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A REMARK ON THE RIGIDITY OF CONFORMALLY
COMPACT POINCARE-EINSTEIN MANIFOLDS

SIMON RAULOT

ABSTRACT. In this paper, we give an optimal inequality relating the relative
Yamabe invariant of a certain compactification of a conformally compact Poin-
caré-Einstein manifold with the Yamabe invariant of its boundary at infinity.
As an application, we obtain an elementary proof of the rigidity of the hyper-
bolic space as the only conformally compact Poincaré-Einstein manifold with
the round sphere as its conformal infinity.

1. INTRODUCTION

A conformally compact manifold (X", ¢g;) is a connected complete Riemannian
manifold whose metric extends conformally to a compact manifold (Yn,ﬁ) with
boundary Y"1 := X" whose interior is the original manifold X™. So, through
this extended conformal metric, the corresponding original metric determines a con-
formal structure [7] := [g)5] on the boundary, which is usually called the conformal
infinity or the boundary at infinity. A particularly interesting class of conformally
compact manifolds are the Poincaré-Einstein spaces, characterized by the fact that
the manifold is Einstein which means that, up to a rescaling of the metric, its Ricci
tensor satisfies the Einstein equation

Ricg, = —(n—1)g4. (1)

In the context of Poincaré-Einstein manifolds, Andersson and Dahl [AD] proved
that, if the manifold is spin and its conformal infinity is an (n—1)-dimensional round
sphere, then its only possible conformal compactification is the n-dimensional hy-
perbolic space. Their method relies on some generalization of the positive mass
theorem in the context of asymptotically hyperbolic metrics. Since then, this ap-
proach leads to several generalizations of this result (see [ChH, W] for example) in
the context of spin manifolds.

Without the spin assumption, the first significant result were obtained by Qing
[Q]. In this work, he used the existence of certain positive eigenfunctions of the
Laplacian in order to build a complete non-compact asymptotically Euclidean Rie-
mannian manifold with boundary, with non-negative integrable scalar curvature.
Then he applied the positive mass theorem to the double manifold obtained by glu-
ing through their boundaries two copies of such manifolds with boundary, proving
that its ADM mass is zero. In this way, he could drop the spin assumption for
dimensions between 3 and 6.

More recently, the rigidity of the hyperbolic as the only conformally compact
Poincaré-Einstein manifold with the round sphere as its conformal infinity has been
proved for more general manifolds and without the spin assumption. A rigorous
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proof of this fact appears recently in the work of Li, Qing and Shi [LQS]. In fact,
based on the idea in [DJ] they manage to give a complete proof of a relative volume
inequality on conformally compact manifolds which implies, among other things,
the rigidity of the hyperbolic space. For Poincaré-Einstein manifolds, this result
reads as

Theorem 1. Suppose that (X™, g1) is a conformally compact Einstein manifold
with the round sphere as its conformal infinity. Then (X", gy) has to be the hyper-
bolic space.

In this note, we use the recent approach of Gursky and Hang [GH] to relate the
Yamabe invariant of a certain compactification of the Poincaré-Einstein manifold
with the Yamabe invariant of the boundary for the induced conformal class. In fact,
Gursky and Hang use the resolution of a certain Yamabe problem on X" to prove an
inequality which relates these two conformal invariant. The Yamabe-type problem
involved in their paper was first study by Escobar [E3] and consists to prove on a
compact manifold with boundary, the existence, of a smooth conformally related
metric with constant scalar curvature and minimal boundary. From their results,
they deduce the existence of infinitely many positive conformal classes on the seven
dimensional sphere which cannot be the conformal infinity of a Poincaré-Einstein
metric on the eight dimensional ball.

Here we use an other Yamabe-type problem (see Section 3 for the definitions)
and obtain:

Theorem 2. Let (X, gy ) be a Poincaré-Einstein manifold of class C? with a smooth
representative in its conformal infinity . Assume also that the Yamabe invariant
Y (%, [v]) is non-negative. If the dimension n > 4, then

"= V(s b))

Y(X,%,[g)* >4

n—
If n > 3, then

Y(X,%,[g])? > 32mx(%).
Equality occurs if and only if (X™, g+ ) is isometric to the standard hyperbolic space.

