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Cauchy problems with Carathéodory dynamics
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Abstract

This paper is dedicated to several original (weighted) Holder continuity results for Riemann-
Liouville fractional integrals of weighted integrable functions. As an application, we prove a
new weighted continuity result for solutions to nonlinear Riemann-Liouville fractional Cauchy
problems with Carathéodory dynamics.
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1 Introduction

Let n € N* denote a positive integer and let a < b be two real numbers. In this introduction, we
will use standard notations for the functional framework. For example, L™ will denote the usual
Lebesgue space of r-integrable functions, C will denote the space of continuous functions and H*
the space of A-Holder continuous functions, etc. These notations are all detailed in Section 2.1.

The initial motivation of the present paper is to investigate the weighted continuity of the solu-
tions x to nonlinear Riemann-Liouville fractional Cauchy problems of the form

{ De[z](t) = f(x(t),1), ae. t€[a,b],
['=%[z](a) = za,

where o € (0,1] and x, € R" are fixed, where D* and I'~ are the standard (left) Riemann-
Liouville fractional operators (see Section 3 for basic recalls on fractional calculus), and where
f:R" x[a,b] - R", (x,t) — f(x,t) is a Carathéodory dynamic, in the sense that f is continuous
in its first variable z and (only) measurable in its second variable ¢. In the present work it is not
our aim to deal with local (but nonglobal) solutions. As a consequence, for simplicity, we will
assume that f is globally Lipschitz in its first variable, in the sense that there exists a nonnegative
constant L > 0 such that || f(x2,t) — f(z1,t)||rn < L||z2 —21||g~ for all z1, z2 € R™ and for almost
every t € [a, b)].

(CP)

A wide literature already deals with Riemann-Liouville fractional Cauchy problems and it is not
our aim to give here a complete overview of this topic. For this purpose we refer the reader to the
detailed historical reviews in [12, Chapter 3] and [9, 13].

A well-known contraction mapping strategy. Recall that the main method (initiated in [14])
of investigation of (CP) consists in its reduction to the integral representation

w(t) = wp (t = a)*ag + 1 f(x,))(1), (IR)

where I" denotes the usual Gamma function. Therefore, in order to establish the existence and
uniqueness of a solution to (CP), a common strategy in the literature (see, e.g., [1, 4,5, 7, 8, 10, 11])
is based on the contraction mapping theorem. Precisely, the first step is to find two functional
spaces A, B C L' such that:

(i) z is a solution to (CP) if and only if x satisfies (IR), for all x € A;

(ii

(iii

)
)t r(a y(t— a)* 'z, € A

) f(A) C B (in the sense that t — f(x(t),t) € B for all x € A);
)1

(iv) I¢[B] C A (in the sense that I*[y] € A for all y € B).



In that case, the functional

F: A — A
x —  F(z): [a,)] — R
1
t— F@)) = gt =0 e+ 1)),
is well-defined, in the sense that F(x) € A for all + € A. Then, the second step is to find a
norm || - ||a on A such that:

(v) (A,]l-]la) is a Banach space;
(vi) F:(A,]]-]a) = (A, || - |la) is a contractive map.

At this stage, one can conclude that F admits a unique fixed point and thus there exists a unique
solution z to (CP) in the functional space A. Thus, in view of getting regularity properties on this
solution, one should look for a functional space A satisfying (i)-(vi) as small as possible. On the
other hand, another method consists in finding a subset A C A such that I*[f(A)] € A. In that
case, one can conclude from (IR) that  belongs to the set

@(' —a)* 'z, + A

included in A.

Weighted Holder continuity of Riemann-Liouville fractional integrals. It is a very well-
known fact that singularities at ¢ = a emerge from the use of (left) Riemann-Liouville fractional
operators. The first term in the integral representation (IR) is an illustration of this feature. As a
consequence, it was natural for authors to introduce and use weighted functional spaces in order to
deal with this phenomenon. For example, we say that a function z € Lj; is weighted integrable if
the function ¢ — T'(8)(t — a)'~Px(t) € L". The weighted functional spaces Cz and Hg are defined
similarly. We refer to Section 2.2 for recalls on weighted functional spaces.

The inclusions of the form I*[B] C A play a crucial role in the above contraction mapping strategy.
In the literature (see, e.g., [6, 10]), numerous inclusions of this form have been proved, in particular
in the cases where A and B are (weighted or not) Lebesgue, continuous, Holder spaces, etc. We
refer for instance to [12, Chapter 2] and [16, Chapter 1 Paragraph 3] for overviews of these results.
In particular, a well-known statement is concerned with the case where B is a Lebesgue space and
A is a Holder space. Precisely, it can be proved that the inclusion

IQ[LT] C Haf(l/’l") (1)
holds true for all 0 < (1/r) < a <1 (see, e.g., [L6, Theorem 3.6] or [3, Property 4]).

The first major contribution of the present work is to provide several generalizations of (1) to the
case of weighted functional spaces. Precisely, we will derive in Section 4 several inclusions of the
form

I*[Lg] Cc HY (2)

v
with different assumptions on the values of «, 8, r, n and 7. We refer to Theorems 2 and 3 for
details. As explained in the next paragraph, these new results are of great interest in order to
investigate the weighted continuity of solutions to (CP).



We conclude this paragraph by mentioning that some generalizations of (1) to the case of weighted
functional spaces have already been explored in the literature. We refer for instance to [16, The-
orem 3.8] and [15, 17]. Nevertheless, to the best of our knowledge, the inclusions derived in
Theorems 2 and 3 are all new and cannot be recovered from previous statements in the literature.

Carathéodory dynamic versus continuous dynamic. In the present work, recall that f is
a Carathéodory dynamic assumed to be globally Lipschitz in its first variable. Assuming moreover
that t — f(Orn,t) € L', the above contraction mapping strategy can be applied with A = B = L
and by considering a Bielecki norm [2] on L' which is equivalent to the usual norm || - |11 (see
Section 2.3 for recalls about Bielecki norms). In that situation, the existence and uniqueness of
a solution to (CP) in the functional space L! is established. This approach has been explored
in [8] (and has been adapted to the multi-fractional order case in [4]). However, to the best of
our knowledge, no information is known about the weighted continuity of the solution in that
framework.

