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Acoustic noise of electromagnetic origin in a
fractional-slot induction machine
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* L2EP - Ecole Centrale de Lille, Villeneuve d’Ascq, France (jeabésnerais@centraliens.net)
f LEC - UTC, Compigne, France (vincent.lanfranchi@utc.fr)

Abstract

Purpose - The main purpose of this paper is to apply a fast analyticatleh of the acoustic behaviour of pulse-width
modulation (PWM) controlled induction machines (Besneraasquelle, Hecquet, Lanfranchi & Brochet 2006) to a foal-
slot winding machine. A second goal is to analytically dlathe interaction between space harmonics and time haegaadni
audible electromagnetic noise spectrum.

M ethodology/approach - A multilayer single-phase equivalent circuit calculaties stator and rotor currents. Air-gap radial
flux density, which is supposed to be the only source of a@ousiise, is then computed with winding functions formalism
Mechanical and acoustic models are based on a 2D ring staidelmA method to analytically derive the orders and fre@iesn
of most important vibration lines is detailed. The results #tally independent of the supply strategy and windingetpf
the machine. Some variable-speed simulations are run ord aW @ractional-slot induction machine in sinusoidal caseaas
first validation of theoretical results.

Findings - The influence of both winding space harmonics and PWM timenbaics on noise spectrum is exposed. Most
dangerous orders and frequencies expressions are deatedstr sinusoidal and PWM cases. For traditional integrabiigs,
it is shown that vibration orders are necessarily even. Whatorsslot number is not even, which is the case for fractiona
windings, some odd order deflection appear: the radial releztgnetic power can therefore dissipate as vibratiormugir all
stator deformation orders, leading to a potentially loweisa level at resonance.

Research limitations - The analytical work of this paper does not consider satmaind eccentricity harmonics which can
play a significant role in noise radiation.

Practical implications - The analytical model and theoretical results presentethis paper help designing low-noise
induction machines, and diagnosing noise or vibration lgrob.

Originality/value - This paper details a fully analytical acoustic and eleotgnetic model of a PWM fed induction machine,
and demonstrate the theoretical expression of main noisetrsin lines combining both time and space harmonics.

Keywords - Induction machine, Magnetic noise, Vibrations, Fractiesiot winding.

Paper type - Research paper.
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Fundamental stator supply frequency

Rotor currentn-th time andm-th space harmonic
Stator current:-th time harmonic
Magnetomotive force

Rotor shaft rotation frequencyf¢ = (1 — s)f1/p)
Rotor and stator mmf waves

Air-gap width

Integers involved in rotor and stator mmf

space harmonics expression

b-th rotor bar current

g-th stator phase current

Integers representing the rotor and stator slotting
terms in the permeance Fourier series expansion
Stator tooth width

Stator slot opening

Rotor tooth width

Rotor slot opening

Force line numben

m-th space harmonic induced by stator winding
in rotor bars currents (fundamental = p)

n-th time harmonic generated by PWM supply
(fundamental: = 1)

Number of pole pairs

Rotor and stator slotting permeance waves
Number of stator phases

Harmonic slip (fundamental,; = s)

n-th time harmonic of PWM phase voltage
Number of rotor slots

Number of stator slots

Rotor angular position in stator steady frame
k-th rotor slot angular position

Angular position in stator steady frame

k-th stator slot angular position

Rotor slot half angular width

+1 factor representing rotor or stator

mmf wave direction

+1 factor resulting from the interaction of fieldsand j
Permeance per unit area

Stator and rotor mmf space harmonics

n-th time harmonic pulsation coming from PWM
Angular position ofk-th rotor tooth

Winding factor ofm-th space harmonic



Mechanical and acoustic notations
D, Stator outer radius (without frame)

f Exciting force frequency

fm m-th mode natural frequency

he Height of stator yoke

L, Rotor stack length

Ly Stator stack length

m m-th circumferential spatial mode

R, Stator bore radius

R, Stator mean radius (computed without the teeth)
R, Stator core outer radius

R; Stator slots bottom radius

Y4~ Dynamic deflection of ordem at pulsationw
Y. Static deflection of ordem at pulsatiorw
&n  m-th mode damping coefficient

I. INTRODUCTION

As acoustic norms become stricter in power electrical partssystems, the understanding and prediction of the rafise
electromagnetic origin at variable speed is crucial. Irt,fde Pulse-Width Modulation (PWM) strategies add many luwemics
to the air-gap Maxwell forces spectrum, leading to posshdymful noise and vibrations. Stator windings induce irorot
currents additional time harmonics which can also signifiyaenrich the electromagnetic forces spectrum, espgomhen
running at high slip. Audible electromagnetic noise speuttherefore results from a complex combination of both PWhkti
harmonics and winding space harmonics. Predicting thisafled "magnetic noise” level requires to precisely modathbthe
mechanical structure of the machine and its electromageatitation.

