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Nonlinear elliptic equations with measure
valued absorption potential

Nicolas Saintier* Laurent Véron'

Abstract We study the semilinear elliptic equation —Au+ g(u)o = p with Dirichlet bound-
ary condition in a smooth bounded domain where o is a nonnegative Radon measure, p a
Radon measure and ¢ is an absorbing nonlinearity. We show that the problem is well posed
if we assume that o belongs to some Morrey class. Under this condition we give a general
existence result for any bounded measure provided g satisfies a subcritical integral assump-
tion. We study also the supercritical case when g(r) = |r|Y"" r, with ¢ > 1 and p satisfies
an absolute continuity condition expressed in terms of some capacities involving o.

2010 Mathematics Subject Classification. 35 J 61; 31 B 15; 28 C 05 .
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1 Introduction

Let © € RY be a bounded domain with a C? boundary, o a nonnegative Radon measure in
Q and g : R — R a continuous function satisfying, for some rg > 0,

rg(r) >0  forall r € (—o0, —rg] U [rg, 00). (1.1)
In this article we consider the following problem

—Au+g(u)o =p in Q
u=0

in 09, (1.2)

where y is a Radon measure defined in 2. By a solution we mean a function u € L (£2) such
that pg(u) € LL(Q), where p(x) = dist (z,0Q) and L. () is the Lebesgue space of functions
integrable with respect to o, satisfying

- [ uscds+ [ gwcar = [ can (1.3)

for all ¢ € Wol’oo(ﬂ) such that A¢ € L>(Q2). In the sequel, such a solution is called a very
weak solution. A measure p such that the problem admits a solution is called a good measure.
We emphasize on the particular cases where g(r) = || 7 with ¢ > 0, or g(r) = e*" — 1
with @ > 0 and N = 2.

When ¢ is a measure with constant positive density with respect to the Lebesgue measure
in RY, this problem has been initiated by Brezis and Benilan [4], [5] who gave a general
existence result for any bounded measure p under an integrability condition of ¢ at infinity;
their proof is based upon an a priori estimate of approximate solutions u,, in Lorentz spaces
L%°(9)), yielding the uniform integrability of g(u,,) and hence the pre-compactness in L ().
If g(r) = \r|q71 r, integrability condition is fufilled if and only if 0 < ¢ < % (any ¢ > 0 if
N = 2). In the 2-dim case the integrability condition have been replaced by the exponential
order of growth of ¢ in [27]. When g(u) = |u|* ' v with ¢ > 5 not any bounded measure
is eligible for solving (1.2). In fact Baras and Pierre [3] proved that when N > 2 and ¢ > 1, a
bounded Radon measure p is eligible if and only if it vanishes on Borel sets with ¢z /-capacity
zero, where ¢' = —45 is the conjugate exponent of q. Contrary to the previous subcritical
case, the method for proving the necessity of this condition is based upon a duality-convexity
argument, while the sufficiency uses the fact that any positive Radon measure absolutely
continuous with respect to the ¢y 4-capacity can be approximated from below by an non-
decreasing sequence of positive measures in W=29(Q) (see [13]). Furthermore they also



gave a necessary and sufficient condition for a compact subset K C {2 to be removable for
equation
~Au+ulfu=0 i Q\K, (1.4)
namely that cg o (K) = 0.
The aim of this paper is to extend the previous constructions of Benilan-Brezis, Baras-
Pierre and Vazquez to the case where o is a general measure. In order to be able to deal

with the convergence of approximate solutions we assume that o belongs to the Morrey class
Mty (Q) for some 0 € [0, N] which means
N—6

| By ()], ::/ do < er? for all (z,7) € Q x (0, 00), (1.5)
By (x)

for some ¢ > 0. Note that we extend o by 0 in RV \ Q.

Our first result is the following:

Theorem A Assume 0 € M*y () for some 0 € (N —2,N| and that g satisfies

N—6

(1.1). Then, for any p € L},(Q),_there exists a very weak solution u of problem (1.3).
If we assume moreover that g is nondecreasing and if u' is a very weak solution of
(1.3) with right-hand side u' € L},(Q), then the following estimates hold

— [ =wiacae+ [ o - g)icr < [ u-wldr ()

and

- [ w=wyeacds+ [ (o) = gt)ico < [ (u=p)da )

for all ¢ € Wy™(Q) such that AC € L®(Q) and ¢ > 0.

