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P.K. Cheng, F. Planchet

1. APPENDIX 1: CONSTRUCT CORRELATED BROWNIAN MOTIONS

In Appendix 1, we provide details of the calculations to construct correlated Brownian
motions in our model. We start with the Brownian motion parts of interest rate process
and stock price process. Then we derive the Brownian motion parts of default intensity
process and convenience yield process step by step. Readers are referred to Shreve (2004)

Chapter 3.4 for discussions about quadratic variation.

Step 1

Step 2

Let dW, =dW,, then dW, = p dW, +/1- pZ dW,.
pf .
dW,dWs = dw, (prS dW, +4/1- o5 dWl) = pysdt

dW,dW; = (Prs dW, +1- o5 dW1)(prs dW, +1- o dWl)

= (przs +1—pr23)dt = dt

dw, = p, dW, + p;, dW, + o’ dW,,

Where ' _psl_prspr;( r 1_p|’28_10r2;(_10821+210r5pr;(psl
Psy = [ P = 2 '
1_pr28 1_prS
pf.

dW,dW, = dW, (o, dW, + oL, dW, + . dW, )= p, dt
dw,dw, = ( W, +1- p2 dWl)( P, AW, + ol AW, + o/ dW, )

= (prspw + 5, 1= Pr )dt = ps,dt

: . P, PP
PrsPr, + Pi,NL=ps = ps,, then pf ===
1_prS

dW,dW, =(p,,dW, + p{ dW, + o, dW, )( o, dW, + pl, AW, + p! dW, )

= (7, + P5, + i ) dt = o

(ps;( _prspr;( )2 .

P+ Piy+ Py =L then pr =1opf, = pl =1-pr, -
rs

. R=ps =P, =S, +2PP,Ps
Then’p’”‘:\/ T
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Step 3
dW, = p dW, + pl dW, + p7 dW, + o7 dW,,
where pgy — pSy _prszpry ,
\/1_ prS
, Py = PreyPey = Ps,Psy = PiPy + PrsPeyPsy + PrsPryPs,

Xy =
JL+ P =205, Ps, — 295 + PP, + PEPE, — Pl — PLy + 2P PryPs,

Pl =\1-p% - pl2 - pi2.
pf.
dW,dW, = dW, ( p,,dW, + pf,dW, + o7 dW, + o7 dW, ) = p, dt

dW,dw, = ( oW, + 11— p2 dWl)( Py, AW, + pl AW, + p" dW, + o dW, )
= (prspry + P, \1- prs )dt = ps, dt
pSy _prspry

\/1_ przs

AW, dW, =(p,,dW, + o5, dW, + o, dW, ) ( p,, dW, + o2, dW, + o7, dW, + o/, dW; )

Then, p{, =

:(prlpry +pélpg;/ +p;lp;y)dt :pl;/dt
C o v _ Py = PiPry = Ps,Ps
PualPiy + gl + PPy = Py then pf, = = 2
XX
. Py = PeyPey = Ps,Psy = PisPyy & PrisPe,Ps,  PisPr, P,
xr
J1+ 05 =20, s, — 295 + PAPL + PEPE, — Py — PE, + 2P PP,

dW,dW, = (p,,dW, + 3, dW, + p dW, + o7, dW, ) ( p,,dW, + pf,dW, + o7, dW, + o, dW; )

:(pfy+pgf+p;f+p};2)dt:dt

n2 n2

Pl + P+ Pl + plf =1, then pf = 1- p? - pl — p'7.

2
- | Ph =Pl = PL *205P,Ps, Py PPy = Py Ps, = PP, ¥ PsPr,Ps, + PsPuPs, )
7 1-pi 1+ pis = 2P Py Ps, = 2P + PrsPry + Prs s, = Poy = Poy + 2P1sPeyPs,

D
= \/g . where C = (1= p% ) (1+ ps = 20% ., s, = 2P + PP, + PPl = Pry = P2, + 2P PryPs, )

=1= Pl + 2P Pr, s, — PisPry — PrsPsy, + 3P —4Ps P, Ps, + 25 Pr, + 2P P,
=3P = P, = P, T 2P Pry s,
D =1-pis + P15 Py, = 2P Py Ps, Py = 2P PryPs Py + 2P PryPs, + 2P0 Py, Ps,
=200 P, Py Ps, Ps, + 2P PryPry Py 281505, Ps, P + Prs PryPy + Ps Piy e,
— PisPr, PP, =3P Py, — PisPay — PrsPay +30% AP P, Ps, P, + 4P PryPs, P,
~AP5 P, Ps, ~ AP PryPs, T AP PeyPry Py, Ps, — AP Py Poy Py = AP0 Ps, P, Py
~ 2P P 0%, = 2P Pry Pe, + 2P1 oy + 2P P, + 215 Pa, + 2P0 5, +3Pis Py, + Py Ps,
+ Py Pay =3Pl — Pry Pl — Pay — Pay — Py = 2Pis PryPs, Py — 2Pis PryPs Py
= 2P, Py Ps, Psy T 2P PeyPsy + 2P PryPsy + 200, Py Py +2P5,Ps, Py
Following this recursive method, we could construct n correlated Brownian motions.