This paper presents a simulation tool of the PWM-fed inductimchine, Dva (Ait-Hammouda 2005, Besnerais et al. 2006),
which is able to consider the whole space and time harmonigsvied in magnetic noise generation without a prohibitive
computation time. The analytical derivation of main radiaice lines spatial modes and frequencies is exposed,dimgu
the influence of stator winding and rotor bars space harmsotimally, some variable-speed simulations are presesteld
analysed on the ground of these theoretical results. Thesticaole of odd spatial modes will be also discussed.

The motor studied in this paper is a 700 W three-phase stjoige induction machine with=2 pole pairs,Z,.=21 rotor
bars andz,=27 stator slots. Its double-layer winding is a fractioaklt winding as its number of slot per pole and per phase
is not an integer.

Il. ELECTROMAGNETIC MODEL

A. Currents computation

Supply phase voltage can be either given by experimentalaatomputed analytically. Then, stator and rotor phasents
are computed using an extension of the fundamental sifgsegpequivalent circuit, including all space and time hanig®
(Hubert 2000). As illustrated in Fig. 1, at each time harrednf of frequencyf;? coming from the PWM supply phase voltage
corresponds an equivalent circuit including the influenteno® stator winding space harmonics.
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Fig. 1. Multi-layer single phase equivalent circuit

The equations of this equivalent circuit consistrirglobal mesh equations

1We define the space harmonics as the "spatial frequencies’hgofmim the Fourier Transform of a function of the mechanicale, not of the electrical
angle. With such a definition, the space fundamental is the rumbpole pairgp and not 1.
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R? and R} respectively stand for the stator and rotor equivalentstasces which depend on time harmonics because of
skin effect. The detailed expression of this effect can hadbfor instance in (Matsuse, Hayashida, Kubota & Yoshida4}.9

X' =w,L1 =27 fI'L, is the stator total phase reactanég, being the corresponding inductancéy”” = w,, L5* is the
rotor total reactancels* being the rotor inductance refered to the primary. It depemu space harmonics because it is
proportional to the transformation factor which is a fuontiof the winding distribution factors,,,. The expression of these
distribution factors can be found for instance in (Salmi2@04) for both integral and fractional-slot windings.

X" =w, L]} is the magnetizing reactance in which we can eventualljela parallel iron losses equivalent resistance.
L} is a generalization of the fundamental magnetizing inchaetd., (Hubert 2000)

2
Ly =17 (“m) (4)
m Zp

whereZz,, is the winding factor of then-th space harmonic generated by the stator winding.
I3 and I are the harmonic rotor and stator currers;" is the harmonic magnetizing currest,, is the harmonic slip
mwi

(1) ©)

wheres is the fundamental slip and thel factor takes into account the propagation direction of twaim fields induced
by stator currents.
For a given time harmonie, 2m + 1 equations can be grouped in the following matrix form

Smn = 1+

AR G O (6)
with
zp Zr 0 Iy un
z°=| 1 -1 I r=| 1| ur=| o
0 D» -Dg I7 0

wherel is the unitary vector] the identity matrix,0 the null matrix,Zj; the Z"" line vector,Dj; the Z" diagonal matrix
and Dy the Z3"" diagonal matrix I3 the 13" column vector andj; the I/ column vector. System (6) is solved for each
non-zero time harmoni¢’™.

B. Air-gap radial flux density computation
Radial air-gap flux density3, is expressed as

By(t,as) = A(t, as) frm (T, as) 7)

whereq; is the angular position in the stator steady frames 1o/ge is the air-gap permeance per unit argabeing the
effective air-gap width (detailed in section V-A) apg the air-gap magnetic permeability, aiigl,,, is the total magnetomotive
force (mmf). Applying the Ampere’s law to an appropriatetpaine can show (Bossio, Angelo, Solsona, Garcia & Valla 2004
that

qs Zy

fmm(t7045) = Z NS CVs +ZZ Nb t as (8)

q=1 b=1

Fm Fhm
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Fig. 2. Normalized full-pitch winding distribution functioN; (left) and the equivalent normalized coil distribution ftina (right).
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Fig. 3.  Winding functions and total stator magnetomotive doat a given time

where N, is the 2-D turns function (TF) or winding distribution furmt associated to the statgrth phase with current
iz, and Ny is the turns function associated to the rofeth bar with current;. Note that contrary to stator TFs, rotor TFs are
time-dependent.

