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Abstract

In this paper, a method to find equivalences among dynamic models is pre-
sented. The models are given in different generalized coordinates for the same
mechanical system. This novel method is valid for planar biped robots, i.e.,
those whose motions are executed only in a plane. We show that no matter
which generalized coordinates are used to get the dynamic models,
there is always an equivalence among them by using a particular in-
put matrix. Without loss of generality, we exhibit some advantages
of getting the dynamic model using absolute coordinates instead of
relative coordinates, and we show how to calculate the input ma-
trix for getting the equivalence between these models. Because of
its simplicity, a compass-like biped robot model is used as example
to explain in detail the novel procedure. In order to appreciate the
benefits of the proposed procedure in biped robots of high degrees of
freedom, we also present the equivalence between two dynamic mod-
els for the single support phase of a 5 degrees of freedom biped robot

using absolute coordinates and relative ones.
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1. Introduction

The dynamic model of biped robots is divided into three main phases: the
single support phase (SSP), where the robot is supported by one foot; the double
support phase (DSP), where the system is supported by two feet; and the flying
phase (FP), where no feet are touching the ground. This dynamic model is
important in the development of control strategies and analysis of these robots,
such as: the study of passive gaits without energy input [T, 2]; the design of
energy based controllers that exploit passive features [3, [4]; the development of
control techniques that attempt to achieve certain objectives in terms of motion
velocity or energy consumption needed to produce a gait [5] [6] [7, §]; as well as
stability analysis of the limit cycle of the closed-loop systems. In this paper,
we will focus into the study of the SSP dynamic model, which can be obtained
from the application of the Euler-Lagrange equation of motion and is similar to
the model of planar manipulator robots.

The selection of the reference frame where each generalized coordinate will
be measured to obtain the dynamic model is important. The reason is that the
applied torques in the Euler-Lagrange equations could not include the dynam-
ics of subsequent links. For many robotic systems, the generalized coordinates
chosen to obtain the dynamic model are those measured from the extension
of the previous link (relative generalized coordinates), except by the first one
which is measured with respect to an inertial reference frame. We show that
by using these relative generalized coordinates, the torque applied to each joint
is directly obtained. On the other hand, not much has been said in the lit-
erature if the model is derived by selecting generalized coordinates measured
from different reference frame orientations. In this paper, we are focused on
discussing such a problem. We show how to get different representa-

tions of dynamic models for the same system (representations with
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different elements in the inertia matrix, Coriolis matrix and gravita-
tional vector) derived from the Euler-Lagrange equation of motion,
which may be useful for many purposes, like control design and mo-
tion planning. Although these dynamic models may look different,
we prove that there exists a relationship among them. An example of
a dynamic model representation is the one obtained by using absolute
coordinates 6 (instead of using relative generalized coordinates q) for
planar biped robots. The dynamic model obtained by using absolute

coordinates 6 has the following advantages:

e The elements into the matrices of a dynamic model obtained
from Euler-Lagrange equation of motion with absolute coordi-
nates 0, are simpler than those obtained from using relative gen-
eralized coordinates gq. Thus, the implementation of a dynamic
model obtained by using the coordinate 8, will help saving time
of calculations in limited systems (such as embedded systems or
in systems where optimization algorithms based on the dynamic

model are used, etc.).

e The calculation of singularities [9] in the Jacobian matrix is eas-
ier by using absolute coordinates than the calculation of that
obtained by using relative coordinates, since the determinant of

the matrix is easier to compute.

e As known in literature, for biped robots it is particularly impor-
tant the change of support at the impact of the free foot with
the ground. So, by using absolute generalized coordinates 6, the
interchange of the position variables, among the stance and free

legs, is straightforward.

e Also, by using 6 will allow achieving a better walking analysis
of the robot. The reason is that it allows analysing limit cycles
of each joint by observing when that joint is part of the support

leg or the free one, without having discontinuities in position.
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e It is easier to analyse the motion of a particular link by using
absolute coordinates than relative ones, as will be shown in the
simulations section of this paper.

On the other hand, some control design procedures may need specific
matrix structures, for instance, they could need that inertia matrix
M depends only on the underactuated coordinate or the actuated
one (for example in [10]). By choosing different generalized coordi-
nates we could make M accomplishes such a requisite. Nevertheless,
there are a lot of possibilities for choosing generalized coordinates:
some of them could be relatives, absolutes, measured from the posi-
tive vertical axis or measured from the negative one, measured from
the extreme of a link, positive in clockwise or in counter-clockwise
direction, etc. Thus, the resulting matrices would be different and
would be useful for some specific purposes. The given analysis will also
be helpful to understand how to calculate the nontrivial input matrix which ap-
pears multiplying the vector of applied torques in biped robot models reported
in the literature, such as [IT] 12} [I3] [I4], among others. This work also com-
plements those studies of the direct and inverse kinematics of planar redundant
robots [I5]. In order to make clear the proposed procedure, we analyse in detail
two models in SSP of the compass-like biped robot (CBR). Also we compare
the dynamic model of a 5 degrees-of-freedom (DOF) biped robot obtained in
two different ways, each one taking into account generalized coordinates for the
robot link position measured from different reference frames. Thus, an input
matrix is needed to make the equivalence between the two models.