On the other hand, assuming that f(C,) C C,, the contraction mapping strategy can also be
applied with A = B = C, and an appropriate Bielecki norm on C,. In that situation, the
existence and uniqueness of a solution to (CP) in the functional space C, is established. In that
case, the weighted continuity of the solution is proved. We refer for instance to [10] (see also [12,
Theorem 3.11]) where this result has been stated from another method called Kolmogorov-Fomin.
However, in that framework, the weighted continuity of the solution to (CP) is indeed guaranteed
but under the (quite restrictive) assumption f(C,) C C,, which implies in particular that the
dynamic f has to be continuous with respect to its second variable ¢. Note that the assumption
f(Cy,) C C, is particularly restrictive in the field of fractional control theory. For example, in the
one-dimensional setting n = 1, we know that the linear control system

{ D[z](t) = u(t)z(t), a.e. t€ [a,b],
['=*[z](a) = za,

where the control 4 € L*°, admits a unique solution z in the functional space L'. Unfortunately,
since the control u is not continuous a priori, the assumption f(C,) C C, is not satisfied and we
cannot conclude that = belongs to the weighted functional space C,.

The second major contribution of the present paper is to fill this gap in the literature. Precisely,
we will prove in Section 5, under an assumption of the form ¢ — f(Ogn,t) € L% and without
the assumption f(C,) C C,, that (CP) admits a unique solution that belongs to the weighted
functional space C,. We refer to Theorem 6 for details. This theorem will be derived from the
above contraction mapping strategy and by applying the new inclusions of the form IQ[LE] c HY
stated in Section 4.

Organization of the paper. Section 2 is dedicated to the functional framework of the present
paper. Section 3 is devoted to basic recalls on (left) Riemann-Liouville and Caputo fractional
operators. Section 4 contains the major contributions of the present work. Precisely, several new
inclusions of the form I* [Lg] C H7 are stated in Theorems 2 and 3. Finally, Section 5 can be seen
as an application of these results, in which we investigate the weighted continuity of the solution
to (CP). We refer to Theorem 6 for details.

2 Functional framework

This section is devoted to the functional framework of the present paper. All notions recalled
below are very standard and usual in the literature. Throughout this work, n € N* denotes a



positive integer and a < b are two real numbers. In the whole paper, for all 1 < r < oo, we
T

denote by 1 <7’ < oo the classical Lebesgue conjugate of r defined by +' := L5 and satisfying

the equality % + % =1.

2.1 Classical functional spaces

In the whole paper we denote by:

e 1" :=1L"([a,b],R™) the classical Lebesgue space of r-integrable functions on [a, b] with values
in R", endowed with its usual norm || - ||, for all 1 < r < oo;

L := L*°([a, b], R™) the classical Lebesgue space of essentially bounded functions on [a, b]

with values in R”, endowed with its usual norm || - ||p,e;
e C := C([a,b],R™) the classical space of continuous functions on [a,b] with values in R",
endowed with the classical uniform norm || - ||c;

e AC := AC(]a,b],R™) the classical subspace of C of all absolutely continuous functions;

e H* := H*([a,b],R") the classical subspace of C of all \-Hélder continuous functions, for all
0< AL

If E denotes one of the three last above functional spaces, we denote by E° the functional subspace
defined by
E’:={z € E|z(a) = Opn}.

In particular we endow HMY with its usual norm

ta) —x(t "
lalno = sup 12 Z2(Dller.
a<t;<ta<b (ta —t1)

for all z € HM and all 0 < A < 1. Finally we recall that all above normed spaces are Banach
spaces.

2.2 Weighted functional spaces

In this paper, if E denotes one of the above classical functional spaces, the associated weighted
functional space E,, is defined by

E, = {z € L' | poz € E},
where the weight function p, € C is defined by
palt) == T(a)(t — ),

for all t € [a,b] and all 0 < o < 1, where ' denotes the classical Gamma function. Moreover, if
(E, | - ||g) is one of the above Banach spaces, we endow E,, with the norm | - ||g,, defined by

lzlle, = llpatle,
for all x € E, and all 0 < o« < 1. In that case note that (E,, | - ||g.) is also a Banach space.

Remark 1. If E is one of the above classical functional spaces, note that E; = E.



Remark 2. The inclusions C C C, C LY C L} and L™ C L C L! hold true for all 0 < o < 1.
Other simple inclusions can be easily derived.

Remark 3. From the classical Holder inequality (recalled in Appendix A, see Lemma 3), the
inclusion L, C L! holds true for all 0 < (1/r) < a < 1.

Example 1. Let us consider the one-dimensional setting n = 1 and let 0 < a, 5 < 1. One can

easily see that pi € Hg_ﬁ’o if 0 < 8 < a <1, and that pi € H}g if B = a. On the other hand, it
holdsthatpieLE, fora110<a<5§1anda111§r<ﬁ.

2.3 Equivalent Bielecki norms

Let (E,| - |lg) be one of the above Banach spaces. The Bielecki norm || - ||gx (see [2]) defined on
E by
[elle.n = llexzle,

for all x € E, where the weight function e, € C is defined by
ep(t) = e P,

for all t € [a,b] and all k € N, is an equivalent norm on E to || - ||g. In particular (E, || - ||g ) is also
a Banach space for all £ € N.

3 Basics on fractional calculus

Throughout the paper, the abbreviation R-L stands for Riemann-Liouville. This section is dedi-
cated to basic recalls about R-L and Caputo fractional operators. All definitions and results recalled
below are very standard in the literature and are mostly extracted from the monographs [12, 16].

3.1 R-L fractional integrals
The R-L fractional integral 1%[z] of order o > 0 of z € L' is defined on [a, b] by

1

I[2]() = m/ (t — 1) La(r) dr,

provided that the right-hand side term exists. For a = 0 and z € L', we define I°[z] := z. For the
two next results we refer to [12, Lemmas 2.1 and 2.3].

