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1. APPENDIX 1: CONSTRUCT CORRELATED BROWNIAN MOTIONS

In Appendix 1, we provide details of the calculations to construct correlated Brownian
motions in our model. We start with the Brownian motion parts of interest rate process
and stock price process. Then we derive the Brownian motion parts of default intensity
process and convenience yield process step by step. Readers are referred to Shreve (2004)

Chapter 3.4 for discussions about quadratic variation.

Step 1

Step 2

Let dW, =dW,, then dW, = p . dW, +/1- pZ dW,.
pf.
dW,dWs = dw, (prs dW, ++/1- pjs dWl) = pysdt

dW,dW; = (Prs dW, +41- o5 dW1)(Prs dW, +1- o dWl)

= (przs +1_przs)dt = dt

dwW, = p, dW, + p¢ dW, + o’ dW,,

h ' _pS;(_prSpr;( "o l_prZS_prz;(_pSZ;(-i_zprSpr;(pSZ
1 2 l_
V™ Frs Prs
pf .

dW,dW,, = dW, (p,,dW, + oL, dW, + o/ dW, ) = p, dt
dw,dw, = ( AW, + 11— p2 dWl)( P, AW, + ol AW, + ! dW,)

= (prsprl + P L= P )dt = ps,dt

: ,_ Psy PP
PrsPre, + Py, 1= P = s, then py, = —H——2
1_prs

dW,dW, =(p,,dW, + p{ AW, + o, dW, )( p,,dW, + oL, dW, + p! dW, )

= (7, + 5, + i ) dt =t

(pS;( _prspr;( )2 .

Pl + Piy+ Py =L then pr =1l —pl =1-pr, -5
rS

1-pi —p?, — pi, +2
Then,p;l:\/ Prs = Pry 1:5;2 PrsPiyPsy
s
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Step 3
dw, = p, dW, + pg, dW, + p7 dW, + p] dW,,
ps;/ - prspr;/
V1= Pis
. Py = PeyPr, = Ps,Ps, = PPy + PrsPreyPs,  PrsPr,Ps,
zr !
L+ PS =205, ps, — 205 + PE P, + PEPL, — DL = DL, + 2P Py P,

where pg, =

Pl =\1-pl - P -l
pf.
dW,dw, = dW, (p,,dW, + 3, dW, + p7, dW, + 7 dW, ) = p, dt

AW W, = pysOW, +L— o2 QW |0, W, + o1, AW, + ], QW + o, AW, )
= (prsp,y +pE L= Prs )dt = ps, dt
Ps, = PrsPry
Vi- przs

dW,dW, =(p,,dW, + o5, dW, + o, dW, ) ( p,,dW, + pf,dW, + o7, dW, + o dW; )

Then, p{, =

= (0,0, + 95,23, + P, 0, ) dt = p, it
Coa v _ Py = PiyPry P3PS
PryPry t PsyPsy PPy = Py then Po = - rlp:y LL
V74
. Py = PryPry = Ps,Psy = PisPyy + PrsPryPs, + Pis Py Ps,
xr
L+ P =20 P,y s, — 295 + PAPTE, + PEPL, — Py — PEy + 2P Pry s,

dW,dW, = (p,,dW, + pZ,dW, + p7, dW, + pJ, dW, )( o, dW, + o, AW, + o7 AW, + o7, dW, )

"n2

=(pr27+psy +p;f+p;f)dt=dt

P+ i+ pi2 4+ plt =1, then pf, = \[1- p — piZ — p2.
2
- 1-pk =P} = Po +2PsPuPs, Py = Peubry = Ps,Ps, = PPy, + PsPryPs, + PesPryPs, )
7 1-pf 1+ pis =2P5 P, Ps, = 2P5s + PrsPry + PsPs, — Pry = Ps, + 2P Py, Ps,

D
= \E , where C = (1-p% ) (1+ pfs —2p%p,,P5, =255 + Pa Pl + PsPl, = Py = Piy + 2P 1y, )

=1=pis +2P5Pr s, — PrsPry — PrsPs, +3Ps —4Ps P, Ps, + 205 Py, + 2P P,
~3p% =P, = Ps, +2PsPrPs
D =1-pg + PPy, = 2P Py Ps, Py = 2P PeyPs, Py + 2P PryPs, + 25 Pry P,
=215 Py PeyPs, Psy + 2P PryPry Py + 2P 15 Ps, Ps, Py + Prs Py Py + Prs Py Py
~ PrsPry = PrsPry —3Pis Py, ~ PrsPay — Prs Pay + 305 T 405 Py Ps, Py + AP Py s, P
~AP P, Ps, = AP Py Ps, T AP Pry Poy Ps, Ps, —4P1s PoyPr, Py = 4P P, Ps, P,y
~ 2P P15, = 2P Pr s, 2P5s Pry + 2P0 Pry + 2P0 P, +2P5 PS5, 3P P + P PS,
DS, =3Pt = Pl = Py = Py = PSPy = 2Pis PPy Py~ 2Pis PryPs, Py
— 2D, Py Ps,Psy T 2PsPryPs, + 2P PryPsy + 2P0, Pey Py + 205, Ps, Py,
Following this recursive method, we could construct n correlated Brownian motions.

However, the coefficients for each independent Brownian motions would become more
and more tedious. In addition, if two variables are negative linearly correlated, then add a

_3_
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negative sign in front of one of the two variables would make them positive linearly
correlated (such that the formulas here work).

Alternatively, if the correlation matrix of n correlated Brownian motions C_ is

symmetric and positive definite, we could decompose C into LL' by Cholesky
decomposition, where L__is a lower triangular matrix and L' is the transpose of L.

Then we could generate n correlated Brownian motions B, , by LW, here W__ is a

vector of n independent Brownian motions and BB" = LWW'L' =C.
2. APPENDIX 2: DERIVE DRIFT TERM AND DIFFUSION TERM OF P(t,T,r(t))

In Appendix 2, we derive the drift term [z(t,r(t)) and the diffusion term &(t,r(t)) for

P(t T, r ) Let the process of zero coupon bond of no risk with maturity T be
P

dP (tt-l'_l' rr( ))) A(t.r(t))dt+&(t,r(t))dW, (t). Since P(t,T,r(t))is a function of t and

r(t), by Ité formula, we have
oP oP
o°P

or?
are the first and second partial derivative of P(t,T,r(t)) with respect to r(t). Thus, the

where a@—': is the first partial derivative of P(t,T,I’(t)) with respect to t, 2_|: and

dynamics of P(t,T , r(t)) could also be written as

dP(t,T,r(t))= (Pt +a(t,r(t))P, +%P”ﬂ2 (t, r(t))jdt+ P.A(t.r(t))dw, (1),

2
P
P 2%3, P :Z—I:, P :aﬁ > Comparing these two representations of dP(t,T,r(t)), we

have P(t,T,r(t))&(t,r( ))_Rﬂ(t,r(t)). As a result, we could calculate &(t,r(t)) by
PA(Lr (1)

P(tT,r(t))
~[lr(s)s

Next step is to derive the drift term [t(t, r(t)) in the physical world. 5(t) equals e *° ,
and let I(t) equal J. s)ds, and f(x)=e™ . Then, dI(t) is equal to r(t)dt,
f'(x)=—f(x),and f"(x )— f (x). By It6 formula again,

1

do(t)=df (1(t))=f'(1(t))dl (t)+E fr(1(t))di(t)di(t)=—r(t)5(t)dt.
d[s(t)P(tLT,r(1))|=8(t)dP(t,T,r(t))+P(t,T,r(t))ds(t)+ds(t)dP(t.T,r(t)) by It
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product rule. We introduce the process of market price of risk 0( ) here, and let
O (1) =0t -aw, 1) et S =7 (1)- exp{ [o(s)aw, -2 [0 (s } Z-2(T),

and assume E(_[OT 0% (s)Z? (s)ds) <o0. Then by Girsanov's Theorem, E(Z)=1, and W, (t),

0<t<T, under probability measure Q' is a Brownian motion. Then

d[s(t)P (tT r( )]

[a(tr(®)-r(t)]6()P(LT,r(t))dt+&(tr(t)s(t)P(LT.r(t))dW, (t) (A21)
=&(t,r(t))s(t)P(tT,r(t))dw, (t)

Altr(t)-r(t)
O'(tr )

Hﬂﬂ(u(t))—&(nr<t>)0<t>)dt+5(t’f<t>>dWr .

and 4(t) equal

, mathematically speaking.

We rewrite

P(t,T,r(t)) is the zero coupon bond of no risk with maturity T, so the drift term of
dP(t,T,r(t))
P(t.T.r(t))
equal r(t)+&(t,r(t))9(t).