As a direct consequence we obtain a new, simple and direct proof of Theorem 1.

Finally, we want to emphasize that, after this paper was submitted, it was
pointed out that similar results were obtained independently by Chen, Lai and
Wang in [CLW].

2. POINCARE-EINSTEIN MANIFOLDS

In this section, we collect basic facts on conformally compact manifolds. For more
details on this subject, the reader could consult [An, AH, AD, ChH, LQS, Q, W].

Let X™ be the interior of a smooth compact manifold X" with boundary ¥ =
0X". A Riemannian metric g4 is said to be conformally compact of class C* if,
for a smooth defining function p for the boundary ¥ in X, the metric g = p2 g+ can
be extended to a C** Riemannian metric on X . Recall that a smooth defining
function p for the boundary ¥ in X" is a smooth nonnegative function from X such
that

e p > 0 on the interior X™;



e p =0 on the boundary X" 1;
e dp # 0 on the boundary "1

The compactification g induces a metric v on the boundary ¥ which changes
conformally when the defining function p changes. Then a conformally compact
metric g4 always induces a conformal structure [y] on the boundary ¥ and the con-
formal manifold (X, [v]) is called the conformal infinity of the conformally compact
manifold (X™, g4).

In the following we will always assume that the metric g4 is an Einstein metric
that is its Ricci tensor satisfies (1). Such manifolds are called Poincaré-Einstein
manifolds. It is very instructive for the following to remark that the Ricci tensor
of g, and the Ricci tensor of any compactification g = p%g, are related by

Ricg = ~(n—2)p""V2p+ ((n = 1)p 2(V7pl = 1) = p~"Agp)g

since g4 and g are conformal (see [Be| for example). Among other things, we can
first deduce that any defining function p of ¥ in X satisfies [V9plgx, = 1. Then
since the second fundamental form of ¥ in (X, 7) is V2p, we immediately get that
the boundary has to be totally umbilic that is there exists a smooth function on
3 such that V%p = fv. It is crucial for our approach to note that this property is
invariant under a conformal change of the metric g.

3. THE RIEMANNIAN MAPPING PROBLEM OF CHERRIER-ESCOBAR

In this section, we recall the problem of the existence on a given compact Rie-
mannian manifold (Y", g) with boundary of a metric conformally related to g with
zero scalar curvature and constant mean curvature? This problem has been intro-
duced and solve in many cases by Escobar [E1] although it was also addressed by
Cherrier [Ch] in a more general manner. In fact, Escobar proved the existence of
such a metric when
n = 3,4;

n = 5 and the boundary is umbilic;
n > 6 and the boundary is not umbilic;
(Y”, g) is locally conformally flat and the boundary is umblic.

Later on, Marques [M1, M2], Almaraz [A] and Chen [C] solve the problem in many
situations left by Escobar and in addition to this, Chen reduces the remaining cases
to the positivity of the ADM mass of some class of asymptotically flat Riemannian
manifolds. However, this positive mass theorem is not known to hold. However,
very recently, Mayer and Ndiaye [MN] proved all these cases left open by using the
algebraic topological argument of Bahri-Coron [BC] and then were allowed to settle
the Riemannian mapping theorem of Cherrier and Escobar, namely

Theorem 3. Every n-dimensional compact Riemannian manifold with boundary,
n > 3, and finite relative Yamabe invariant, carries a conformal scalar flat Rie-
mannian metric with constant mean curvature on the boundary.