Proposition 1. The continuous embedding
L) c it

(b—a)”
T(at+1)"

holds true for all a« > 0, and a constant of continuity is given by

Proposition 2. The equalities
10 [192[a] | = 1+ ] = 1o o] = 192 [174 o]

hold true for all a1 >0, as > 0 and all x € L.



Let a > 0 and x € L'. From Proposition 1, 1%[z](t) exists for almost every ¢ € [a, b]. Throughout
the paper, if I¢[z] is equal almost everywhere to a continuous function on [a,b], then I1%[x] is
automatically identified to its continuous representative. In that case I%[x](¢) exists for every
t € [a,b]. One of the most well-known results in this sense is recalled in the next proposition. We
refer to [16, Theorem 3.6] (see also [3, Property 4]).

Proposition 3. The continuous embedding
Ia[Lr] C Hoc—(l/r),O

holds true for all0 < a <1 and all 1 < r < 0o such that 0 < (1/r) < a < 1, and a constant of

continuity is given by F(a)(r'(ail)ﬂ)l/“ .

Remark 4. Let 0 < a <1 and 1 <r < oo such that 0 < (1/r) < a < 1. In that case, note that

1
0<a<l, 1<r<oo and 1§7"<1 .
—

In particular it holds that (e — 1) + 1 > 0, and thus the constant of continuity in Proposition 3
is well-defined.

Remark 5. Section 4 is devoted to several generalizations of Proposition 3, replacing L" by Lj.
As a consequence, a proof of Proposition 3 can be found in Appendix A.2, by considering the case

8=1.

3.2 R-L and Caputo fractional derivatives

We say that € L' admits a R-L fractional derivative D%[z] of order 0 < a < 1 if and only if
I'=“[z] € AC. In that case D[z] is defined by

D*fa](1) = & [Tl 1),

for almost every t € [a,b]. In particular D®[z] € L'. We denote by AC® the set of all functions

x € L! possessing a R-L fractional derivative D*[z] of order 0 < a < 1.

Remark 6. If « = 1, AC' = AC and D'[z] = i for all z € AC. If « = 0, AC® = L' and D°[z] =
for all z € L.

We say that z € C admits a Caputo fractional derivative .D%[z] of order 0 < o < 1 if and only if
x —x(a) € AC®. In that case .D*[z] is defined by

D [a](t) := Dz — z(a)](?),

for almost every t € [a,b]. In particular .D*[z] € L'. We denote by .AC® the set of all functions
x € C possessing a Caputo fractional derivative (.D[z] of order 0 < a < 1.

Remark 7. If a = 1, ;AC' = AC and .D'[z] = & for all 2z € AC. If a = 0, ;AC’ = C and
D%z] = x — 2(a) for all z € C.

Remark 8. From Propositions 1 and 2, one can easily see that the inclusion AC C ;AC® holds
true with (D%[z] = ' 7[i] for all z € AC and all 0 < o < 1.



4 Weighted Holder continuity of R-L fractional integrals

This section contains the major contributions of the present paper. Proposition 3 gives a sufficient
conditionon 0 < o < 1 and 1 < r < oo for the Holder continuity of I¢[z] for € L". In this section,
our main goal is to provide sufficient conditions on 0 < o, 8 < 1 and 1 < r < oo for the (weighted)
Holder continuity of 1¢[x] for x € Lj. Precisely our aim is to derive several generalizations of
Proposition 3 replacing L" by Lj.

Following the framework of Proposition 3, we will assume that 0 < (1/r) < a < 1. Moreover, in
order to guarantee the inclusion Lj; C L' (and thus that 1%[x] is well-defined for all z € L%), we
will also assume that 0 < (1/r) < 8 <1 (see Remark 3). Hence, in the whole paper, we will only
deal with the following framework:

0<a,B8<1, 1<r<oo and 0<(1/r) < min(e, ) <1. (AXF)

Similarly to Remark 5, if (A27) is satisfied, note that

1 1
0<a<l, 0<p<Ll, l<r<o and 1<7 <min(-—,—— .
l—a'1-0

In particular it holds that (o« — 1) +1 > 0 and /(8 — 1) + 1 > 0. In that case we introduce
C(a, B,7) > 0 the positive constant defined by

2 (ru%a_1y+nrw%6—1w+n)”“
L(a)T(B) I(r'(a+pB8-2)+2) '

In the case 8 = 1, note that C(a, 8,7) = C(a, 1,7) recovers the constant of continuity given in
Proposition 3.

Cla, B,7) =

If (A%P) is satisfied, note that
-l1<a-(1/r)+(B-1)<1

Proposition 4 below highlights that the sign of a — (1/r) + (8 — 1) plays a crucial role in the
singularity at ¢t = a of I%[x] for = € Lj. As a consequence, this section will be divided in two cases:

a—(1/r)+(-1)>0 and a-—(1/r)+(8—-1)<0.

In the first case, we will obtain the Holder continuity of 1%[z] for # € Lj; (see Theorems 1 and 2),
while the weighted Holder continuity will be derived in the second case (see Theorem 3).

To the best of our knowledge, all results presented in this section (except Theorem 1, which
coincides with Proposition 3) are new in the literature. For the reader’s convenience, the technical
proofs are all provided and detailed in Appendix A.

Proposition 4. If (A7) is satisfied, then it holds that

el () e < 5

for almost every t € [a,b] and all x € L. In particular, if moreover o — (1/r) + (8 — 1) > 0, the
continuous embedding

w < 5C(a,B,7) ]y (¢ — @) (/DG

I°[L}] € L
holds true, and a constant of continuity is given by %(b — a)*=(/M+E-DC(a, B, 7).
Proof. See Appendix A.1. O



4.1 Holder continuity in the case a — (1/r)+ (f—1) >0

We first deal with the case § =1 (and thus Li = L") in order to recover Proposition 3. Precisely,
Proposition 3 can be stated as follows.

Theorem 1. If (A7) is satisfied with o — (1/7) + (8 — 1) > 0 and B = 1, then the continuous

embedding
I [LE] C HDL*(l/T)‘F(,B*l),O

holds true, and a constant of continuity is given by C(a, fB,1).
Proof. See Appendix A.2. O

In this section our aim is to provide a generalization of Theorem 1 to the case 8 € (0,1). For this
purpose we first enunciate the following crucial lemma.