Note that (1.6) implies the uniqueness of the solution of (1.3), that we denote by
uy, and (1.7) the monotonicity of the mapping p — wuy,.

The next result extends Benilan-Brezis unconditional existence result for mea-
sures.

Theorem B Let N > 2 and 0 € M*y (Q) with N > 0 > N — &5, Assume

N—6
that g satisfies (1.1) and |g(r)| < g(|r|) for all |r| > ro where § is a continuous
nondecreasing function on [rg, 00) verifying

o0 0
/ Gt N2 AL < o (1.8)
70
Then, for any bounded Radon measure p, there exists a very weak solution u of
problem (1.3) which moreover belongs to LL(Q)). Moreover, if we assume that g is
nondecreasing then the solution is unique.



Note that we recover Benilan-Brezis result when o is the Lebesgue mesure (so that
0 = N). Note also that when g(r) = |r|2" ' r, the integrability condition (1.8) is
fullfilled if and only if 0 < ¢ < 7%5.

In the 2-dimensional case the condition on 6 is 2 > ¢ > 0 but (1.8) has to be

modified. If f: R — R, is nondecreasing we define its exponential order of growth
at 0o (see [27]) by

oo (f) = inf {a >0 /Ooof(s)e_o‘sds < oo} . (1.9)

Similarly, if A : R — R_ is nondecreasing its exponential order of growth at —oo is
0
a.0o(h) = sup {a <0: / h(s)e**ds > —oo} . (1.10)
—00

If g : R — R satisfies (1.1) but is not necessarily nondecreasing, we define the
monotone nondecreasing hull g* of g by

sup{g(s) : s <r} for all » > rg
g (r)=4¢ 0 for all r € (—ro, ro) (1.11)
inf{g(s):s>r} for all r < —ry.
We set
Uoo(9) = too(g})  and a.co(g) = a-co(g™)- (1.12)

Theorem C Let 0 € M, (Q) with2 >0 >0 and g : R — R satisfies (1.1).

P
(1) If ax(9) = 0 = a.x(g), then for any p € Mp(Y), problem (1.3) admits a very
weak solution.
(II) If 0 < axo(g) < 00 and —oco < a.x(g) < O there exists 6 > 0 such that if
w € My(Q) satisfies ||pllgn, < 6 problem (1.3) admits a very weak solution.

In the supercritical case, that is when (1.8) is not satisfied, all the measures are
not eligible for solving (1.3). Following [16], [28, Th 4.2 | we can give a sufficient
existence condition involving the Green function of the Laplacian. Let G(.,.) be the
Green kernel defined in 2 x € and G[] the corresponding potential operator acting
on bounded measures v namely G[v = Jo G(z,y) dv(y). We have the following
result:

Theorem D Let 0 € M™T

nondecreasing and vanishe
(1) If u € My(2) satisfies

R

(Q) with N > 0 > N — &~ and assume that g is
—0
t0.

® z

G[lul)) € Lg(2), (1.13)



then problem (1.3) admits a unique very weak solution.

(II) Let p = pyr + ps where p, is absolutely continuous with respect to the Lebesgue
measure and g is singular. Assume that g satisfies the Ao condition, namely that

9(r+ ) < a(lg)] +lg0)) +b  for allr,r' € R, (1.14)

for some a > 1 and b > 0. Then the previous assertion holds if (1.13) is replaced by

p9(Gllpsl]) € Lo (). (1.15)

Notice that (1.13) holds if either (i) 0 and A have disjoint support, or (ii) € Mp(£2)
for some p > & Indeed if (i) holds then G[|u|] is bounded pointwise on the support
of o, and if (ii) holds then by Lemma 2.2 G[|u|] is bounded pointwise in €. Obviously
the same comment holds in the setting of II.