Normalized phase TF of a full-pitch winding is representedric. 2 including a linear rise in slots. We can see that it can
be computed summing some equivalent coil turns functiorgited with current sign. That decomposition and the winding
function formalism have been chosen to be implementediim because they allow modelling any type of winding, especiall
fractional-slot ones. Phase TFs and the resulting statof ehttne double-layer fractional-slot test motor are diggeld in HG.

3.

In order to compute the squirrel-cage rotor mmf, one has tsider the rotor cage as an equivaléhtphase circuit with
Z, loop currents (Henao, Razik & Capolino 2005, Joksimoviarbyic & Penman 2001). In that case, the turns functions
can still be used but with an equivalent number of turns of 1.

Stator and rotor mmf of our test motor as well as their spacebaic content are shown ini&. 4 in sinusoidal on-load
case, with a 3.05% slip. We can see that the rotor mmf wavestemaounterbalance the stator mmf wave as predicted by
the Lenz law. Besides fundamental:at = p, rotor mmf contains main space harmonigs= 19 and 23 corresponding to
v, = Z, £ p. The same analysis can be carried with stator mmf which eustéhe main space harmonicg = Z; + p.
Spectral content of stator and rotor mmf is detailed latesantion V-B.

C. Validation

Radial air-gap flux density has been compared to finite elemethod (FEM) simulations for different shorted-pitch
machines, supply frequencies and voltages. Motor torqdepaase current were also validated with FEM and experimants
on-load case (Besnerais et al. 2006).
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[11. M ECHANICAL MODEL

A. Exciting force computation

Neglecting the tangential component of the Maxwell tensod ghe magnetostrictive effect, the exciting pressing
responsible for magnetic noise can be approximated by

Bj
Py = )
Ho

B. Stator deflections computation

Fig. 5. Shape of circumferential spatial modes= 0, m =1, m = 2 andm = 4.

The mechanical model assumes that the stator is 2D ring wé#affee boundary conditions. Therefore, only the in-plan
circumferential spatial modes: are considered (seeld. 5). However, we will see that the third dimension is taketo in
account through the rotor bending motion. Static deflestibyj,, are first computed in function of the complex amplitudes
P,,. of the 2-D discrete Fourier transform of radial pressig. Their amplitudes are found using the theory for a simply
supported beam carrying a sinusoidally ditributed loadddon 1950). Forn = 0,

R.R,

EChC
where h,. is the thickness of the stator back. is the mean stator radius (computed without consideringtébéh), R,

is the stator bore radius anf, is the stator Young modulud’?, is generated by the force per unit arBa, which excites

the rotor (cf. FG. 5), it corresponds to a bending motion in longitudinal diilen. Such a deflection can be approximated

considering the rotor as a simply supported beam loaded prébsureP;,:

Ye, = Pow (20)

AR,I3, L
Ys _ w a’sh™~T
o = w3, DY

where L, stands for rotor length%;, for rotor shaft Young modulus),;, for its diameter and,, for the distance between
bearings. Finally, for orders: > 2,

11)

12R.R3
Vi = Powpnlie

" Bhd(m? — 1) (12)



Then, dynamic deflectiong?  are computed as

Y, = Yo (1= f2/f2)7 +4e2 2/ 2] /2 (13)

where &, is the modal damping coefficient, anfl, is the m-th mode natural frequency.,,, can be computed using the
experimental law established by (Yang 1981)

2 = 2.76 X 107° f,,, + 0.062 (14)

In (13) the second order magnification factor comes from #wet that any excited system motion is ruled by a second
order differential equation. The damping coefficient gifeagt how much kinetic energy decays through Coulomb ancbuisc
frictions, which mainly occur in lamination, windings andsulation (Verma & Balan 1998). This filter also models the
resonance phenomenon: a dynamic deflection of mode the highest when the exciting frequengys the closest from the
natural frequencyf,,. At the resonance, the dynamic deflection is given by

YS

Yd _ mw 15
o = 56 (15)
Thus, the more there are damping materials, the lower wimratoccur. From (10) and (12) it can be also deduced that
}/'r(rizw me RZ

Y ™ P, h2 (16)
Therefore,R./h. ratio sizes the ability of the stator to radiate vibratiornthe higherR, is and the lowerh, is, the larger
and the thinner the stator is, and the more it plays the rokoahd box. Nevertheless, decreasigat constant:. does not
necessarily decrease noise because stator radiatioreedfjcincreases witll ; /Ry ~ L,/R. ratio.