Lemma 1. If (A7) is satisfied with o — (1/r) + (8 —1) > 0 and B € (0,1), then the continuous
embedding
Ly c LY/

holds true for all0 < X< a — (1/r)+ (8 —1), and a constant of continuity is given by

Lo a—(/m+(B-1)-2 1
RO C(l’ﬁ’l—k(l/r)—(a—)\))'

Proof. See Appendix A.3. O
We are now in a position to state a generalization of Theorem 1 to the case 8 € (0,1) as follows.

Theorem 2. If (A%") is satisfied with o — (1/7)+(8—1) > 0 and 8 € (0,1), then the continuous
embedding
I*[L5] € HM,

holds true for all 0 < X < a—(1/r)+ (8 —1), and a constant of continuity is given by

L e m+B-1-2 L 1
=000 (a5 )0 (16 ey )

Proof. See Appendix A.4. O

We conclude from Theorems 1 and 2 that, if (A%”) is satisfied with a — (1/r) + (8 —1) > 0, then
I*[z] is Hélder continuous on [a,b], and vanishes at t = a, for all z € L.

4.2 Weighted Holder continuity in the case o — (1/r)+ (6 —1) <0

If (A2F) is satisfied with a — (1/r) + (8 — 1) < 0, note that necessarily o, 8 € (0,1). In that
situation, one cannot expect from 1*[z] for z € Lj; to be Holder continuous on [a, b] in general. For
example, in the one-dimensional setting n = 1, one can easily see that

1
Pa+p

Loere, while I {1]

G,
Ps Ps ?

for any 0 < «, 8 < 1 such that a + 8 < 1 (take a« = 8 = % for example). Nevertheless Theorem 3

below asserts that [*[z] for x € L} is at least weighted Holder continuous on [a, b].



Theorem 3. If (A7) is satisfied with o — (1/7) + (8 — 1) < 0, then the continuous embedding
1°[Lj] C HI,
holds true for all 0 <y < a— (1/r)+ B and for all0 < n < o — (1/r) such that

0<n§min<o¢f(l/r)Jr(ﬂ*’y),lfa).

A constant of continuity is given by

@(5 _ a)a—(l/r)"r(ﬁ—"/)—ﬂ ~ (F(?(;)M)C(a,ﬁ +p,r) + F(L;U)C(a - 77,5,7“)) )

where p:=min(l — 8,1 —v) =1 — max(5, 7).
Proof. See Appendix A.5. O

The inclusion I¢ [Lg] - szo and the assumptions in Theorem 3 can be declined in several cases.
The next corollary is in this sense.

Corollary 1. If (A7) is satisfied with o — (1/7) + (8 — 1) < 0, then two cases:

(i) If 0 < o < L then the inclusion
1°[Lj] € (HZ’O N H?;—(1/T)-|r(ﬂ—"y)70>7

holds true for all0 <n<a—(1/r) and all B <y < a—(1/r) + B;

(i) If =t < a < 1, then the inclusion

afrr 1—-a,0 a—(1/r)+(8—=7),0
I*[Lg] € (H2af(1/r)+(ﬁ—1)me W/m+E= )

holds true for all 2a — (1/r)+ (B —1) <y <a—(1/r)+ 8.

If (A%7) is satisfied with o — (1/7) + (83 — 1) < 0, Theorem 3 (and Corollary 1) states that
I%[z] for x € Lj is weighted Hélder continuous on [a,b]. In fact, it can be proved that 1¢[z] is
Holder continuous on all intervals [a + €,b] with e > 0. Indeed, from the proof of Theorem 3 in
Appendix A.5 (precisely from Proposition 14), the next proposition can be deduced.

Proposition 5. If (A%7) is satisfied with o — (1/r) + (8 — 1) < 0, then two cases:
(i) If 0 < oo < “tL | then 1*[a] is n-Holder continuous on [a+£,b] for all0 <n < a— (1/r);

(it) If If L < o < 1, then 1°[z] is (1 — «)-Hélder continuous on [a + €,b);

for all x € Ly and all e > 0.

4.3 Descriptions of some typical situations

The aim of this section is to describe the results of Theorems 1, 2 and 3 (precisely Corollary 1)
and Proposition 5 in some typical situations of values for «, 8 and r.

Proposition 6 (8 =a). Let 0 < a <1 and 1 <r < 0o such that 0 < % < a < 1. Three cases:

(i) If a =1, then the inclusion T'[L7] € H'=(/7:0 holds true.

10



(i) If L <« < 1, then the inclusion 1*[LL,] C HM holds true for all 0 < A < 2a — (“£L).

(i) If 0 < oo < L, then the inclusion
1°[L;] © (Hz0 N2 0/n 0

holds true for all 0 <n < a— (1/r) and all @ <y < 2a — (1/7).

In the last case, for all ¢ > 0, it holds that 1%[x] is n-Holder continuous on [a + €,b] for all
0<np<a-—(1/r) and all x € LY,

Proposition 7 (8 =« and r = 00). Let 0 < o < 1. Three cases:
(i) If a = 1, then the inclusion I'[L>°] C HYC holds true.
(it) If £ < a <1, then the inclusion 1*[L] C HM holds true for all 0 < A < 2a — 1.

(iii) If 0 < o < 1, then the inclusion
QT oo ,0 2a—7,0
L] © (Hg nHZ )
holds true for all 0 < n < a and all o < v < 2a.

In the last case, for alle > 0, it holds that 1*[z] is n-Hélder continuous on [a+¢€,b] for all0 < n < «
and all x € LY.

Proposition 8 (=1—«a and r = ). Let 0 < a < 1. Two cases:

(i) If 3 < a < 1, then the inclusion
1[L5,] € (HE o0 nHi ),

holds true for all a < v < 1;

(ii) If 0 < a < %, then the inclusion
L, © (HpS, N0,

holds true for all0 <n < a and all1 —a <y < 1.