Given the advantages of modelling the dynamics of planar biped
robots by using absolute generalized coordinates 6, it arises the need
of relating such a model with one obtained with relative generalized
coordinates, whose elements in general are more complex, but they
consider the whole dynamics of the robot including the reaction forces
and torques of subsequent links, which are not considered in the ab-

solute coordinate-based model because the fixed references frames
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decouple the links. In this paper, our main contribution is the in-
troduction of a novel procedure to find equivalences among dynamic
models of planar biped robots, making easy the whole modelling pro-
cedure. The benefits of our proposal are more evident in planar biped
robots with high DOF.

This paper is organized as follows: in Section 2, the dynamic model of planar
biped robots obtained from different reference frames is shown. In Section 3,
the procedure to find the equivalence among dynamic models of the same planar
biped robot is explained. In order to exemplify our approach, the CBR is anal-
ysed in Section 4. First, its dynamic model is obtained by taking into account
the generalized coordinates measured from previous links (relatives coordinates,
as is done with serial manipulator robots), and by taking into account the gen-
eralized coordinates measured from inertial frames (absolutes coordinates, as
is normally used in the literature of biped robots, i.e., measured at the end of
the feet from vertical axes). Simulations results are given in order to explain
the difference between the torques obtained from the two dynamic models pre-
sented. The equivalence between the two obtained models is also shown. As
another example, in Section 5, the equivalence between two dynamic models of
a 5 DOF biped robot is presented. Here, relative and absolute coordinates are
used to show the advantages of the proposed approach of equivalency between

models. Finally the conclusions derived from our study are given in Section 6.

2. Dynamic models for planar biped robots in SSP

The dynamic model of a planar biped robot in SSP can be obtained by
applying the Euler-Lagrange equation of motion using generalized coordinates
that define the robot configuration. It should be noticed that if different refer-
ence frames to measure the generalized coordinates are used, different dynamic
model representations are obtained.

Usually, the generalized coordinates chosen for getting the dynamic model

of a serial robot are those measured from the extension of the previous link, as
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Figure 1: Kinematic model of a planar biped robot with relative generalized coordinates q.

shown in Figure 1 Thus, by applying the Euler-Lagrange equation of motion,

the dynamic model for this robot could be represented in a compact form as
M(q)§+d(q,q) =T (1)

where q,q,q§ € R™, are the vector of joint position, velocity and acceleration,
respectively, M(q) = M(q)T > 0 is the inertia matrix, d(g, §) is a vector with
the remaining dynamic terms, and 7 € R" is the vector of applied torques. Each
torque 7; applied in each joint includes the whole dynamic of the robot due to
the motion and masses of subsequent links.

On the other hand, without loss of generality, by choosing as generalized
coordinates those measured from the horizontall] as shown in Figure 2] and by

applying the Euler-Lagrange equation of motion for getting the dynamic model,

1We can choose any other reference frame to measure the generalized coordinates, such as

those measured from the vertical or from other links
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Figure 2: Kinematic model of a planar biped robot with absolute generalized coordinates 6.

we get
M(0)8 +d(6,6) = 7, (2)

where 0, é, 6 e R™ are the vector of joint position, velocity and acceleration,
respectively, M(0) = M(8)T > 0 is the inertia matrix, d(8,8) is a vector with
the rest of the dynamic terms, and 7 € R” is the vector of quasi-applied torques.
In this framework, the resulting inertia and Coriolis matrices are commonly
simpler than those in equation . Nevertheless, the torque vector that appears
in equation does not include the whole dynamics of the system, such as
reaction torques of subsequent links. In other words, the signal 7(¢) can not
be used as the applied torques at the joints for simulations or experimental
purposes. However, it is possible to relate the simpler representation given by
7(t) in (2) to the applied torques at the joints 7(¢) given in , which considers

the whole dynamic of the robot, as will be seen in the next.
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3. Equivalence among dynamic models obtained with different coor-

dinates

A mechanical system expressed with generalized coordinates q has associated

a Lagrangian given by

where
Kla.d) = 5" M(a)d 8

is the kinetic energy of the system and U(q) its potential energy.
By following the Euler-Lagrange equation of motion given by

d|o )

— | ==L 9 ] ——L 9 i) = 9 5

g [aq (q Q)] 94 (g.9) =7 (5)

the dynamic model of a mechanical system is obtained. Then, it is posible to

achieve a simple representation of equation as follows [106]:

d | o 1 0 0

— | =K 3 j - —K 5 j —U =7,

7 [aq (g Q)_ 94 (a,4) + r (@) =7

which can be also expressed by using as

£y o) (mo) G

where

and

0

8—(]2/{ (q) = g(q). (8)

By using equations (7)) and (8) into (6) we obtain a compact set of equations
given by

M(q)§+C(q,q)q+g(q) =T, (9)
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with

Cla.d)d = M@ - 55 (4" M(a)d) (10)

where C(q, q) is the n x n centrifugal and Coriolis matrix and g(q) is the vector
of gravitational forces and torques of dimension n.
The generalized coordinates g have a linear relation with other generalized

coordinates 8, which is given by
q= A6 + b,

being A € R™ ™ a non singular constant relation matrix between g and 6,
and b € R™ a constant vector. This relation is written as ¢ = ¢(@), such

that ¢ = ¢(8) = A6 and § = {§(6) = Af. By applying these relations to the
Lagrangian in equation , we get

Therefore, the computing of the Euler-Lagrange equation of motion for the new
generalized coordinates @ is given by