Analytical prediction off,, natural frequencies is a difficult task. In our case, the wigdand teeth effects are taken into
account by modifying =stator mass density defining

; Mt + MC
Pe = L. (RZ - R?)
wherek;, is the stator stacking factof/; the teeth mass)/. the stator yoke masd,, the stator lengthRR. the stator core

outer radius and?; the stator slots bottom radius. Windings and insulationsweas therefore neglected, which might be only
applicable to small machines. Zero-th mode order natueajufency is

1 E.
_ Ee 18
fo=sar\l o (18)

Mode number 1 natural frequency can be approximated tgp#tia rotor and its shaft as a simply supported beam with a
ring (Maliti 2000). Shaft stiffness is

17)

37TEshDsh
Kgp = —— 19
TN (19)
Modal massM,. equals rotor ring mass plus half shaft mass. We obtain:
1 [ Kgp
fi=o- AL (20)

This is a very simple model as it does not consider rotor latn stiffness and assumes that the bearings are rnigith

mode natural frequencyr( > 2) is )
m(m® —1) he
Jm = S0 23R,
Finally, in order to take into account the three-dimensiaftects, these frequencief, are mutiplied by additional factors
K,, (Cremer, Heckl & Ungar 1988)K, = 1.14, K3 = 1.04 and K, = 1.02.

Notice that
1 he he

" R.R. R?
Thus, increasing../R. ratio in order to limit vibrations will also increase statwtural frequencies.

(21)

fm (22)



TABLE |

RESULTS OF DIFFERENT METHODS FOR STATOR NATURAL FREQUENCIESOMPUTATION (HZ). OR: QUT OF RANGE, ND: NON DEFINITE.

m | Analytical | 2-D FEM | Shock Method| Sinus Method
0 14859 14656 OR OR
1 1100 ND 1200 1273
2 2478 2364 2400 2423
3 6396 6473 6100 6210
4 12028 11898 11700 OR

C. Validation

Induction machine natural frequencies have been calallate2-D FEM, and measured by shock and sinus methods
(Hubert & Friedrich 2002). Comparison with the analyticaéthod are presented in Table I. There is a good agreement
between analytical results and experiments, because tast igeometry is rather simple (thin circular frame). Thalgtical
computation of mode 1 natural frequency is the most inatepes bearings stiffness is not considered and the measotem
of bearings distance was not very precise.

IV. ACOUSTIC MODEL
A. Sound power level computation
Vibration velocity of orderm is thenw,,, = Y,¢ 27 f. Sound power radiated by the vibrations of medeand frequency
fis )
Wm(f) = ipOCOSco'm(f) < U?nw > (23)
where S, is the stator outer surface, the air densityc, the speed of sound, and,, the modal radiation efficiencyr,,
is approximated using either its pulsating sphere exmassi its infinite cylinder expression according to stataneinsions

(Timar & Lai 1994).1/2 factor in (23) takes into account bakeward and forwardetfang vibration waves.
Sound power level at frequency f is

Ly (f) = 10log;o (Y Win(f)/Wo),  Wo = 10""2W (24)

A-weighted total sound power level is finally obtained as

LwA = 1010g10 Z 100~1(Lw(f)+ALA(f)) (25)
I

where AL 4(f) shift is a function of human’s ear sensitivity.

B. Validation
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Fig. 6. Comparison between experimental and simulated aetielerspectra afs = 75 Hz ands = 5.6 % in sinusoidal case.

Fic. 6 compares simulated and experimental stator frame aatiele spectra at supply frequengy = 75 Hz, and slip
s = 5.6 %, in sinusoidal case. High differences appear under 500MHich mainly come from mechanical vibrations that are



not considerer in the model. We can see that the simulatioihctmrrectly predicts main vibration lines. There expresstan
be found with analytical results of section V: for instanttee 2800 Hz line (humber 3) is of ordér= 37, — 47, + 2p and
frequencyf (4(1 — s)% —2), and the 900 Hz line (number 2) is of order= Z, — Z, — 2p and frequencyf; ((1 — s)% +2).