5 Regularity of solutions to fractional Cauchy problems

This section is dedicated to the application of the new results stated in Section 4 to the regularity
of solutions to fractional Cauchy problems with Carathéodory dynamics. Precisely we will focus
on the two following nonlinear fractional Cauchy problems:

D] (t) = f(x(t),t), a.e. t€Ea,bl],

{ x(a) = Za, (CCP)
e (£ = F((0). 1) 0,1]
D¥[z]|(t) = f(x(t),t), a.e. t € [a,b],

{ Hokl() ~ T (CP)

where a € (0,1] and z, € R™ are fixed, and where f : R" x [a,b] — R", (z,t) — f(z,t) is a
Carathéodory function, in the sense that f is continuous in its first variable x and (only) measurable
in its second variable t.
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Remark 9. Note that (.CP) involves a Caputo fractional derivative .D® and the initial condition
x(a) = x,, while (CP) involves a R-L fractional derivative D* and the initial condition I' ~*[z](a) =
Zg-

Following the framework introduced in Section 3, we will naturally be looking for solutions in .AC*
for (.CP), and in AC® for (CP). Our objective in this section is to investigate the (weighted)
continuity of these solutions from the statements of Section 4.

In the present work it is not our aim to deal with local (but nonglobal) solutions. As a consequence,
for simplicity, we will assume that f is globally Lipschitz, in the sense that there exists a nonnegative
constant L > 0 such that

[ f(w2,t) = f(z1,t)||[rn < Llj22 — 21||RA, (Hgiob)

for all z1, 2 € R™ and for almost every t € [a,b]. For 0 < 8 <1 and 1 < r < oo, we will denote
by (H, ) the hypothesis

t— f(Og,,t) € Lj. (Hrp)

Remark 10. In the literature (see, e.g., [3]), the authors usually consider that (H11) (or (Heo,1))
is satisfied. Note that Hypothesis (#, 3) introduced in this paper constitutes a (modest) general-
ization which is suitable for the functional framework considered in this paper.

Remark 11. Note that, if (Hoo 1) is satisfied, then (%, 3) is satisfied for all 0 < 8 < 1 and all
1 <r <o

Let A, B C L! be two functional spaces. In the whole section, we will use the notation
f(A)CB <« VzeA, t+— f(z(t),t)€B.
The next proposition gives an example.

Proposition 9. Let 0 < 81,82 <1 and 1 < rq,ry < 0o. Let us assume that (Hgon) and (Hr, 8,)
are satisfied. If ro < ri, with Ba — f1 < + — % if B2 — 81 > 0, then the inclusion

T2
f(Lg,) C L,
holds true.
Proof. 1t holds that
I'(B82)
L(B1)

for almost every ¢ € [a,b] and for all € L. This concludes the proof in the case 81 — 2 > 0. In
the case 81 — B2 < 0, the proof is concluded by applying the classical Holder inequality (recalled
in Appendix A, see Lemma 3). O

o6, (8)f (2(8), ) [[Rn < L (t = a) 72 pg, ()2 (1) [ + p5s (OILf (Orr, )2,

5.1 Holder continuity of solutions to (.CP)

Assuming for example that (Hglon) and (Heo,1) are satisfied, it is well-known, and easy to prove
from Proposition 3, that (.CP) admits a unique solution that is a-Hélder continuous on [a, b].
Hence, the only contribution of this section is to derive a similar result, but under the generalized
and weaker hypothesis (7, ) instead of (Hoo,1)-

Note that if z is a solution to (.CP), then z € [AC* C C and t — f(z(t),t) € L*. From Section 3
and Theorems 1 and 2, one can easily derive the following integral representation.
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Proposition 10 (Integral representation). Let (A%") be satisfied with o — (1/7) + (8 — 1) > 0.
Let x € L' such that t — f(z(t),t) € Ly. Then x is a solution to (-CP) if and only if it holds that
z(t) = o + 1°[f (z,)](2),

for every t € [a,b).
From Propositions 9 and 10 and from Theorems 1 and 2, we get the next theorem.

Theorem 4. Let (A7) be satisfied with a—(1/r)+(8—1) > 0. If (Hgiob) and (H, ) are satisfied,
then (.CP) admits a unique solution. Moreover this solution belongs to He=(/7) if =1, and to
H* for all0 <A< a—(1/r)+ (B—1) if B € (0,1).

Proof. From Proposition 9, we know that the inclusion f(L>°) C Lj; holds true. As a consequence,

the inclusion f(C) C Lj also holds true. From Theorems 1 and 2, we know that the application

F: ¢ — C
z +—  F(z): [a,b] — R
t o F()(t) =z +17[f(z,)](D),
is well-defined, in the sense that F(z) € C for all z € C. Then, considering k € N sufficiently large
for & < 1, we endow C with the Bielecki norm || - ||c,x (see Section 2.3 for details). It holds that

lex())(Fw)(t) — F@)®) |z < ﬁe-w-a) / (t = 1) y(r) — o(r) g dr,

and thus

L Ch_ yan k(s
lex(O)(F(y)(E) — F (@) () len < Wﬂy—xﬂc,k/ (t—r)* e M ar,
for all ¢t € [a,b] and all z, y € C. With a simple change of variable, it can be proved that
f;(t —7)e e k=T dr < % Since k% < 1, we conclude that F is a contractive map on the
Banach space (C, || - ||c,x) and thus F admits a unique fixed point. From Proposition 10 and
the inclusion f(C) C Lj, we deduce that (.CP) admits a unique solution. The regularity of this
solution is obtained from the inclusion f(C) C Lj; and from Theorems 1 and 2. O
Considering (r, 8) = (00, 1) in Theorem 4, we recover the following well-known result as a corollary.

Corollary 2. If (Hgion) and (Heo,1) are satisfied, then (.CP) admits a unique solution. Moreover
this solution belongs to H*.
5.2 Weighted Ho6lder continuity of solutions to (CP)

The major contribution of the present work about regularity of solutions to fractional Cauchy
problems with Carathéodory dynamics concerns the weighted continuity of solutions to (CP) in
this paragraph.