In order to make more explicit conditions (1.13), (1.15), we introduce the follow-
ing growth assumption on g:

lg(r)| < e(1+|r]?) for all r € R, (1.16)
for some ¢ > 1. Notice that g(r) = 1 + r? satisfies (1.8) if and only if ¢ < %.
When o is the Lebesgue measure and g(r) = |r|?"1r, Baras and Pierre [3] gave a

necessary and sufficient condition for the existence of a solution to (1.2) involving
certain capacity associated to the Bessel potential spaces H S’p(RN ) where s € R and
p € [1,00]. Let us recall that

HP(RN) ={f:f=Gsxh,he LP(RV)}, (1.17)

where G is the Bessel kernel of order s. By extension Gg = &g, hence H*P(RV) =
LP(RY). When s is a positive integer, it is proved by Calderén [2, Theorem 1.2.3]
that HP(RY) is the standard Sobolev space W*P(RY). If s > 0, we denote by ¢,
the associated capacity, called the Bessel capacity. It is defined for any compact set
K c RN by

csp(K) = 1inf {||¢]|%er = ¢ € S(RY), ¢ > 1 on K}. (1.18)
The definition of ¢, is then extended first to open sets and then to arbitrary sets.
We refer to [2] for general properties of Bessel spaces and their associated capacities

csp- We say that a measure p € 9,(£2) is absolutely continuous with respect to the
cs p-capacity if for any Borel subset £ C RY,

cop(E) = 0= |ul(E) =0,



Baras and Pierre’s result states that equation (1.2), with o standing for the Lebesgue
measure and g(r) = |r|9"!r, has a solution if and only if u is absolutely continuous
with respect to the cp y-capacity. The next result generalizes the "if” part to the
case where o belongs to some Morrey space.

Theorem E Let 0 € My (Q) with N > 0 > N — 2~ and assume that g is

N—6

nondecreasing and satisfies (1.1) and (1.16). Let p > 1 and s > 0 such that N >

sp>N—0 and 959 > q. If p € My(QQ) is absolutely continuous with respect to the
N—sp
Co—s pr -capacity, then (1.2) admits a unique very weak solution.

As a particular case, we take p = ¢ and obtain that if p is absolutely continuous
with respect to the ¢, ~-o q,—capacity, then (1.3) admits a unique solution. We thus
q b

recover Baras-Pierre’s sufficient condition [3] when 6 = N.

We give an explicit condition on the measure p in terms of Morrey spaces implying
that it satisfies the conditions of Theorem E.

Proposition 1.1 Under the assumptions on o and g of Theorem E, if u € M_n ()
N—0%

(N—2)q—0

*
for some 6% > 1

, then (1.3) admits a unique very weak solution.
Notice that the condition on p given in Proposition 1.1 is weaker than the one given
after Theorem D.

When g(r) = |r|? ' 7 with ¢ > 1, one can find a necessary conditions for the
existence of a solution of (1.3) in the supercritical case under additional regularity
assumptions on o. By [2, Def 2.3.3, Prop. 2.3.5], the following expression

¢7(E) = inf {/ w9 do v e L?(Q), v >0, Glvo] > 1 on E} , (1.19)
Q

where F is any subset of {2 defines an outer capacity. The measure is called #-regular

if

N =

1
—rf < / do < cr? for all (z,r) € Q x (0,1],
By ()

The next result gives a necessary condition for a measure to be a good measure.

Theorem F Let ¢ > 1 and 0 € M™Ty (Q) be O-reqular with N > 6 > N — 2.

N—-0
If p € M () is such that problem (1.3) with g(r) = [r|7 Yy admits a very weak
solution, then p vanishes on any Borel set E such that cj(E) = 0.

Furthermore the cg- capacity admits the following representation in terms of
N—-0

2— ’
Besov capacities. If I' C 2 is the support of o, we denote by Bq/,ooq () the closed




_N-0

2
subspace of distributions ¢ € B o " () such that the support of the distribution
AC( is a subset of I'. Then

o_N—-6 _

I . / 2
T (K) =inf CICIT, xe 1 ¢ € By
B q

q’,00

N—6

)

(Q), (> xx ¢, (1.20)

q
,O0

for all compact subset K C €.

