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METASTABILITY OF FINITE STATE MARKOV CHAINS: A
RECURSIVE PROCEDURE TO IDENTIFY SLOW VARIABLES
FOR MODEL REDUCTION

C. LANDIM, T. XU

ABSTRACT. Consider a sequence (7™ (t) : t > 0) of continuous-time, irreducible
Markov chains evolving on a fixed finite set E. Denote by Ry (n,£) the jump
rates of the Markov chain né\’, and assume that for any pair of bonds (7, £),
(n',¢") arctan{Rn (n,&)/Rn (7', &)} converges as N 1 co. Under a hypothesis
slightly more restrictive (cf. (2.6) below), we present a recursive procedure
which provides a sequence of increasing time-scales 4911\,, ey 95’\,, 93\, < 9§§+1,
and of coarsening partitions of the set F, {S{, e Sﬂj ,ATY 1 < 5 < p, with
the following property. Let ¢; : E — {0,1,...,n;} be the projection defined
by ¢;(n) = Z:j:lml{n € 8;} For each 1 < 5 < p, we prove that the
hidden Markov chain Xg\, (t) = ¢4 (nN(teg\,)) converges to a Markov chain on

{1,...,]1]'}.

1. INTRODUCTION

This article has two motivations. On the one hand, the metastable behavior of
non-reversible Markovian dynamics has attracted much attention recently [24, 23,
6, 20, 25, 11, 7, 10, 14, 13]. On the other hand, the emergence of large complex
networks gives a particular importance to the problem of data and model reduction
[21, 9, 1]. This issue arises in as diverse contexts as meteorology, genetic networks
or protein folding, and is very closely related to the identification of slow variables,
a fundamental tool in decreasing the degrees of freedom of a system [30].

Not long ago, Beltran and one of the authors of this article introduced a general
approach to derive the metastable behavior of continuous-time Markov chains, par-
ticularly convenient in the presence of several valleys with the same depth [2, 4, 5].
In the context of finite state Markov chains [3], it permits to identify the slow
variables and to reduce the model.

More precisely, denote by E a finite set, by /¥ a sequence of E-valued continuous-
time, irreducible Markov chains, and by €1,...,&,, A a partition of the set E. Let
€ = Ui<z<n&y and let ¢¢ : E — {0,1,...,n} be the projection defined by

de(n) = S al{nee,).

In general, Xy (t) = ¢e(n¥) is not a Markov chain, but only a hidden Markov
chain. We say that ¢¢ is a slow variable if there exists a time-scale 8y for which
the dynamics of Xy (t0y) is asymptotically Markovian.

Key words and phrases. Metastability, Markov chains, slow variables, model reduction.
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2 C. LANDIM, T. XU

The set A plays a special role in the partition, separating the sets &1,..., &y,
called valleys. The chain remains a negligible amount of time in the set A in the
time-scale 0 at which the slow variable evolves.

Slow variables provide an efficient mechanism to contract the state space and
to reduce the model in complex networks, as it allows to represent the original
evolution through a simple Markovian chain Xy (t) which takes value in a much
smaller set, without losing the essential features of the dynamics. It may also reveal
aspects of the dynamics which may not be apparent at first sight.

When the number of sets in the partition is reduced to 2, n = 2, and the Markov
chain which describes the asymptotic behavior of the slow variable has one absorb-
ing point and one transient point, the chain presents a metastable behavior. In a
certain time-scale, it remains for an exponential time on a subset of the state space
after which it jumps to another set where it remains for ever. By extension, and
may be inappropriately, we say that the chain 1V exhibits a metastable behavior
among the valleys €1,..., &, in the time-scale 8 whenever we prove the existence
of a slow variable.

We present in this article a recursive procedure which permits to determine all
slow variables of the chain. It provides a sequence of time-scales 6%, ... ,0}’\, and of

partitions {8{, e 8{1]. ;A 1< j <p, of the set E with the following properties.

e The time-scales are increasing: limy_ oo 05\,/9{\,“ =0 for 1 < j < p. This
relation is represented as 9?\, < 95\[“.

e The partitions are coarser. Each set of the (j + 1)-th partition is obtained
as a union of sets in the j-th partition. Thus n;;; < n; and for each a in
{1,...,nj41}, &7 = Uye a8 for some subset A of {1,...,n;}.

e The sets Aj, which separates the valleys, increase: A; C Aj4q. Actually,
Ajy1 = AjUgep &2 for some subset B of {1,...,n;}.

e The projection ¥ (n) = D 1<a<n, xl{nAE &} + N1{ne A;}is aslow
variable which evolves in the time-scale 6%;.

We prove three further properties of the partitions {8{, e S%j,Aj}.

e As mentioned above, the amount of time the chain remains in the set A;
in the time-scale 6%, is negligible. We refer to condition (H3) below for a
mathematical formulation of this assertion.

e Starting from any configuration in €7, the chain 1V attains the set Uy;AIEZ,

at a time which is asymptotically exponential in the time-scale 6% (cf.
Remark 2.4).

e With a probability asymptotically equal to 1, the chain n}¥ visits all points
of the set &7 before hitting another set 8; of the partition. In the terminol-
ogy of Freidlin and Wentzell [15], the sets of the first partition, denoted by
&L are cycles while the set of the following partitions are cycles of cycles.

These results have been proved in [3] for finite state reversible Markovian dy-
namics. We remove in this article the assumption of reversibility and we simplify
some proofs.

In contrast with other approaches [22, 28, 12, 24, 11, 14, 13], we do not describe
the tube of typical trajectories in a transition between two valleys, nor do we
identify the critical configurations which are visited with high probability in such
transitions.
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The arguments presented here have been designed for sequences of Markov
chains. The examples we have in mind are zero-temperature limits of non-reversible
dynamics in a finite state space. It is not clear whether the analysis can be adapted
to handle the case of a single fixed dynamics as in [9, 21, 1].

The approach presented in this article is based on a multiscale analysis. The
sequence of increasing time-scales is defined in terms of the depth of the different
valleys. In this sense, the method is similar to the one proposed by Scoppola in [29],
and developed by Olivieri and Scoppola [26, 27], but it does not require the valleys to
have exponential depth, nor the jump rates to be expressed in terms of exponentials.
Actually, one of its main merit is that it relies on a minimal hypothesis, presented
in (2.6) below, which is very easy to check since it is formulated only in terms of
the jump rates.

The article is organized as follows. In Section 2 we state the main results. In
the following three sections we introduce the tools needed to prove these results,
which is carried out in the last three sections.

2. NOTATION AND MAIN RESULTS

This section is divided in four subsections. In the first one, we establish the
notation and recall some known results which are used throughout the article. In
the second subsection, we introduce the central hypothesis of the article, and, in the
third one, we state the first main result of the article, Theorem 2.7, which describes
the metastable behavior of the chain in the slowest time-scale. Finally, in the last
subsection, we present in Theorem 2.12 all the time scales at which a metastable
behavior is observed.

2.1. Preliminaries. Consider a finite set E. The elements of F are called con-
figurations and are denoted by the Greek letters 7, £, (. Consider a sequence of
continuous-time, E-valued, irreducible Markov chains {n : ¢ > 0}. Denote the
jump rates of n)¥ by Ry (n,£), and by uy the unique invariant probability measure.

Denote by D(R, E) the space of right-continuous functions z : Ry — E with
left-limits endowed with the Skorohod topology, and by P, = ]P’nN , n € E, the
probability measure on the path space D(R, F) induced by the Markov chain ntN
starting from 7. Expectation with respect to P, is represented by [E,,.