However, the coefficients for each independent Brownian motions would become more
and more tedious. Alternatively, if the correlation matrix of n correlated Brownian

_3_
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motions C__ is symmetric and positive definite, we could decompose C into LL' by

nxn

Cholesky decomposition, where L is a lower triangular matrix and L' is the transpose

nxn
of L. Then we could generate n correlated Brownian motions B, , by LW, here W_, is
a vector of n independent Brownian motions.

2. APPENDIX 2: DERIVE GENERAL FORM OF DEFLATOR D (t)

In Appendix 2, we provide details of the calculations to derive the general form of
deflator D(t) step by step.

dD(t)=Q(D(t),t,r(t))dt+d(D(t).t,r(t))dW, (t)+¥(D(t).t,r(t))dw,(t)
+T(D(t),t,r(t))dW, (t)+I(D(t),t,r(t))dw,(t).

Recall that we would like to have E?(5(t)X)=E[D(t)X | for a nonnegative random

variable X . We let D(t)S(t), D(t)B(t), D(t)P(t,T,r(t)), D(t) #(t), and D(t)y(t) be

P -martingale, then their drift terms are all equal to zero.

(A2.1)

A2.1 Short-term saving, D(t)B(t)
d[D(t)B(t)]=B(t)dD(t)+D(t)dB(t)+dB(t)dD(t)
=[QB(t)+D(t)B(t)r(t)]dt+DdB(t)dW, (t)+¥B(t)dW, (t)+IB(t)dW, t)
+IB(t)dW, (t)

Let the drift term of d[ (t)B(t )] equal zero, QB(t)+D(t)B(t)r(t)=0, then

Q(D(t),t,r(t)) is equal to —D(t)r(t).

A2.2 Zero coupon bond of no risk with maturity T, D(t)P (tT,r(t))

d[D(t)P(t,T,r(t))|=P(t,T,r(t))dD t)dP(t,T,r )+dP(tT r(t))dD(t)
|eP(LTr(t ))+CDP(tT r(t))&(t.r(t))+D(t)P(LT,r(t))r(t)
#DOP(LT.r(R)S(tr(v)e()
+[@P(t,T,r(t))+D(t)P(t,T,r(t))&(t,r (t)) |dw, (1)
+WP(t,T,r(t))dW, (t)+TP(t,T,r(t))dW, (t)+IP(t,T,r(t))dw.

Let the drift term of d[D(t)P(t,T,r(t))] equal zero and plug Q( (t),t,r(t)) into the

drift term, we have @(D(t),t,r(t)):—D(t)H(t).

dt
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A2.3 Stock, D(t )s(t)
d[D(t)S(t)]=S(t)dD(t)+D(t)dS(t)+dD(t)dS(t)
-0 <> S (1)05 (1) 9 +'¥5 (1) ool pE +D()S (1) e (1)
+[®S (1) +D(1)S (1) o5 (1) ps AW, (t)+ [‘PS(t)+D(t)S(t)o~S(t) 1-pfs}dwl(t)
+TS (8)dW, (t) +1S (t) W, (1)
t)S

Let the drift term of d [D (t } equal zero and plug Q( (t),tr(t )) ( (t).t, (t))

into the drift term, then ‘I’(D(t),t,r(t)) is equal to D(t)[ ()+0(t)os (V) o — 4 (t)}

( )\/1 ps

A2.4 Default density, D(t) x(t)

