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1. APPENDIX 1: CONSTRUCT CORRELATED BROWNIAN MOTIONS 

In Appendix 1, we provide details of the calculations to construct correlated Brownian 
motions in our model. We start with the Brownian motion parts of interest rate process 
and stock price process. Then we derive the Brownian motion parts of default intensity 
process and convenience yield process step by step. Readers are referred to Shreve (2004) 
Chapter 3.4 for discussions about quadratic variation. 
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Following this recursive method, we could construct n  correlated Brownian motions. 
However, the coefficients for each independent Brownian motions would become more 
and more tedious. In addition, if two variables are negative linearly correlated, then add a 
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negative sign in front of one of the two variables would make them positive linearly 
correlated (such that the formulas here work). 

Alternatively, if the correlation matrix of n  correlated Brownian motions Cn n×  is 

symmetric and positive definite, we could decompose C  into LLT  by Cholesky 
decomposition, where Ln n×  is a lower triangular matrix and LT  is the transpose of L . 
Then we could generate n  correlated Brownian motions 1Bn×  by LW , here 1Wn×  is a 

vector of n  independent Brownian motions and T T T= =BB LWW L C . 

2. APPENDIX 2: DERIVE DRIFT TERM AND DIFFUSION TERM OF ( )( )P t T r t, ,  

In Appendix 2, we derive the drift term ( )( ),t r tµ  and the diffusion term ( )( ),t r tσ  for 

( )( ), ,P t T r t . Let the process of zero coupon bond of no risk with maturity T  be
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product rule. We introduce the process of market price of risk ( )tθ  here, and let  
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( )( ), ,P t T r t  is the zero coupon bond of no risk with maturity T , so the drift term of 
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 under probability measure Q′  is equal to ( )r t .1 Hence, we have ( )( ),t r tµ  

equal ( ) ( )( ) ( ),r t t r t tσ θ+  . 

3. APPENDIX 3: DERIVE GENERAL FORM OF DEFLATOR ( )D t  

 In Appendix 3, we provide details of the calculations to derive the general form of 
deflator ( )D t  step by step. 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 3rdD t t dt t dW t t dW t t dW t t dW t= Ω +Φ +Ψ +Γ + Ι            (A3.1) 

Recall that we would like to have ( )( ) ( )QE t X E D t Xδ  =    for a nonnegative random 

variable X . We let ( ) ( )D t B t , ( ) ( )( ), ,D t P t T r t , ( ) ( )D t S t , ( ) ( )D t tχ , and ( ) ( )D t tγ  be 

P ‐martingales, then their drift terms are all equal to zero. 

                                                         
1  We could verify this by the intuition of change of measure with ( )tδ  and also the solution of 

( ) ( )( ), ,t P t T r tδ  being exponential functions. Alternatively, we could plug ( )( ),t r tµ  back to 

( ) ( )( ), ,d t P t T r tδ    to verify the statement. 
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A3.1 Short‐term saving, ( ) ( )D t B t  
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( )

2

2
1

                      1

                         1

                         

S rS S rS S

S rS r S rS

d D t S t S t dD t D t dS t dD t dS t

t S t t S t t t S t D t S t t dt

t S t D t S t t dW t t S t D t S t t dW t

t S t d

σ ρ σ ρ µ

σ ρ σ ρ

  = + + 
 = Ω +Φ +Ψ − +
 

  + Φ + + Ψ + −   
+ Γ ( ) ( ) ( ) ( )2 3W t t S t dW t+ Ι

Let the drift term of ( ) ( )d D t S t    equal zero and plug ( )tΩ , ( )tΦ  into the drift term, 

then ( )tΨ  is equal to 
( ) ( ) ( ) ( ) ( )

( ) 21
S rS S

S rS

D t r t t t t

t

θ σ ρ µ

σ ρ

 + − 
−

. 
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r S r r

S

d D t t t dD t D t d t d t dD t

t t t t t t dt t t D t dW t

t t D t dW t t t D t dW t

γ γ χγ γγ γ

γ χγ

γ γ γ γ

γ ηρ ηρ ηρ ηρ γ ηρ

γ ηρ γ ηρ

  = + + 
′′ ′′ ′′   = Ω +Φ +Ψ +Γ + Ι + Φ +   

′′ ′′   + Ψ + + Γ +   

( ) ( ) ( )( ) ( )3      t t D t dW tγγγ ηρ′′+ Ι +

Let the drift term of ( ) ( )d D t tγ    equal zero and plug ( )tΩ , ( )tΦ , ( )tΨ , ( )tΓ  into the 

drift term, then 

( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( )
( ) ( )21

r r

S S S rS S

S rS

e r t t f tt tr t t

t
t D t

t r t t t

t

χγγ χγ χ

γγ γγ γγ χχ γγ χχ χ

γ χχ χγ χ

γγ χχ

ρ χ χρ θ ρ ρ θγ
ρ ηρ ρ ρ ρ ρ σ χ

ρ ρ ρ ρ µ ρ θ σ

ρ ρ σ ρ

 ′′  ′′ − − + − + 
′′ ′′ ′′ ′ ′′ ′  Ι =  ′′ ′ ′′ ′  − − −  + ′′ ′ −  

. 