Note that if z is a solution to (CP), then x € AC* C L! and ¢ ~ f(z(t),t) € L!. From Section 3,
one can easily derive the following well-known integral representation.

Proposition 11 (Integral representation). Let x € L' such that t — f(x(t),t) € L'. Then z is a
solution to (CP) if and only if it holds that

() = 5 (t—a)*ag + 1[f (2, )](1),

for almost every t € [a, b].
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From Propositions 9 and 11, we recover the following theorem already well-known in the literature
(see, e.g., [8]). The proof is recalled for the reader’s convenience.

Theorem 5. If (Hgion) and (Hi,1) are satisfied, then (CP) admits a unique solution.

Proof. From Proposition 9, we know that the inclusion f(L!) C L' holds true. We deduce from
Proposition 1 that the application

Fi L' — L
x +—  F(z): [a,b] — R

tos F@)(t) = —

- t _ a—1 a Ia , t ,
F(a)( a)* e + 17 f (z,)](t)
is well-defined, in the sense that F(x) € L' for all # € L!. Then, considering k € N sufficiently
large for & < 1, we endow L! with the Bielecki norm || |1 5 (see Section 2.3 for details). Similarly
to the proof of Theorem 4 we prove that

L

len(O)(F(y)(#) = F(@)(t)[|lrn < @/a (t =7 e D e(r) (y(r) — 2(7)) zn dr,

for almost every t € [a, b] and all z, y € L'. Using the classical Fubini formula and the same change
of variable than in the proof of Theorem 4, one can get that

L
F(y) = F()lli e < kTyHy =zl k

for all z, y € L'. Since k% < 1, we conclude that F is a contractive map on the Banach space
(LY, ||  |l1 %) and thus F admits a unique fixed point. From Proposition 11 and the inclusion
f(LY) ¢ L, we deduce that (CP) admits a unique solution. O

Theorem 5 is a well-known result [8] in the literature in order to deal with R-L fractional Cauchy
problems with Carathéodory dynamics. However, no information is provided on the weighted
continuity of the solution in that framework. The major aim of the next theorem is to fill this gap
in the literature. This new result is derived from Propositions 9 and 11, from Theorems 1, 2 and 3
(precisely Corollary 1) and from Theorem 5.

Before stating that theorem, let us recall here that some earlier papers derive weighted continuity
results for solutions to (CP). We refer for instance to [10] and [12, Theorem 3.11]. Nevertheless,
in these works, we recall that the dynamic f is assumed to satisfy a (quite restrictive) continuous
hypothesis of the form f(C,) C C,, and thus f is assumed to be continuous with respect to its
second variable ¢ (which is not assumed in the present article).

Theorem 6. Let (A7) be satisfied, with 8 —a < (1/r) if B —a > 0. If (Haob) and (H, ) are
satisfied, then (CP) admits a unique solution. Three cases:

(i) Iff a = (1/r) + (B —1) >0 and 3 =1, this solution belongs to T= + Ho—(1/7).0,

(i) If a — (1/r)+ (B —=1) > 0 and B € (0,1), this solution belongs to 2o 4 HM for all 0 < X <
a—(1/r)+ (8 -1);

(i1i) If o — (1/r) + (B8 — 1) <0, then two cases:

14



(a) If 0 < a < ZEL this solution belongs to

Ta 4 10 A pra—1/r)+(E-).0
Do B v

forall0<n<a—(1/r)and al B <y <a—(1/r)+5;

(b) If TQt,l < a < 1, this solution belongs to

Za | gl-ap A HZ~ /M HE=).0

P 20— (1/r)+(8-1)

forall2a— (1/r)+(B—1) <y <a-—(1/r)+p.
In all cases, the unique solution x to (CP) belongs to Co with (pax)(a) = 4.

Proof. Since (A%?) and (M, 3) are satisfied, we deduce that (#;.1) is also satisfied. From The-
orem 5, we deduce that (CP) admits a unique solution. Let us prove that this solution satisfies
the weighted continuity properties stated in Theorem 6. From Proposition 9, we know that the
inclusion f(Lg®) C Lj holds true. As a consequence, the inclusion f(C,) C Lj also holds true.
From Theorems 1, 2 and 3, we know that the application

F: C, — C,
x —  Flx): [a,b] — R

t o F@)(t) = —

—(t—a)* 1z N f(x, -
F(a)(t ) a+I [f( a)](t)a

is well-defined, in the sense that F(x) € C, for all z € C,. Then, considering k € N sufficiently
large for 22,;:L < 1, we endow C, with the Bielecki norm || - ||c, x (see Section 2.3 for details).

Similarly to the proof of Theorem 4 we prove that

[lpa(t)ex () (F(y)(t) — F(2)(1))[lrn

L t
< _ _ N\l _ o=l _—k(t—7)(. _ \ya—1
< maglv = alle.att == [ ¢ nete 0~ ar

for all ¢ € [a,b] and all z, y € C,. Denoting by 6 := 5% it holds that a + 6 = t — 6 and we get
that

t a+0

/ (t— T)O‘flefk(tfﬂ (1 —a)*tdr < / (t— T)O‘flefk(tﬂ')(r —a)* tdr
a a ‘
+ / (t— T)o‘_le_k(t_T)(T —a)*tdr,
t—0
and thus

t a+6

/ (t _ T)a—le—k(t—T)(T _ a)a—l dr < 9(1—1/ e—k(T—a)(T _ a)a—l dr

t

+9ot / (t— T)a_le_k(t_ﬂ dr,
t—0

for all ¢ € [a,b]. Similarly to the proof of Theorem 4, with a simple change of variable, it can be

proved that the two last integrals can be bounded by FIES). We get that

22704

17) = F@llear <

ly — zllc, ks
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for all x, y € C,. Since 22,;:L < 1, we conclude that F is a contractive map on the Banach space

(Cas |+ llc, k) and thus F admits a unique fixed point. From Proposition 11 and the inclusions
f(Ca) CLj C L, this fixed point coincides with the unique solution to (CP) which thus belongs
to C,. The weighted Holder continuity results follow from the inclusion f(C,) C L} and from
Theorems 1, 2 and 3. The last sentence of Theorem 6 is straightforward. O

Considering the case (r, ) = (00, @) in Theorem 6 allows to derive the following corollary.