Let us now briefly recall the analytic aspect of this problem and give the precise
definition of the relative Yamabe invariant. For n > 3, consider a metric § =
uﬁﬁ € [g] where [g] is the conformal class of § and w is a smooth positive function
on X. Since the scalar curvature R and the (normalized) mean curvature Hz are
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given in terms of the metric g by

Rizufztngu and ngufﬁBgu
where
4(n —1) 2 Ou
Lgu:—iA gu+ Rgu and Bg= 723N+Hﬂ

The operator Ly is the conformal Laplacian of (X,9), Ay is the Laplace-Beltrami
operator of (X,g) and Bg is the conformal Neumann operator, N being the outward
unit normal of ¥ := 9X in X with respect to g. Then finding a metric g € [g] which
is scalar flat and which has constant mean curvature p € R is equivalent to find a
smooth positive solution u on X satisfying the elliptic boundary value problem

Lgu=0 on X
Bgu = uuﬁ on .

The existence of solutions of this problem is equivalent to find critical points of the
Escobar functional

— VIf12 + Ryf?) dupg +2(n H;f%d
&(f) = fX( | | )Ubg =) fz i

2(n—1)

(fz nt dsg) -

on the space
W(X) = {u e WH(X) /u > 0}

where W12(X) denotes the usual Sobolev space of functions which are L?-integrable
with their first derivatives. Here dvg and dsgz denote respectively the Riemannian
volume elements of (X,g) and (X,7). In fact, if the relative Yamabe invariant

YR ) = it &)

is finite and if u denotes a positive smooth minimizer u of & which can be chosen

such that
2(n-1)
/ u (= 2> dsg =1
>

then the well-defined Riemannian metric g = uﬁﬁ satisfies

1 — _ =
Rﬁ = 07 HE - WY(X’ E? [gD and VOZ(Evg) = 1

Note that the relative invariant is a conformal invariant of (ynj) and as observed
in [E2] it can be infinite. In [E1], Escobar showed that

1

Y(X,%,[9) < Y(B",8" !, [g0]) = 2(n — Dw;; 3 (2)

where B" denotes the Euclidean ball endowed with the flat metric go and w1 is
the volume of (S"~!, go). It is now immediate to prove
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Proposition 4. Let (X", g, ) be a Poincaré-Einstein manifold of class C? with a
smooth representative in its conformal infinity (3, [y]). Assume also that the Yam-
abe invariant Y (2, [y]) is non-negative. Then there is a conformal compactification
g = p*gs, at least C> up to the boundary with o €]0,1[ such that

1

Rg =0, Hy=50"7

Y(X,%,[g]) and Vol(X,g)=1 (3)
Proof. The first thing to note is that under our assumptions there exists a conformal
metric g; € [g4] such that (X, ;) is a smooth compact Riemannian manifold with
boundary such that Ry, > 0 and Hg, > 0 (see Theorem 4 in [HM] for more details).
From [E1], this fact is equivalent to the non negativity of Y (X, [g;]). In fact,
as noticed in [HM], if Y (%, [y]) > 0 we have Y (X,%,[g;]) > 0. In any case, the
relative Yamabe invariant of X with respect to the conformal class of g, is finite so
that Theorem 3 ensures the existence of a metric g € [g;] satisfying (3). q.e.d.

Remark 1. (1) It is obuvious to see that Proposition 4 holds if we replace the
assumption of the non-negativity of Y (X, [y]) by the existence of a conformal
compactification of X with finite relative Yamabe invariant. However since
our main result (see Theorem 2) is significant only when Y (3, [v]) > 0, we
will always prefer this hypothesis.

(2) As mentioned in [GH], the regularity statement follows from a result of
Chrusciel, Delay, Lee and Skinner [CDLS].

4. PROOF OF THEOREM 2

The proof is inspired by the method of Gursky-Han [GH] initially introduced by
Obata [O] to study Yamabe metrics for Einstein manifolds. The main difference
is that in our case the boundary is not totally geodesic but is only totally umbilic
with constant mean curvature. Indeed, from Proposition 4, let § = p?g, be the
compactification of X satisfying (3). We now repeat the calculations in [GH].
Indeed, if Ej denotes the Einstein tensor of (X,g), we get from the fact that
(X, g+) is Einstein that