A3.6 Deflator, ( )D t  

We could derive the general form of deflator ( )D t  now. Let ( )y t  equal ( )( )ln D t , then 

the first partial derivative (
y
D
∂
∂

) and the second partial derivative (
2

2

y
D
∂
∂

) of ( )y t  with 

respect to ( )D t  are 
( )
1

D t
 and 

( )2

1
D t

−  respectively. By Itô formula, 

( ) ( ) ( ) ( )
2

2

1
2

y ydy t dD t dD t dD t
D D
∂ ∂

= +
∂ ∂

.  

( ) ( )
( )

( )
( )

( )
( )

( )
( )

( )
( )

( )
( ) ( )

( )
( ) ( ) ( )

( ) ( ) ( )
( ) ( )

2 2 2 2

2 2 2 2

1 2 3

2 2 2 2

            

r

t t t t t t
dy t dt dW t

D t D t D t D t D t D t

t t t
dW t dW t dW t

D t D t D t

 Ω Φ Ψ Γ Ι Φ
= − − − − + 
  
Ψ Γ Ι

+ + +

   (A3.2) 

Let 

( ) ( )
( )

( ) ( ) ( ) ( )
( ) 21

S rS S

S rS

t r t t t t
K t

D t t

θ σ ρ µ

σ ρ
Ψ

Ψ + −
= =

−
, 

( ) ( )
( )

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( )
( ) 21

S S S rSr

S rS

t r t t ttt r t t e f t
K t

D t t t
χχ

χχ χ χχ χχ

ρ µ θ σ ρθ ρ χ χ
ρ σ ρ χ ρ σ ρ

Γ

′  − −Γ − +  = = + +
′ ′ ′ −

, 
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( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( )
( ) 2

                        
1

r r

S S S rS S

S rS

e r t t f tt tt r t t
K t

D t t

t r t t t

t

χγγ χγ χ

γγ γγ γγ χχ γγ χχ χ

γ χχ χγ χ

γγ χχ

ρ χ χρ θ ρ ρ θγ
ρ ηρ ρ ρ ρ ρ σ χ

ρ ρ ρ ρ µ ρ θ σ

ρ ρ σ ρ

Ι

′′  ′′ − −Ι  = = + − +
′′ ′′ ′′ ′ ′′ ′

′′ ′ ′′ ′  − − − +
′′ ′ −

, 

and integrate both sides of ( )dy t , plugging 
( )
( ) ( )t

r t
D t
Ω

= −  and 
( )
( ) ( )t

t
D t

θ
Φ

= −  into ( )y t . 

We have ( )y t  as follows. 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 2 2 2

0

1 2 30 0 0 0

1 1 1 10
2 2 2 2

          + + +

t

t t t t

r

y t y r s s K s K s K s ds

s dW t K s dW s K s dW s K s dW s

θ

θ

Ψ Γ Ι

Ψ Γ Ι

 = + − − − − −  

−

∫

∫ ∫ ∫ ∫
   (A3.3) 

Take exponential both sides of ( )y t , we have the general form of deflator. 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 2 2 2

0 0

1 2 30 0 0 0

10
2

           + + +

t t

t t t t

r

D t D r s ds s K s K s K s ds

s dW s K s dW s K s dW s K s dW s

θ

θ

Ψ Γ Ι

Ψ Γ Ι

  = − − + + +   
 × −  

∫ ∫

∫ ∫ ∫ ∫

exp

exp

  (A3.4) 

4. APPENDIX 4: REGULARITY CONDITIONS FOR DEFLATOR ( )D t  

In Appendix 4, we provide an analysis for regularity conditions regarding the drift 
coefficient ( )S tµ  of stock prices, e  in the drift term of default density ( )tχ , and the 

diffusion coefficient η  of convenience yield ( )tγ . In Appendix 3, we derive the general 

form of deflator ( )D t by letting ( ) ( )D t B t , ( ) ( )( ), ,D t P t T r t , ( ) ( )D t S t , ( ) ( )D t tχ , and 

( ) ( )D t tγ  be P ‐martingales. However, recall that we'd like to have 

( )( ) ( )QE t X E D t Xδ  =    for a nonnegative random variable X , in which ( )tδ  is a 

discount process equalling 
( )

0

t
r s ds

e
−∫ . In our model, ( )B t , ( )( )P t T r t, , , and ( )S t  are the 

nonnegative random variables X  in ( )( ) ( )E t X E D t Xδ  =  
Q . In addition, we also have 

to consider ( )tχ   and ( )tγ  under probability measure Q  when deriving the deflator 

( )D t . We discuss ( ) ( )t B tδ , ( ) ( )( )t P t T r tδ , , , ( ) ( )t S tδ , ( ) ( )t tδ χ , and ( ) ( )t tδ γ  under 

probability measure Q  as follows. 