Corollary 3. If (Hglob) and (Heo,a) are satisfied, then (CP) admits a unique solution. Three
cases:

i) If a = 1, this solution belongs to x, + H"Y;
) I 1, this solution belongs t H0
(it) If & < a <1, this solution belongs to Zj—“ +HM for all 0 < XA < 20 — 1;

(i) If 0 < a < %, this solution belongs to

x _
ey HZ’O N Hia 7,0

Pa
for all0 <n < a and all a < v < 2a.

In all cases, the unique solution x to (CP) belongs to Cqo with (pax)(a) = 4.

A Technical proofs of Section 4

This appendix is dedicated to the technical proofs of Section 4. All these proofs are based on the
following well-known or obvious results.

Lemma 2. Let 21 > 29 > 0 be two nonnegative reals. The inequality
2 — 25 < (21— 2)°

holds true for all 0 < & < 1, while the reverse inequality
(21— 2)° < 2f — 25

holds true for all £ > 1.

IN

Lemma 3 (Holder inequality). Let n = 1 and let 1 < p,q < oc. If% + % 1, then the product
zy € L™ with
lzyllLr < [l@(lLe (|yllLe,

for allx € LP and all y € L2, where 1 < r < oo is defined by the equality % =

Sl
Q=

Lemma 4. If (AY?) is satisfied, it holds that
. : : Y T(@re)
R e e e L
t1

for all ty, to € [a,b] with t1 < ts.
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A.1 Proof of Proposition 4
Let x € Lg. From Lemmas 3 and 4, it holds that

g < / (t — )2 a(r)]

1% [2] (@) (o)

Rre dT
_ t B N AP e dr
B I‘(a)I‘(ﬁ)/a(t )T = )" lps(r)x(7) |[en d

/7'
sl /t /(a—1) r(8-1) 1 o (1/r) 4 (B=1)
< ————— — T — = — ” _ 7
S Tard \, (t—m) (r—a) dr 5ClaB.0) ey (¢~ a) ,

for almost every ¢ € [a, b].

A.2 Proof of Theorem 1

Theorem 1 (and thus Proposition 3) easily follows from the next proposition.

Proposition 12. If (AY?) is satisfied with o — (1/7) + (8 —1) > 0 and 3 = 1, then it holds that
1% [2] (#) | < %C(a,b’,r)llxl\L;; (t —a)*-W/mHE=L,
for almost every t € [a,b], and
1 [2)(t2) = 1%[2](t1) [[rn < Clav, B, 7) |||y (82 — t2) >~/ PFED,

for almost every ty, t2 € [a,b] with t; <t2, and all x € L.
Proof. Let x € L, = L". The first inequality comes from Proposition 4. For the second inequality,
note that

112 [a](t2) — 1°[a] (1) [l < ﬁ / f(tz )2 ()| dr
1

e/ [ e e

for almost every t1, ta € [a,b] with ¢; < t5. Using Lemmas 2 and 3, we get that

. . el ( (" vy N\
1] (t2) — T [w]<t1>||Rn<r(;)( / (s — 1) >df)

||ZCHL7‘ t ’ ’ 1/T/

and, since (t; — a)” (@~ D+ — (ty — a)" (=D <0, we deduce from Lemma 4 that

1] (t2) — 1] (t2) [l < Clev, Lr)llaler (b2 = 82)* =07 = O, B, 7)ll ey (b2 — 1)1/,

for almost every t1, ta € [a, b] with ¢; < ta. O
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A.3 Proof of Lemma 1

Let z € Ly and let 0 < A < a — (1/7) 4+ (B8 — 1). Let us denote by p := m satisfying

1 <p< oo Notethat 0 < 1—3 < (a—A)— (1/r) and that p’ = a=v (17 Which satisfies
1

1<p < 3 Since z € L}, we know that z = % for some y € L" and with i e L¥'. Since
14 1% =a—\<a<1,weknow from Lemma 3 that 2 € LY@~ with

1 a—(1/r —-1)—
, ”yHLT = §(b_ a) W/r+E-1) Ac(laﬁap)||x|‘LE7

1
lalliasan < H
L pﬁ Lp

from Lemma 4. The proof is complete.

A.4 Proof of Theorem 2

The proof of Theorem 2 is essentially based on the next result.

Proposition 13. If (A%7) is satisfied with o — (1/r) + (8 —1) > 0 and B € (0,1), then it holds
that

(b— @)~ /D+B-DAC(a, B, 1) 2|y (¢ — a),

N |

1% [2] (@)
for almost every t € [a,b], and

[1%[a](t2) — I1*[2](t1) ||

an <

—~

1 1
_ Na—(1/r)+(B-1)—X N - A
(b—a) c (a, L A) C (m, T A)> ol (b2 — 1),

for almost every t1, t € [a,b] with t; <t2, and for all x € L and all0 < X < a—(1/r)+(8—-1).

<

DN | =

Proof. Let z € Ljand let 0 < A < a—(1/r)+(B—1). The first inequality comes from Proposition 4.

For the second inequality, recall from Lemma 1 that x € L? where q := ﬁ which satisfies

1< g<ooand 0< % < a. Moreover it holds that

1 t2
[1*[z] (t2) — I%[z](t1)[|rn < 7/ (t2 = 7)* Hlz(r)l|gn dr
['(a) t1
1 t
ol A (G A CEEs R [T s
for almost every ti, to € [a,b] with t; < t5. Since z € L7 and since 1 < ¢’ < ﬁ, we get from

Lemmas 2 and 3 that

1 [2] (£2) — T%[] (1)

to 1/q
- ([t
t1

+ [#]|La /tl(t — )@= _ (g — 7)) gr v
F(Oé) . 1 2 )

and, since (t; — a)? (@~ DHL — (¢, — q)7(@=D+1 < 0 we deduce that

1
1% (2] (t2) — *2)(t1) | < Cler, 1, )l|lla (b2 — t2)*~ V) = © (a, 1, H) o (t2 — 1),

for almost every t1, to € [a,b] with ¢; < to. The proof is concluded from Lemma 1. O
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The proof of Theorem 2 is finally concluded with the next result.
Lemma 5. If (A27) is satisfied with o — (1/r) + (8 —1) > 0 and B8 € (0,1), then it holds that

ot < 30 (21215 € (10 7 =)

forall0 <A< a—(1/r)+(B-1).