Fix a proper subset A of F and denote by ;' the trace of the Markov chain n}Y
on the set A. The trace process is obtained by stopping the clock when the chain
leaves the set A and by switching it on when it returns to the set A. More precisely,
denote by T'(t) the total time spent on A before time ¢:

T(t) = /Otl{néveA}ds,

where 1{B} represents the indicator of the set B. Note that the function T is
piecewise differentiable and that its derivative takes only the values 1 and 0. It is
equal to 1 when the process is in A and it is equal to 0 when it is not. Let S(¢) be
the generalized inverse of T

S(t) =sup{s >0:T(s) <t}.
The trace process is defined as n{* = ng(t). It is shown in [2, Proposition 6.1] that

ntA is a continuous-time, A-valued, irreducible Markov chain whose jump rates can
be expressed in terms of the probabilities of hitting times of the original chain.
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Denote by Hy, HZ, A C E, the hitting time and the time of the first return to
A:

Hyq = inf{t>0:n) €A}, H} =inf{t>n:n A}, (2.1)

where 71 represents the time of the first jump of the chain : 7 = inf{t > 0 :
n #nd'}

Denote by Ay (1), n € E, the holding rates of the Markov chain »¥ and by
pn(1,€), n, £ € E, the jump probabilities, so that Ry (1n,£) = An(n)pn(n,€). For
two disjoint subsets A, B of E, denote by capy (A, B) the capacity between A and
B:

capy (A, B) = > un(n) An(n) Py[Hs < H}J . (2.2)
neA

Consider a partition €1,...,Ex, A of the set E, which does not depend on the
parameter N and such that n > 2. Fix two sequences of positive real numbers ay,
On such that ay < 0y, where this notation stands for limy_,o, an/0n = 0.

Let & = Uges€s, where S = {1,...,n}. Denote by {nf : ¢t > 0} the trace of
{nN :t >0} on &, and by R : € x &€ — R, the jump rates of the trace process n¢:

R5(n,€) = AmPY[He=HE], n, (€&, n#¢.

We refer to Section 6 of [2] for a proof of this identity. Denote by r§ (€., €,) the
mean rate at which the trace process jumps from &€, to &,:

1
N(Ea8y) = —= D> uv(n) D RE(1.6) (2:3)
MN( w)
ne€y €y
Assume that for every z £y € S,
re(r,y) = lim On7r5(E.,8)) € Ry,
N—oc0
and that Z Z re(z,y) > 0. (H1)
zeS y#x
The symbol := in the first line of the previous displayed equation means that

the limit exists, that it is denoted by r¢(z,y), and that it belongs to Ry. This
convention is used throughout the article.
Assume that for every x € S for which &, is not a singleton and for alln # € € £,,

lim inf a v 7(:&})]\’(”’5)

im inf 1 (62) > 0. (H2)

Finally, assume that in the time scale 6 the chain remains a negligible amount
of time outside the set £: For every t > 0,

¢
. N _
A}gnoo max En{/o {ne, € A} ds} =0. (H3)
Denote by Uy : E — {1,...,n, N} the projection defined by Uy (n) = z if
n € &, Un(n) = N, otherwise:
Un(n) = > zl{ne&} + N1{neA}.
zes

Recall from [19] the definition of the soft topology.
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Theorem 2.1. Assume that conditions (H1)—(H3) are in force. Fix x € S and
a configuration n € &£,. Starting from n, the speeded-up, hidden Markov chain
Xn(t) = \I!N(nN (HNt)) conwverges in the soft topology to the continuous-time Markov
chain Xe(t) on {1,...,n} whose jump rates are given by re(x,y) and which starts
from x.

This theorem is a straightforward consequence of known results. We stated it
here in sake of completeness and because all the analysis of the metastable behav-
ior of ¥ relies on it. Its proof is presented in Section 6. We first show, using
assumptions (H1) and (H2), that the trace process n¢ converges in the Skorohod
topology to the continuous-time Markov chain X¢ (¢). We combine this result with
assumption (H3) to conclude the convergence of the process X y(t) to X¢(t) in the
soft topology.

One can not expect the convergence of the process X n(t) to Xe(¢) in any of
the Skorohod topologies due to the very short excursions of the speeded-up process
N (t0y) in the set A. To overcome this difficulty, the soft topology has been
introduced.

Remark 2.2. Theorem 2.1 states that in the time scale Oy, if we just keep track of
the set &, where n¥ is and not of the specific location of the chain, we observe an
evolution on the set S close to the one of a continuous-time Markov chain which
Jumps from x to y at rate re(x,y).

Remark 2.3. The function ¥y represents a slow variable of the chain. Indeed,
we will see below that the sequence ozR,l stands for the order of magnitude of the
jump rates of the chain. Theorem 2.1 states that on the time scale Oy, which is
much longer than ay, the variable Wy (nN) evolves as a Markov chain. In other
words, under conditions (H1)-(H3), one still observes a Markovian dynamics after
a contraction of the configuration space through the projection V. Theorem 2.1
provides therefore a mechanism of reducing the degrees of freedom of the system,
keeping the essential features of the dynamics, as the ergodic properties.

Remark 2.4. It also follows from assumptions (H1)-(H3) that the exit time from
a set €, is asymptotically exponential. More precisely, let €., x € S, be the union
of all sets €, except €,

€. = (J&. (2.4)
y#w

For every x € S and n € €,, under P, the distribution of Héz/HN converges to an
exponential distribution.

Remark 2.5. Under the assumptions (H1)-(HS3), the sets &, are cycles in the
sense of [15]. More precisely, for every x € S for which &, is a not a singleton,
and for allm # £ € &,

lim PH[H§<HEJ =1.

N—o00

This means that starting fromn € &, the chain visits all configurations in €, before
hitting the set &,.

2.2. The main assumption. We present in this subsection the main and unique
hypothesis made on the sequence of Markov chains 7. Fix two configurations
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n # & € E. We assume that the jump rate from 7 to £ is either constant equal to
0 or is always strictly positive:

Ry(n,&§) = 0 forall N >1 or Ry(n,€) > 0 forall N >1.

This assumption permits to define the set of ordered bonds of E, denoted by B, as
the set of ordered pairs (7, ) such that Ry(n,€&) > 0:

B ={(n¢ecExE:n#¢, Rv(n,&) >0} .

Note that the set B does not depend on N.

Our analysis of the metastable behavior of the sequence of Markov chain 7Y
relies on the assumption that the set of ordered bonds can be divided into equivalent
classes in such a way that the all jump rates in the same equivalent class are of
the same order, while the ratio between two jump rates in different classes either
vanish in the limit or tend to +o00. Some terminology is necessary to make this
notion precise.

Ordered sequences: A set of sequences (aly : N > 1) of nonnegative real numbers,
indexed by some finite set r € R, is said to be ordered if for all r # s € PR the
sequence arctan{aly/a% } converges as N 1 co.

In the examples below the set PR will be the set of configurations E or the set
of bonds B. Let Zy = {0,1,2,...}, and let 2,,,, m > 1, be the set of functions
k:B — Z, such that 3, ¢ cpk(n,§) =m.

Assumption 2.6. We assume that for every m > 1 the set of sequences

[ BveLo 9 N>1}, ke,
(n,€)eB

is ordered.

We assume from now on that the sequence of Markov chains 5" fulfills Assump-
tion 2.6. In particular, the sequences {Rx(n,£) : N > 1}, (n,&) € B, are ordered.

2.3. The shallowest valleys, the fastest slow variable. We identify in this
subsection the shortest time-scale at which a metastable behavior is observed, we
introduce the shallowest valleys, and we prove that these valleys form a partition
which fulfills conditions (H1)—-(H3).

We first identify the valleys. Let

— =Y Y Ren9).

nekl §:£#n

We could also have defined ay' as max{Ry (1, &) : (n,£) € B}. Thus, ay' represents
the order of magnitude of the largest jump rate. Denote by & the Markov chain
nY speeded-up by ay, &Y = nt]:;N, and by Ri,(n, £) the jump rates of the Markov
chain &Y: Rf;(1.€) = anRy(n,€).