_ 1 _
Eg=—(n—2)p"" (Vgp = —(Ag0)9)- (4)
where V% is the Hessian operator of (X,g) Now for ¢ > 0 small enough, we define
X, ={ze X /dg(z,X) > ¢}

where dy is te distance to the boundary with respect to g. Multiplying (4) by p
then taking the scalar product with Eg and finally integrating on X, give

[ Edpdvy = ~n=2) [ g5 (Ep) (VEVEp) oy
Here we also used the fact that the Einstein tensor is trace-free and V9 denotes the

covariant derivative with respect to g. Now, we integrate by parts the right-hand
side of this expression and we deduce that

/X |Byl2pdvy = —(n—2) /a 70 (TTN: dsg(e),
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where N, is the outward unit normal and dsg(e) is the area form on 90X, with
respect to g. Note that the interior term in the integration by parts is zero since
from the contracted second Bianchi identity we have

ikw—T n—2_gz
9"V (Eg)i; = TV?Rﬁ =0
because Ry = 0. Now once again from (4) we rewrite the previous equality as
[ (EsBoduy = —n=2) [ (V7N dsg(o)

Xe
Now as noticed in [GH], the fact that g, has constant scalar curvature im-
plies that this metric is the unique solution of the Loewner-Nirenberg problem on
(X,,9) (see [LN]) that is it is the unique complete metric of constant scalar curva-
ture defined in X which is conformal to g. It turns out this solution has a particular
asymptotic expansion near the boundary. For example, it is proved in [G] that

_ & 2 R’Y 3 3+
plx)=r 5 " +76(n—2)r +O0(r°™™)

where R, is the scalar curvature of X for the metric v = gy, In fact we only need
the fact that p(z) = r 4+ O(r?) and that VIp = 2 + O(r) to get

/ Byl2pdvg = (n—2) [ Ey(N.,N.)dsy(e) + Ofe)

X, X
since N, = —% on 0X.. Finally letting ¢ — 0 leads to
| \Estiodor = (n=2) [ E5(v.N) ds; (5)

Now from the properties (3) of the metric § and since the boundary is totally
umbilic, the Gaufl formula reads as

Bo(NN) = 3= 1)n—2)H - R,) (6)
= (Y En e - Ry). 7)

Using this expression in (5) gives
By @) - [ Bedn+ 52 [ Ryas, ®

because Vol(X,~v) = 1 and since the Yamabe invariant of (X2,) is defined by (see
[LP] for example)

. R~ ds~
V(S ) i ing 2RO

ye] VOZ(E, fy) n—1
we obtain

V(X2 [7) > 40— Y (5, b)),

The expression for n = 3 just follows from the fact that the Yamabe invariant of X
is exactly 4mx(Z).

If now we assume that equality is achieved then it is clear from (8) that the
metric § = p?g, is Ricci-flat and from (6) that the boundary is totally umbilic with



constant mean curvature Hy = 1 (up to a rescaling of the metric). Moreover we
also have

1 _

Vip = —(Agp)g
because of (4). From the Ricci identity and the fact that g is Ricci flat we deduce
that VI(Agp) = L1V9(Agp) which implies since n > 3 that Agp is a non zero
constant. Indeed if Agp = 0, p has to vanish on the whole of X since pz =0 and
this contadicts the fact that p is a defining function for the boundary Y. Then we

can argue as in [WX, p.2641] to conclude that (X™,g) is isometric to the unit ball
of R™ and so (X™, g+) has to be the hyperbolic space. The converse is obvious.

5. PROOF OF COROLLARY 1

If (X™, g4 ) is a Poincaré-Einstein manifold with the unit sphere as its conformal
infinity, we have (see [LP] for example)
2
Y(2,0) =Y (E" [g]) = (n = 1)(n = 2w,
where [go] is the conformal class of the standard metric on the unit sphere. Now
from our main result and the Escobar’s inequality (2) we deduce that

n—1 2 2

_ 2 nmn—1 5 —1\2 2 nm—1
ARV (S, b)) = 40— DRt < V(XS [5)? < 40— 1))
so that equality is achieved in Theorem 2 and then we conclude that (X™, ¢4 ) has
to be the hyperbolic space. q.e.d.
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