@2 1(a(0),4(6))| — - (a(0).d(6)) = 7
dt | 96 q\v),q 90 q\v),q =T,

which can also be written as
alo
dt 196

0 . 0

K(a(6).4(0))| - J5K(a0).40) + jguta®) =7. (1

Note that, the generalized forces T for equation is not equivalent to 7 in
equation since Euler-Lagrange equations are being computed with respect
to coordinate 8. However, there is a relationship between ¥ and 7 that we will

show in the next. By using the chain rule for the first term of the left hand side

of we get

B . oKT aq1"  ToKT 8¢1"
e - [225] -7
r 1T
- o+[[M<q<o>>q<é>} A}
— AT M(q(6))d(6). (12)
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where % = A, and the time derivative of is given by

d| o

4 aé;qq(a),q(a))} —  ATM(q(0))d()

+ATM(q(6))d(0). (13)

By using again the chain rule for the second term of the left hand side of

we have
T T T oa.qT
sgka®.a@) = |GG+ |G
10 /. 47 AN
- Hm](qw) Ma(0)d@)| 4| +o
_ %AT%@@)TM(Q(Q))@(@)) (14)

where % = A. By doing the same for the third term of the left hand side of

we get

S ua©) = W((;IPT%] T
.
_ au(aqq(e)) 4
_ ra0) (15)
Then, by substituting equations (13))-(15] into equation (1)), we obtain
AT M (a(0))d(6) + AT V1(a(0))d(0)
AT S (40 M(a(0)d(6)) + 4T L) 2 g

where, according to equations and , we can write

ATCa(6), 4(6))d(6) = AT |31(a(0)d(6) - 55 (46 Mla(0)d(0))] .
and
ATg(q(0)) — a7 A0,

10
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so that equation can be expressed as
ATM(q(6))d(0) + ATC(q(6),d(6))d(6) + A"g(q(0)) = 7. (17)
Finally, by replacing the relations ¢ = AG + b, ¢ = A6 and § = A6, we obtain
ATM (A6 + b) A6 + ATC(A0 + b, AO)AO + ATg(A0 + b) = 7,

which in compact form is given by

M(0)6 +C(6,6)6 + g(0) = 7, (18)
where
M(@) = ATM(AO +0b)A, (19)
C(0,0) = ATC(AO+b,A0)A, (20)
g0 = ATg(A0+b). (21)

Moreover, equation can be rearranged so that

AT [M(q)d + C(q.q)q + g(q)] = 7, (22)

where dependencies on 6, 0 and 6 were omitted. Now, by substituting equation

@ into equation we get,
Al'r =7, (23)

which is the relationship between the torques of both models. Thus, we can use
the simplest dynamic model representation, commonly obtained from the left
hand side of equation , combined with the torques that consider the whole

dynamic obtained from right hand side of equation (@ as follows:
M(0)6 +C(0,06)6 +g(0) = ATT. (24)

Notice that, from the fact of the relation matrix A is nonsingular,

this procedure can also be used to find M(q), C(q,q) and g(q) starting

11
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from M(6), C(0,6) and §(6), by means of the following equivalence
equations obtained from (19)), (20), (21):

M(q) = ATM(A'q—A"'b)A™, (25)
C(q,q) = ATCAg— Ao, A1 g)A T, (26)
glgg = ATg(A'q—A""b). (27)

As an additional fact, since the total energy E of a mechanical system is
conserved (if dissipative forces as friction are not taken into account), we can
note that, regardless of which generalized coordinate is used to represent the
system, the power obtained from each one of these system representations is the

same, i.e.,
- -1 A -_—
EFE=q¢g1t=0 T,

where E is the power consumption of the system (see proof in Appendix).

4. The compass-like biped robot

In order to show the advantages of the proposed method of equivalence
between models, we present a discussion for the CBR. Specifically, the relative
coordinate-based model and the absolute coordinate-based are developed and
simulations in order to show the relevance of the generalized forces in both
models are given. Besides, the equation is used to find the equivalence of

one model to the another.

4.1. Modelling as a manipulator robot (relative coordinates)

We report the procedure to obtain the dynamic model of the CBR as is
usually done for a serial manipulator robot, i.e., g; is the position of the link
attached at the base (in this case represented as the support leg) measured
from the positive horizontal axis (X+) and ¢, is the angle measured from the
extension line of the support leg to the second one (called the non-support, free

or swing leg), as shown in Figure

12



Figure 3: CBR with generalized coordinates as are normally taken for serial manipulator

robots.

For the potential energy calculation, the vertical distances hy, hi, hs, to
the center of mass of the hip, leg 1 and leg 2 (mg, my, ma respectively) of the

CBR measured from the support foot o are
hg =1sin(q1), hi =asin(q), he =1Isin(q1)+ bsin(q1 + g2), (28)

where | = a + b; and for the kinetic energy calculation, the position ¢y, €1, T2,

20 of each center of mass with respect to the support foot o are

lcos(q1) acos(q1)
Ty = s r] = )
Isin(qq) asin(qy)
[ Lcos(qr) + beos(qr +
v cos(q1) + beos(q1 + q2) . (29)
Isin(qy) + bsin(q1 + ¢2)

Now, by getting the time derivative from we found the velocities of each

center of mass given by
—lsin(q1)q1 o= | ¢ sin(q1)q1

Vg = . 3 1 — . 5
L cos(q1)q1 acos(q1)q1

—Isin(q1)qg1 — bsin(q1 + ¢2)(g1 + go)
oy | (30)

lcos(q1)qg1 + beos(qr + g2)(g1 + o)

13
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Once we have obtained the velocities, it is possible to get the kinetic energy

of the system given by

1 1 1
K= §m1\|'Ul||2 + §m2\|’02||2 + §mH||'UHH2a

with m = m1 = my. In a similar way, to get the potential energy of the system,

we substitute into
U = mgh1 + mghs + mpgghy.