By Assumption 2.6, for every n # £ € E, anRn(n,§) — R(n,€) € [0,1]. In
particular, the Markov chain &V converges, in the Skorohod topology, to a Markov
chain, denoted by Xg(t), whose jump rates are given by R(7n,£). Note that this
Markov chain might not be irreducible. However, by definition of ay, there is at
least one bond (1, ) € B such that R(n,§) > 0.
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Let A(n) = > ¢, B(n,€) € Ry, and denote by Ey the subset of points of £ such
that A(n) > 0. For all n € Ey, let p(n,&) = R(n,&)/A(n). Tt is clear that for all n, ¢
in E, € € By,

Jm oan Av () =A() . lim py(€¢) = p(&,Q) - (2.5)

Denote by €1,&s,...,&y, the recurrent classes of the Markov chain Xg(¢), and
by A the set of transient points, so that {€1,...,E&,, A} forms a partition of E:

E=E8UA, &=2¢8U-U&,. (2.6)

Here and below we use the notation A LI B to represent the union of two disjoint
sets A, B: AUB=AUB,and ANB =02.

Note that the sets €,, z € S = {1,...,n}, do not depend on N. If n = 1, the
chain does not possess valleys. This is the case, for instance, if the rates Ry (z,y)
are independent of N. Assume, therefore, and up to the end of this subsection,
that n > 2.

Since the set £, is a recurrent class for the chain Xg(t), and since the process
&N converges to Xg(t), the chain ¢V does not leave the set &, if it starts there.
This means that the chain niv remains in the set £, in the time-scale oy if it starts
from a point in this set. That is, the set &, is a well for the chain 7.

To observe the chain leaving the set €., one has to wait a much longer time. The
correct time-scale for this event is given by un(€;)/capy(Ex, éw) In particular,
a metastable behavior of the chain 7 will be observed in the smallest of these
time-scales. For this reason, let 8 be defined by

1 capy (Ex, éw)
— = _— 2.7
N z;g O @7

Since the sum is of the order of the maximum, 0 is of the order of the smallest of
the sequences uy (€,)/capy (€, €x), and, as explained above, it is on this time-scale
that a metastable behavior is expected to occur.

Theorem 2.7. The partition E1,...,Eq, A and the time scales an, On fulfill the
conditions (H1)—(H3). Moreover, For every x € S and every n € &, there exists

mg(n) € (0,1] such that

= (HO)
Remark 2.8. The jump rates re(x,y) which appear in condition (H1) are intro-
duced in Lemma 7.1. It follows from Theorems 2.1 and 2.7 that in the time-scale
On the chainnl evolves among the sets €,, x € S, as a Markov chain which jumps
from x to y at rate re(x,y).

In the next three remarks we present some outcomes of Theorem 2.1 and 2.7
on the evolution of the chain 7} in a time-scale longer than fy. These remarks
anticipate the recursive procedure of the next subsection.

Remark 2.9. The jump rates re(x,y) define a Markov chain on S, represented
by Xe(t). Denote by T the set of transient points of this chain and assume that
T # @. It follows from Theorem 2.1 that in the time-scale Oy, starting from a set
&:, v € T, the chain n} leaves the set €, at an asymptotically exponential time,
and never returns to €, after a finite number of visits to this set. In particular, if
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we observe the chain n in a longer time-scale than Oy, starting from &, the chain
remains only a negligible amount of time at E,.

Remark 2.10. Denote by A the set of absorbing points of X¢(t), and assume that
A # @. In this case, in the time-scale Oy, starting from a set E,, x € A, the chain
n never leaves the set €,. To observe a non-trivial behavior starting from this set
one has to consider longer-time scales.

Remark 2.11. Finally, denote by Cy,...,C, the equivalent classes of X¢(t). Sup-
pose that there is a class, say C1, of recurrent points which is not a singleton. In
this case, starting from a set €,, v € Cy, in the time-scale Oy, the chain ) leaves
the set £, at an asymptotically exponential time, and returns to &, infinitely many
times.

Suppose now that there are at least two classes, say C1 and Co, of recurrent
points. This means that in the time-scale Oy, starting from a set €., x € Cq, the
process never visits a set €, for y € Co. For this to occur one has to observe the
chain nY¥ in a longer time-scale.

Denote by Ry,..., Ry the recurrent classes of Xe(t). In the next subsection,
we derive a mew time-scale at which one observes jumps from sets of the form
Fo = Uzer, s to sets of the form Ty = Uzer,Ea-

2.4. The deep valleys and slow variables. We obtained in the previous sub-
section two time-scales ap, Oy, and a partition €q,...,&,, A of the state space
E which satisfy conditions (HO)—(H3). We present in this subsection a recursive
procedure. Starting from two time-scales 8y, Bn, and a partition J1,...,J,, Ag
of the state space E satisfying the assumptions (H0)—(H3) and such that p > 2, it
provides a longer time-scale ﬂf\} and a coarser partition G, ..., G4, Ag which fulfills
conditions (HO0)—(H3) with respect to the sequences By, 8.

Consider a partition F1,...,JF,, Az of the set E and two sequences By, By such
that 8 /6N — 0. Assume that p > 2 and that the partition and the sequences Sy,
Bn satisfy conditions (HO)—(H3). Denote by r¢(z,y) the jump rates appearing in
assumption (H1).

The coarser partition. Let P = {1,...,p} and let X5(t) be the P-valued Markov
chain whose jumps rates are given by r¢(z,y).

Denote by G1,Go, ..., G4 the recurrent classes of the chain Xg(¢), and by Gqy1
the set of transient points. The sets G1,...,Gq+1 form a partition of P. We claim
that q < p. Fix z € P such that > r5(z,y) > 0, whose existence is guaranteed
by hypothesis (H1). Suppose that the point z is transient. In this case the number
of recurrent classes must be smaller than p. If, on the other hand, x is recurrent, the
recurrent class which contains x must have at least two elements, and the number
of recurrent classes must be smaller than p.

Let Q@ ={1,...,q},

So= U T, A= |J Fu, Ag=AsUA., acQ. (2.8)

z€G, 2€G 41

Since, by (2.6), {F1,..., Ty, Ag} forms a partition of E, {Gy,..., 94, Ag} also forms
a partition of E:

E =GUAg, § =G U---US,. (2.9)
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The longer time-scale. For a € Q = {1,...,q}, let éa be the union of all sets G

except Gq:
90, = U 91) .
b#a
Assume that q > 1, and let ﬂ?\} be given by
! 3 capy (9a: Sa) (2.10)

ﬁ B acQ /’[/N(ga)

Theorem 2.12. The partition S1,...,S,, Ag and the time scales (B, B%) satisfy
conditions (HO)—(H3).

Remark 2.13. It follows from Theorems 2.1 and 2.12 that the chain 0N exhibits
a metastable behavior in the time-scale ﬁj\} if @ > 1. We refer to Remarks 2.2, 2.3,
2.4 and 2.5.

Remark 2.14. As q < p and as we need p to be greater than or equal to 2 to apply
the iterative procedure, this recursive algorithm ends after a finite number of steps.

If q =1, BN is the longest time-scale at which a metastable behavior is observed.
In this time-scale, the chain n jumps among the sets F, as does the chain X (t)
until it reaches the set G1 = Ugzeq, Tz. Once in this set, it remains there for ever
Jumping among the sets F,, x € Gy, as the Markov chain X5(t), which restricted
to G1 is an irreducible Markov chain.

The successive valleys: Observe that the valleys G, were obtained as the recur-
rent classes of the Markov chain Xg(t): G, = Uzeq, Fz, where G, is a recurrent
class of X4(t). In particular, at any time-scale the valleys are formed by unions of
the valleys obtained in the first step of the recursive argument, which were denoted
by &, in the previous subsection. Moreover, by (H0), each configuration in G, has
measure of the same order.

Remark 2.15. The recursive procedure (2.8) creates a rooted tree, constructed
from the leaves to the root. All vertices of this tree are subsets of E, each gen-
eration forms a partition of the set E, and the sets E1,...,Eq, A, introduced in
Subsection 2.3, compose the leaves of the tree. Equation (2.8) describes the parents
of a generation: If F1,..., Ty, Ag represent the vertices of the k-th generation, the
sets G1,...,9q,Ag given by (2.8) form the generation k — 1. The iteration ends,
with two sets §1 and Ag, when the set Q, introduced just before (2.8), is a singleton.
To complete the construction of the tree we define the set E as the root.