Finally a complete characterization of removable sets can be obtained under a

1
much stronger assumption on o, namely that do = wdx with w :=w 1 € L}OC(Q).
If K C Q is compact, we set

?(K) = inf {/Q |AC|q/ wdx : ¢ € C§(Q),0 < ¢ <1,{ =1 in a neighborhood of K} .

q
(1.21)
This defines a capacity on Borel sets of 2.

Theorem G. Assume q > 1 and there exists a nonnegative Borel function w in § in
the Muckenhoupt class Ay(Q) such that do = wdx. If K C Q is compact, a function
uw€ LL (Q\ K) such that |u|?w € L}, (Q\ K) which satisfies

—Au+wlul u=0, (1.22)

in the sense of distributions in Q\ K can be extended as a solution of the same
equation in whole Q if and only if cq.,(K) = 0.
1
The assumption w € A4(£2) can be weakened and replaced by w = wi-7 is ¢'-

admissible in the sense of [15, Chap 1], a condition which implies in particular the
validity of the Gagliardo-Nirenberg and the Poincaré inequalities.

2 Preliminaries

In the whole paper ¢ denotes a generic positive constant whose value can change
from one ocurrence to another even within a single string of estimates. Sometimes,
in order to avoid ambiguity, we are led to introduce other notations for constant, for
example .

We denote by 91,(£2) the space of outer regular bounded Borel measures on (2
equipped with the total variation norm, and by zm; () its positive cone. Since {2 is
bounded we can identify bounded Radon measures in 2 with measures p in €2 such
that |u| (992) = 0. All the measures are extended by 0 in RV\Q.



Let G(.,.) be the Green kernel defined in  x ©Q and G[] the corresponding
potential operator acting on bounded measures v namely G[v fQ z,y) dv(y).
We denote LP*°(2) the usual weak LP space. The next result is classical and vahd
in a much more general setting (see e.g. [6], [11]).

Lemma 2.1 Let pp € MM(Q) and v = Glu| be the (very weak) solution of

—Av=yp in
v=20 in ON. (2.1)
N N
I- If N > 2, then v € LN-2°(Q), Vv € LN-1°(Q) and
1], gy oo F VI oo < cllialla, - (2.2)
II- If N = 2, then v € BMO(R), Vv € LQv"O(Q) and
[vllgaro + IVl p20e < cllpllon, - (2.3)

This result can be refined when more information is available on the degree of
concentration of p. This lead to the definition of Morrey spaces of measures.

2.1 Morrey spaces of measures

If 1 < p < oo we define the Morrey space M, (2) as the set of bounded outer regular
Borel measures p defined in €2 and extended by 0 in ¢, satisfying

B (2)],, = /B ( )d|u| < N8 forall (z,7) € Q X Ry, (2.4)

for some ¢ > 0. In particular p € M_~_(2), 6 € [0, N], if
N—0

/ dlp| < er? for all (z,7) € 2 x Ry.
B ()

We refer to [19] for a detailed study of M,(£2) and full proofs of the various results
we will recall now. Endowed with the norm

N(i-1
Iy, = sup Vo7V |B(2),, (2.5)
(z,r)EQXR 4

My (9) is a Banach space and M () = M, (Q) N M () is its positive cone.
We also set Mp(2) = Mp(2) N L1 (); it is a closed subspace of M, () and, if

loc

1 < p < o0, the following imbedding holds
LP(Q) — LP™°(Q) — Mp(Q). (2.6)



Note that since €2 is bounded and any measure in €2 is extended to R by 0, it is
easily seen that if 1 < ¢ < p < oo we have a continuous embedding M,,(Q) — M, ()
with [

0]l pq, < (diam(2)) @7 (o] for all v € M, (Q). (2.7)

Indeed for any x € Q the ball centered at = with radius diam(€2) contains €2 so that
it is enough to consider r < diam(£2). We have

. N_N
pmNA=1/q) | By ()], < pmN=1/g) 1l g, rNU=1/P) < (diam(Q)) @ > ell g, -
The following imbedding inequalities holds.

Lemma 2.2 Let p € M,(Q) and v be the solution of (2.1).
I-Ifl1<p< %, then v € My () with % = % — £ and there holds

10l ag, < ellpllpg, - (2.8)

1I- If p > %, then v is bounded pointwise and

(7) v(z) < cllpllag, for all xz € Q,
. [v(z) = v(y)| ‘ N N
X3 sup ——— < c||p with a=2—— if N>p>—,
@) s <l ; >
[v(z) —v(y)| : -
(7i7) sup ————=—— < c||u| with « € (0,1) if N =p,

T#yY |J,‘ - y| My
(iv) sup[Vo(@)] < eflufu, if N<p.