Thus, the Lagrangian of the system is calculated as L = IC —U. After applying

the Euler-Lagrange equation of motion given by
d (0 0
— | =I(q.q) | — =0L(qg.q) = 1
p <aq (‘LQ)) 9 (g.4) =T, (31)
the compact form
M(q)§+C(a,4)g+9g(q) =T (32)

is obtained, where 7 is the vector of applied torques considering the whole
dynamic of the robot, i.e., torques due to acceleration, gravity and reaction

forces of subsequent links. Specifically, for the CBR model in we have that

myl? +m(12 + a® + b?) + 2mlbcos(qz) mlbcos(qz) + mb?

M(q) = >
mlbcos(qa) + mb? mb?
. —mlbsin(ga)ga —mlbsin(q2)(q1 + ¢2)
C(q,q) = ;
mlbsin(gz)q1 0
and
0 91(q)
g9lq) =5 U= :
q 92(q)
with
g1(q) = mpglcos(qi) + mgacos(qi) +mg(lcos(qr) + beos(q1 + g2)),
g2(q) = mgbcos(q1 + q2).

14



4.2. Modelling as in the biped robot literature (absolute coordinates)

Now, we show the procedure for getting the dynamic model of the CBR
system, but as is it usually done in the literature of biped robots (see [I1] for
further details), i.e., 85 and 6,,5 are the positions of the support and non-support

20 legs, respectively, measured at the end of the feet from the positive vertical axis

(Y+), as shown in Figure

Figure 4: CBR with generalized coordinates as is usually done in the literature.

The vertical distances to each center of mass of the CBR for the potential

energy calculation measured from the support foot ¥ are
hg =lcos(fs), hiy=acos(fs), hg=1cos(0s)— bcos(Oys). (33)

The positions of each center of mass with respect to the support foot X for

x5 the kinetic energy calculation are

—Isin(fy) —asin(fy)
) Ty

lcos(6s) acos(fy)

—lsin(fs) + bsin(b,s)

Y | en
I lcos(6s) — bcos(Ons)

Now, by getting the time derivative from we find the velocities of each

15
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center of mass given by

—lcos(6,)0, —acos(6,)0,
vy = . 5 V1 = . )
—lsin(6s)05 —asin(f)0
[ —1c08(60)0 + b cos(0e) s
vy — cos () . cos( ) ' (35)
—1sin(0s)0s + bsin(b,,5)0ns

As done in the previous section, once the expression of the velocities are

obtained, it is possible to get the kinetic energy of the system given by .

_ 1 1 1
K= §mlel||2 + §m2\|’02||2 + gmHHUHHza

with m = m; = ms. In a similar way, we use
U = mghy + mghs + mpgghg

to get the potential energy of the system. Now, the Lagrangian L = K — U of
the system can be calculated. By using the Euler-Lagrange equation of motion
given by

d (0 -, = 0 -,

— | =L(6,0) | — —=L(0,0) =7 36

i (506.0)) - 06.6) =7 (36)

it is possible to obtain a compact form equation given by

M(0)6+ C(0,0)6 + g(6) = 7, (37)
where
_ P+ m(>+a*) —mlibcos(fs — Ops
NI(8) = m m( a®)  —mlbcos( ) ’ (38)
—mlbcos(fs — Ops) mb?
. 0 —mlbsin(0y — Ops)0ys
C(6,0) : ; (39)
mlbsin(0s — 0,,5)0s 0
and
_ 0 - —mpglsin(fs) — mgasin(fs) — mgl sin(6)
9(6) = ~-(6) = (10)
mgbsin(6,s)

16
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Notice that, in this case the torques ¥ do not include the whole dynamic of the
robot compared with the torques 7 obtained previously. Since 6, and 6,5 are
measured from fixed references, the links are considered decoupled, so that the
reaction torque produced for link 2 (swing leg) into link 1 (stance leg) is not

considered, as we will see in the next.

4.83. Simulations

Figure 5: Different scenarios to evaluate the torques of dynamic models and (37).

The validation of previous dynamic models have already been con-
sidered in [9, 16] for serial robots, [6, 11|, 13, 7] for planar biped
robots and [18] for the 5 DOF planar biped robot of Section 5.

Now, according to theory explained in Section 3, here we perform some
simulations for the motion of a CBR (which can be seen as a robot manipulator
of 2 DOF) with the aim of comparing the torques in both models. We will
show that, for the dynamic model of the CBR in equation , the torques
needed to be applied to execute a motion are not complete for all links, except
for the last one. The reason is that the torques ¥ do not take into account the
reaction torque of subsequent links. The parameters of the model considered
for simulation are: m = 5 [kg], my = 10 [kg], a = b = 0.5 [m] and g = 9.81
[m/s?].

There were considered three cases (shown in Figure[5)): a) torques applied to
keep the robot without moving, with the link 1 inclined 45 degrees (¢1 = 7/4 or
01 = —m/4 [rad]) and the link 2 horizontal (¢ = —7/4 or 6 = /2 [rad]), which
are shown in Figure |§|; b) torques applied to keep the link 1 inclined 45 degrees

17
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Figure 6: Torques applied to keep robot without moving. 7 in continuous line and T

in dashed line for dynamic models and , respectively.

