V pp:lep_lw) + ...+ (—1) 1pd1Vn_1W
0¥, _, - 0¥, o .. 0¥y
— +... " | - " :d
+7n B + +<V Ry ) (V n:div—r +
_ nep 1 ov, 1. s ov,
+ (—1)p 1 (V p77 . dlvp_l W) + ...+ (—1) 177 len_lw :| 5
and from (10), we get
a_H = 8_5 + _9 + di
at ot T TVX
Then,
T 9 (1 ¢ = : LT =
M0u=5 S Pu u+pE+n0—1I1)+div gPu u+p=+n0|u+x

ds 1 5 - dp .
—peﬁ— (§u u+_+s6) (EerIV(M))

which implies

1
Fo— MY u— (EuTu—i-E—i-sG)B—NOEO

and proves the theorem.

4.2 The Planck and the Clausius-Duhem inequalities
For all dissipative fluid motions,
tr (o, D) > 0.
Then, from relation N = 0, we deduce the Planck inequality as in [18],
pG%—l—din—rZ 0.
We consider the Fourier inequality in the general form

QTgrad9 <0
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and we obtain

ds Q r
— 4+ div=— = >
pdt ! 0 0 0

which is the extended form of the Clausius-Duhem inequality.
Consequently, multi-gradient fluids are compatible with the first and second
laws of thermodynamics.

Final remark: In a forthcoming article, we will prove that system of equations
of multi-gradient fluids is a quasi-linear hyperbolic-parabolic system of conser-
vation laws which can be written in Hermitian symmetric-form implying the
stability of constant solutions.

Acknowledgments: The results contained in the present paper have been partially pre-
sented in Wascom 2017.
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