4[D(1) 2(t)] = £ (1)dD (1) + D(t)d (1) +d ¢ (1)dD (1)
~[0x(0)+ @0, p, 7 (1) + Vo P12 (1) +T 0, pp, 2 (6] +D(t)e-D(1) f £(t) ot
H@2(t)+D (V)72 (D) |oW, (1) +] (1) + D (V)7 5,7 (1) | Wi 1)
+| T (6)+ D (1), 5,7 (1) W, (6)+ Lz (1) aWs (1)
Let the drift term of d[ D(t) x(t) | equal zero and plug Q(D(t),t,r(t)), ®(D(t).t,r(t)),
‘P(D(t),t, r (t)) into the drift term, we have
o Q0 Tz -6+ () A, (4 (0-r()-0() o (1))
T(D(t),t,r(t))=D(t) o + o 200 + o0t
A2.5 Convenience yield, D(t)(t)
d[D(t)y(t)]=r(t)dD(t)+D(t)dy(t)+dy(t)dD(t)
:[Qy(t)+®77pw+‘P77pg’y+F77p)';7+l77p”dt+[d)7(t)+D(t)nprJdWr(t)
+[ W (t)+D(t)npl, |dW, (t)+] Ty (t)+D(t)ne}, [dW, (t)
+(I;/(t)+D(t)77p;’y)dW3(t)
Let the drift term of d[ D(t)y(t)] equal zero and plug Q(D(t),t,r(t)), ®(D(t).t,r(t)),
¥(D(t).t,r(t)) , T(D(t).tr(t)) into  the  drift  term,  then
P00 r(07(0)_pLp,00) pﬂ[e () 2(0)- fz( )]
R oL, N 2t
PL Pl =P, ) s ()= () -2 6’( o )]

pLp,,0 (1) (1-02)

I(D(t).t,r(t))=D(t)
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A2.6 Deflator, D(t)

We could derive the general form of deflator D(t) now. Let y(t) equal In(D(t)), then

the first partial derivative (%) and the second partial derivative (s;{ ) of y(t) with
respect to D(t) are ﬁ and _D+m respectively. By Itd6 formula,
ay(t)= 2 ap(t)+ 2 L ap(t)a(1)

Q(D(t).t,r(t)) @*(D(t).t.r(t)) ¥*(D(t).t.r(t)) ( )

~ D(t) 2D%(t) 2D*(t) O (D(t),t,r(t)

Y7 e o) Fo.Lr) o

- 2D%(t)  2D(Y)

¥(O@4() (DO (DE).4r()

+ Dl dW, (t)+ D) dw, (t)+ 0 dw, (t)
(10)
et <, (Lr(D) - P(D(t).tr(t) r(t)+6(t)og (t) ps — 4 (t)

D(t) o (t)\1- 2
Ko (Lr(0) = F(E).Lr(t) o), |, r)z(t)-e+fr(t) p,[u)-rt)-00)o (t)rs ]

D(t) p;(z O'ZP;{Z\/Z(t) p;;(gs (t)\/l_przs
<, (6r(1) = IO@Lr(v) _p,00) r®)r(t) py,e,00) pyle-r)z(t)-f2(1)]
Y D(t) O A R A 0 R

+ (pgyp;,tz _p;ypél)['us (t)_ I’(t)—prsﬁ(t)ds (t)]

Py, P05 (1= P

integrate  both  sides of dy(t) , plugging Q(D(I;)(,tt),r(t)) =-r(t) and
CD(D([t))(,tt),r(t)) =—4(t) into y(t). We have y(t) as follows.

1 1 1

Y0 =Y(O)+ [ (5)- 307 (6) 3 (tr ()~ 3 K7 (1) - 3 K7 (tr(1) e

—[L0(s)awW, (t)+[ Ky (L (t))dW, (£)+ [ K, (tr(1))adW, (t)+] K, (tr (t))dw, (t)
(1)
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Take exponential both sides of y(t), we have the general form of deflator.
D(t):D(O)exp{ _[ (s)ds— j 2[92( )+ K (tr (1) + K (tr(t))+KE(t, ())]ds}

<exp| [ 0() W, (1)) K (1.7 (1) QWL ()], K (6 (0))aW, (6 K, (tr (1)) oWy (1)
(12)

3. APPENDIX 3: IMPLEMENTATION OF SIMPLIFIED SECOND MILSTEIN METHOD

In Appendix 3, we present the implementation of simplified Second Milstein method in
our example. dX, =a(t, X, )dt+b(t,X,)dW, where X,, W,, a(t,X,), and b(t,X,) are as

follows.

r(t)
o(t - _
| o
W, (t)
X - P(t,T,r(t)) w=|w, (1
> W (1)
#(1) W, (1)
7(t) B
CIONN
(A3.1)
a-br(t)+0(t)ofr(t) |
a,—h,0(t)
B(t)r(t)
a(t,X,)= P(t,T,r(t))r(t)+Po,r(t)o(t)
S(t)ﬂs
e—f;((t)
0
—r(t)D(t) ]

(A3.2)
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o,r(t) 0 0 . ;
: X 0 0 o, H(t)
0 0 0 . :
ot x )| o 0 0 0 )
O Glgmp, SO 0 o !
Oy Pry Z(t) Gl'oél I(t) TP ,,Z(t) On 0
np 77/)g7 1P, o NPy, 0
- 1 t),t,r(t
o)D) ¥(P).Lr(D) TPEM).Lr(Y) (t)tr(t) o |

(A3.3)
Foreachi=1,...,d,

Vo =You +3 (1Y, AU+ 0y (1Y, ) AW, +2 LB, (.Y, ) (At
k=1

m

S8 00+ b, (01, Jaw a2
k=1

m
k=1 j=1

Ub, (n.Y,)(AW, AW, -V, ).