3. APPENDIX 3: DERIVE GENERAL FORM OF DEFLATOR D (1’)

under probability measure Q” is equal to r(t)." Hence, we have [z(t, r(t))

In Appendix 3, we provide details of the calculations to derive the general form of
deflator D(t) step by step.

dD(t)=Q(t)dt+ D (t)dW, (t)+¥ (t)dW, (t)+T(t)dW, (t)+I(t)dW,(t) (A3.1)
Recall that we would like to have E?(5(t)X)=E[D(t)X | for a nonnegative random

variable X . We let D(t)B(t), D(t)P(t,T,r(t)), D(t)S(t), D(t)#(t), and D(t)y(t) be

P -martingales, then their drift terms are all equal to zero.

'"We could verify this by the intuition of change of measure with 5('[) and also the solution of
5(t)P(t,T,r(t)) being exponential functions. Alternatively, we could plug ﬂ(t,r(t)) back to
d [5(t) P (t,T, r(t))] to verify the statement.
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A3.1Short-term saving, D(t)B(t)
d|[D(t)B(t)]=B(t)dD(t)+D(t)dB(t)+dB(t)dD(t)
=[Q(t)B(t)+D(t)B(t)r(t)]dt+d(t) B(t)dW, (t)+ ¥ (t)B(t)dW, (t)+T(t)B(t)dW, (t)
+1(t)B(t)dw; (t)
(

t
Let the drift term of d| D(t)B(t)] equal zero, Q(t)B(t)+D(t)B(t)r(t)=0, then Q(t) is
equal to —D(t)r(t).
A3.2 Zero coupon bond of no risk with maturity T, D(t) P(t,T , r(t))
d[D(t)P(t,T,r(1))]= P(tT r(t))dD(t)+D(t )dP(tT r(t ))+dP(tT r(t))dD(t)

(tT r(t))+@(t)P(t,T,r( )) (t.r(t)+D()P(t,T,r(t))r(t)

| otrer et ’
+[ (tTrt))+D (tTr (1)) ]aw,
+P(t (tT r(t))dw, (t )P(L.T, r( )) ,(t)+ () (t.T,r(t))dw, ()
Let the drift term of d[ t T, r )] equal zero and plug Q( ) into the drift term,
we have @ (t)=-D(t)4(t )
A3.3 Stock, D(t )S( )
d[D(t)$(t)]=8(t)dD(t)+ D(t)dS(t)+dD(t )ds()
-|o ()S(t)+(1>(t)8() < (1) o + ¥ (1) 1-pk +D(1)S () (1) ot
+H[@(1)S(1)+D(1)S (1) (1) o JaW <> [ (1)S(6)+D(1)S () ()2~ o2 |aw (1)
+T(1)S (t)dW, (1) +1(t) S (t)dw, (t)
Let the drift term of d [D( )S(t) ] equal zero and plug Q(t), ®(t) into the drift term,
oI1):00 00 100]

then ¥ (t) is equal to

\/1 Pis
A3.4 Default density, D(t) x(t)
d[D(t)(t)]= z(t)aD(t)+D(t >dz<t)+dz( )dD (1)
= 2(0) 7(1)+ @ (1), 0,2 (1) + ¥ (1)0, 04,7 (1) + T (1),0, |2 (1) + D(t)e~D(t) T 2 (1) Jat
+ (1) z(t)+D(t)o,p,, z(t)]dvvr( )+ (1) 2(t)+D(t )axps}(m}de( )
+ D) 2(t)+ D(t)o, o), 7 (1) |aW, (£) +1(t) 7 (1) W, 1)

Let the drift term of d [D (t) )((t)} equal zero and plug Q(t), ®(t), ¥(t) into the drift

term, we have
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ol 80p, 206 1) ot [ (01 () -0, ()]
o e o T o (N }

A3.5 Convenience yield, D(t)y(t)

d[D(t)y(t)]=7(t)dD(t)+D(t)dy(t)+dy(t)dD(t)
—[Q +(D(t p +‘I’( )77,037+F( )npﬂ+1 t an]dt+[ ( )]/(t)+ D(t)fypw]dwr (t)
et ) (t)+ D(t)np%, W, (t)+[T(t) 7 (t)+ D(t)0;, W, (1)

+(1(t)7(t)+ D(t)mp, )W (1)

Let the drift term of d [D(t) )} equal zero and plug Q(t), ®(t), ¥ (t), I'(t) into the

drift term, then

P00 r()7(t)_pye,0() Py le=r(0) (1) f2(1)]

Py MR PP php,0, (1)

N (£L, 0y, =Py P, ) s (1) =1 () = psO(t) o (1) ]

LAAON (S

A3.6 Deflator, D(t)

We could derive the general form of deflator D(t) now. Let y(t) equal In(D(t)), then

2
SD{ ) of y(t) with
1 1 . A
respect to D(t) are 30 and _DZ—(t) respectively. By Itd formula,
ay 1%y
d dD t)+ dD(t)dD(t).

Jan_ w0 vo_ro o], o
Y= 50 2 () 2P () 202 200 | o (A32)
+l;((:;dWl(t)+%dW2(t)+%dW3(t)

Let

()= PO (0000, ()2 —us (1)
“D(t) o, ()y1-p2 ’
L(t) _0We, , rt)z(t)-e+tz(t) AL (O)-r(t)-01)o: (t)ps ]

p;fl O-l’o),ﬁ{\/l(t) p;(lo-s \/1 ,05
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<, ()= L0 _puf®) 07 () plp,00)  ple-r(t)z(t) fr()]
I " " "o
D(t) Py np,, PPy P;,;P;ZO'Z\/Z
(pgyp;fz pgypéz)['us ( ) prse( ) S(t)]
P55 ()1~

and integrate both sides of dy(t), plugging ggtg =—r(t) and ——<=-6(t) into y(t).

We have y(t) as follows.

y(t)=y(0)+ j;{—r(s)—%ez (5) 2 K3 (5)-2K2 ()~ 2K (3)}ds .
~[L6(s)aW, (t)+[ Ky ()W, (s)+[; K, (s)dW, (s)+[ K, (s)dW, (s
Take exponential both sides of y(t) , we have the general form of deflator.
D(t)= D(O)exp{ J{r(s)os— [ 207 (5) K3 (5) Kz (5)+ Kf(s)]ds} o

xexp[_j;e(s)dw,(sy 1Ky ()W, (s)+[ K, (s)aw, (s)+[ K, (s)dWS(s)}

4. APPENDIX 4: REGULARITY CONDITIONS FOR DEFLATOR D (t)

In Appendix 4, we provide an analysis for regularity conditions regarding the drift
coefficient s (t) of stock prices, e in the drift term of default density y(t), and the

diffusion coefficient 77 of convenience yield y(t). In Appendix 3, we derive the general
form of deflator D(t)by letting D(t)B(t), D(t)P(t,T,r(t)), D(t)S(t), D(t)x(t), and
D(t)y(t) be P -martingales. However, recall that we'd like to have
E® (5(t)X):E[D(t)X] for a nonnegative random variable X, in which &(t) is a

discount process equalling e_ﬁr(s)ds. In our model, B(t), P(t,T,r(t)), and S(t) are the
nonnegative random variables X in E® (5(t) X): E[D(t) X]. In addition, we also have
to consider y(t) and y(t) under probability measure Q when deriving the deflator
D(t). We discuss &(t)B(t), 5(t)P(t,T,r(t)), 5(t)S(t), 5(t) x(t), and 5(t)y(t) under
probability measure Q as follows.

A4.1 Short-term saving, §(t) B(t)

d[5(t)B(t)|=05(t)dB(t)+B(t)d5(t)+ds(t)dB(t)=0

Thus, §(t)B(t) isa Q-martingale.
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A4.2 Zero coupon bond of no risk with maturity T, &(t) P(t,T : r(t))
From (A2.), d[ S(t)P(t,T,r(t))|=&(tr(t))s()P(LT,r(t))dwy, (1).
Thus, &(t) P(t,T , r(t)) is a Q -martingale.

A4.3 Stock, 5(t)s (t)

d[5(t)S(t)]=5(t)dS(t)+S(t)ds(t)+do(t)dS(t)
=5(t)S (1) us (t)—r(t)]dt+5(t)S(t) o (t) psdW, (t)
+6(t)S(

)
- 5(0)S(0) ks (-1 (1)-0(0) 7 () e+ 5(0)S (1or ()M (1)
o (t)y1- pidW,(t), under Q
We require z (t)=r(t)+6(t)o

~[{ s ()1 (5)-0(s)es (s)is Jos

Alternatively, let J; (t) be a process equal to e *° . We could see that

S(t)[ o (t)s(t ] isa Q -martingale as follows.