V. ANALYTICAL EXPRESSION OF MAIN RADIAL FORCE SPECTRUM LINES

This part aims at characterizing the electromagnetic ngjgetral content which is the same for noise and vibratidre T
electromagnetic force spectrum results from the intevactf permeance and mmf spectra, which can be determined usin

Fourier series. However, airgap flux density is not compute®IvA on the base of these Fourier series because they are
computationally costly.

A. Permeance orders and frequencies
The Fourier series of permeance per unit area is (Brudny,11983se 1992)

oo oo 1 oo o0
A=Ag+ kz_:l Ay, cos(ksZsas) + kz_:l A, cos (krZp(as — ay)) + 3 kz_:l kz_:l Ag.k, {cos((ksZs — kp Zp)as + kv Zrary)

—+ COS((kSZS + k’r‘Zr)as - kTZTaT)} (26)

where
Ao = p10A® Ay, =2p0A° f(ks) Ak, =2u0A" f(ky)  Aior, = 4po A f(ks) f(kr)
and
sin(mwkgrs sin(wk,r"
kg = ERID -y, - Snlrkera)
f s for Foes orf ol
JUSNES (1 +Bold  Prld ) (14 gM)p“’po"Td>
am gr g° g g g°

ot fpr ot £ Apt pf
As:%<1+(1+gzw)m?> AT = prs(1+(1+w)p§:d) A= PPy g M
Tgmg g Tgmyg 9 9 m™gmM9gTg g

gu=g+pl+pl ¢ =g+pl ¢ =g+p!

g is the minimal effective air-gap width whereag; is the maximal effective air-gap widthy,. is the angular position of
rotor bar number 1 in stator steady frame:

an(t) = 21

1—s)t+al (27)
p! andp/ are the stator and rotor fictitious slot depths, their valesfixed as suggested by (Brudny 1997) proportionally
to rotor and stator slot opening&.{/5 andi,./5). r; andr] are stator and rotor slotting ratios

7'(81 == lsd/(lsd + lse) 7”2 = lrd/(lrd + lrc)

Expression (26) allows to easily identify permeance wavdsrs and frequencies. They are reported in Table Il whetatioa
fr= f1(1—s)/pis used. When two waves of frequencies and ordérsm, ) and( f2, m2) are multiplied, they generate two
aditionnal waves f; + f2, m1 +mz) and(f; — f2, m; —ms). These new waves can be representedfoy-n;2 f2, m1 +m12m2)?,
where the symbol,, can either take the value 1 or -1. Using that symbol insteatt lofakes it easier to associate a given
frequency to its spatial order.

In Table Il, Py stands for the mean permeantg, whereasP; and P, represent the stator and rotor slotting contributions,

and P, their interaction. In this workpP,,. waves will not be considered for readability purpose. Zdton and eccentricity
harmonics could be added in this table.

2Using that notation, the wavesn, f) and (—m, —f) are the same.
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TABLE I

PERMEANCE WAVES FREQUENCIES AND SPATIAL ORDERS

Name/Amplitude | Spatial orders Frequencies[ Comments

Py 0 0

Ps ksZs 0 kr,ks > 1
Py kTZT _k’rerR

Py ksZs +nkrZyr | —mkrZrfr

B. Stator mmf orders and frequencies

The same analysis can be carried with mmfs. Stator mmf is théugt of stator currents of frequencigs with stator TFs.
Stator TFs do not depend on time, and therefore only bringesparmonics/,. Their expression could be obtained from the
Fourier expansion of the stator turn functidfy illustrated in HG. 2, as it is going to be done for rotor in section V-C:

> 2
Ni(ag) = ———sin(n, (g — a’; 28
k( ) nszl ngﬁs(ﬂ-_ﬁs) ( ( )) ( )
wherec” is the k-th slot angular position: )
af =al+ (k- 1)77r (29)

However, we are here going to use the work okdM (Wach 1998) who detailed the space harmonic content of acyidnal-
slot winding. As the studied machine is double-layer wouhé, number of coils per pole and phase equals the number
of slots per pole and phase,
Zs 27 9 1. )
ms=me=g ~=gp =y 2tpTlty (30)
wherel, is the integer part ofns reduced improper fraction. As = 4 is even, space harmonicg generated by stator TF
are given by (Wach 1998)