Observe that the length of the rooted tree corresponds to the number of time-scales
at which a metastable behavior is observed minus 1, and that each generation is
formed by disjoint subsets of the previous generation. In particular, the generations
form a sequence of partitions of E, strictly finer at each step.

Remark 2.16. Scoppola [29], and Olivieri and Scoppola [26, 27| proposed a similar
construction for discrete-time Markov chains assuming that the jump rates pn(n, &),
n, £ € E, of the chain satisfy

1
Jim S logp (1,€) = A, €)

for some non-negative function A : B — R,. This condition is replaced here by
Assumption 2.6.
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Conclusion: We presented an iterative method which provides a finite sequence of
time-scales and of partitions of the set E satisfying conditions (H0)-(H3). At each
step, the time scales become longer and the partitions coarser. By Theorem 2.1,
to each pair of time-scale and partition corresponds a metastable behavior of the
chain n¥. This recursive algorithm provides all time-scales at which a metastable
behavior of the chain 7} is observed, and all slow variables associated to the dy-
namics.

3. WHAT DO WE LEARN FROM ASSUMPTION 2.67

We prove in this section that the jump rates of the trace processes satisfy As-
sumption 2.6, and that some sequences, such as the one formed by the measures of
the configurations, are ordered.

Assertion 3.A. Let F be a proper subset of E and denote by RY(n, &), n# & € F,
the jump rates of the trace of n on F. The jump rates R (n, &) satisfy Assumption
2.6.

Proof. We prove this assertion by removing one by one the elements of E \ F.
Assume that F = E \ {¢} for some ¢ € E. By Corollary 6.2 in [2] and by the
equation following the proof of this corollary, for n # ¢ € F, RE(n,€) = Rn(n,€) +
RN (777 C)pN (Ca g) Hencea

ZwEE RN(777 g)RN(Cv ’U)) + RN (na C)RN (C, g)

Ry (n,€) = S (G w) : (3.1)

It is easy to check from this identity that Assumption 2.6 holds for the jump rates
R%. Tt remains to proceed recursively to complete the proof. [

Lemma 3.1. The sequences {unx(n) : N > 1}, n € E, are ordered.

Proof. Fix n # ¢ € FE and let F = {n,&}. By [2, Proposition 6.3], the stationary
state of the trace of n¥ on F', denoted by uX;, is given by u&(n) = un(n)/un(F). As
pk is the invariant probability measure, pXr (n) R (n,€) = pX () RE (€,7). There-

fore, pn(n)/pn(§) = piv()/pi (&) = RY(&,n)/Riy(n.€). By Assertion 3.A, the
sequences { R (a,b) : N > 1}, a # b € {n, &} are ordered. This completes the proof
of the lemma. [l

The previous lemma permits to divide the configurations of F into equivalent
classes by declaring n equivalent to ', n ~ 0/, if un(n)/pn(n') converges to a real
number belonging to (0, c0).

Assertion 3.B. Let F be a proper subset of E. For every bond (n/,£') € B and
every m > 1 the set of sequences

{ I RE@O"ORx( €):N 21}, ke,
(n,£)eB

is ordered.

Proof. We proceed as in the proof of Assertion 3.A, by removing one by one the
elements of F\ F. Fix ( € E\ F. It follows from (3.1) and from Assumption 2.6
that the claim of the assertion holds for F = E \ {}.

Fix (' € E\ F, ¢/ # (. By using formula (3.1), to express the rates RE\M¢C' in
terms of the rates RPM¢} and the statement of this assertion for F = F \ {¢} we



METASTABILITY OF FINITE STATE MARKOV CHAINS 11

prove that this assertion also holds for F/ = E'\ {(,(’'}. Tterating this algorithm we
complete the proof of the assertion. ([

Denote by cn(n,€) = un(n)Rn(1,€), (n,€) € B, the (generally asymmetric)
conductances.

Lemma 3.2. The conductances {cn(n,€) : N > 1}, (n,€) € B, are ordered.

Proof. Consider two bonds (n,£), (7/,¢’) in B. As in the proof of Lemma 3.1, we
may express the ratio of the conductances as

en(m,6)  pn(By(,§)  RE(',n)Rn(n.€)

en(, &) pn()Rn( &) — RE(m,m)Ry (', €) "
where F = {n,n’). It remains to recall the statement of assertion 3.B to complete
the proof of the lemma. O

Denote by B® the symmetrization of the set B, that is, the set of bonds (7, £)
such that (1,&) or (£, 7) belongs to B:

B = {(nd) e ExE:n#¢, (n,6) €B or (&) €B}.
Denote by ¢%(n,€), (n,€) € B®, the symmetric part of the conductance:

€)= slen(n©) +ex(En)}. (32)

Next result is a straightforward consequence of the previous lemma.

Corollary 3.3. The symmetric conductances {ci(n,§) : N > 1}, (n,§) € B®, are
ordered.

As in Lemma 3.1, the previous corollary permits to divide the set B® into equiva-
lent classes by declaring (n, §) equivalent to (1, ), (n,&) ~ (', &), if ¢ (n,&) /e (', &)
converges to a number in (0, 00).

It is possible to deduce from Assumption 2.6 that many other sequences are
ordered. We do not present these results here as we do not use them below.

4. CYCLES7 SECTOR CONDITION AND CAPACITIES

We prove in this section that the generator of a Markov chain on a finite set
can be decomposed as the sum of cycle generators and that it satisfies a sector
condition. This last bound permits to estimate the capacity between two sets by
the capacity between the same sets for the reversible process.

Throughout this section, E is a fixed finite set and L represents the generator
of an F-valued, continuous-time Markov chain. We adopt all notation introduced
in Section 2, removing the index N since the chain is fixed. We start with some
definitions.

In a finite set, the decomposition of a generator into cycle generators is very
simple. The problem for infinite sets is much more delicate. We refer to [16] for a
discussion of the question.

Cycle: A cycle is a sequence of distinct configurations (79,71, .-, Tn—1,Mn = Mo)
whose initial and final configuration coincide: n; #n; € E, i # j € {0,...,n — 1}.
The number n is called the length of the cycle.
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Cycle generator: A generator £ of an F-valued Markov chain, whose jump rates
are denoted by R(n,€), is said to be a cycle generator associated to the cycle
¢ = (N0, M, Mn—1,Mn = No) if there exists reals r; > 0, 0 < i < n, such that

r; ifn=mn; and £ = n;41 for some 0 <i < n,

0 otherwise .

R(% 5) = {

We denote this cycle generator by L.. Note that
n—1
(L)) = D Hn=m}rilf(niea) = FO0)] -
i=0

Sector condition: A generator L of an E-valued, irreducible Markov chain, whose
unique invariant probability measure is denoted by pu, is said to satisfy a sector
condition if there exists a constant Cy < oo such that for all functions f, g : E — R,

(Lf,9)2 < Col(—Lf), Nul(—=Lg), 9 -
In this formula, (f, g), represents the scalar product in L?(u):

(f 9 = > Fn)g(n) u(n) .

nek

We claim that every cycle generator satisfies a sector condition and that every
generator L of an E-valued Markov chain, stationary with respect to a probability
measure i, can be decomposed as the sum of cycle generators which are stationary
with respect to pu.

Assertion 4.A. Consider a cycle ¢ = (0,1, -+, Mn—1,Mn = No) of length n > 2
and let L be a cycle generator associated to ¢. Denote the jump rates of L by
R(ni,miy1). A measure p is stationary for L if and only if

(n:) R(ni, miv1) is constant . (4.1)

The proof of the previous assertion is elementary and left to the reader. The
proof of the next one can be found in [18, Lemma 5.5.8].