Let &, (t ) g e el Is(t)=f;[us(s)—r(s)—@(s)as(s)p,s}ds, and f (x)=¢e
then dlg (t)=[ 5 (t)—r(t)—6(t) o (t) ps Jdt, £'(x)=—F(x),and f"(x) = f (x).

ddg (t)=df (15 (t))=f'(1(t))dl; (t)+% fr(1g (1)) dig (t)dig (t)==[ a5 (t) -1 ()= O(t) o5 (1) s |5 (1)t

d[ 3 (1)S(t)] =05 (t)dS (t)+S(t)d5, (t)+dd, (t)dS(t)
=55 (t)S (t)[r(t)+9(t)os (t)prs]dt +35 (1) S (t) o (1) ps AW, (1) + 35 (1) S (t) o (1) y1- prs AW, (1)

d{s()[5 (1)S ()]} =5 (t)d [ (1)S (1) ]+ (t)S(t)ds (1) +ds(t)d [ & (1) S(1)]
5(t)3 (1) (1)0(t) o (1) st +5 (1) 55 (£) S (t) o (1) A AW, (t
=5(t)35 (1) S (1) (1) ps AW, (1) +5 (1) 55 (1)
Let D(t [5 t S(t)] ea P-martingale, then ¥ (t
(

)+8(1)8 (1) S (t)os (t)y1-prs AW (1)
S(t)os (t)y1- pidw,(t), underQ
)=0 (so that K, (t)=0
)+ D()d[5, (0)S(1)] +aD(1)d [ (1)S (1)
[r(1)+0(t) () s ]+ () + @ (1) 0 (1) o + ¥ (1) o (1) Y- o

=5, (t)s(t){D(1)
+8, (S (O[@ (1) +D(1)o (1) £ JaW, (1) +6, (1) (1) ¥ (1) + D (V) (V)i ok aw, (1)
+ 35 (1) S (T (1) AW, () + 55 (1) S (1) T(t) W, (t)

Plug Q(t),®(t) into D(t)[ r(t) (1) ps |+ Q(t)+ @ (t) o5 (1) pys + ¥ (1) o5 (1) 41— p% =0, then ¥ (t)=0.
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A4.4 Default density, 5(t) x(t)
d[s(t) 2(t)]=5(t)dx(t)+ 2 (t)d5(t)+ds(t)d x(t)
=s(t)[e-r(t)x(t)-fx(t)|dt+o,p,0 (t)WdWr (t)
+0,p, 8 ()£ (AW, (1) +, 01,0 (1) [z (D)W,
=50ﬂ?—ﬁﬂzﬁ%-UdU—%PWﬂUJ_(Tm+0¢u ONFIOLIAG
+0,p,,8(t)y 2 (D)W, (t)+ 0,0, 8(t) 7 (t)dW, (t), under Q

We require e=r(t) x(t)+ f x(t)+o,p0,,0(t){x(t) as regularity condition, such that
5(t) 2(t) is a Q-martingale. As a result, K. (t)=0. In addition, we also have to consider

if the Feller condition holds, i.e. r(t) ¥ (t)+ f x(t)+o,p,,0(t) 2 (t) >%0'§.

A4.5 Convenience yield, 5(t)(t)

d[5(t)y(t)]=6(t)dy (t)+r(t)ds(t)+ds(t)dy (1)
=5(t)y(t)r(t)dt+nmp,,6(t)dW, (t)+npf,6(t)dW,(t)
#1003 (€) AW, (£) 47,5 (£) W (1)
=5(t)[ -7 () (t)-mp,0(t) |dt+ 70,6 (1) AW, (1) + 708, 5 (1) dW, (1)
+np,,6(t)dW, (t)+7p],5(t)dW;(t), under Q
7(O)r(t)
p.,0(t)

Asaresult, K (t)=0.

We require 17 = — as regularity condition, such that &(t)y(t) is a Q -martingale.

From (A3.4), we rewrite the general form of deflator as

r(5)ds— 2 [16% (5)ds~ [/ o(s)ow, (s)]

t
D(t)=D(0)exp {—J'O
5. APPENDIX 5: EUROPEAN PUT OPTION PRICING UNDER CIR INTEREST RATE IN KIM (2002)

In Kim (2002), the process of CIR interest rate dr(t) under probability measure Q' is as
follows.

dr (t) = KO ~ (K + S ) T (1) ]AE+ ST (1)WY, (2) (A5.1)

Let Ay =1, then 8, =0,, K =b, —0,, 6 =8,/(b, —0,). Then, we could calculate

the price of a European call option of stock S with strike K and maturity T at time zero,
Call,;, (0,5(0),T,K).

_‘]O_
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Call,, (0,5(0),T, K):[s(o)cb(dl)—Kexp(—foT rfdt)@(dz)}

+5Kimc0[s(o)¢(dl)_Kexp(_jOTr;dt)(q;(dz)—asﬁq)(dz))} (17)

+§Kimcl[d28(0)¢(d1)—dlKexp(—jJ rt*dt)¢(d2)}+o(5mm),

where @(-) and ¢(-) are the cumulative density function and probability density function

of the standard normal distribution respectively;
* . r.—@..
=18 + Oy (1-e7), exp(—_[oT A dt) =exp {——( o~ Oum) (1— g ! )— OimT };
KKim

2

d, = 1 [InS(o)+(r°_HK‘m)(l—e"“K'mT)H?’KimT+%T},dzzdl—Us\E;

o JT K Kim
1 1_ e_KK'mT 1_ e_KKlmT
C =—I(r _9 . _Te_KKimT +9 . T 1_ .
’ KKimO-S\/-I—- {( ’ Klm)( Kkim ] o [ Kim H ’
Zm{(“ 2e ), - 36%\/% — O (L7 )} + Wi [GKim (1+2e%T) - ro]
— _ prS —
C1 - UST Clli C11 ZEXK"“TKEimm

(2em —1) + 1o+ Ze% \/ Ocim (eKK'mT ‘1) G

(Vo + )

QK

im

V/Kim = In

By Put-Call parity, Call(0,S(0),T,K)+ Ke b = Put(0,5(0),T,K)+S(0). We could
then calculate the price of the European put option at time zero Put,,, (0, $(0),T, K) as

Call,;, (0,5(0),T,K)+KP(0,T,r(0))-5(0).

6. APPENDIX 6: IMPLEMENTATION OF SIMPLIFIED SECOND MILSTEIN METHOD

In Appendix 5, we present the implementation of simplified Second Milstein method in
our example. dX, =a(t, X, )dt+b(t, X, )dW, where X,, W,, a(t,X,), and b(t, X,) are as

follows.
v
o(t o
o | o
« _ P(t,T,r(t)) W— VV\\Z((?) (A6.1)
‘ s(t) t W, (t)
x(!) A0
7(1) B
. D) |

_11-
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a, —br(t)+0(t)o,r(t)
a,—b,0(t)
B(t)r(t)
a(t,X,)= (t r(t)r +PGF¢9 (A6.2)
t S(t)[r(t) (t) s |
r(t)l(t)“’}%’rﬁ() (1)
0
i —r(t)D(t) |
Urm 0 0 . 7
0 0 0 0 0
0 0 0 o o)
Prgrm 0 0 0 0
b(t,Xt)z S(t)as (t)prs S(t)ds (t)m 0 0 0 (A6.3)
o oz PN Tl () 0 8
Ol ) Oy 2Oy g
o et el A8
| —6(t)D(t) 0 0 0 |
Foreachi=1,...,d,
Yoai =Yoi 3 (n'Y”)At+ibik (n.Y,)AW, +1L°ai (n,Y,)(At)’
m . i m m (A6.4)
2D LLIAARENCRA) EVAES S 5 JENURATEUARVASA!

In order to calculate Y, , at each time step n+1, we have to calculate operators L’ and
L for each a (n, X,) and b, (n,X,). We would skip the cases where a(n,X,) and

b, (n, Xn) equal zero or a constant since their operators L° and L* are equal to zero. We
show the calculations for the rest as follows.