2
ys:kfzk ke N* (31)

Finally, as the number of phases = 3 is prime and odd, the total sum of phase TFs does not contaicesiparmonics
multiple of ¢,. Space harmonics brought by the stator mmf in the air-gapirene

vs =1,2,4,5,7,... = |p+ €sqshs| €, ==+1,h, €N (32)

These theoretical results agree with the simulation ptedeim Fig. 4. In that figure, the real Fourier transform isduse
which does not allow to distinguish the propagation dimttdf space harmonic fields. For instance, the space harmonic

= |p—gqs| = 1 for hy = 1 rotates backward whereas the stator mmf fundamental sgaoeohic given by ,=p=2 for h,=0
rotates forward. Integral windings only bring space harit®of the form|esp + 2pg,hy| = p, 5p, 7p, 11p....

C. Rotor mmf orders and frequencies

Rotor mmf f;. . is the product of the rotor currents with rotor turns funeaVy:
27
mm t O/é - Z Z mn sin <Sm"w"t - mk? + dj’fnn) NI: (tv Oés) (33)
k=1m,n r

wherem = v, stands for the stator winding space harmonics induced or fwdrs (Henao et al. 2005),, .. is the maximum
rotor bars current computed by the aid of the equivalenudirdescribed in section II-A ang; ,, its phase angle. Rotor TF
spectrum is more complex than stator one because it brintjstime and space harmonics. TF associated to a single bar is
plotted in Fig. 7 in stator steady frame.

In a rotor tooth centered frame, this function is even and-darier series is

Ni(as) = 267r Z— - - Z Ay, cos(nyay) (34)

n,.=1

where

A, =2 ( 2 in(nrﬂ)sin(n,ﬂ,.)—sin(n,.(;r—|—ﬁ,-)))

n,m \ Brn, Z,
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Fig. 7. Single rotor bar turns function (TF) in function af angle, including a linear rise in rotor slot of angular wic8, .

and 3, is the half rotor slot angular opening. The termlim? comes from the linear rise in slots, it vanishes witen— 0.
Note that the mean valuég(zi — %) will disappear when summing on rotor bars in rotor mmf exgi@s (33). The angular
position of thek-th bar«y in the stator steady frame can be written under the form

ok (1) = o, (1) + (k— 1) (35)
k-th rotor tooth positior9” is then given by
O(t) = (a1 (0) + k(1) = an(t) + (26— 1) - (36)
Finally, the k-th bar turns function is expressed as
Ni(t,a5) = Ng (as — 05(t)) (37)

In (34), it seems that rotor TF brings all the space harmonics- 1,2, 3.... However, when multiplying by rotor currents
and summing on rotor bars mmfs, only the space harmanics h,.Z,. + v; = v, have a non-zero contribution. In (33), one
can see that the rotor currents of frequerffy, = s, ,w, combine with the rotor TF frequencies f1(1 — s)/p and spatial
ordersy,.. The resulting spectrum, as well as stator’s one, is sunz@diin Table III.

TABLE Il

ROTOR AND STATOR MMF FREQUENCIES AND ASSOCIATED SPATIAL ORDES

Name/Amplitude Spatial orders [ Frequencies [ Comments
Fs Vs =p+ Esths esfﬁL hs Z 0
Fr Vr = hyrZyr + €705 V’rfR + Erf;sn h Z 0

D. Flux density orders and frequencies
Air-gap flux density is the product of permeance waves of type P, and P, with mmf waves of typeF and F,., its
spectrum is given by their 6 possible combinations (Tablg 1V
TABLE IV

FLUX DENSITY FREQUENCIES AND ASSOCIATED SPATIAL ORDERS

Name/Amplitude | Spatial orders Frequencies ‘
PyFs T0sVs 770355f'2
PyFr norVr nor (vr fR + ET'fJSn)
P Fs ksZs 4+ nssvs nssesfi
P F; ksZs + nsrvr Nsr(Vr fR + € fl )
P.Fs krZy + nrsvs —krZr fR + Nrsesfy,
P ke Zyr + Nrrvr *kTZTfR+nrr(VrfR+€rf; n)
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E. Radial force orders and frequencies

Finally, to obtain the electromagnetic force spectrum, bas to multiply all the flux density waves of Table IV one with
another. Resulting lines are presented in Table V where $igttial order lines (e.g. the interaction of wakgF, with itself
which leads to &k, Z, + 2v, order®) and redundant lines like the interactioRsF, P, F, and P, F, P, F, have been removed.
As these main lines are expressed in function of stator atwt space harmonics, andv,., their expressions are general and
can be applied to any stator and rotor winding.