A4.1 Short‐term saving, ( ) ( )t B tδ  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0d t B t t dB t B t d t d t dB tδ δ δ δ= + + =    

Thus, ( ) ( )t B tδ  is a Q ‐martingale. 



ECONOMIC SCENARIO GENERATOR WITH FIVE FACTORS 

 - 9 -  

A4.2 Zero coupon bond of no risk with maturity T , ( ) ( )( )t P t T r tδ , ,  

From  (A2.1), ( ) ( )( ) ( )( ) ( ) ( )( ) ( )rd t P t T r t t r t t P t T r t dW tδ σ δ  = , , , , , 

 . 

Thus, ( ) ( )( )t P t T r tδ , ,  is a Q ‐martingale. 

A4.3 Stock, ( ) ( )t S tδ  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2
1

                     

                        1

                     

              

S S rS r

S rS

S S rS S rS r

d t S t t dS t S t d t d t dS t

t S t t r t dt t S t t dW t

t S t t dW t

t S t t r t t t dt t S t t dW t

δ δ δ δ

δ µ δ σ ρ

δ σ ρ

δ µ θ σ ρ δ σ ρ

= + +  
= − +  

+ −

= − − +   

( ) ( ) ( ) ( )2
1          1 ,  under S rSt S t t dW tδ σ ρ+ − Q

 

We require ( ) ( ) ( ) ( )S S rSt r t t tµ θ σ ρ= +  as regularity condition, such that ( ) ( )t S tδ  is a Q
‐martingale. As a result, ( ) 0K tΨ = . 

Alternatively, let ( )S tδ  be a process equal to 
( ) ( ) ( ) ( )

0

t
S S rSs r s s s ds

e
µ θ σ ρ− − −  ∫ . We could see that 

( ) ( ) ( )St t S tδ δ    is a Q ‐martingale as follows. 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( )( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

0

0
Let  , , and ,

then ,  , and .

1
2

t
S S rS ts r s s s ds x

S S S S rS

S S S rS

S S S S S S S S S rS S

S

t e I t s r s s s ds f x e

dI t t r t t t dt f x f x f x f x

d t df I t f I t dI t f I t dI t dI t t r t t t t dt

d t S

µ θ σ ρ
δ µ θ σ ρ

µ θ σ ρ

δ µ θ σ ρ δ

δ

− − −   −∫= = − − =  

′ ′′= − − = − =  

′ ′′= = + = − − −  

∫

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ){ } ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2
1                      1

                                 

S S S

S S rS S S rS r S S rS

S S S S

S S

t t dS t S t d t d t dS t

t S t r t t t dt t S t t dW t t S t t dW t

d t t S t t d t S t t S t d t d t d t S t

t t S t t

δ δ δ

δ θ σ ρ δ σ ρ δ σ ρ

δ δ δ δ δ δ δ δ

δ δ θ σ

= + +  

= + + + −  

= + +          

= ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2
1

2
1

1

                                 1 ,  under 

rS S S rS r S S rS

S S rS r S S rS

t dt t t S t t dW t t t S t t dW t

t t S t t dW t t t S t t dW t

ρ δ δ σ ρ δ δ σ ρ

δ δ σ ρ δ δ σ ρ

+ + −

= + − Q

Let ( ) ( ) ( )SD t t S tδ    be a P ‐martingale, then ( ) 0tΨ =  (so that ( ) 0K tΨ = ). 

( ) ( ) ( ){ } ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2                                 1

                                    

S S S S

S S rS S rS S rS

S S rS r S

d D t t S t t S t dD t D t d t S t dD t d t S t

t S t D t r t t t t t t t t dt

t S t t D t t dW t t S t t

δ δ δ δ

δ θ σ ρ σ ρ σ ρ

δ σ ρ δ

= + +          

= + +Ω +Φ +Ψ −  

+ Φ + + Ψ +   ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2
1

2 3

2

1

                                    

Plug ,  into 1 0,  then 0.

S rS

S S

S rS S rS S rS

D t t dW t

t S t t dW t t S t t dW t

t t D t r t t t t t t t t t

σ ρ

δ δ

θ σ ρ σ ρ σ ρ

 − 
+ Γ + Ι

Ω Φ + +Ω +Φ +Ψ − = Ψ =  
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A4.4 Default density, ( ) ( )t tδ χ  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 2

                     

                        

                     

r r

S

r r r

d t t t d t t d t d t d t

t e r t t f t dt t t dW t

t t dW t t t dW t

t e r t t f t t t dt t t dW

χ χ

χ χ χ χχ

χ χ χ χ

δ χ δ χ χ δ δ χ

δ χ χ σ ρ δ χ

σ ρ δ χ σ ρ δ χ

δ χ χ σ ρ θ χ σ ρ δ χ

= + +  

= − − +  

′ ′+ +

 = − − − + 
 ( )

( ) ( ) ( ) ( ) ( ) ( )1 2                        ,  under S

t

t t dW t t t dW tχ χ χ χχσ ρ δ χ σ ρ δ χ′ ′+ + Q

 

We require ( ) ( ) ( ) ( ) ( )re r t t f t t tχ χχ χ σ ρ θ χ= + +  as regularity condition, such that 

( ) ( )t tδ χ  is a Q ‐martingale. As a result, ( ) 0K tΓ = . In addition, we also have to consider 

if the Feller condition holds, i.e. ( ) ( ) ( ) ( ) ( ) 21
2rr t t f t t tχ χ χχ χ σ ρ θ χ σ+ + > . 