Assertion 4.B. Let L be a cycle generator associated to a cycle ¢ of length n.
Then, L satisfies a sector condition with constant 2n: For all f, g: E — R,

Lemma 4.1. Let L be a generator of an E-valued, irreducible Markov chain.
Denote by p the unique invariant probability measure. Then, there exists cycles

C1,...,¢p such that
L= Z‘C‘j’

j=1
where L, are cycle generators associated to c; which are stationary with respect to
I

Proof. The proof consists in eliminating successively all 2-cycles (cycles of length
2), then all 3-cycles and so on up to the |E|-cycle if there is one left. Denote by
R(n, &) the jump rates of the generator £ and by Cs the set of all 2-cycles (n,£,7)
such that R(n,£)R(£,m) > 0. Note that the cycle (n,£,7) coincide with the cycle

(&, ¢).
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Fix a cycle ¢ = (n,€,n) € Ca. Let &(n, &) = min{u(n)R(n, §), p(§)R(E, n)} be the
minimal conductance of the edge (n,&), and let R(n,&) be the jump rates given by
Re(n,§) = ¢(n,§)/un), R(&n) = c(n,§)/u(§). Observe that R(¢,¢") < R(¢, ()
for all (¢, ('), and that R.(¢,n) = R(&§,n) or Rc(n, &) = R(n,§).

Denote by L. the generator associated the the jump rates R,. Since pu(n)R(n,§) =

c(n, &) = u(&)Re(&,m), by (4.1), p is a stationary state for £, (actually, reversible).
Let £1 = L — L, so that
L =L + L.

As R.(¢,¢") < R(¢, ('), L1 is the generator of a Markov chain. Since both £ and £,
are stationary for u, so is £1. Finally, if we draw an arrow from ¢ to ¢’ if the jump
rate from ¢ to ¢’ is strictly positive, the number of arrows for the generator £y is
equal to the number of arrows for the generator £ minus 1 or 2. This procedure
has therefore strictly decreased the number of arrows of L.

We may repeat the previous algorithm to £; to remove from £ all 2-cycles (1, &, )
such that R(n,&)R(&,n) > 0. Once this has been accomplished, we may remove all
3-cycles (00, m1,M2, 13 = 1o) such that [[,.; 5 R(1:,mi41) > 0. At each step at least
one arrow is removed from the generator which implies that after a finite number
of steps all 3-cycles are removed.

Once all k-cycles have been removed, 2 < k < |E|, we have obtained a decom-
position of £ as

|E|-1
L= > Lp+L,
k=2
where Ly, is the sum of k-cycle generators and is stationary with respect to u, and
Lisa generator, stationary with respect to p, and with no k-cycles, 2 < k < |E|.
If £ has an arrow, as it is stationary with respect to p and has no k-cycles, £ must
be an |E|-cycle generator, providing the decomposition stated in the lemma. |

Remark 4.2. Observe that a generator L is reversible with respect to p if and only
if it has a decomposition in 2-cycles. Given a measure p on a finite state space, for
example the Gibbs measure associated to a Hamiltonian at a fixed temperature, by
introducing k-cycles satisfying (4.1) it is possible to define non-reversible dynamics
which are stationary with respect to p. The previous lemma asserts that this is the
only way to define such dynamics.

Corollary 4.3. The generator L satisfies a sector condition with constant bounded
by 2|E|: Forall f, g: E — R,

(Lf )i < 2BH{(=Lf)s fu (—L£9), 9)p
Proof. Fix f and g : E — R. By Lemma 4.1,

p 2
<[’fa g>i = <Z<£CJ fa g>u) 9
j=1
where L., is a cycle generator, stationary with respect to u, associated to the cycle
¢j. By Assertion 4.B and by Schwarz inequality, since all cycles have length at most
|E|, the previous sum is bounded by

p

2|E|§: (=Le; 1) Flu D (Le9); g = 2|E[(=LS); F)u {(=L£9): )

k=1
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as claimed O

Denote by R?(n,&) the symmetric part of the jump rates R(n,&):

R.6) = {0 + B9 rien} . (4.2

Denote by n; the E-valued Markov chain whose jump rates are given by R°®. The
chain 7} is called the reversible chain.

For two disjoint subsets A, B of E, denote by cap(A, B) (resp. cap®(A4, B))
the capacity between A and B (for the reversible chain). Next result follows from
Corollary 4.3 and Lemmas 2.5 and 2.6 in [17]

Corollary 4.4. Fix two disjoint subsets A, B of E. Then,
cap®(A, B) < cap(4,B) < 2|E|cap®(4, B) .

We conclude the section with an identity and an inequality which will be used
several times in this article. Let A and B be two disjoint subsets of E. By definition
of the capacity

cap(4,B) = Y pu() X)) Py[Hp < HY] = > u(n) Mn) > P,[He = Hj p] -
neA neA £eB

Therefore, if we denote by RAYB (1, ), n # € € AU B, the jump rates of the trace
of the chain 7; on the set AU B, by [2, Proposition 6.1],

cap(4,B) = Y p(n) Y R*™P(n,¢). (4.3)
neA £eB

Let A be a non-empty subset of F and denote by R*(n, ) the jump rates of the
trace of n; on A. We claim that for all n # £ € A,

pu(n) R*(n,€) < cap(n,£) . (4.4)

Denote by A4 (¢) the holding rates of the trace process on A and by p“(¢, ¢’) the
jump probabilities. By definition,

RA(n,&) = M(n)p"(n,&) = M (n)By[He = HY] < M () Py[He < H,] .

Multiplying both sides of this inequality by pa(n) = u(n)/pn(A), by definition of
the capacity we obtain that

pa(n) R (n,€) < caps(n,€) |

where cap 4 (1, ) stands for the capacity with respect to the trace process on A. To
complete the proof of (4.4), it remains to recall formula (A.10) in [4].

5. REVERSIBLE CHAINS AND CAPACITIES

We present in this section some estimates for the capacity of reversible, finite
state Markov chains obtained in in [3]. These results are useful since we proved in
Corollary 4.4 that the capacity between two disjoint subsets A, B of E is of the
same order as the capacity with respect to the reversible chain.

Recall from (3.2) that we denote by ¢3(n,€) the symmetric conductance of the
bond (7, ). Fix two disjoint subsets A, B of E. A self-avoiding path ~ from A to
B is a sequence of configurations (g, 71, ...,n,) such that ny € A, n, € B, n; # n;,
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i # j, e(Mi,mit1) > 0, 0 < i < n. Denote by I'y s the set of self-avoiding paths
from A to B and let
3 = i 2 iy T)i s 3 .A, B) = 2 . 5.1
ev() = min ex(mimiv), ey(A4B) = max ey(7) (5.1)
For two configurations 7, &, we represent ¢ ({n},{¢}) by ¢ (n,€). Note that
e (n,8) < (0, &), with possibly a strict inequality.
Fix two disjoint subsets A, B of E and a configuration n ¢ AUB. We claim that

ey (A, B) = min{cy (A7), cy(n,B)} . (5.2)

Indeed, there exist a self-avoiding path ~; from A to 7, and a self-avoiding path
72 from 7 to B such that ¢} (A, 1) = X (1), ¢y (1, B) = ¢}y (12). Juxtaposing the
paths 1 and 79, we obtain a path v from A to B. Of course, the path v may not
be self-avoiding, may return to A before reaching B, or may reach B before hitting
7. In any case, we may obtain from - a subpath 4 which is self-avoiding and which
connects A to B. Subpath in the sense that all bonds (n;,7;4+1) which appear in 4
also appear in «. In particular,

c\]s\/'(’?) 2 C?V(IY) = min{c‘ls\f(’YI)u C}SV(’V2)} = mln{c}sV(‘Aan) ) C?V(nv‘B)} :
To complete the proof of claim (5.2), it remains to observe that ¢% (A, B) > ¢ (7).
<i:<n

Fix two disjoint subsets A, B of F and configurations n; ¢ AU B, 1 < n,
such that n; # n;, ¢ # j. Iterating inequality (5.2) we obtain that

cn(A,B) = min{ci (A, m), ex(m,n2), - s N (n-1,7n), € (n, B)} . (5.3)