_12_
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A6.1 a,(t, X,)
a, (t, X, )=a,-br(t)+6(t)o,r(t), %Xlxt):—bﬁée(t)q rl(t)’ aaig(,zx)
TaltX)_ Lpqy, L ZaltX) da(tx) 1 1
OX,0%, 4 r\/rs(t)’ OX,0X, OX,0%, 2 r\/r(t
Loal(t1xt)=aa1(att’x‘)+iai (t,xt)aalgx’ix‘)Jr%izt” 0 Zl(axx y
=a,( )[ b, +=6(t) rl(t)]+a2(t X, )o,r(t)

1 1 1 1

Zt110_r‘9(t) r?’(t)+52tlzar r(t)
a,(t.X,) = 3 b, (1, X )aaiétx,xt)

A6.2 &, (t, X,)

a,(t,X,)=a,-b,0(t), 0 (tX,)

ot
a, (t, X,)b,
X,)= Zb,k (t,X,) ((; X.)
=—b, (t, X,)b,
A6.3 &, (t, X,)

8 8 2
1%, t, xt)zm+zai (t, xt)%gz 5, 8, (t.X,)

alt)-80r(0, LX) g, BLR) g
o’a, (t, Xt) B 0’a, (t’ Xt) _
OX,0X, - OX;0%, B

_13_
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da,(t,X,) & o8, (tX) 1& . da(tX)
P ILICL e PILY ox0x,

=a,(t, X,)B(t)+a,(t, X, )r(t)+ =,
0

L, (t, X, )=

o, r(t
8a4g(,Xt)=O_P (®), 5a4g(vxt)_ (t)
2 4

2 2 2
PatX)_ Lo pgp L FALX) daltX) 1 o, 1

OX, 0%, 4 ri(t) %X OX0% 2 r(t)
82a4(t,xt)_82a1(t,xt)_1

OX,0X, B OX,0%, -

s (LX) <& ca (LX) 1. o (tX,)
L%, (t, X, )=—— "t E (t, X 4 t _22__;
a4( '[) at + ) a'l ( t) aXI + 2 = tij 6X|6X

82t110- Pﬁ(t) ra(t)"'Ezt,lz P r(t) 2
d oa,(t, X

Lka4(t’xt):zbik( X,) Agx !
i=1 1

“b, (t, Xt)!P(t,T,r(t))+%aﬁ€(t)ﬁ]+bﬂ (t, X )7, AT () +by, (6, X, )1 (1)

A6.5 a(t, X,)

2 (6, X) =S (O r (1) +0(t) s (1) ], LX) gy, PelbX)

] —=S t t y
OX, ox, (t)os (t) o
aasg(, XD - (t)+0(0)a, (1) e 6a§(t’xt):6a5(t’xt)= X)) X))
> X, 0% OX50%, OX,0Xs OXs0X,
oa, (t, X 8 oa.(t,X,) 1 o%a. (t. X
R e
= i ij=1 i0X|

=a,(t,X,)S(t)+a,(t, X,)S(t) o (1) ps +a5 (1. X, )[ r (1) + O(t) o5 () pys |
+ 245+ 2 5505 (t)prs



ECONOMIC SCENARIO GENERATOR WITH FIVE FACTORS
: da, (t, X, )
X, )=> b, (t X, )———=
)=2.b. (X)) P
=by, (t,X,)S(t)+by (t,X,)S (t) o5 (t) prs + by (1. X,)[ 1 (1) +0(t) o5 (1) pys |

A6.6 ag(t, X,)

2 (6 X,)=r (1) £(1)+0,0,0(t) 2 (0, LX) (1), BellX)

o T P (1),
aae(t,xt)_ (1) + o,P:, 0() aaﬁ(t,xt)zaas(t,xt)=l
X, 2 \/ 2(t)  oxox %0, '

0a, (t,X,) _dag(t.X,) _ Zprl da(t.X,) _ o,p,0(t)
OX, 0, X, 2 x(t) X% 4l (t)
oa 8 J(6LX) 18 t, X
o, (1,x,)= 20X, +3a N 23, (LX)
ihj=1

=) ax OX;0X;

=a,(t, X)) z(t)+a,(t, Xt)alprlm+aa (t, Xt){r(t)+%]

Tt S £, 90)

t,16 5

T2z 8 ()

X)=3ob (t,x,) BollX)

oX

=Dy, (t’ Xt)Z(t)-i'bZk (t1 Xt)%/?m\/mwek (t' Xt){r(t) O-ZIL\;LO(J[)]

A6.7 ay(t, X,)

a,(t,X,)=-r(t)D(t), %X’lxt):_c)(t), %X’th):_r(t)
azag(t,xt)_ﬁzag(t,xt)_

OX,0Xg - OXg0X, o

o, (t,X,) & oa,(t,X,) 1&_ d%ay(t X,
Loag(t,xt):%+;ai(t,xt) ( )+EZz”#

i=1 ’ 8X|
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A6.8 b, (t,X,)

bll(t,Xt):Urm, %;th)zlgr 1

oy, (t,X,) 1 1

_——gr
OX,0%, 4 r’(t)
ob. (t, X 8 ob, (t,X,) 18
1 1 1
= t, X,)o, - ;
Sa(tX,) VBRI =Ty
d ob. (t, X
Lkbll(t,xt)=2bik(t,xt)M
i=1 aXi
1 1
=— t, X,)o,
A6.9 by (t,X,)
by (t,X,) 1 1
X — 9 t, 25 t —
bzs(t t) Oy () ox, Oy 9('[)
0%y (1, X,) _10 1
xox, 4" (1)
. by (t, X,) & Oby (t.X,) 18
Lb25(t’xt) 5‘t ;al( Xt) 6Xi 2”2_1 t,ij
1 1 1
— X —
Zaz(t t)GH 49('[) 8 t,22%0 Hs(t)
d X
b (%)= 3 (1, ,) e (0X0)
i=1 8xi
1 1
:Ebzk(t,xt)gg e(t)

A6.10 b, (t, X, )

t, X
0a(1.) =07 (), 220 2o p

r(t)

by (1. X) _ EEN
0%, 0%, 4 r*(t)

-16 -
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b, (LX) & by (tX) 1 0%y (tX,)
b, (1, X, )= 2 2 5o (g x ) Palh B Ighy G0a(0 )
a (X, ot +i_1 a(tx) ox, +2ij=12t'” OX,0X,

_1 1 1

G —
r r r(t) tll rer 3 t)

d ob,, (t, X
Lkb41 (t, Xt) = Zb'k ( ) “é )
i-1 Xi
1 1
==h, (t, X P
2 lk( )O-r r r(t)

A6.11 b, (t, X))

b51(t, Xt) =S (t)as (t)prs , %

5

b, (1, X, ) - obg, (t, X, ) 28: N xt)ab“(t’x‘) 1& . by (6X,)

(X)) 2N s
ot +i:1a ox, +2§3 W oxox,
:as(t’xt)o-s(t)prs

d
by, (t, X,) Zb,k t, X, ab"lg X)

=05 (t)Prs

=Dy, (t’ xt)o-S ( )prS
A6.12 by, (t, X,)

0 (8,) =S ()or (O, X))

OXg
obg, (1, X,) & b, (6 X,) 1& . @%by (tX)
LOb t X 52 52 52
(6 X) = ,Z + .;1 Woxox,
:as(t X )GS( )\/1 Prs
d ob;, (t, X
a0 X)= S (1. x) P
=by, (t,Xt)US (t)\jl_prs
A6.13 by, (t, X,)
by (. X, )=, . 7 (1) Mzi(;p 1
61\ "7 7Nt xFry ! (3X6 2 xry Z(t)
%y (X)) 1 1
oxox, 4 7 (1)
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by (1,X) ¢ oby (X)) 1& . 0%y (LX)
0 _ YY1 t _ 61 - B ke
Lbsl(t’xt)_—at +;a,(t,Xt) 8x 22 t,ij aXian
1 1 1

—__2 o )
Z(t) g 168 +Pry )(3('[)

i=1 8Xi
b6k (t’ Xt)o-;(prl =

(1)

A6.14 b, (t, X,)

, ob, (t, X 1 , 1

by, (t, X, ) = 0,05,y (1), %:E%f’sl (1)
6

o°b.. (t, X 1 , 1

5X68X6 4 7 (t)

8 b, (t, X 8 o%b,, (t, X
Lobez(t X ) M+Zai (LXJ%_F%ZZNM

A6.15 by, (t, X, )

. ob (t X ) 1 1
b53 (t’ Xt) =0,Py l(t) GsaT 2 zpzz Z(t)
o%b.. (t, X 1 , 1
63( t) =779 Pu
OXsOXs 4 Zs (t)
0 63 bs; J, 2% s -
L%, (£, X, ) = le —axi +2§_j1 9 oo