A4.5 Convenience yield, ( ) ( )t tδ γ  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1

2 3

1

                     

                        

                     

r r S

r r r S

d t t t d t t d t d t d t

t t r t dt t dW t t dW t

t dW t t dW t

t t r t t dt t dW t t dW t

γ γ

χγ γγ

γ γ γ

δ γ δ γ γ δ δ γ

δ γ ηρ δ ηρ δ

ηρ δ ηρ δ

δ γ ηρ θ ηρ δ ηρ δ

= + +  
′′= − + +

′′ ′′+ +

′′ = − − + + 


( ) ( ) ( ) ( )2 3                        ,  under t dW t t dW tχγ γγηρ δ ηρ δ′′ ′′+ + Q

 

We require 
( ) ( )

( )r

t r t
tγ

γ
η

ρ θ
= −  as regularity condition, such that ( ) ( )t tδ γ  is a Q ‐martingale. 

As a result, ( ) 0K tΙ = . 

From (A3.4), we rewrite the general form of deflator as 

( ) ( ) ( ) ( ) ( ) ( )2

0 0 0

10
2

t t t

rD t D r s ds s ds s dW sθ θ = − − −  ∫ ∫ ∫exp . 

5. APPENDIX 5: EUROPEAN PUT OPTION PRICING UNDER CIR INTEREST RATE IN KIM (2002) 

In Kim (2002), the process of CIR interest rate ( )dr t  under probability measure ′Q  is as 
follows. 

( ) ( ) ( ) ( ) ( )Kim Kim Kim Kim Kim Kim rdr t r t dt r t dW tκ θ κ δ λ δ= − + +                  (A5.1) 

Let 1Kimλ = , then ( ),  ,  Kim r Kim r r Kim r r rb a bδ σ κ σ θ σ= = − = − . Then, we could calculate 
the price of a European call option of stock S with strike K  and maturity T  at time zero, 

( )( )0, 0 , ,KimCall S T K . 
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( )( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )

*
1 20

*
0 1 2 20

*
1 2 1 1 20

0, 0 , , 0 exp

                                     0 exp

                                     0 exp

T

Kim t

T

Kim t S

T

Kim t

Call S T K S d K r dt d

C S d K r dt d T d

C d S d d K r dt d

δ φ φ σ

δ φ φ

 = Φ − − Φ  
 + − − − Φ  
 + − − +  

∫

∫

∫ ( ) ,Kimo δ

    (17) 

where ( )Φ ⋅  and ( )φ ⋅  are the cumulative density function and probability density function 
of the standard normal distribution respectively; 

( )*
0 1Kim Kimt t

t Kimr r e eκ κθ− −= + − , ( ) ( ) ( )0*

0
exp exp 1 Kim

T TKim
t Kim

Kim

r
r dt e Tκθ

θ
κ

−− 
− = − − − 

 
∫ ; 

( ) ( ) ( )
2

0
1

01 ln 1
2

KimTKim S
Kim

KimS

S r
d e T T

KT
κθ σθ

κσ
−− 

= + − + + 
 

, 2 1 Sd d Tσ= − ; 

( )0 0
1 1 11

Kim Kim

Kim

T T
T

Kim Kim
Kim KimKim S

e eC r Te T
T

κ κ
κθ θ

κ κκ σ

− −
−    − −

= − − + −    
    

; 

( ) ( ) ( )2
0 0 0

1 11 11 2

2 1 2 3 1 1 2
,  

2

Kim

Kim Kim Kim

Kim

T
T T T

Kim Kim Kim Kim
rS

T
S Kim Kim

e r e r e e r
C C C

T e

κ
κ κ κ

κ

θ θ ψ θ
ρ
σ κ θ

−   + − − − + + −    = − = ,  

( ) ( )
( )

22
0 0

2

0

2 1 2 1
ln

Kim

Kim Kim

T
T T

Kim Kim Kim
Kim

Kim

e r e e r

r

κ
κ κθ θ θ

ψ
θ

 
− + + − + 

=  
+ 

 

. 

By Put‐Call parity, ( )( ) ( )( ) ( )00, 0 , , 0, 0 , , 0
T

ur du
Call S T K Ke Put S T K S

−∫+ = + . We could 

then calculate the price of the European put option at time zero ( )( )0, 0 , ,KimPut S T K  as 

( )( ) ( )( ) ( )0, 0 , , 0, , 0 0KimCall S T K KP T r S+ − . 

6. APPENDIX 6: IMPLEMENTATION OF SIMPLIFIED SECOND MILSTEIN METHOD 

In Appendix 5, we present the implementation of simplified Second Milstein method in 
our example. ( ) ( ), ,t t t tdX a t X dt b t X dW= +  where tX , tW , ( ), ta t X , and ( ), tb t X  are as 
follows. 