We conclude this section relating the symmetric capacity between two sets A,
B of E to the symmetric conductances ¢ (A, B). By Corollary 3.3, the sequences
of symmetric conductances {c%(n,€) : N > 1}, (n,€) € B*, are ordered. It follows
from this fact and from the proof of Lemmas 4.1 in [3] that there exists constants
0 < ¢y < Cpy < 0o such that

.. .capy(A,B) . capyy (A, B)
<1 f————— <1 — L < (). 5.4
¢ < Mninf = sy < mswp = gy < G (5.4)

6. PROOF OF THEOREM 2.1

In view of Theorem 5.1 in [19], Theorem 2.1 follows from from condition (H3)
and from Propositions 6.1 below. Denote by ¢e : € — {1,...,n} the projection
defined by ¢e(n) =z if n € &,

vetn) = Y el{ne ).

zeS

Proposition 6.1. Fiz x € S and a configuration n € E,. Starting from n, the
speeded-up, hidden Markov chain Xy (t) = e (ng(é)Nt)) converges in the Skorohod
topology to the continuous-time Markov chain Xg(t), introduced in Theorem 2.1,
which starts from x.

Lemma 6.2. For everyx € S for which €, is not a singleton and for alln # £ € &,

CapN(Exa éz)

=0.
N—oo capy(n,§)
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Proof. Fix z € S. By (4.3), applied to A = &,, B = &,, and by assumption (H1),

€ Eq
lim QNM = ng(x,y) S R+.

N—roo pn (Ex) iy
The claim of the lemma follows from this equation, from assumption (H2) and from
the fact that an/0n — 0. O

Proof of Proposition 6.1. In view of Theorem 2.1 in [4], the claim of the proposition
follows from condition (H1), and from Lemma 6.2. O

7. PROOF OF THEOREM 2.7

The proof of Theorem 2.7 is divided in several steps.

1. The measure of the metastable sets. We start proving that condition (HO0)
is in force. Recall from Section 2 that we denote by X g(¢) the E-valued chain which
jumps from 7 to £ at rate R(n,£). Denote by €q,...,Cy, the equivalent classes of
the chain Xg(t).

Assertion 7.A. For all1 < j <m, and for all n # & € C;, there exists m(n,&) €
(0,00) such that

pn(n)
N—oo pun(§)

Proof. Fix 1 < j < mand n # £ € C;. By assumption, there exists a path
(n=mnoy...,nn = &) such that R(n;,ni+1) > 0 for 0 < i < n. On the other hand,
since puy is an invariant probability measure,

AN () pn(§) = Z 1N (Go) AN (Co) PN (Cos 1) -+ - PN (Gr—1, )
C0,C1y-sCn—1EE
> pn(no) AN (m0) Py (M0, M) - PN (Mn—1,6) -

= m(n,§) .

Therefore,
pn(§) S An(n)
pn(m) — An(§)

Since R(n;,ni+1) > 0 for 0 <i < n, by (2.5), pn(n:, mit1) converges to p(n;, nit+1) >
0. For the same reason, ayAn(n) converges to A(n) € (0,00). Finally, as £ and 7
belong to the same equivalent class, there exists a path from £ to n with similar
properties to the one from 7 to &, so that ayAn(§) converges to A(&) € (0,00). In
conclusion,

pn (0, M) - PN (Mn-1,§) -

lim inf i (§)
N—oo un(n)
Replacing 7 by £ we obtain that liminf pn(n)/un(€) > 0. Since by Lemma 3.1 the
sequences {un(¢) : N > 1}, ¢ € E, are ordered, pun(n)/pn(§) must converge to
some value in (0, 00). O

> 0.

By the previous assertion for every z € S and n € &,

i ()
ma(n) = im e

e (0,1], (7.1)

where we adopted the convention established in condition (H1) of Section 2.



METASTABILITY OF FINITE STATE MARKOV CHAINS 17

2. The time-scale. In this subsection, we introduce a time-scale vy, we prove
that it is much longer than a and that it is of the same order of 0. In particular
the requirement oy /0 — 0 is in force.

Denote by {nf :t > 0} the trace of 7} on the set £, and by R§ : € x &€ — Ry
the jump rates of n¢. Let

%N = > > > RrRE™,9), (7.2)

zeSNEE, Eeéz

where éz has been introduced in (2.4). The sequence ~yy represents the time needed
to reach the set €, starting from &, for some x € S. This time scale might be longer
for other sets €, y # x, but it is of the order vy at least for one x € §. We could
as well have defined vy as max,eg max,ce, max, s R (0, €).

Assertion 7.B. The time scale vy is much longer than the time-scale ap :

Proof. We have to show that aNRJSV(n,f) converges to 0 as N T oo, for all n € &,
ey, v#yeS Fixae#yeS, ne &, €&,y Since &, is a recurrent class,
R(n,¢) =0 for all ¢ & €,. On the other hand, by [2, Proposition 6.1] and by the
strong Markov property,

RY(n,€) = AN()Py[He = HE] = Rn(n,€) + > Rn(n,Q)Pc[He = He] .

¢ge
Since R(n,¢) =0 for all ¢ € &, it follows from the previous identity and from the
definition of R(n,¢) that ax R (n,€) — 0, as claimed. O

By Assertion 3.A, forallz € S, ne &,, £ € éw, with the convention adopted in
condition (H1) of Section 2,

re(n.€) == lim yvRi(n.€) € [0,1]. (7.3)

Assertion 7.C. Forallx € S,

€ Ry . Moreover, { = Zém > 0.
€S

Proof. By (4.3), applied to A = &,, B = &,, by (7.1) and by (7.3),

lim VNM = Y ma(n) Y ren,§) € Ry,

N—o0 ,UN(‘E$) nNEE, ceé

which completes the proof of the first claim of the assertion.
By (7.2) and by definition of r¢(n, ),

Z Z ng(nag) = 1)
TESNEEL ¢,
so that

C=D te=23 > malm) 3 re(n€) = minminm(n) > 0,

zeS rESNEE, §€éx

which is the second claim of the assertion. O
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It follows from Assertion 7.C that the time-scale vy is of the same order of 6y

in the sense that vy /0y converges as N 1 oo:
N

Jim % = ¢ € (0,00). (7.4)

3. The average jump rate, condition (H1). Denote by rn (&5, E,) the mean
rate at which the trace process jumps from &, to &,:

rn(EarE,) = @gxmm S RE(n,6). (7.5)

§egy
Next lemma follows from (7.1), (7.3) and (7.4).

Lemma 7.1. For everyx #y € S,

1
re(z,y) = lim Oyrn(€s,&y) = 5 > ma(n) Y re(n€) € Ry

nEE, cee,

4. Inside the metastable sets, condition (H2). Next assertion shows that
condition (H2) is in force.

Assertion 7.D. For every x € S for which €, is not a singleton and for all
n# & € &, there exist constants 0 < ¢y < Cy < 00 such that

co < liminfaNM < hmsupaNM
N=o0 N (€z) N—oo un(Ex)

Proof. Fix x € S for which €, is not a singleton, and n # £ € €,. On the one hand,
by definition of the capacity
capy (n,€) _ pn(n)

pn(€z) T un(€s)
By (2.5) and (7.1), the right hand side converges to A(n)m.(n) < oo, which proves
one of the inequalities.

On the other hand, as €, is an equivalent class which is not a singleton, A(¢) > 0

for all ( € &,, or, in other words, &, C Ey. Since n ~ &, there exists a path
(n=n0,...,nn = &) such that R(n;,n;+1) > 0 for 0 < i < n. Since,

Py[He < HY] > px(n,m) - pv(m-1,6)

in view of the formula (2.2) for the capacity, we have that
capy (m,€) v (n)
MN(‘SI) - /’LN(Ez

The right hand side converges to m(n)A(n)p(n, m) - p(Mn—1,&) > 0, which com-
pletes the proof of the assertion. ([

< Cp.

an aN >\N(n) :

o AN (M) pn(n,m) - PN (Mn-1,§) -

5. Condition (H3) holds. To complete the proof of Theorem 2.7 it remains to
show that the chain 7{¥ spends a negligible amount of time on the set A in the time
scale 0.