1 !
:Eae (t,XI)J o,

-18 -
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A6.16 by, (t, X,)

by, (t’ Xt) =" 7(t)r(t)

o(t)
8b71(t,Xt)=_7(t) 6b71(t,Xt):7/(t)r(t) abn(t,Xt):_r(t)
ox, o(t) o e*(t) = ox o(t)’
0%y, (6, X,) 0%, (t,X,)  7(t) %, (t,X,) 0%, (t,X) 1
xox,  oox  O(t) o,  axdx,  O(t)
0%y, (X)) _ 27(Yr(t) &b, (tX,) 0%, (LX) _ r(t)
ox,  O(t) T axox, ox,0x, 6 (1)
Lb,, (t, X,)= 8b71tX +|Zi:au —(g;[(iX) %iizt,ijab(;;i(;(.xt)
—ax) b 00 G e )20

(t) 1 (t)l’(t) r(t)
+Zt,12;/2—()_2tv17 o(0) =25 }/03 ) +2 o (1)

d ab t, X
Lb,, (t, X,) =;b,k —”éxi )
r(t) r(®)r(t) r(t)
= — t,X - b t,X _b t,X N
blk( t)g(t)+ Zk( t) 92(t) 7k( t)e(t
A6.17 by, (t,X,)
t
b, (t,%,) =~ 22 W)
P, 0(t)
ob,, (t'xt) :_p3y7( ) ob,, (t’Xt) _ pé'y}/(t)l’(t) db,, (t’xt) :_pgyl’(t)
X, p,,0(t) OX, P02 (t)  ox p,,0(t)
0%y, (1.X,) _ 0%, (LX) _ pgr(t) by, (tX,) 0%, (LX) 45
OX,0X, OX,0X, P07 (1) oxox, OX,0X, p,,0(t)
azb72 (t’ Xt) — 2'037}/( ) (t) 82b72 (t’xt) — azb72 (t’ Xt) — pg}’r(t)
OX,0X, PO (1) T %o, OX,0X, ., 0% (1)
ob (tX) 8 b, (t,X,) 1& o b, (LX,)
LOb t X 72 ) t,X 2 t - Z - 72 t
(t %) = ot ;a'( ) X, +2§1 W axex,
P, (t) psy (t)r(t) P51 (1)
=-a (t, X, )L+ a, (1, X, ) L=t =2 —a, (1, X, )=
X o =7, e ) o
IS 4 OB Sy 74 OLIU B Ai0

P () 60 T p ) p, 8 ()

ry
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d
b (1) = 20, (1) P2

_ per(t) PLrr(t) pyr (1)
) o T e

Py (Or(t)
by, (t, X, )=tz )
P T 0w
6b73(t,Xt): P (1) 673(t,Xt):p;y7/(t)r(t) 6b73(t,Xt):_p;7r(t)
OX, p.,0(t) OX, P, 0% () X, P, 0(t)
82b73(t,Xt):62b73(t,Xt):p;yy(t) 82b73(t,Xt):82b73(t,Xt)=_ o,
OX,OX, OX,0%, p,0°(t)  axox, OX, 0%, P, 0(t)
0%y (. X,) _ 2p5,7(OF (1) by (t.X,) _ 0%y (X,) _ pLr(Y)
OX,0X, P, (1) T %o, oX0%, P, 0% (1)
b, (t,X,) & ab7 (LX) 1& . °by(tX)
L°h.. (t, X 73 3 J, 2%y 73 t
(X)) = Zl: ox +2§=:1 i OX,0X,
Py (1) PLr(Or () Py T (1)
=-a,(t, X, )& +a,(t, X, )& -a,(t, X, )&
5 Jﬂﬁﬁ) A RSy
.2 U N/ Sy 74 OLI O NS/l
P, 0" (1) P, 0(t) p,0° (1) P, 0" (1)
d ab,, (t, X
LDy, (t, X, ) =D by (1, X,) 738( J
i=1 Xi
Py (1) Py (O)r(t) Py, (t)
=—b, (t, X, )22 by (t, X, )22 b, (t, X, )22
X oy P T e X o

A6.19 b, (t, X,)

by, (1, X,) = py;yr(t)(z)( )

dby, (. X,) _ _ppy(t) db, (LX) _ pLy(t)r(t) ob,(t,X,) _ por(t)
% P O(t) 0% Pr,0° (1) 0%, Pr,0(t)
0%, (t, X,) _ 0%y, (t, X,) _ pLy(t) 9%, (t, X,) _ 0%, (t, X,) _ P
OX,0X, OX, 0%, P07 (1) oxox, OX, 0%, P, 0(t)
0%y, (t, X,) _ 207y (t)r(t) 0%, (t, X,) _ o°by, (1, X,) _ por(t)
OX,0X, P, 0% (t)  ox,0%, OX,0X, .07 (t)
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ob, (t,X,) & ob, (t,X,) 1& . 0%, (1,X)
L°b,, (t, X, )=—2""L (X )Y SNy T
74( ) ot + iZ:l:a, ( t) aXi + 5 I% t.ij aX-aX-

— OX;
P (1) PLr(B)r (1) ZAL0)
— b, (t, X, )2z b, (t, X, )2z by, (1, X, )=
(6 X,) o0 () P 0" (1) l t)pwg(t)
A6.20 by (t, X,)
by, (t’ xt) ob, (t’ Xt)
__ IEC N N A —_— = t ’
by, (1, X,)=-6(t)D(t), o, DY), X, (1)
by (LX) by (tX)
OX,0Xg - OXg0X, -
oy (8, X,) Y Bu(tX) 18 Fu(tX)
Lobal(t’xt) 81 +Za' Blax Ez ti (;)1(8X

)00 X0l 5

LDy, (t, X,) Zb,k (t, X, ab*“é )

(XD (%0000

7. APPENDIX 7: CORPORATE COUPON BOND PRICING IN LONGSTAFF ET AL. (2005)

In Longstaff et al. (2005), the formula to calculate price of a corporate coupon bond is as
follows.

CB(c,w,T) cj Acs (1)exp(Bgg () ) Cea (1) P (0,1, (0)) e 7't
+ Pog (T)exp(Bes (T) 20 ) Ces (T) P (0,1 (0) )
+(1-) [ exp(Bes (1) ) Cos (1) P(0,8,7(0))[ Geg (1) + He (t) 7 Je7dt

Ace (1) =exp e*(f*w)t]( 1-x j" Bes (1) = Lo, %

2 At - 2 2(1_ . att)’
o, 1-xe o, al(l Ke )

2t3

Ces (t)=exp UT] Ges (1) %(es”t )expl: (f2+¢) ]( 1-x jiegﬂ,

— e
o, 1-«xe
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2 Ziz"+2
HCB(t)_exp!e;‘(f"J:j)Jr(éa"t}( 1o« JUI : K:(fl+¢)/(fl—¢),

V4
In our numerical example, e, is equal to r(0)x(0)+ f ¥(0)+o,p,,6(0)7(0) and f,

equals f,inwhich f isequalto o.1.

8. APPENDIX 8: EXAMPLE WITH CIR MODEL AND CORPORATE COUPON BOND IN SECTION 4.2

For the example with CIR model and corporate coupon bond in Section 4.2, the discount

process &(t) is equal to ej[ TS nd do(t)==[r(t)+x(t)+r(t)]s(t)dt. To
accommodate the three risk factors (interest rate, default mten51ty, and convenience
yield) with deflator, we let dB(t)= B(t)[r(t)+;((t)+7(t)] dt. We repeat the calculation

in Appendix 3.1, then we have Q(t) equalling ~D(t)[r(t)+ z(t)+(t)]. Similarly, we
have ®(t) equalling —-D(t)&(t) and ¥(t), T'(t), I(t) equalling zero. We show the
detailed calculations as follows.

A8.1 Short-term saving, D(t)B(t)
d[D(1)B(t)]=B(t)dD(t)+ D(t)dB(t)+ dB() ()
={Q(1)B(1)+ D()B()[r(1)+2(t)+7(1) ]} dt+ (1) B()dw, (1)
+¥(1)B(t)dW, () + T (1) B(t)dW () I(t)B(t)dW,(t)
Let the drift term of d[ D(t)B(t)] equal zero, Q(t)B(t)+D(t)B(t)[ r(t)+ x(t)+(t)]=0,
then Q(t) is equal to _D()[ )+ 2 (D) +7(1)].
Also, d[ 5(t)B(t)]=45(t)dB(t)+B(t)ds(t)+d5(t)dB(t)=0.
Thus, §(t)B(t) isa Q-martingale.
A8.2 Zero coupon bond of no risk with maturity T, D(t)P(t,T,r(t))
Similar to Appendix 2 (A2.1), d[ 5(t)P(t,T,r(t)) |=&(t,r (t))5(t) P(t.T,r (t))dW, (t) with
At r(t)-[r(t)+z(t)+7(t)]
F{ur()

We rewrite P((ttTTrr(tt)))) (a(tr(t)-&(t.r(t)o(t))dt+a&(t,r(t))dw, (t).