100
_ 50 G|
g
3 o 0a(t)
>
e}
g -50
lwy]
-100
_150 I I I I

Figure 7: Time evolution of generalized coordinates g and 6 for case study

(b).

(¢1 = 7/4 [rad]) without moving and moving the link 2 in a sinusoidal way with
7/4 [rad] of amplitude, a period of T'= 6 [s] and starting from inclined position
(g2 = —7/2 [rad]), whose result for the joint position and torques are shown
in Figures [7] and [8) and c) torques applied to move the link 1 in a sinusoidal
way with 7/4 [rad] of amplitude, a period of T = 6 [s], starting from vertical

18
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Figure 8: Torques applied to keep link 1 inclined 45 degrees without moving and link 2
continuously moving from downward vertical to horizontal position. 7 in continuous

line and 7 in dashed line for dynamic models and , respectively.

150

100
50

oF"

q and 6[deg]

-200

Figure 9: Time evolution of generalized coordinates g and 6 for case study

().

position, and keeping the link 2 downward inclined without moving (inclined to

02 = /4 [rad] for all t), which resulted in the joint positions and torques shown
in Figures [0 and

As observed in the case a), Figure |§| reveals that to keep the link 1 fixed,

19
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Figure 10: Torques applied to continuously move link 1 from -45 to 45 degrees from
vertical position and keep link 2 fixed in an inclined position. 7 in continuous line and

7 in dashed line for dynamic models and , respectively.

it is necessary to apply a torque 71 of 145.9175 [Nm]. However, we note that
71 for the link 1 is considerably smaller than 7 (7, = 121.3925 [Nm]), and if
the torque needed to keep in position the link 2 (24.525 [Nm]) is added to 7,
the result is the same as 71, i.e. 71 = T4 + T». In fact, 7; does not consider
the reaction torque applied from the link 2 to link 1, it only considers gravity
torques, and torques due to acceleration forces (since the robot is not moving
the torques due to acceleration forces do not appear in this case).

For the case b), as seen in Figure [8] the maximum torque 71 applied for
the link 1 is 144.46 [Nm] (and not 145.9175 [Nm]) this is because the forces
and torques due to acceleration of the mass of link 2 (which do not appear in
the first case) help to achieve the desired position. Moreover, gravity torque of
link 2 and reaction torque from the link 2 are considered. The reaction torque
into the link 1 due to link 2 is referred as the necessary torque applied by the
actuator in the link 1 to compensate the torque applied by the actuator 2 at
the link 2 to perform the desired motion of the second link. Nevertheless, 7y

takes into consideration all torques except the one due to reaction torque from
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the link 2.

Finally, for the case ¢) in Figure we see how the shape of waves of
the torques are similar. However, we can observe that the maximum torque 7
needed to perform the motion of link 1 is bigger than 71 (152.73 [Nm] and 135.38
[Nm], respectively), this is because 71 considers the reaction torque applied for
the actuator of link 2 to keep it fixed into an inclined position. Note that in all
figures, the torque applied to the last link (in this case the link 2) will be always
the same (i.e., 7o = T5) for both models since there are not reaction torques at
the end of link 2 from other links or external forces.

As a conclusion, we can say that, in order to get directly gen-
eralized forces T that consider all forces and torques due to gravity,
acceleration and reaction among links, we should use relative general-
ized coordinates q in the Euler-Lagrange equation of motion. Equiv-
alently, absolute generalized coordinates can be used but employing

the equation (24).

4.4. Relationship between the two CBR models

Now, our purpose in this subsection is to show the equivalence between these
two models, and also to explain how the input matrix, which is often used in
the literature of biped robots, is obtained (see for example [19] or [17]). The
dynamic model used in [I9] and [I7] is quite similar to the equation but
]T

instead of using T it is correctly used BT, where 7 = [1; 72]* are the torques

at the support ankle and at the hip, that is,
M(0)6 + C(6,0)6 + g(0) = Br. (41)

We have already seen that it is not possible to get directly the applied torques 7
at the support ankle and at the hip, by taking as generalized coordinates 5 and
0,5 to obtain the dynamic model of the CBR (we already know that the applied
torques T do not take into account the whole dynamic of the robot and must

not be considered to perform simulations or experimental tests). Nevertheless,
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Figure 11: Comparison of generalized coordinates of both models.

when we use the generalized coordinates ¢; and ¢o, the applied torques T at the
support ankle and at the hip, are directly obtained.

So, it is clear that matrix B in is used for applying the torques 7 that
consider the whole dynamic of the robot to the simpler dynamic model . To
get the components of the matrix B it is required to find the relation between
the generalized coordinates used in both models, as was explained in Section 2.

By doing a geometric analysis (see Figure , the relation between 0 and q is

a1 = 93 - %77-7
q2 = ens - 95 +,
or
q1 1 0 93 —§7T
- + (42)

q2 -1 1 Gns ™

—— ——

A b

where A is the relation matrix between relative and absolute coordinates and b

is a suitable constant vector.
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By getting the time derivative from , the velocity relation is given by
G = A6. (43)

Then, by applying the time derivative to we get the acceleration relation
4= A6. (44)

Once the relation between 8 and g has been obtained, we substitute ,
and into the dynamic model equation , getting

M(Os — 37,005 — 05 + 1) A + C (05 — 37,005 — 05 + 7,05, 05 — 0,) AD

+g(6s — %w, Ons —0s +m,)=1. (45)
As can be shown, the matrix

MOy — 37,0, — 0, +7)A

2

will not result necessarily into a symmetric matrix (which is a property of the

matrix M),
M0, — 37,00, — 0, +m)A= | "1 (46)
H21  H22
p1 = myl®+m(? +a® +b?) — mlbcos(6,s — 05) — mb?,
w12 = —mlbcos(l,s — 0s) + mb?,
o1 = —mlbcos(Ons — 05),
H22 = mb2.