Lemma 7.2. For everyt > 0,

¢
. N _
1\}5%0 rgleaé( En{/o {n, € A} ds} =0.
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Proof. Since an/0n — 0, a change of variables in the time integral and the Markov
property show that for every n € E, for every T' > 0 and for every N large enough,

E [/tl{nN eA}dS} < thang{/Tl{nN EA}dS}.
n 0 sON — T ccE o SN

Note that the process on the right hand side is speeded up by «ay instead of 6.

We estimate the expression on the right hand side of the previous formula. We
may, of course, restrict the maximum to A. Let T} be the first time the chain n}¥
hits € and let T5 be the time it takes for the process to return to A after T7:

Ty = He, Tp = inf{s>0:np,, €A}.
Fix n € A and note that

E, [% /OT 1{nk,, €A} ds}

< Pn[Tl >f,oOéN] + PU[TQ <TC¥N] + 7%0

for all £5 > 0 because the time average is bounded by 1 and because on the set
{Th <toan}N{Te > Tan} the time average is bounded by to/T. By Assertion 7.E
below, the first term on the right hand side vanishes as IV 1 oo and then ¢y T co.
On the other hand, by the strong Markov property, the second term is bounded
by maxeece Pe[Ha < Tay]. By definition of the set &, for every n € € and every
e A anvRy(n,&) — 0 as N 1 co. This shows that for every T > 0 the second
term on the right hand side of (7.6) vanishes as N 1 oo, which completes the proof
of the lemma. O

(7.6)

Assertion 7.E. For everyn € A,
lim lim sup P, [Hg > taN] =0.

1200 N_y00

Proof. Recall that we denote by Xpr(t) the continuous-time Markov chain on E
which jumps from 7 to £ at rate R(n,£) = limy ayRnx(n,£). Note that the set €
consists of recurrent points for the chain Xg(¢), while points in A are transient.
Since the jump rates converge, the chain nf\(iN converges in the Skorohod topology
to Xgr(t). Therefore, for all t > 0, n € A,

limsupIP’n[Hg > taN] < Pn[Hg > t] ,

N —oc0
where P, stands for the law of the chain Xr(t) starting from 7. Since the set of
recurrent points for Xg(¢) is equal to & = A, the previous probability vanishes as
t 1 oo. O

We conclude this section with an observation concerning the capacities of the
metastable sets &,.

Assertion 7.F. The sequences {capy (€4,E2)/un(€x) : N > 1}, z € S, are or-
dered.

Proof. Fix x € S. By (4.3) applied to A =¢&,, B = &,
capy(€a,&x) = > pn(n) > RE(n,€) .

nel, ¢e

onc

z
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The claim of the assertion follows from this identity, from Assertion 3.A and from
(7.1). O

8. PROOF OF THEOREM 2.12

Theorem 2.12 is proved in several steps.

1. The measure of configurations in §,. We assumed in (HO) that all config-
urations in a set F, have measure of the same order. We prove below in Assertion
8.A that a similar property holds for the sets G,.

Let

T F F (e Ty) g
An(Fe) = Z n(Fe, Fy), pn(Fe,Fy) = S i An(Fe) > 0.
yiyFe An ()

Denote by Py the subset of points in P such that As(z) =3_, , ro(z,y) > 0. For
all z € Py let py(x,y) = rg(z,y)/ g (z). It follows from assumption (H1) that for
all x, zin P, y € Py,

im Ay A (Fe) = Ag(z),  lim p(F,,F.) = ps(y,2) . (8.1)
N —oc0 N —oc0

Recall that X5(t) is the P-valued Markov chain which jumps from z to y at rate
rg(x,y). Denote by Cy, a € P, ={1,...,q1}, the equivalent classes of the Markov
chain X5(t), and let C, = Uzec, F. All configurations in a set C, have probability
of the same order.

Assertion 8.A. For all equivalent classes C,, a € Py, and for all m # £ € Cq,
there exists m(n,§) € (0,00) such that

. un(n) m
ngnoouzv(ﬁ) =m0

Proof. The argument is very close to the one of Assertion 7.A Denote by Xy (t)
the chain 17 (t) in which each set F, has been collapsed to a point. We refer to the
Section 3 of [17] for a precise definition of the collapsed chain and for the proof of
the results used below.

The chain Xy (t) takes value in the set P, its jump rate from z to y, denoted
by 7n(z,y), is equal to 73 (F,,F,) introduced in (2.3), and its unique invariant
probability measure, denoted by fin (), is given by fin(z) = pun(Fz)/un (F).

Fix an equivalent class C, and n # & € C,. If n and £ belong to the same set F,
the claim follows from Assumption (H0). Suppose that n € I, £ € F, for some
x # y € C,. By assumption, there exists a path (z = zo,...,z, = y) such that
rg(zi,xip1) >0 for 0 <i<mn.

Denote by Ay (), z € P, the holding rates of the collapsed chain Xy (t), and by
pn(z,y), ¢ #y € P, the jump probabilities. Since fiy is the invariant probability
measure for the collapsed chain,

An () an(y) = > fin (20) An(20) P (20, 21) - - - PN (Zn—1,9)
20,2140 32n—1EP
> ﬂN(l‘O)S\N(xO)ﬁN<xO7$1)"'ﬁN(xn—lay)-

Therefore,

— > = ()ﬁN(%l‘l)"'ﬁN(ﬂﬁn—hy)-
N(Y)
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Since 74 (x;, wi11) > 0for 0 < i < n, by (8.1), pn (7, T;41) converges to py(z;, i11) >
0. For the same reason, SyAy(z) = BNAL(F,) converges to Ag(z) € (0,00). As
y and x share the same properties, inverting their role we obtain that SxAn(y)
converges to Ag(y) € (0,00). In conclusion,

lim inf lfN (z)
N—oo N (y)

Replacing = by y we obtain that liminf in(y)/Gn(x) > 0. By [17], an(2) =
un(F.), z € P. To complete the proof it remains to recall the statement of Lemma

> 0.

3.1 and Assumption (HO). O
By the previous assertion for every a € @ and n € G,,
. v (n)
m,(n) = lim € (0,1]. 8.2
) = Jim KN (0 (52)

Thus, assumption (HO) holds for the partition {G1,...,5G,, Ag}.

2. The time scale. We prove in this subsection that the time-scale 83, introduced
in (2.10) is much longer than Sy.

Assertion 8.B. We have that

Proof. We have to show that

: CapN(Saa 9@)
lim —
e )
for each a € Q. Fix a € @ and recall from (2.8) the definition of the set G,. Since

G, is a recurrent class for the chain Xg(¢), rg(z,y) =0 for all x € G4, y € P\ G,,.
By definition of the capacity,

=0

v

CapN(9(l7 ga)

in(Ga) Z %/\N(U)Pn [Hy < HJ |

N€Sa

> LN @By s, < HE]
€5a “

By [2, Proposition 6.1], this sum is equal to

Z :]\][V((gj) Z R%(ﬁ,ﬁ) = Z ZZE

1n€SGa fegj\ga z€G,

Y A

) yEP\Ca
Since rg(x,y) =0 for all x € G,, y € P\ G,, by assumption (H1) the previous sum
multiplied by Sx converges to 0 as N 1 oo. (I

3. Condition (H1) is fulfilled by the partition {S,...,5,,Ag}. We first
obtain an alternative formula for the time-scale B;{,. The arguments and the ideas
are very similar to the ones presented in the previous section. Let

i DD DD LNSE

a€Q n€Sa geéa
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By Assertion 3.A, for alla € Q, n € G,, € € éa, with the convention adopted in
condition (H1) of Section 2,

rg(n,€) = lim v R (n.€) € [0,1]. (8:3)
Assertion 8.C. For all a € Q,

j\g(a) = lim vy 731)]\[(9“’9“)