( )
( )
( )

( )( )
( )
( )
( )
( )

( )
( )
( )
( )
( )

1

2

3

, ,
,

r

t t

r t
t

W tB t
W t

P t T r t
W tX W

S t W t
t W t
t

D t

θ

θ

χ
γ

 
 
            = =             
 
  

   (A6.1) 
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( )

( ) ( ) ( )
( )

( ) ( )
( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( )
0

r r r

r r
t

S rS

r

a b r t t r t

a b t
B t r t

P t T r t r t P r t t
a t X

S t r t t t

r t t t t

r t D t

θ θ

χ χ

θ σ

θ

σ θ

θ σ ρ

χ σ ρ θ χ

 − +
 
 −
 
 
 

+ =   +  
 

+ 
 
 
 − 

, ,
,

   (A6.2) 

( )

( )

( )
( ) ( )

( )
( ) ( )
( )

( ) ( )

( ) ( )
( )

( ) ( )
( )

( )
( ) ( )
( )

( ) ( )
( )

( )

2

0 0 0 000 0 0
00 0 0
0 00 0

001 0   
00
0
0
0000

r

r r

S rSt S rS

Sr

S

rrr

r t

t

P r t
S t tb t X S t t

ttt
t r tt r tt r tt r t

tttt
t D t

θ

χ χχχ χχ χ

γγχγγ

γγγ

σ

σ θ

σ
σ ρσ ρ

σ ρ χσ ρ χσ ρ χ
ρ γρ γρ γγ
ρ θρ θρ θθ

θ

 
 
 
 
 
 
 

− =
 

′′ 
 ′′′′′′ −−−− 
 
 − 

,
   (A6.3) 

For each 1, ,i d=  , 

( ) ( ) ( )( )

( ) ( ) ( )( )

20
1

1

0

1 1 1

1
2

1 1                 
2 2

, , ,
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= + ∆ + ∆ + ∆

 + + ∆ ∆ + ∆ ∆ − 

∑

∑ ∑∑
   (A6.4) 

In order to calculate 1nY +  at each time step 1n + , we have to calculate operators 0L  and 
kL  for each ( ),i na n X  and ( ),ik nb n X . We would skip the cases where ( ),i na n X  and 

( ),ik nb n X  equal zero or a constant since their operators 0L  and kL  are equal to zero. We 
show the calculations for the rest as follows. 
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7. APPENDIX 7: CORPORATE COUPON BOND PRICING IN LONGSTAFF ET AL. (2005) 

In Longstaff et al. (2005), the formula to calculate price of a corporate coupon bond is as 
follows. 
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In our numerical example, eχ  is equal to ( ) ( ) ( ) ( ) ( )0 0 0 0 0rr f χ χχ χ σ ρ θ χ+ +  and fχ  

equals f , in which f  is equal to 0.1. 

8. APPENDIX 8: EXAMPLE WITH CIR MODEL AND CORPORATE COUPON BOND IN SECTION 4.2 

For the example with CIR model and corporate coupon bond in Section 4.2, the discount 

process ( )tδ  is equal to 
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( )( ), ,P t T r t  is the zero coupon bond of no risk with maturity T , so the drift term of 
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Let the drift term of ( ) ( )( ), ,d D t P t T r t    equal zero and plug ( )tΩ  into the drift term, 

we have ( ) ( ) ( )t D t tθΦ = − . 
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−

. 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2
1

                     

                        1

                     

  

S S rS r

S rS

S S rS S rS r

d t S t t dS t S t d t d t dS t

t S t t r t t t dt t S t t dW t

t S t t dW t

t S t t r t t t t t dt t S t t dW t

δ δ δ δ

δ µ χ γ δ σ ρ

δ σ ρ

δ µ χ γ θ σ ρ δ σ ρ

= + +  
= − − − +  

+ −

= − − − − +   

( ) ( ) ( ) ( )2
1                      1 ,  under S rSt S t t dW tδ σ ρ+ − Q

We require ( ) ( ) ( ) ( ) ( ) ( )S S rSt r t t t t tµ χ γ θ σ ρ= + + +  as regularity condition, such that 

( ) ( )t S tδ  is a Q ‐martingale. As a result, ( ) 0tΨ = . 
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A8.4 Default density, ( ) ( )D t tχ  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

1

2 3

           

              

              

r S

r r S

d D t t t dD t D t d t d t dD t

t t t t t t t t D t e D t f t dt

t t D t t dW t t t D t t dW t

t t D t t dW t t t dW t

χ χ χ χ χ χχ

χ χ χ χ

χ χχ

χ χ χ χ

χ σ ρ χ σ ρ χ σ ρ χ χ

χ σ ρ χ χ σ ρ χ

χ σ ρ χ χ

  = + + 
 ′ ′= Ω +Φ +Ψ +Γ + − 
   ′+ Φ + + Ψ +   
 ′+ Γ + + Ι 

Let the drift term of ( ) ( )d D t tχ    equal zero and plug ( )tΩ , ( )tΦ , ( )tΨ  into the drift 

term, we have ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

r r t t t t e f tt
t D t

t
χ

χχ χ χχ

χ γ χ χθ ρ
ρ σ ρ χ

  + + − +  Γ = + ′ ′  
. 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ){ } ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }
1 2