(A3.4)
In order to calculate Y, , at each time step n+1, we have to calculate operators L° and
L for each a (n,X,) and b, (n, X,). We would skip the cases where a(n, X,) and

b, (N, X,) equal zero or a constant since their operators L° and L* are equal to zero. We
show the calculations for the rest as follows.

A3.1 3 (t,X,)
oatx) | 1 1 oa(LX,)
t,X,)=a —br(t)+0(t t),—==-b +=4(t , = t
2 (6X) =3, ~br(0+ 00T 2520 = 500 PE =T ()
2 2 2
CalX)_ Ly, 1 Ca(X)_Fatx) 1 1
OX,0%, 4 r‘°’(t) OX,0X, OX,0%, 2 r(t)

da, (t,X,) & oa,(t,X,) 1 o%a (t,X,)
L° X )=———= (t, X =y y — U
% (X)) ot +;a' (tx,) ox, 2 2_:1 Y oxox

_at Xt){—br+£9(t)o—r rl(t)]+a2(t X )T (0) -3 E0,0(1) rj(t)
Lkai(t,xl)ngik(t,xt)aaigz_xt)
:blk(t,Xt){br+10(t)ar%]+b2k(t,xt)ar\/r(7t)
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a,(LX,)=a, —bge(t),mz—bg

OX,
L, (t, X, ) = (LX) Zgll ZlX) 1 Z‘l u ax;xX)
(t X, )b,
X,)= Zb,k tx) gtx)
=, (t, X,)b, ’
A3.3 as(t,Xt)
o () =B()r(0). =0 ey B0
Oay(t,X,) _d%ay(t,X,) _
oxOX,  OX%

aa3 (tX) & a(tX,) 1& . da(tX
L’a, (t, X, )= )+Za, t,X,) <(3x ) zzlzmj —a;(ax )
i= i L= i j

=a1<tx> <t> 2 (tX,)r (1)
)Zb,ktx) ( )

=b, (t, X,)B(t )+b3k (t,X,)r(t)

A3.4 a,(t, X,)
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= r r +0o r M= r +£G !
a,(t,X,)=P(t.T.r(t))r(t)+o,Pr(t)o(t), £ P(t.T,r(t)) > PO(t) o
c9<';14(g;((,zxt)=GrPr T 8a4g(;xt)=r(t)
%a (t,X,) 1 1 azai(t,xt):azai(t,xt) 1 1

=——0'rPr6’(t) , =—0,P —,
OX,0%, 4 \/r3 (t) %X, X, 0% 2 r(t)

8Zal(t,xt):82a1(t,xt):1

OX,0X, OX,0X%,
doa (t,X,) & da (t,X,) 1¢ o%a,(t, X,)
L°a, (t, X, )= —— (t, X Ny 27
a4( t) ot +;a,( t) 6Xi +2i;=1 t,ij 6Xian
ai(t,xt){P(t,T,r(t))+—a,Pr¢9(t) 1()]+a2(t,Xt)arPrJr(t)+a4(t,Xt)r(t)
r(t
1 1
-=2Z Po(t by
3 1119y () p ('[)+ t14
d
Lka4(t,Xt)ZZbik(t,Xt)aa“g:(’Xt)
i=1 i

1

blk(t,Xl)[P(t,T,r(t))+%o-rPr9(t)m]+b2k(t,Xt)arPrm+b4k(t,Xt)r(t)

A3.5 ag(t, X,)

as(t' Xt): S(t),u57

oa,(t,X,) ¢ oas(t.X) 1< Oas(tX)
La(t, X, )= k (6 X )——— N
a(t, X,) P +i§,a-( y ox. 2;1 Y axex,

=8 (t’ Xt):uS
d

Lay (t, X, )= b, (£, X,)
i=1

= b5k (t’ Xt)ﬂs

A3.6 a(t, X,)

dag(t, X,)
OX:
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aG(t’Xt):e_fZ(t),wz—f