€ Ry . Moreover, Ag = Ag(a) > 0.
N oo ,UN(ga) + g Z 9()

acQ
Proof. Fix a € Q. By (4.3), applied to A =G,, B = G, by (8.2) and by (8.3),
. capy (Sa» Ga .
lim qy G0 ) S o) € Ry
N—o0 MN(SU,) p =
N€Ja ¢€Sa

which completes the proof of the first claim of the assertion.
By definition of v and by definition of r4(n, £),

D> > s =1,

a€Q NES, Eega

so that
Ag = D Asla) = 3 D ma(n) 3 re(n,€) = min minmg(n) > 0,
acqQ a€Q n€Sa ¢e8, e
which is the second claim of the assertion. O

It follows from the previous assertion that the time-scale vy is of the same order
of BX]:
lim —~ = A\g € (0,00) . (8.4)

Denote by r]%(Sa, Gp) the mean rate at which the trace process jumps from G,
to Sb:

73 (S0, G) = Z pn(n) > RS (,8) - (8.5)

776(’ £€Gy

Lemma 8.1. For everya #b € Q,

ro(ad) = lim B85 = 5= 3 min) 3 rs(n.6) € Ry
9 neSa €€5s
Moreover,
> 2 rslad) =
a€qQ b:b#a

Proof. The first claim of this lemma follows from (8.2), (8.3) and (8.4). On the other
hand, by the explicit formula for rg(a,b) and by the formula for Ag(a) obtained in

the previous assertion,
m > > rsm€) =

Z Z rg(a,b) =

a€EQ b:b#a aEQ Nn€YGa b:b#a E€Gy aEQ

This expression is equal to 1 by definition of 5\9 O
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4. Condition (H2) is fulfilled by the partition {S;,...,5,,Ag}. The proof
of condition (H2) is based on the next assertion.

Assertion 8.D. For every a € Q for which G, is not a singleton and for all

n# &€ Ga,
capy (1, €)
,U/N<9a)

Proof. Throughout this proof ¢y represents a positive real number independent of
N and which may change from line to line. Fix a € @ for which G, is not a
singleton, and 1 # £ € G,. By definition, §, = Uzeq,Fz. If n and & belongs to the
same F,, the result follows from assumption (H2) and from Assertion 8.A.

Fix n € §, and £ € §, for some = # y, F, UJF, C G,. Recall that we denote
by cap3 (A, B) the capacity between two disjoint subsets A, B of E with respect
to the reversible chain introduced in (4.2).

Since G, is a recurrent class for the chain Xg(t), there exists a sequence (z =
X0, L1, .-, Ty = y) such that rg(z;, x;41) > 0 for 0 < i < n. In view of assumptions
(HO) and (H1), there exist & € Fy,, niv1 € Fa,,, such that Sx R (&, miv1) > co-
Therefore, by Corollary 4.4 and (4.4),

1}?3?;51\[ > 0.

Ti+1

B capn (&6, Miv1) capy (&, Miv1) = copn(&i) 5 (8.6)

s Bn
~ 2(B|

so that, by (5.4), Bn ey (& mit1) = co pun (&)

Since the configuration 1 and &y belongs to the same set F,,, by assumption (H2),
Bycapy (m, &o)/pun(Fz) > co. A similar assertion holds for the pair of configurations
Mi, &, 1 < i < n, and for the pair n,, £&. Hence, if we set g = 1, &, = £, by Corollary
4.4 and (5.4), we have that

Byen(mis&) > coun(Fz,) -

By (8.2), we may replace un(Fz;) by un(Ge) in the previous inequality, and
un (&) by un(Ga) in (8.6). By (5.3),

C?V(Thf) - min mln{CN 7]1762) CN(fzﬂ?Hl) CN(nnyfﬂ)} .

0<i<n
Since By < B, it follows from the previous estimates that Syci; (1, &) > coun(Sa).
To complete the proof, it remains to recall that, by Corollary 4.4 and (5 4) pn(n,&) >
capyy (1, €) > cocy (1, €). O

5. Condition (H3) is fulfilled by the partition {Gi,...,9,,Ag}. Lemma 8.2
shows that it is enough to prove condition (H3) for the trace process n” (t).

Lemma 8.2. Assume that

t
F _
i max [/o Ly, € Auyds| =0,

where Ay = Uzeg, T has been introduced in (2.8). Then,

¢
N _
A}gnooIrI]lEaé(E [/0 l{nsﬁx € Ag}ds] =0.



24 C. LANDIM, T. XU

Proof. Fix n € E. Since Ag = A, UAg,
¢
En[/o 1{n,5: € AgU A*}ds}

t t
F
The second term vanishes as N 1 oo by assumption. The first one is bounded by

3 8% /8~

N

D
N n=0

where [r] stands for the integer part of . By the Markov property, this expression
is bounded above by

] (n+1)t
En[/ 1{nspy € Ag} ds} ,
nt

t
2maxEe| | nopy € Asds|
maxBe| [ 1nsy € Ag}ds
which vanishes as N 1 oo by assumption (H3). O

To prove that condition (H3) is fulfilled by the partition {Gi,...,Gq,Ag} it
remains to show that the assumption of the previous lemma is in force. The proof
of this claim relies on the next assertion. Denote by ]P’g the probability measure on
D(R,, ) induced by the trace chain ] starting from 7.

Assertion 8.E. For everyn € A,,
lim limsup]P’g[Hg > tBN] =0.

=00 N_o00

Proof. Fix n € F, C A,. Since the partition J71,...,J,, Ag satisfy the conditions
(H1)-(H3), by Proposition 6.1, starting from 7 the process Xn(t) = 1/)3‘(77?61\])
converges in the Skorohod topology to the Markov chain X5(¢t) on P = {1,...,p}
which starts from z and which jumps from y to z at rate r4(y, z). Therefore,

limsupP) [Hg >t Bn]| < P.[Hr >1],

N —o00
where P, represents the distribution of the chain X4(¢) starting from = and R =
Ui<a<qGa. Since R corresponds to the set of recurrent points of the chain Xg(t),
the previous expression vanishes as t 1T oo. [l

Lemma 8.3. For allt >0,

t
. F _
N, ey [/o Lrfy; € Ashds| = 0.
Proof. Since S/ ﬁ]f, — 0, a change of variables in the time integral, similar to the
one performed in the proof of Lemma 8.2, and the Markov property show that for
every n € F, every T > 0 and every N large enough,

t T
- 2t -
E,| [ 1{n%: € Abds| < 2 maxBe| [ 1{n, € Au}ds| .
o[ [ 100y e ayas] < Fomaxne[ [ 1%, € Ayas
Note that the process on the right hand side is speeded up by fx instead of 5.
We estimate the expression on the right hand side of the previous formula. We
may, of course, restrict the maximum to A,. Let T; be the first time the trace
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process 17 hits G and let Ty be the time it takes for the process to return to A,
after T7:
Ty, = Hg, Tp = inf{s>0:n7,,€A}.
Fix n € A, and note that

En{% /OTl{n;fﬁN € A*}ds]

< PI[Ty > toBn] + P [T2 <TBn] + %0

for all ty > 0. By Assertion 8.E, the first term on the right hand side vanishes as
N 1 oo and then ¢y T co. On the other hand, by the strong Markov property, the
second term is bounded by maxgcg Pg [Ha, < TPBn]. Since, by Proposition 6.1, the

process 1/1;(17%N) converges in the Skorohod topology to the Markov chain X#(t),

L F
lim sup max Pg [Ha. <TBy] < max max Py[He,,, <TJ,

where, as in the proof of the previous assertion, P, represents the distribution of
the chain Xg(t) starting from z. Since the sets G, are recurrent classes for the
chain X4 (¢), rg(x,y) =0 for all * € Ui<qa<qGa, ¥y € Gq41. Therefore, the previous
probability is equal to 0 for all T' > 0, which completes the proof of the lemma. [
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