Therefore, it is necessary pre-multiply the matrix by AT in order to recover
the Lagrangian properties of the model. Thus, the whole equation must be
pre-multiplied by AT resulting

ATM 0y — 37,055 — 05+ 1) AO + ATC(05 — 370,05 — 05 + 7,05, 05 — 05)AO

+ATg(0s — 37,0, — 05+ 7,) = AT,
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which is equivalent to the model in 7 and therefore equivalent to the model

presented in the biped robot literature. So, we can identify

M) = ATM(O;— 37,0, — 0,4+ m)A,
0(07 0) = ATC(HS - %777 Ons — 05+, 0'37 éns - és)Aa
g(e) = ATg(as - %71-79713 - 93 + 7T)7

and furthermore

where in this case B is

Thus, the input matrix B, the matrices M (), C(6,60) and vector
g(0) with simplest elements defined by the left hand side of equation
, i.e. equations - and the torques T from equation ((32]
(which considers the whole dynamic of the robot), can be related
forming equation . Note that, it is not necessary to calculate both
models. In practice, we just choose some generalized coordinates 6
for obtaining the dynamic model of the planar biped (or serial) robot,
then we get the relation of 8 with the relative generalized coordinates
g, to get the relation matrix A4, and calculate the input matrix B = A7.
Finally, B is used along with the torques 7T applied by the actuators
attached to the joints for obtaining the model equation (41)).

Notice that this approach can also be used to calculate M(q),
C(q,q) and g(q) directly from M(6), C(6,6) and g(0) by means equa-
tions -, and vice versa by using equations -.

5. Dynamic model of a 5 DOF biped robot

Since planar biped robots are commonly composed by kinematic

chains of high degrees of freedom and due to these kind of robots
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are not usually modelled by means of relative coordinates, the mod-
elling of this class of robots is benefited by the equivalence procedure
s proposed in this work.

With the aim of showing the advantages of the proposed proce-
dure, now, we show two different models for the SSP of the Bip-
ITLag biped robot built at the “Instituto Tecnoldgico de la Laguna”
in México (further details of this biped robot are found in [18]).

0 5.1. Modelling using relative coordinates

Figure 12: Kinematic model of the Bip-ITLag using relative coordinates.

By using the relative coordinates q = [q1, ¢2, 3, q4, q5, qs)° shown
in Figure the position vectors of each center of mass (CoM) mea-

sured from the reference frame attached to the ankle are calculated
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and given by

1

Lm

385

Ly

L

In a similar way as for the CBR, by using the Euler-Lagrange equation

of motion, a compact form of the Bip-ITLag robot dynamic model is

L

le1 cos(qr)
le18in(qr)
0

y Lmgy =

lcos(q1) + lea cos(q1 + g2)

lcos(q) + lcos(qr + q2)
Isin(qq) + Isin(q1 + g2) + ho
—%d

0

y Lm, =

Isin(q1) + le2 sin(q1 + ¢2)

lcos(q) + lcos(q1 + q2)
Isin(qr) + Isin(q1 + q2) + ha + h3

)

lcos(qr) +lcos(qr + q2) + (I = lc3) cos(qa + 5)
= Isin(q1) + Isin(q1 + q2) + (I — le3) sin(qs + 5

lcos(q1) +lcos(qr + q2) +1cos(qu + 5) + (I —lea) cos(qs + g5 + 5)
Isin(q1) + Isin(qr + q2) + Isin(qs + 5) + (I — lea) sin(qs + g5 + 5)

—d

—d

)

—3d+r

b

lcos(qi) +lcos(qr + q2) +1cos(qu + 5) +1cos(qa + g5 + 5)

Isin(q1) + [sin(q1 + q2) +Isin(qs + §) + Isin(qs + g5 + 5) — h1 + L

0 oObtained. i.e.,

where the respective matrices are defined by

M(q)§+C(q,9)q+g(q) =T,

mii
mi2
mis

miq4

mi2 M3
Mo  M23
m23 MM33
Mog 134
0 0

—d

miq
Moy
m3q
May

0

o o o o

3

28

(47)

b

b
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a3
Moy
m3s3
maq
v

mss

whose

i1 =

Ci2 =

Ci3 =

Cl4 =
1 =

C23 =

= Ka+ Kp+ 2KFcos(qq),

= Kpg+ Kpcos(qa),

= —Kgsin(qr —q4) — Kgsin(qr + g2 — q4) — K sin(qr — g1 — q5)
—Kpsin(q1 + q2 — g1 — q5),

= —Kpy(sin(q1 — 1 — ¢5) +sin(q1 + ¢2 — @1 — g5)),

= Kg,

= —Kgsin(qi +¢2 — q1) — Kusin(qi + g2 — ¢4 — g5),

= —Kpsin(q1 +q2 —q1 — g5),

= K¢+ Kp — 2Ky cos(gs),

= Kp— Kpgcos(gs),

= KD)
= Mg,
€11 C12 C13 Ci4
co1 0 co3 co4
C(q, Q) =] €31 €32 (33 C34

c41 ca2 c43 0

0 0 0 0

o o o o o

elements are given by

— K sin(q2)qe,

—Krsin(g2)(q1 + ¢2),

Kecos(q1 — qa)ga + Kg cos(q1 + g2 — qa)da + Kp cos(q1 — g1 — g5)(da + s5)
+Kp cos(q1 + g2 — g4 — q5)(4s + Gs),