                     

                        

                     

r r

S

r

d t t t d t t d t d t d t

t e r t t t t f t dt t t dW t

t t dW t t t dW t

t e r t t t t f t t t dt

χ χ

χ χ χ χχ

χ χ

δ χ δ χ χ δ δ χ

δ χ γ χ χ σ ρ δ χ

σ ρ δ χ σ ρ δ χ

δ χ γ χ χ σ ρ θ χ σ

= + +  

= − + + − +  

′ ′+ +

= − + + − − +   ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )1 2                        ,  under 

r r

S

t t dW t

t t dW t t t dW t

χ χ

χ χ χ χχ

ρ δ χ

σ ρ δ χ σ ρ δ χ′ ′+ + Q



We require ( ) ( ) ( ) ( ) ( ) ( ) ( )re r t t t t f t t tχ χχ γ χ χ σ ρ θ χ= + + + +    as regularity condition, 

such that ( ) ( )t tδ χ  is a Q ‐martingale. As a result, ( ) 0tΓ = . In addition, we also have to 

consider if the Feller condition holds (though this does not guarantee ( )tχ  to be positive 
since e  involves several factors and is not a constant here), i.e. 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) 21
2rr t t t t f t t tχ χ χχ γ χ χ σ ρ θ χ σ+ + + + >   . 

A8.5 Convenience yield, ( ) ( )D t tγ  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 2

                     

                        

                  

r S r r

S

d D t t t dD t D t d t d t dD t

t t t t t t dt t t D t dW t

t t D t dW t t t D t dW t

γ γ χγ γγ γ

γ χγ

γ γ γ γ

γ ηρ ηρ ηρ ηρ γ ηρ

γ ηρ γ ηρ

  = + + 
′′ ′′ ′′   = Ω +Φ +Ψ +Γ + Ι + Φ +   

′′ ′′   + Ψ + + Γ +   

( ) ( ) ( )( ) ( )3      t t D t dW tγγγ ηρ′′+ Ι +

Let the drift term of ( ) ( )d D t tγ    equal zero and plug ( )tΩ , ( )tΦ , ( )tΨ , ( )tΓ  into the 

drift term, then ( ) ( ) ( ) ( ) ( ) ( ) ( )r r t t t tt
t D t γ

γγ γγ

χ γ γρ θ
ρ ηρ

  + +  Ι = + ′′ ′′  
. 
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ){ } ( )

1

2 3

                     

                        

                     

r r S

r r

d t t t d t t d t d t d t

t t r t t t dt t dW t t dW t

t dW t t dW t

t t r t t t t dt t d

γ γ

χγ γγ

γ γ

δ γ δ γ γ δ δ γ

δ γ χ γ ηρ δ ηρ δ

ηρ δ ηρ δ

δ γ χ γ ηρ θ ηρ δ

= + +  
′′= − + + + +  

′′ ′′+ +

= − + + − +    ( ) ( ) ( )
( ) ( ) ( ) ( )

1

2 3                        ,  under 
r SW t t dW t

t dW t t dW t
γ

χγ γγ

ηρ δ

ηρ δ ηρ δ

′′+

′′ ′′+ + Q

We require 
( ) ( ) ( ) ( )

( )r

t r t t t
tγ

γ χ γ
η

ρ θ
+ +  = −  as regularity condition, such that ( ) ( )t tδ γ  is a 

Q ‐martingale. As a result, ( ) 0tΙ = . In addition, reader should be very careful about the 
initial parameter setting since η  also involves several factors and is not a constant here. 
In our numerical example under Longstaff et al. (2005) in Section 4.2, ( )tχ  becomes 
negative after projecting longer than 7 years and the simulation couldn't continue, in 
which the large ( )tγ  is the reason leads to the negative value of ( )tχ . Further study 

would be to investigate the long‐term behaviours of  ( )tχ  and ( )tγ  after we require the 
regularity conditions. 

A8.6 Implementation of time discretization 

     In A8.6, we show the implementation of time discretization for stochastic processes in 
A8.1 to A8.5 (different from the example in Section 4.1) as follows. In addition, here are 

tX , tW , ( ), ta t X , and ( ), tb t X  of simplified Second Milstein method in Section 4.2, 

( ) ( ), ,t t t tdX a t X dt b t X dW= + . 