TABLE V
MAIN RADIAL FORCE LINES FREQUENCIES AND SPATIAL ORDERSFOR INSTANCE, ¢, = —€5s = 1,vs = v = p, kr = ks = LAND 9y = —1jss = 1

GIVE A FORCE LINE L3 OF ORDERZs — Z, — 2p = 2 AND FREQUENCY(Z, — p)fr + f1 — sf1 = Zr f1(1 — 8)/p.

Name/Amplitude Spatial orders [ Frequencies ]
Ly = PsFsPsFy NssVs — Nsrlr Nss€sfry, — Nsr(UrfR + e f] pny)

Ly = PsFsPrFs ksZs — krZr + Vsnss *Vgnrs errfR+erLIESnSS 7f7§.26/s777‘5

L3 = PsFsPrFy | ksZs — krZr + MssVs — NerUr (krZy — rrvr) fR + €snss [y — €rlrr £y

Ly = PsFrPrFr ksZs — krZr + 7757“”7/« = NrrVr fR(k'r'Zr + nerﬁ — Nrrlr) + E'r'nsr'fz;snl - dp"]'r“rf;’;an *
Ls = P Fs P Fy NrsVs — NrrVr nrsesfﬁl - nrr(VrfR + Erfz;an)

Le = PoFsPyFs N0sVs — NsVs esnos S, — €m0 Sy

L; = PoF Py Fy Norvr — Mo, Vp TrRMorve — 0, 00) + €nor £ ny — €000 oy

Lg = PyFyrPoFs N0rVr — NMosVs Nor (VrfR + erf) n,) — €sM0s fry

In sinusoidal casef: = f1, and as a consequence links, Ls, Lg, L7 and Lg have low frequencies (typicallgf; < 200

Hz) and might be covered by mechanical noise. Other linesciged to the fundamental mmfs, (= v, = p, ¢, = —1,
e- =1 and f) ; = sfi) have all the following form:
krZ,
Fosa=fi((1-3s) +3) (38)

They are associated to spatial orders of the form
Mys s = +keZs Tk Zn £ |37 (39)

Among these lines, the most important ones Bgebecause they do not involve rotor mmf waves of amplitéflex Fj.
These lines are mostly responsible for electromagnetigenioi sinusoidal case, because they are associated to Itid spders
(Jordan 1950). Natice that such lines, as they are causedrigafental current, generally remain in case of a hon-gidabk
supply.

In non-sinusoidal case, the force linés, Ls, Lg, L7 and Lg can be located at high frequencies and therefore significant
contribute to acoustic noise. We can see that they are redgsassociated to orders

Mis678 =0 or 2p (40)

when considering the mmf space fundamentals. Among theenljribs of highest amplitude are of the forbg and occur at
frequenciests = | £ f1 £ fZ]. Lines Ly may be neglictible as they involve the square amplitude tfrrmmf waves and low
frequencies. Other important lines in PWM case are therefgrand Ls;, which have exactly the same form of orders and
frequencies, and.s. Among them, the main lines are obtained taking the funda&mhéme harmonic of rotor current, and the
corresponding frequencies are therefore also of the forop @han, Zhu, Xu, Howe & Chau 2000)

Fises =% fixf; (41)

VI. SIMULATION RESULTS

A. Simulated spectra

A first simulation was run at nominal frequengy = 50 Hz, without considering the stator space harmonics induced
rotor currents. The corresponding A-weighted noise spatin the whole audible range [0 Hz, 20 kHZz] is displayed in Fig
8. Note that such a precise and wide spectrum could not bénebtavith finite element (for vibrations) and boundary eleme
methods (for sound pressure). These numerical methods aay lcompute a noise spectrum up to 3200 Hz, and with a
prohibitive computational time of several hours, wherdas analytical model of /A runs in a few seconds on a 2GHz
laptop.

Simulated sound power level reaches 58 dBA: as it was obdetueng tests, the machine is not very noisy because no
magnetic line really emerges from the spectrum at this @adi speed and in sinusoidal case.