6(t) equalling here. 6(t)P(t,T,r(t)) isa Q -martingale.
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(t T r( )) is the zero coupon bond of no risk with maturity T, so the drift term of
dP(t,T,r(t))

P(t.T.r(t))

have (t,r(t)) equal r(t)+ z(t)+y(t)+&(t,r(t))o(t).

dP(1,T.r(1) . PA(Lr(Y)
BETA) =[r(t)+x(t )+ (tr())o(t) |dt+&(tr(t))dw, (1), &(tr(t))= Plr) (A8
)

)+7
dP(8,T,r (1)) =P(t.T.r( )[ (t)+2(t)+7(t)+&(tr(t)o(t )]d”P(tT’f(t))&( r(t))dw, (1)
d[D(t)P(t,T,r(t))]=P(t.T,r(t))dD(t)+D(t dP(tT r(t))+dP(t,T,r(t))dD(t)
Ot (tT r(t))+@(t)P(t,T,r(t))s(t.r )
P(LT.r(0)[r(t)+x(t)+7(t) +o( (1))o(t ]
+[ (tT r(t))+D(t)P (tT r(t))6 ]d
+P(t (tTrt)W1 t)+T(t)P(t.T, r()) (1) + () (t.T,r(t))dw, ()

Let the drift term of d[ t T,r( )] quaI zero and plug Q(t) into the drift term,
we have ®@(t)= —D(t)e(t).

under probability measure Q' is equal to r(t)+ z(t)+y(t). Hence, we

A8.3 Stock, D(t)S(t)
d[D(t)S(t)]=S(t)dD(t)+D(t)dS(t)+dD(t )ds()
-l 2V)s(1)+o(1)s(t)o

+[®(1)S(t)+D(t)S(t)o
+(1)S ()W, (1) +1(1)S (t) W, (t)
Let the drift term of d[D t)S(t :|equal zero and plug Q(t), o(t)
D(O[r(®)+2()+7(1)+0(1)os (1) o — 4 ()]
()JlTrs
d[5(t)S(t)]=5(t)dS(t)+S(t)ds(t)+ds(t)dS(t)
5(1)S(6) s (1)-r(1)- 2(0) =7 (1) dt+8(6)S (1) 75 (1) pdW, (1
+68(1)S(t) o (t)y/1- pidW, (t)
S(1)S (1) a5 (1)=r(1)-2(1)-r(t
+8(1)S(t) o (t)y1- pidW, (1),

We require s (t)=r(t)+ z(t)+r(t)+0(t)
5(t)S(t) isa Q-martingale. As aresult, ¥ (t)=0

—

s()ps + ¥ (1) 1-p +D(t)S(t)u t}dt

(1) JoW, () [ (1)S(6)+D ()8 () ()2~ P2 |aw (1)

into the drift term,

then W(t) is equal to

)-0(t) o (1) ps |dt+5(t)S (1) oy (1) psdW, (1)
under Q
)

s (t) ps as regularity condition, such that
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A8.4 Default density, D(t) (t)
d[D(t) 2(t)] = (t)dD(t)+ D(t)dx(t)+d z(t)dD(t)

=) 2(t)+ (), p, 2 () + ¥ (1) Zps)fﬁw( o, P, () + D(t)e=D(t) f £(t) ot
[@(t) 2()+D(t) 2 (1) |aw, [ 2(t)+D (V)70 2 (1) |aw, (1)
T(t)2(t)+D(t)o,0,, M Z(t)aw, (1)
Let the drift term ofd[D(t )(t equal zero and plug Q(t), d(t), W(t) into the drift
+7(t)];(( )—e+f;((t) .
o, P2 (1)
d[5(t) ] S(t)dy(t)+ z(t)d )+d5()d;(()

s(O){e=[r(®)+2(V)+7(t)] 2(t)- f 2 (D)} dt+0,p,,5(t) 2 (t)aW, (t)
+0,pL,0 (1) ()W, (1) +0,07, 5 ( )devzm

5(O)]e-[r(®)+2(0)+7(1)]2(0)- f 2(t)=0,p,0(0)z(V) | dt+5,p,8(t) £ (t)aW, (1)

)

+
+

9(t
term, we have F

+o0 ps){ (t Z(t) +0' pu w/;((’[)dW2 (t), under Q
We require e = I: 2(t)+y(t ];{ )+ fx(t)+0,p,,0(t)x(t) as regularity condition,

such that &(t) z(t ) is a Q-martingale. As a result, I'(t) =0. In addition, we also have to

consider if the Feller condition holds (though this does not guarantee )((t) to be positive

since e involves several factors and is not a constant here), i.e.

1,

[r(t)+z(O)+7(t) ] x(t)+ f 2 (t)+0,p,0(t){x(t) >0,
A8.5 Convenience yield, D(t)y(t)
(

d[D(t)7(t)]=7(t)dD(t)+ D(t)dy (t)+dy(t)dD(t)
=[ (t)y ()+CD(t)77p +W(t )npgy+F(t)77p;y+I(t)77p;;]dt+[d)(t)7/(t)+D(t)nprJdWr(t)
+[ ()7 (1)+ D(O)nes, JaW, (1) +[ T (1) 7 (t)+ D(t)ney, JaW, (1)
+(1(6)7(1)+ D()npy, )Wy (1)

(
Let the drift term of d [D(t) )] equal zero and plug Q(t), ®(t), ¥(t), I'(t) into the

drift term, then I(t) = D(t){pwe( )+ [r(t)+g(t)+y(t)}y(t)}

o, ne,,
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d[s(t)y(t)]=o(t)dy(t)+y(t)ds(t)+do(t)dy(t)
(O[r(t)+ 2 (t)+7(t) |dt+np,,5(t)dW, (t)+npL,5(t)dW, (t)
+1p},8 (t)dW, (t) +np;,5 (1) AW, (t)

=5()7 (O[r 1)+ 2(1)+ 7(1)] -0, 0(0)} 7o, (1) W, (t) + ot 5(8) W (1)

+np) 6 (t)dW, (t)+np! 5 (t)dW,(t), under Q
y(OLr(O)+2(O)+7(1)]
P, 0(t)

Q -martingale. As a result, I(t) =0. In addition, reader should be very careful about the

as regularity condition, such that &§(t)y(t) is a

We require 7 =—

initial parameter setting since 77 also involves several factors and is not a constant here.
In our numerical example under Longstaff et al. (2005) in Section 4.2, ;((t) becomes
negative after projecting longer than 7 years and the simulation couldn't continue, in
which the large y(t) is the reason leads to the negative value of ;((t) Further study
would be to investigate the long-term behaviours of y(t) and y(t) after we require the
regularity conditions.

A8.6 Implementation of time discretization

In A8.6, we show the implementation of time discretization for stochastic processes in
A8.1 to A8.5 (different from the example in Section 4.1) as follows. In addition, here are

X, W, a(t,X,), and b(t, X,) of simplified Second Milstein method in Section 4.2,
dX, =a(t, X,)dt+b(t, X, )dw,.

rEt))
o(t _ _
B(t) W, (t)
- |eeTr), \VNVE?) (A8.1)
t S(t) t W, (1)
#(1) W, (1)
7(t) -
| D(Y)

B()Lr()+2(t)+7(t)]
a(t,X,)= P(tT.r(t)[r(t)+2(t)+7(t)]+Po,\r(t)o(t) | (A8.2)
S(O)[r(t)+z(t)+r(t)+0(t)os (1) ps |

[r®)+2(t)+7(t)]2(t)+o,p,0(t)y2(t)

~[r(t)+z(t)+7(t)]D(1)
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o‘,m 0 0 0 i ( 8 )
. ° 0 A8.
’ ; : ; ofi@|
Ror(t) 0 0 0 0
b(tx)=| St (1)es ()0, (0415 0 ) 0
o, P2 (t) o, Pz (1) o, P2 (1) 0 8
YO+ 2(0)+7(0)] P70+ 2()+7(0)] Lo Ol 2()+7(1)] Ay (O[r()+2(t)+7()] .
. o(t) i £,0(0) £,0(0) p,0(1) °
-6(t)D(t) 0 0 0

A8.6.1 Short-term saving, B(t)

=B(t)[r(t)+z(t)+y(t)]dt
(i) Euler method
B, =B, [1+(ri + 7 +yi)Ati]
(ii) Milstein method
B, =B [1+(ri + 7 +7/i)Ati]

(iii) Second Milstein method

(6 X,)=BO[r()+ 2(0)+ ()], LX) gy, BEX) ), 1)),

OX, OX,
2 2
aaS(t’Xt):B(t), ﬁag(t,xt):B(t)’ 0 a3(t,xt):a as(t,xt):
OXsg OX, OX,0X, OX,0%,
azag(t,xt)_ézas(t,xt)_1 0%, (t,X,) %, (t,X,)
MK XX, OXOX, X%,