Proof. Let 0 < A < a — (1/r) + (8 — 1) and let us denote by p := m and ¢ :== 5

which satisfy 0 < % <fB<land0< % < a < 1. Since i + % = %, it holds from Lemma 3 that

b 1/’”’ b b l/pl
(/ (- T)r/(a_l)(T — a)rl(ﬁ_l) dT) < (/ (- T)q,(a_l) dT) (/ (r— a)p/(ﬁ_l) dT) .
a a a

The proof is complete from Lemma 4. O

1/q'

A.5 Proof of Theorem 3

In the framework of Theorem 3, recall that necessarily «, 5 € (0,1). The proof of Theorem 3 is
essentially based on the next proposition.

Proposition 14. If (A7) is satisfied with o — (1/7) + (8 — 1) < 0, then it holds that
« 1 a—(1/r _
[z (D)llre < 5C (e B2y (¢ — @)=/,

for almost every t € [a,b], and

[1%[a](t2) — I*[2](t1) ||

< gllelh; <W0<a,ﬂ )t = a)H (b — 1)/
ot =t - @D )

for almost every t1, ta € [a,b] with t1 < ta, and for all x € L}, for all0 < p < 1—f and all
0<n<1l—asuchthat0<n<a-—(1/r).

Proof. Let x € Lj. The first inequality comes from Proposition 4. Let us prove the second
inequality. Let 0 <y <1—f andlet 0 <75 <1—« such that 0 <n < a—(1/r). It holds that

; / (t = 1) (r = @) ppalr) e dr

Ifal(t2) = PRIl < 7rgy .

1 " a— a— _
+ W/a [(tl —T) b (ta —7) 1 (r— a)B 1||pgfr(T)||Rn dr, (3)

for almost every t, t2 € [a,b] with ¢; < t5. Since z € L% and from Lemmas 3 and 4, the first
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right-hand side term in Inequality (3) can be bounded by
(e </t2 ) / 1/
Ty to — 1) @D (7 — )" (B~ dT)
N@r (@) \,, 77
1/r

” to , f ’
< F(HS)FL(Bﬂ) (/t (t2 — )" @V (b — a) " (7 — ty)" PTETY) dT)

< =Ly T8 + )
-2 I

Similarly, and using moreover Lemma 2, the second right-hand side term in Inequality (3) can be
bounded by

el
SONG </ [t =) = (e =)

< lm (/atl [(h - T)T/(a_l) = (t2 — T)T/(a_l)] (1 — a)r/(ﬁ_l) dT)

In the last integral, since 0 < /(1 — @) < 1, it holds from Lemma 2 that

r'(1—a) r (1—a)
y y 1 1
= e = () - ()

tlfT tg*T

_ 1 1 ' (1—a) B 1 1 ' (1—a—n) t2 . tl r'n
T \t1—T to — T B t1— 7 to —T (tl_T)(tQ_T)

< (tl i T)r/(a+n71)(t2 _ tl)r’n(tl _ 'r)frln(tg _ T)fr’n

C(Oé, 6 + M, ’I“)(tl — @)_M(tQ — t1>a_(1/r)+(ﬁ_1)+“.

1/r'

/

(r— a)rl(ﬁfl) d7>

/7'

< (ty—ty)" Mty — )" (=),

Thus, since 0 < % <a—n<a<l1, we obtain the bound

B (0 o) oo 2\
— P _(ty—t ty — )= _ gy (6=
a0 ([ 6= et ar)
||$||L,§ I'(a—n)
_ s 2\ ) _ _ Ne=A/r)+(B=1)=n(s. _ +\n
from Lemma 4. The proof is complete. O

Let us prove Theorem 3. Let 0 < v < a— (1/r) + 8 < 1. Let us define p := min(1 — 5,1 — 7).
Note that

O<pu<1-8, a=1Q/r)+(B—-7)>0, 1—(u+v)>0 and a—(1/r)+(B—-1)+u>0.

Now let 0 < n < a — (1/r) such that
0<77§min(a—(1/7")—1—(5—7),1—@).
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From Proposition 14, it holds that

o) @) < " O, 8, g (¢ — )=+,

for almost every ¢ € [a,b]. Moreover, it holds that
(o5 1% [2])(t2) = (o4 1% [2]) (1) [[Rn < T'() ((tz —a)' ™ = (t - a)lﬂ) 1% (2] (t2) ||
+T(9)(tr — ) 7|1 2] (t2) — (] (t1) e, (4)

for almost every t1, t2 € [a,b] with #; < t3. From Lemma 2 and Proposition 14 and since
a—(1/r)+ (8 —1) <0, the first right-hand side term in Inequality (4) can be bounded by

r
"D 60, )l (12 — a)* =D 1y 1)

r
< %C(O&y B, T)”IHLg (ty — tl)af(l/r)+(57,y).
From Proposition 14, the second right-hand side term in Inequality (4) can be bounded by

@llxl\% (F(Q;)M)C(aa B+ )t — a) T (b — )2 /DRI

+F(a ; n)C(a — 0, B,7)(t, — a)a—(l/T)Jr(B—'v)—n(tQ _ tl)”) )
The proof is complete by noting that
min (a— (1/r)+(B—=7),a—(1/r)+(B—-1) 'H%??) =1
and that

I'(a—n)
I'(«)

This last inequality follows from the inequality

b 1/ b /v
(/ (b— T)’"/(O‘_l)(r — a)T/(B_l) dT) <(b—a)" (/ (b— T)rl(a_n_l)(T — a)r/(ﬁ_l) dT)
a a

and from Lemma 4.

C(O[,ﬁ,’l")g C(a_n7ﬂ7r)'
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