Kp(cos(qr —qa —gs5) +cos(q1 + g2 — qa — g5))(da + d5),

Krpsin(q2)q1,

Kgcos(q1+ g2 — qa)Ga + Kp cos(qr + g2 — g4 — q5)(4a + Gs),
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C24

C31

C32
€33
C34
C41
C42

C43

and

Ky cos(qi +q2 — qa — q5)(4a + ds),

—Kgcos(qr — qa)di — Kmcos(qn — qa — g5)41 — K cos(q1 + g2 — q4) (1 + Go)
—Kpcos(qr+ g2 — qa — q5)(d1 + G2),

—(Kgcos(q1 +q2 — q1) + K cos(q1 + g2 — g4 — g5)) (41 + 42),

Ky sin(gs)gs.

Kpsin(gs)(da + ds),

—Kp(cos(q1 — g4 — g5)d1 + cos(q1 + @2 — g4 — ¢5)(d1 + d2)),

—Kpcos(qr+ g2 — qa — q5)(d1 + G2),

— Ky sin(gs)da,

9(K, cos(q1) + K cos(q1 + g2))
Kargcos(qr + g2)
9(q) = | g(Knsin(q) + Ko sin(qs + gs))
Kogsin(gs + gs)
0

In order to reduce the dimension of the expressions some constants

were defined as follows:

Ka = IZymy+P(ma+me+mg+ms+mg+mp) + I,
Kp = 1%my+2(mg+me+mg+my+my) + I,

Ko = (I—13)*ms+1%(my +myp) + I3,

Kp = (I—la)*ms+Pmp+ 14,

Kr = llcgmg—l—lz(ms—|—mc—|—mg—&—7714—1—7711)7

Ko = —I(1—1ls3)ms—1*(mg+my),

Ky = —I(l—1l)my—1*my,

K = mila +1(m2 +me+ms +mg +my +my),

Ky = male + 1(ms +me +mgz +my +myp),
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Ky = —m3(l — lcg) — l(m4 + m]),
Ko = —my(l—le4)—1Imy,
w0 where my, ms; and m. are the masses of the free foot, support foot,
and hip, respectively. mi, ms, ms and my4 are the masses of the tibias

and femurs of the support and free legs. [., l.2, I3 and [.4 are the

distances to the CoM from each joint, as shown in Figure [T12| and [T3] .

5.2. Modelling using absolute coordinates

Figure 13: Kinematic model of the Bip-ITLag using absolute coordinates.

405 Now, by taking into account the absolute generalized coordinates

01, 02, 03 and 0, shown in Figure the positions of CoM of each link
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measured from support ankle are given by

[ le1 cos(6q) lcos(01) + le2 cos(62)
Ty, = lexsin(01) |5 Tmy = | Isin(01) + le2sin(f2) | »
i 0 0
[ lcos(61) + 1 cos(6) lcos(1) + 1 cos(f2)
T, = Isin(fy) +Isin(fz) + ha |5 Tm, = | Isin(6y) + Isin(f) + ha + hs |,
—1d —2d+r

lcos(61) + Lcos(b2) — (I — l.3) cos(f3)
Lmz — lsin(91) + lsin(@z) - (l — lcg) sin(93) ,
—d

lcos(f1) + L cos(02) — Lcos(03) — (I — leq) cos(64)
Tm, = Isin(61) + Isin(f2) — Isin(f3) — (I — lea)sin(fs) |,
—d
410
lcos(01) + L cos(fz) — Lcos(f3) — L cos(by)
Ly = lSiH(Gl) + l sin(92) — lSiD(eg) — lsin(94) — hl + lci )
—d
and after applying the Euler-Lagrange equation of motion, the dy-

namic model in a compact form is defined as
M(6)6 + C(6,6)8 +g(6) = 7, (48)

with elements given by

Ka Kpcos(612)  Kg cos(013) Ky cos(014) 0
K cos(612) Kp K¢ cos(23) K cos(624) 0
M(0) = | Kgcos(f13) K cos(fa3) Ko —Kpcos(fz4) 0 |, (49)
Ky cos(014) Kpgcos(f2a) —Kpcos(034) Kp 0
0 0 0 0 Me
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0 Kpsin(012)0a  Kgsin(013)03  Kgsin(014)62 0
—Kr sin(912)9.1 0 Ko sin(923)9.3 Ky sin(924)9.4 0
0(9, é) - 7KG Sin(@lg)gl 7KG Sin(@gg)@é 0 7KH sin(034)9.4 0 ) (50)
—Kpsin(014)01 —Kpsin(f24)0a K sin(634)63 0 0
0 0 0 0 0
and
K gcos(6)
Kprgcos(0s)
g(0) = | Kygcos(6) (51)
Kogcos(0y4)
0

where 0;; = 0; —0;. The constants K 4,..., Ko were defined previously.