8a3 (t,X,) & aa3(t,x ) 13 d%ay(t, X,)
L° X E B I i L
a3 (t7 t) + = a'I axl + 2 = t,ij aXIaXJ

=aa(t XO)B(t)+a (6 X )[r (t)+ 2 (t) +7 (1) ]+ (1. X,) B(t) +a (8. X, ) B(1)

+2113+2136 +X t,37

d a8, (t.X,)
b, tX
Z |k a

= by, (t, X, ) B(t)+by, (t, X )[ 1 (t)+ 2 (t)+7(t)]+by (t. X, ) B(t)+by (t, X, ) B(t)
A8.6.2 Zero coupon bond of no risk with maturity T, P(t,T, r(t))

dP(8T,r(t)) = {P(LT.r ()[r (t)+ 2 (1) +7(t)]+ Ror (0(t)} dt+ P, r (H)aw, (1)

(i) Euler method

PM:Pi+[P(r+;(,+;/,)+ O }At+Prt oL AW,
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(ii) Milstein method

Ra= P+[Pi(ri+li+7i)+Prt O, :|At+Prt r\/_AW

(iii) Second Milstein method

a, (LX) =P(LT,rO)[r()+ 2(1)+7(1)]+o,Pr D)), %&XL P(t,T,r(t))+%arPﬁ(t) L

()

da, (t,X,) oa,(t, X,) oa,(t, X,) da, (t,X,)
——————~=0P t), —==r(t t t), ———==P(t,T,r(t)), ———==P(t,T,r(t)),

g p e, O p0), 2L op(err), AL e ()
aza“(t’x‘):—iaPH(t 1 ,8234(t:xt):82a1(tx)_1 1

OX, 0%, 4" \/ra(t) OX,0X, X, 0%~ 2 oh r(t
62a4(t,Xt):aza1(t,Xt)=l 82a4(t,Xt)=62a1(t,Xt) “a, (t, X ) o%a,(t, X )

OX,0X, X,0%, L OX,0% O%s0X, L OX,0X, OX,0X,

oa, (t,X,) & oa : t, X

L0a4(t,X[):%+;ai(t,xl)(— _I; . ax(ax y

—at, X[){P(t,T,r(t))+%aﬁ9(t)ﬁ}+az (6. X )0 PAfr (0)+ 2, (6 X )[F(1)+ 2(0)+ 7 (1)]

+a6(t,Xt)P(t,T,r(t))+a7 (t. X, )P(t.T,r(t))
. 11 1
Z 0P I’3('[) 2 120pm+2t14+2t46 2y
La, (t, X,)= ii_llb.k( t)6a4((3';xt)
:blk(t,Xl)[P(tT r())+1aP.9 \/%]m%tx )o, Pfr(t) +by, (6. X)[r () + 2 (1) +7(1)]
+bg, (8 X, )P (6T, r(t))+b, (t, X, )P(t,T,r(t))

A8.6.3 Stock, S(t)

dS(t)=S(t)[r(t)+z(t)+»(t)+0(t) o (t) ps Jdt+S(t) o (1) psdW, (1) +S (t) o (t)y1- p%dW, (1)
(i) Euler method

Siu=S {1+[r + X+ +t90'3tprSJAt +0g, PrsAW, ; + 05, \1- prSAW }

(ii) Milstein method

1"‘['} +Xit7 +Hi05,tiprS]Ati +05,tiprSAWr,i T 05, 1_pr25 AW, ;

+%[a&ti P | (AW, ) -at | +%[0'S'ti Ny T (aw,, ) -a |

i+1 Si
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(iii) Second Milstein method

(tLr (1) 7(t)+0(t)os (1) o .
da, (t, X, oa, (t, X, da, (t, X,
%:S(t), %z)zs(t)aS (t) pss. %zr(t)+;{(t)+y(t)+9(t)o§ (t) ors
X X
aaS(t’X‘)zs(t), aas(t’xt):s(t), aas(t,Xt)zaas(t,Xt)zl, Oag (. X,) _ dag(t, t)=05(t),0rs,
OXq 0%, OX, 0 OXs0X OX,0% OX:0X,
c’ias(t,xt)zaa.s(t,xt)=1 aas(t,xt)zaas(t,xt)_
X 0%, OX,OXs " OXOX, OX,0%s

8 2 X
Lay (t, X, ) = aas (LX) a1 )%ZEWM

= <(9 S axox,
=a1(t,><t) (t)+8, (. X,)S (1) o5 (1) s + a5 (8 X ) (1) + 2 (1) + 7 (1) + O (t) o5 (1) oys |
3 (t,X,) S (t)+a, (t,X,)S(t)
+ 215 + 2 5505 (1) Prs + 256 + Zis
dag (t, X, )
= ’ ox,

= by, (£, X,)S (1) +by (1, X,)S (t) o5 (1) prs +hg, (1. X ) [ r (1) + 2 (1) + 7 (1) +0(t) o (1) s |
by (1.X)S (1) 4y (£, X,)S (1)
A8.6.4 Default density, y(t)

dr(O)={[r()+ 2(0)+7 (O] 2()+ 0,2, 0 OV2 ()] 840,90, L OV, (8) 0,98, 2 (W, (0) 0, 2 ()W (1)

(i) Euler method

zm:zi+[(ﬁ+zi+7i)zi+@prﬁi %]Atﬁcyprl AW, +0, 06 AW +0, 0, 7AW,

(ii) Milstein method

Zia= 2 (W4 24 1) 26+ 0,00, 007 | A+ 0,0 I AW, +0, 00 AW, + 0, 1, [ AW,
v, 00 ) (W) =at Je (o, 00, ) [ (oW, -at [+ 3o, ) (W, ) -4t |

(iii) Second Milstein method

3 (X)) =[r (1) + 2 (1) +7 () ]2 () +0,,0(t) 2 (1),

da (t, X,) da (t, X,) dag (t, X, ) o,p,,0(t)
——— Y = y(t), —— = ) t), ——==r(t)+2x(t)+y(t)+ —F—=,
o A o e a (), == (O 22 (47 (1) )
aae(t,xt): (1 aaﬁ(t,xt)zaaG(t,Xt):1 aaﬁ(t,xt):aae(t,xt): o,p,
ox OX, 0% X,0%, L OX,0%, XX, 2 \/ 2(t)

oa, (t,X,) ,_ o,p.,0(t) dag(t,X,) dag(t X,) 4

X O, afr ) oxox, OX,0%,
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0ay

L, (t, X, )= +ial( M+li2tij 0%a, (t,X,)

X, 2{0 7 OXoX,

( )z (t) 2 (t X )o,p, 4 2(t)

t,16 t,26 ZW 4 Zs (t)
Loy (6.X,) = 30, ¢ Xt)aaf}gtx,_xt)

=y, (t, X,) x(t)+by, (t. X,)o, 0.,/ 2(1)
by (6 xt)lr(mzz(t)+y(t)+%l+mk (t.X)2(t)

A8.6.5 Convenience yield, y(t)

y(Or(t)+x2(t)+7(1)]

P, 0(t)

d]/(t)=—

(i) Euler method

[,orydWr (t)+pgydW1(t)+p;ydW2( )+deW ( )]

(r+yv +v
YVin =7 _%(pryAWr,i +pg;/AWl,i +p)’;}’AW2I +IO}/}/AW )
ry~i

(ii) Milstein method

(r+v +v
7i+1:7i_7|(| Xi 7I)(

P, AW, + pd AW, + o7 AW, + p7 AW, ; )

ry~i

27;2 (h+x+7)(6+x +27i)[(AWﬂi)2 _At‘J

(ri + X +7i)(ri + X +27i):(AWl,i)2_AtiJ
(ri + X +7i)(ri + X +27/i):(AW2,i)2_Ati:|