Loaﬁ(t'xt)ZWéai )RS Z ﬁxx)
=—a,(t, X,) f

LkaG(t,Xt)=ibik (t,Xt)%
—bg, (1, X, ) f |

A3.7 aS(t Xt)

a, (t,X,)=—r(t)D(t) 6a8g(,lxt): (t) 5asg(sx) 08

0%y (t,X,) _ %8y (t,X,)
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253 axﬁx
1 1 1
= t, -3
2az( t) 0 G(t) g L2ve 93(t)
d ob, (t, X
Lby (t, X, )= b, (£, X,) nggx )
i=1 i
1 1
==b, (t, X
5 Zk( t)GH 9(t)
A3.10 b, (t, X,)
b, (t,X,) 1 1
by (t,X)=c P Jr(t), - ="6P
41( t) () axl 2 m
Oa(bX)_ 1 p 1
0%, 0% 477 e ()
L’b,, (t, X,) it X‘)+Zgla (t, X, —8b41 (L )+EZBZZ 0 (LX)
. ot = X 254" oxox,
= UP L !

U—
rrm tllrr 3t)

d
L, (£, X,) = by (8, X )abﬂ(t X.)
i=1 8X
1 1
==b, (t,X,)o.P
2 lk( t)o-r r r(t)

A3.11 by (t, X,)

ob.. (t, X
b51(t' xt): S(t)O'SprS,M

=035Ps

8 8 2
L0b51(t,Xt)=M+zai (t,Xt)ab51(t’X‘)+l ZZUJM

at = Ox, 2547 oxox,

-12 -
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A3.12 b, (t, Xt)

ob., (t, X
0, (1,X) =8 (oo X g 7

X5
b, (LX) < ab( D) 1& . by, (tX,)
LOb t X 52 52 - 2 B 52 t
. ( Z:‘ ox +2§‘1 W oxox,

as osy1- Pl
0, (8, X,) = Zd:b,k(t xt)ab 2 (LX)

t,
i-1 oX

Sk osy1- Prs

obg, (t, X 1 1
bel(t X ) O-Zprz Z( ) Gl(fgx t)ZEO-;{prZ Z(t)
6
2
PouX) 1, 1
OXsOX 4 2 (1)

8
b, (t,%,) = Db X 5 (t,Xt)ab“ (LX)
i1 X-

1 1
:Eaa (t, Xt)alpf){

Je®) 87 P

18 0%, (1, X,)
=)
+2,; W e,

, o, (t,X) 1 . 1
b (4%) =, o0, 7 (0, X)Ly L

o°by, (1, X,) 1 p 1
oxox, 4

_13_
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oy (1.X,) | & e (1X) | 1 0%y (LX)
L%, (t, X 62 (g X )=t oy 2 T
62( ) ot ;a'( t) axi +2”Z_1 o OX,0X;

l

1
ae o,Ps, Z(t) 21660, Ps;

1

7 (1)
: ob,, (t, X

Lbe, (1. X,) = 2 by (¢ Xt)%
i=1 i

1 1
b tX 0',0
26k Sz(

A3.15 by, (t' Xt)

, A, (LX) 1, 1
by (1, X ) =, 0,2 (1), 636X6 | 2% x(t)
b, (t, X 1 1
M:__O-lp;a
OXsOXq 4 25 (t)
by (1, X,) < oy (1 X)) 15y 00 (t X))
L0 X 63 L =My WU
be, (t, X, ) = le o +2; W oxox,

' 1 1 4
=58 (t1xt)o-zpn—__2t'660-lpﬂ 3
Jr(t) 8 V2t

d ob.. (t, X
Lkbes (t’ X, ) = zbik (t' xt)%
i1 i

A3.16 by, (t' Xt)

by (1, Xt)Z—H(I)D(t),M:_D(t),M_

=—0(t),
X, OXg ®
O%by (1. X,) 0%y (1, X,)
XX KX,
Oy (6X) &y (X)) 1 (X))
b, (t,,) = Dl X)) DS 2
(1 X, ) = Z:ll ox +2§._:1 Y oxox

( D (t) =2, (6 X,)O(t) =2,

Ly, (£, X, ) Zb,ktx b( 2

= —b,, (t,X,)D(t)- gk( )o(t)

_14_
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A3.17 by, (t, X,)

Dg, (t, Xt):\P(D(t),t,r(t)) _ D(t)[r(t)"'e(t)gsprs _/”s:l

O's\/l_Przs |
absz(t,xt): D(t) 8b82(t,Xt):D(t)prs absz(t,Xt):r(t)+¢9(t)o-sprs—,us
X, O's\/l_przs X \/1_przs 04 O's\/l_przs ,
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ECONOMIC SCENARIO GENERATOR WITH FIVE FACTORS
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