( )
( )
( )

( )( )
( )
( )
( )
( )

( )
( )
( )
( )
( )

1

2

3

, ,
,

r

t t

r t
t

W tB t
W t

P t T r t
W tX W

S t W t
t W t
t

D t

θ

θ

χ
γ

 
 
            = =             
 
  

   (A8.1) 

( )

( ) ( ) ( )
( )

( ) ( ) ( ) ( )
( )( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
0

r r r

r r
t

S rS

r

a b r t t r t

a b t
B t r t t t

P t T r t r t t t P r t t
a t X

S t r t t t t t

r t t t t t t

r t t t D t

θ θ

χ χ

θ σ

θ

χ γ

χ γ σ θ

χ γ θ σ ρ

χ γ χ σ ρ θ χ

χ γ

 − +
 
 −
 

 + +  
 

 + + +  =   + + +  
 

 + + +  
 
 
  − + +  

, ,
,

   (A8.2) 
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( )

( )

( )
( ) ( )

( )
( ) ( ) ( ) ( )

( )
( ) ( )

( ) ( )
( )

( ) ( ) ( ) ( )
( )

( )
( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( )

( )

( )

2

0 0 0
000 0 0

00 0 0
0 00 0

001 0   
00
0
0
0

000

r

r r

S rSS rSt

Sr

S

rrr

r t

t

P r t
S t tS t tb t X

ttt
t r t t tt r t t tt r t t tt r t t t

tttt
t D t

θ

χ χχχ χχ χ

γγχγγ

γγγ

σ

σ θ

σ
σ ρσ ρ

σ ρ χσ ρ χσ ρ χ
ρ γ χ γρ γ χ γρ γ χ γγ χ γ

ρ θρ θρ θθ

θ









−=


′′
′′  + +′′  + +  ′′  + +   + + −  −  −−

−

,












 
 
 
 
 



   (A8.3) 

A8.6.1 Short‐term saving, ( )B t  

( ) ( ) ( ) ( ) ( )dB t B t r t t t dtχ γ= + +    

(i) Euler method 

( )1 1i i i i i iB B r tχ γ+  = + + + ∆   

(ii) Milstein method 

( )1 1i i i i i iB B r tχ γ+  = + + + ∆   

(iii) Second Milstein method 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

3 3
3

1 3

2 2
3 3 3 3

6 7 1 3 3 1

2 2 2 2
3 3 3 3

3 6 6 3 3 7 7 3

30
3

  

  1

1  1

t t
t

t t t t

t t t t

t
t

a t X a t X
a t X B t r t t t B t r t t t

x x

a t X a t X a t X a t X
B t B t

x x x x x x

a t X a t X a t X a t X
x x x x x x x x

a t X
L a t X

χ γ χ γ
∂ ∂

 = + + = = + +  ∂ ∂

∂ ∂ ∂ ∂
= = = =

∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
= = = =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂
=

, ,
, , , ,

, , , ,
, , ,

, , , ,
,

,
, ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

28 8
3 3

1 1

1 3 6 7

13 36 37

1
2

                 

                    

t t
i t t ij

i i ji i j

t t t t

t t t

a t X a t X
a t X

t x x x

a t X B t a t X r t t t a t X B t a t X B tχ γ

= =

∂ ∂
+ + Σ

∂ ∂ ∂ ∂

 = + + + + + 
+ Σ +Σ +Σ

∑ ∑ ,
,

, , ,

, ,
,

, , , ,

 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

3
3

1

1 3 6 7                 

d
tk

t ik t
i i

k t k t k t k t

a t X
L a t X b t X

x

b t X B t b t X r t t t b t X B t b t X B tχ γ
=

∂
=

∂

 = + + + + + 

∑
,

, ,

, , , ,
 

A8.6.2 Zero coupon bond of no risk with maturity T , ( )( )P t T r t, ,  

( )( ) ( )( ) ( ) ( ) ( ) ( ) ( ){ } ( ) ( )r r r r rdP t T r t P t T r t r t t t P r t t dt P r t dW tχ γ σ θ σ = + + + + , , , ,  

(i) Euler method 

( )1 , , ,i ii i i i i i r t r i i i r t r i r iP P P r P r t P r Wχ γ σ θ σ+
 = + + + + ∆ + ∆   
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(ii) Milstein method 

( )1 , , ,i ii i i i i i r t r i i i r t r i r iP P P r P r t P r Wχ γ σ θ σ+
 = + + + + ∆ + ∆   

(iii) Second Milstein method 

( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( )( )

( ) ( )
( )

( ) ( )

4
4

1

4 4 4 4

2 4 6 7

2 2 2
4 4 1

3
1 1 1 2

1 1 
2

   

1 1  
4

t
t r r r r

t t t t
r r

t t t
r r

a t X
a t X P t T r t r t t t P r t t P t T r t P t

x r t

a t X a t X a t X a t X
P r t r t t t P t T r t P t T r t

x x x x

a t X a t X a t X
P t

x x x xr t

χ γ σ θ σ θ

σ χ γ

σ θ

∂
 = + + + = +  ∂

∂ ∂ ∂ ∂
= = + + = =

∂ ∂ ∂ ∂

∂ ∂ ∂
= − =

∂ ∂ ∂ ∂

,
, , , , , , ,

, , , ,
, , , , , , , ,

, , ,
,

( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2 1

2 2 2 2 2 2
4 1 4 1 4 1

1 4 4 1 4 6 6 4 4 7 7 4

28 8
4 4 40

4
1 1

1 1
2

1  1  1

1
2

                

r r

t t t t t t

t t t
t i t t ij

i i ji i j

P
x x r t

a t X a t X a t X a t X a t X a t X
x x x x x x x x x x x x

a t X a t X a t X
L a t X a t X

t x x x

σ

= =

=
∂ ∂

∂ ∂ ∂ ∂ ∂ ∂
= = = = = =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂
= + + Σ