3A high v, and a lowks, e.g.ks = 1, could result in a low spatial order. However, the higheris, the lower the amplitude of stator mmf wawg is.
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Fig. 8. Simulated A-weighted audible electromagnetic ndiggs (dBA) in on-load sinusoidal case’y(= 50 Hz,s = 3.05 %)

In order to properly interpretate these lines, it can beuldeffind their associated spatial order. It can be done ulieg
analytical results of previous section, but numericallysitalso possible to compute each spectrum line without ¢akito
account the acoustic power radiated by a particular spatgale, and then quantify the contribution of each spatial entad
each spectrum line. This contribution is plotted in Fig. Stlie range [500 Hz, 3000 Hz] where the highest vibration lines
appear.
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Fig. 9. Simulated vibration velocity spectrum with spatialdaaontribution of each linef{= 50 Hz,s = 3.05 %). The numbers indicate the spatial orders
of vibration lines.

We can see that the main lines have mode numbet$,2 and 3. For instance, a line of order 1 occurs at 1935 Hde©Or
number 1 can be obtained with= 37, — 47, + 2p i.e. k. = 4. We can see that the 1935 Hz frequency precisely corresponds
to the formFy = f1(4(1 — s)% — 2) for nss=1 andn,,=-1. In the same way, a line of ordér= Z, — Z, — 2p occurs at
610 Hz which corresponds t&, = f1((1 — s)% + 2) Hz (k,.=4, nss=-1 andn,s=1). Finally, a line of ordeB =47, — 52,
occurs at 2550 Hz of the formi, = f1(5(1— s)%) (k,-=5, nss=nrs=1). These few examples show how the simulations results
correctly fit to previous analytical results.

Modal contribution analysis can be also carried with souodey level L, at variable speed (Fig. 10), that is to say during
a motor speed ramp at constant flux. Sound power level is cmdwy simulating nearly one rotor turn, so if the speed do
not significantly vary during this turn (which is a reasormabbsumption in our case), the variable-speed level can taget
by computing the sound power level at each speed step.

Such a graph allows for instance to see that around suppiyéreey f; = 30 Hz it is modem = 1 which radiate the most,
whereas aff; = 45 Hz it is m = 2. The 30 Hz resonance comes from the match between the mainetf; (4(1—s)Z, /p—2)
which has been previously pointed out and the 1200 Hz modebauth natural frequency.

Previous simulations show that some odd spatial mogesl(3) play an important role in noise radiation. Usuallyguation
machines have even slot numbers: consequeffly= Z, = 0 (= stands for the congruence modulo 2 operator,7i.es 0 if
n is even andz = 1 otherwise). In that case, winding is integral and= p(2qshs + €5) So thatv, = +p. Therefore, all the
deflection modes parity are given by

M =4k Z, FhkpZp+|[ZF =0 (42)
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Fig. 10. Variable-speed simulation with spatial orders dbation to total sound power levdl,, (dB). The numbers indicate the spatial orders.

which means that the only spatial modes that are excited dntrelmagnetic vibration are even. When using odd numbers of
rotor and stator slots, which necessarily impose a fraatistot winding asZ; /(2pqg;) cannot be integral, we do not necessarily
have M = 0: the electromagnetic power brought by Maxwell air-gap gpues can dissipate as vibrations through all the stator
deflection modes. Therefore, acoustic power is more unifodistributed in spatial modes and if a resonance occur,ilit w
be smaller than in traditonal even slot number combinati@chines. However, it also means that electromagnetic ymess
can excite some odd modes natural frequency. This it is noatéemof windings but of slot number parity.

VIl. CONCLUSION

An analytical noise-predictive model of the induction miaehand its converter was presented. The expression of main
noise spectrum lines frequencies and spatial orders,dimgustator winding and rotor bars space harmonics, as wei\&@M
time harmonics, was derived analytically. These theaaktiesults were favorably compared to simulations and engmis in
on-load sinusoidal case.

Saturation and eccentricity effects have not been disduss¢hat article, although they are taken into account iwaD
Saturation modify the air-gap flux density shape, which adggls harmonics in Maxwell forces spectrum and modify noise
spectrum. This new harmonic content can be modelled by gdstituration permeance waves (Maliti 2000). Dynamic and
static eccentricities also change permeance waves, antbeaasily taken into account (Toliyat & Arefeen 1996) withou
increasing computational cost.

Future work will address the effect of PWM on magnetic noiseegation, and detail other experimental validations of the
developed simulation tool.
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