2

e ’O—W (r+x+7)(n+x +27/i)_(AW3,i)2_Atij|
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(iii) Second Milstein method

bn(LXt):_7(t)[f(t);(ﬂtc)(t)+7(t)],
by (LX) y(t) db,(tX) rOr®)+x®)+r(1)] ob (6 X)) 7(t)
o o) ax 6’ (t) L% o(t)’
aby (t.X) _ [r(O)+z(O)+2r(t)] o, (t,X) _bu(tX,) y(t
X, H(t) L OXOX, axox, O (t
by (LX) by (tX) 1 @b (tX)_ 2 (O)[r(®)+x(t)+r(1)]
OX,OX, X, 0K, o(t)  ox0x, 6° (t) ’
Oy (4 X,) 0%, (tX) _ 7() 9, (tX) &b (tX,) _[r(t)+x(t)+27(1)]
X, 0, xXoOX,  OF(1) Oox0x, X%, 0 (t)
0%y (tX,) 0%y (tX) 1 8%y, (tX,) 2
OXs0%s oxox,  O(t) oo,  6(Y)
L°b,, (t, X, )= abngt al )+Zgl:a (t, Xt)ab”é)t(i Xt)+%§;12t j GZZ;i(;(:(t)
=-a(t xt)gT:;wz(t xt)y(t)[r(t);;igt)w(t)]
(t) [r(®)+x(t)+2r(t)]
—ay (t Xt)%—% (t,X,) 0,
(t 1 y(OLr(O)+2(0)+7(1)]
+2t,12 ;/z(t)_zt,ﬂ (9('[) Zt,ZZ (93 (t)
(t) [r(t)+x()+2r(1)] 1 1
+2t,26 ;/2(,[)+Zt 27 92 (t) 1,67 Q(t) Zt 77%
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PLy(OLr(t)+x2(t)+r(1)]

FACTORS

P, 0(1)
by (LX) pLr(t) ab,(tX) Py (O[r(®)+2()+7()] b, (LX) _ plr(t)
X, p,0(t) X, 2,0 (t) L oXg P, 0(t)
ab7z (t’ Xt) __ pSyI: (t) Z(t)+27(t)] azbn (tv Xt) _ azb72 (t’ Xt) _ pgﬂ/(t)
X, p,,0(t) ’ axlax2 OX,0%, p,,0° (t)’
by (4X,) 0%, (tX) P @bu(tX) 205 r(D)[r(t) y(t)]
OX,0X, OX, 0%, P, 0(t) axzax2 o, 93( ) '
%y, (1. X,) _ 0% (6 X)) _ pLy(t) 9%y (tX) _ 0%y, (t X)) _ P [r(t)+z(t)+2r(1)]
OX, 0% X OX, P02 (1) X0, OX,0X, r792( )
b, (1 X,) 0%, (tX) _ p5,  OBu(tX) _ 2p5
OX O, X, 0% p,0(t) oxox, 2.,0(t)
b, (t,X,) & ab (LX) 1& . 0%,(LX)
LO t, X 72 72 t - 2 i 72 t
b2 (6X,) = le ox, +2§‘1 W oxox
_ Py (1) Py (O[r(t)+ 2 (1) +7(1)]
=-a,(t,X,) +a,(t,X,) -
P, 0(t) Py, 0" (1)
t 2lr(t t)+2y(t
Ca(tx) B0y Alr 202 (Y]
Py, 0(t) P, 0(t)
P57 (1) A%, psy (O (1) +2()+7(1)]
+ Zt,lZ 2 - zt.17 - Zt,22 3
P, 07 (1) " p,0(0) p,0° (1)
por(t) o Py [r(®)+x(t)+27(t)] P, Py,
+Zt,26 2 +Zt,27 2 T A6 _Zt,77
P, 0 (1) P, 0% (1) P, 00) ", 0(1)
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Py r(O[r(t)+x2(t)+7(1)]

b, (t,X,)=—
R0 %) P, 0(1)
ab73 (t' Xt) — pl}/}/(t) ab73 (t’ X ’0)(77/ |:r +7/(t):| ab73 (t’ xt) - _ p;y7(t)
X, P, 0(t) ox, pWHZ() OXq p.,0(t)
dby, (t, X, ) _ _pzy[ (t)+l(t)+27(t)] 0%y (1 X,) _ 0% (1, X ) pzﬂ’(t)
ox, p,,0(t) L oxoX, X,0%, & (t)’
b (LX) Fb(tX)_ pl, Oy (tX)_ 2er(0)[r <t>+z<t)+y(t>]
OX,OX, OX, 0%, p,0(t)  x,0x, p,,0° () ’
Oy (1. X,) _ 0%y (6 X) _ ppr(t) 8%y (tX) % (t.X) _ AL [r()+x()+27(t)]
OX, 0%, OXs0X, P07 () ox,0x, OX,0X, p.,0° (t)
0%, (t, X,) _ 0%y, (t, X,) _ Py 9%by, (1, X,) _2p),
O%sOX, OX, 0%, p,0(t)  ox0x p.,0(t)
b, (X)) & 6b (LX) 1& . 0%b,(tX)
L°b t, X 73 73 =Ny 3 t
(1 X0) = le ox, i 2% W oxox

z_al(t,xt)p;ﬂ(t)ﬁz (t,xt)p@y(t)[r(t)w(t)w(t)}

p,0(t) p.,0° (1)
" y(t ! t t)+2y(t
—a6(t,Xt)'0“}/( )—a7(t,Xt)p”|:r( )+Z( )+ 7/( )]
pr}/e(t) pl’}/e(t)
ppr() o P o PO+ x()+r(1)]
t,12 pr}lez (t) t,17 ,Orye(t) t,22 pryga (t)
e P o ALrOr O+ (O] e A
t,26 pryez (t) t,27 pr}/ez (t) t,67 ,Or7t9(t) t,77 prye(t)
by, (t, X,)
i=1 OX;
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b, (t,X,)= _p;'y7(t)[f(t)+;((t)+y(t)]

P 0(1)
ob, (tX) __ppr(t) b (tX) _ ALr@O[r(O)+x®)+7(D)] ab,(tX) __phr(t)
o P00 o weZ() T p00)
by, (LX) ppr(®)+x(t)+2x(1)] by (t. %) _ 0%y (tX,) p;;y(t
x, p.,0(t) Lo OX,  O%,0, 07 (1)’
Oy (LX) bt X) A Obu(tX) _ 2eLr(O)[r () ()+y( )]
oxox,  axox  pOt) ook, (t) ’
0%, (1, X,) 0%, (t,X,)  pLr(t) 0%, (t,X,) &%, (t,X,) pL[r(t)+x(t)+27(t)]
X% X%, p0°(1) o, ax0x, pryﬁz() ’
%y, (t,X,) o%b, (LX) o, b, (LX)  2p)
xox, o p0t) e,  pO(t)
o ob, (t,X,) & ob,, (t, X, : o’h,, (t, X,
1) - ) S 0 L) 2y D)
_ Py (1) Py (O (D) + 2 (1) +7(1)]
—_ai(t’Xt)prya(t)"'az(t'xt) P, 92('[)
Py (1) Py [r(t)+z(t)+27(t)]
—a4(t, Xt)pryé?(t) -a,(t, X,) 10
e 2 e AL 20+ (0)]
et () et P, 0" (1)
pr(t) o Ay r®+x(®)+2(1)] e, P,
+2t,26 ,Or},gz (t) +2t,27 ,Or;,ez (t) _Zt,67 ,Or},e(t) _Zt,77 pr},e(t)
) o ob,, (t, X,)
Lb,, (1, X,) = %:bik (t, X‘)—exi
__ Py (1) Py (OLr () +x(1)+7(1)]
T gy e T
P (t) P [r(t)+2(t)+2r(1)]
(XD oy X o

A8.6.6 Deflator, D(t)

dD(t)= D(t){—[r(t)+;((t)+y(t)]dt—@(t)dWr (t)}
(i) Euler method
D.. =D ':1_(ri + % +7i)Ati —GAW, ;
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(ii) Milstein method

D., =D, I:l_(ri + X +7i)At_0iAWr,ij|+% Dieiz [(Awr,i )2 _Ati:|
(iii) Second Milstein method

8, (t.X,)=—[r(t)+z()+7(1)]D(1),

day (t, X,) D), day (t, X,)

day (t, X,) da, (t, X,)
- R S VAR ———=-D(t), ———==—|r(t t t
O3 (tX)_da(tX)_ , da(tX)_ da(tX)_ . da(tX) d%a(tX,)_
X, 0% X0, L OXO% OXgO%, L OX,0x, X0,
o dag (t,X,) & dag (1, X,) 1 d%ay(t, X,)
=_°s 't/ . _— Yy ——
Ly (1 X,) ot +iZ:1:a,(t,Xt) ox, +2§-_:1 Y axox,
=—a1(t,Xt)D(t)—aG(t,Xt)D(t)—a7(t,Xt)D(t)—ag(t,Xt)[r(t)+;((t)+7/(t)]
_Zt,18 _Zt,GB _Zt,78

La (t, X, ) = ibik (t, xt)aag (t.x,)

i OX.

=-by, (t, X,) D(t)—tl)6k (t, X,)D(t) by, (t, X, ) D(t)=hy, (t, X, )[ r(t)+ 2 (t)+»(t)]
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