∂ ∂ ∂ ∂∑ ∑ ,
,

,

, , , , , ,
, , ,

, , ,
, ,

( ) ( )( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )( )
( )

( ) ( )

( )

1 2 4

6 7

11 12 14 46 473

4

1 1 
2

                    + +

1 1 1 1                    
8 2

t r r t r r t

t t

t r r t r r t t t

k
t ik

a t X P t T r t P t a t X P r t a t X r t t t
r t

a t X P t T r t a t X P t T r t

P t P
r tr t

L a t X b t

σ θ σ χ γ

σ θ σ

 
   = + + + + +   

− Σ + Σ +Σ +Σ +Σ

=

, , , , ,

, , , , ,

, , , , , ,

, ,( ) ( )

( ) ( )( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )( ) ( ) ( )( )

4

1

1 2 4

6 7

1 1                 
2

                    + +

d
t

t
i i

k t r r k t r r k t

k t k t

a t X
X

x

b t X P t T r t P t b t X P r t b t X r t t t
r t

b t X P t T r t b t X P t T r t

σ θ σ χ γ

=

∂
∂

 
   = + + + + +   

∑
,

, , , , ,

, , , , , ,

A8.6.3 Stock, ( )S t  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2
11S rS S rS r S rSdS t S t r t t t t t dt S t t dW t S t t dW tχ γ θ σ ρ σ ρ σ ρ = + + + + + −   

(i) Euler method 

{ }2
1 11 1

i i ii i i i i i S t rS i S t rS r i S t rS iS S r t W Wχ γ θ σ ρ σ ρ σ ρ+
 = + + + + ∆ + ∆ + − ∆ , , , , ,  

(ii) Milstein method 

( ) ( )

2
, , , , 1,

21 2 2 22
, , , 1,

1 1

1 1 1
2 2

i i i

i i

i i i i S t rS i S t rS r i S t rS i

i i

S t rS r i i S t rS i i

r t W W
S S

W t W t

χ γ θ σ ρ σ ρ σ ρ

σ ρ σ ρ
+

  + + + + ∆ + ∆ + − ∆  =  
     + ∆ −∆ + − ∆ −∆        
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(iii) Second Milstein method 

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

5

5 5 5

1 2 5

5 5 5 5 5 5

6 7 1 5 5 1 2 5 5 2

5

  

  1  

t S rS

t t t
S rS S rS

t t t t t t
S rS

t

a t X S t r t t t t t

a t X a t X a t X
S t S t t r t t t t t

x x x
a t X a t X a t X a t X a t X a t X

S t S t t
x x x x x x x x x x

a t X

χ γ θ σ ρ

σ ρ χ γ θ σ ρ

σ ρ

 = + + + 
∂ ∂ ∂

= = = + + +
∂ ∂ ∂

∂ ∂ ∂ ∂ ∂ ∂
= = = = = =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂
∂

, ,

, , ,
, , ,

, , , , , ,
, , , ,
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

5 5 5

5 6 6 5 5 7 7 5

28 8
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5
1 1
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1  1

1
2

                 

         

t t t

t t t
t i t t ij

i i ji i j

t t S rS t S rS

a t X a t X a t X
x x x x x x x x

a t X a t X a t X
L a t X a t X

t x x x

a t X S t a t X S t t a t X r t t t t tσ ρ χ γ θ σ ρ

= =

∂ ∂ ∂
= = = =

∂ ∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂
= + + Σ

∂ ∂ ∂ ∂

 = + + + + + 

∑ ∑ ,
,

, , ,
, ,

, , ,
, ,

, , ,
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( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

6 7
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5
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1 2 5

           

                    

                 

                  

t t

t t S rS t t

d
tk

t ik t
i i

k t k t S rS k t S rS

a t X S t a t X S t

t

a t X
L a t X b t X

x

b t X S t b t X S t t b t X r t t t t t

σ ρ

σ ρ χ γ θ σ ρ
=

+ +

+ Σ +Σ +Σ +Σ

∂
=

∂

 = + + + + + 

∑

, , , ,

, ,

,
, ,

, , ,

( ) ( ) ( ) ( )6 7  k t k tb t X S t b t X S t+ +, ,

A8.6.4 Default density, ( )tχ  

( ) ( ) ( ) ( ) ( ) ( ) ( ){ } ( ) ( ) ( ) ( ) ( ) ( )1 2r r r Sd t r t t t t t t dt t dW t t dW t t dW tχ χ χ χ χ χ χ χχχ χ γ χ σ ρ θ χ σ ρ χ σ ρ χ σ ρ χ′ ′ = + + + + + + 
 

(i) Euler method 
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(ii) Milstein method 
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(iii) Second Milstein method 
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