It is clear that M (0), C(0,0) and §(6) have simpler elements than
M(q), C(q,q) and g(q), and the longer the kinematic chain, the longer
the complexity of elements of the model where relative coordinates
are used. Thus, in order to implement the model in microprocessor-
based systems, such as embedded systems, or where online optimiza-
tion algorithms that use the dynamic model are used, it is a reason-
able good idea to use absolute coordinates to get the dynamic model.
However, as we have seen before the torque 7 does not take into ac-

count the reaction forces between links. So, it is necessary to use the

equivalence with .

5.3. Relation between the two Bip-ITLag robot models

It is convenient to use the matrices with the simplest elements of
the dynamic model , but using the torques of equation (47)). For
doing this, it is enough to know the relation between the generalized

coordinates used for getting the models (47)) and (48]). This relation
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is given by

q 01 1 0 0 0 0 0, 0
q2 02 — 91 -1 1 0 O 0 62 0
qa = 93 + g = 0 0 1 0 0 63 + g . (52)
qs (94 — 93 0 0 -1 1 0 94 0
r r 0 0 0 0 1 r 0
L . L . L 4 L _ L _
A b

Therefore, the velocity and acceleration relations are given by

4= Ab,
G=Ab,

respectively. By using the relation matrix A given in and equa-
tions -, the relation given between the model obtained in
45 absolute coordinates and the model expressed in relative coordinates
is found, and vice versa. It is worthwhile to notice that equation ([23|)

is only required to compute the input matrix B, so that we can have

M(6)6 + C(0,0)6 + () = Bt (53)
where
1 =10 0 0
0 1 0 0 0
B=AT=10 0 1 -1 0],
0 0 0 1 0
0 0 0 0 1

which is invertible.

40 6. Conclusions

In this paper, a procedure to find the equivalence among different dynamic

model representations of planar biped (or serial) robots was shown. These
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model representations come from using any particular generalized coordinates.
Without loss of generality, the absolute coordinate-based model and the relative
coordinate-based model were studied. 'We have introduced a novel proce-
dure to find the relation between a dynamic model and another one
(see equations ,, and ) This procedure is useful for
the development of control laws and implementation of the dynamic
model in embedded platforms by reducing the number of calculations,
and by reducing the computing time when the dynamic model is used
in optimization problems, the design of control laws, and so on.

The CBR dynamic model was used as example to explain such a procedure,
where we clearly showed how to obtain the input matrix that appears in the
models reported in the biped robot literature. Simulations showed that for
getting directly torques vector T that considers all forces and torques
due to gravity, acceleration and reaction among links, relative gener-
alized coordinates in the Euler-Lagrange equation of motion should be
used. Absolute coordinates were helpful to obtain a dynamic model
with matrices with simpler elements compared with the ones derived
from relatives coordinates. Furthermore, we showed that no matter
which generalized coordinates are used to obtain the dynamic models,
there is always an equivalence among them by using a particular input
matrix. In addition, the comparison between two dynamic models of
the SSP of a 5 DOF biped robot was performed in order to show the
advantages of our approach, where biped robots with high DOF are
modelled.
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Appendix. Proof of power equivalence between model (9) and (18).

The dynamic model of a mechanical system can be represented in a compact

form as

M(q)G+C(q,9)4+g(q) =T, (A1)

where q,q,4§ € R", are the joint position, velocity and acceleration vectors,
respectively, M(q) = M(q)T > 0 is the inertia matrix, C(q,q) is the matrix
of Coriolis and centrifugal forces, g(q) = a%—ff) is the vector of gravitational
torques and T € R"™ is the vector of applied torques. Furthermore, the energy
of the mechanical system can be defined by the sum of its kinetic energy
K(g,q) = %qTM(j and potential energy U(q) as

Bla.d) = 3d" Md+U(q) (42)

So, the time derivative of (A.2), i.e., the power, is given by

N B Z(C )
E(q,q)=§qTMq+qTMq+ 3(q) (A.3)
q
Then, by substituting the system (A.1)) into (A.3]) we get
L Topo. . . aug)" .
E(q,q) = quMquqT(—C(q,q)q—g(q)+T)+ 851(1) q
ol N -Tau(Q) T aU(Q)T-
= ZMg—C —g == —— q¢.(A4
q [2 q (q,q)}q T =5, +q T+ 9 G.(A4)

By applying the skew-symmetry property [16] the first term of the right hand
side of (A.4]) is null, then it remains

E(q,q) = 4" (A.5)
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If we use the generalized coordinate 8 instead of q and their corresponding
torques T instead of 7 , we will get the same structure, as we will see next: the
energy of the mechanical system can be defined by the sum of its kinetic
energy K(6, 0) = %éTATMAG. and potential energy U(0) as

£(0,6) = %éTATMAé +U(AB + b) (A.6)
where by using equivalence in (A.6) we get
. 1.7 — . _
E6,0) = 59 MO +U(0). (A.7)
So, the time derivative of , i.e. the power, is given by
E(0,0) = 79 810+ 6" 316 + 81’5720) 6. (A.8)
By substituting the system into (A.8) we get

E(6,0) = %éTﬂéJréT( c(6,6)0 )

0 [;]\70’—6_’(0,9‘)}0 0 882) o' r 01(9) 0(A.9)

where g(0) = 6%590). Thus, by applying the skew-symmetry property [16] the

first term of the right hand side of (A.9)) vanishes. Therefore,

E6,6) = 6 7. (A.10)
By using into (|A.10]) we have
. . . 7T
£(0,6)=6 ATr = [Ae} T

where by using the equivalence ¢ = A6 and comparing with ( , it is clear
that E(q, q) = £(6,8).
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