(2.9)

Remark. The previous regularity results are proved in [19, Prop. 3.1, 3.5] when
v = I, * pu where I, is the Riesz potential. However it is easily seen that the
proof in [19] can be adapted to our setting. In particular for (2.8) we need that
G(z,y) < clz —y|?>~V, for (i) we use (2.7).

Remark. If we assume that p € 9,(2) N M, 100(12), the previous estimates acquire a
local aspect and remain valid provided the supremum in the norms on the left-hand
sides are taken on compact subsets of €.

2.2 Trace embeddings

Some applications of Morrey spaces to imbedding theorems (also called trace inequal-
ities) can be found in Adams-Hedberg’s book [2]. For the sake of completeness, we
quote here the main result therein we will use in the sequel. If 0 < a < N we recall
that I, (resp. G,) is the Riesz potential (resp. the Bessel potential) of order « in
RY. The next result is [2, Th 7.2.2, 7.3.2 ] (recall that the ¢, p-Riesz capacity of a
ball B,.(z) is proportional to V=2 - see [2, Prop. 5.1.2].)



Proposition 2.3 Let o be a nonnegative Radon measure in RN, N > ap and 1 <

Np
p<q< gyt

(I1)- The following assertions are equivalent:

1o * fllpo@sy < e lfllposy  for all f € LPRY), (2.10)
for some ¢; = c1(N,a,p,q) >0, and
1 1 1 «
N ) —_ = _— = —
o€ M,RY) with =g <q - N). (2.11)

(II)- The mapping f +— Gq * f is continuous from LP(RN) to LL(RN) if and only if
o(K)7 < c3(cap(K))?  for all K C RV, (2.12)

where cq,p denotes the Bessel capacity of order o defined in (1.18). In fact this holds
if and only if

o(By(x)) <3 (cmp(Br(x)))q/p forall z e RN 0<r<1. (2.13)

(II1)- A necessary and sufficient condition in order the mapping f — Gqo x f be
compact from LP(RN) to LL(RN) is

‘ ) O'(Br (IE))
(7) lim  sup ——————— =0

350 4B <5 (cap(By (7))} (2.14)
@) lim sup—25r @) g

120 7<1 (C p( By (2)))?

If RY is replaced by a smooth bounded set €2, we extend any bounded Radon
measure in € by zero in Q°. In view of [2, 5.6.1] the ¢, ,-Riesz capacity and cq,p-
Bessel capacity of balls B, (x) with z € Q and r < 1 are then equivalent. It follows
that cap(Br(7)) ~ rN =P, Then, it follows from II and III above, the definition of
H*P(RY) and the existence of an extension operator H*?() « HP(R") that the
following holds,

Proposition 2.4 Under the assumptions of Proposition 2.3, the embedding H*P(Q) —
LLI(Q) is:

(I)- continuous if and only if (U(K))% < e (cayp(K))% for all K C RN, i.e. if and
only if o € M} (RY) wz‘th%:qG—%—&-%
(I1)- compact if and only if
o(Br(z))
i "B 21



As an immediate corollary,

Proposition 2.5 Let 0 € Mty (Q), i.e. o(Br(z)) <cer?, N>apand1 <p <

N—-6

q< Njiﬁp. Then the embedding

HOP(Q) < LI(Q), (2.16)

is continuous iff o(K) < ¢1 (cavp(K))% for all K ¢ RN which holds iff ¢ < 22

N—ap*
And the embedding (2.16) is compact iff ¢ < Ne_pap.

Other trace inequalities can be found in [21]. In the case N = ap the following
estimate holds, see e.g. [1], [20, Corollary 8.6.2], [31].

Proposition 2.6 Let o be a nonnegative Radon measure in RN with compact sup-
port and N = ap, p > 1. Then there exists a constant b = b(N,a,p) > 0 such
that

sup / exp <b|Ga * f\p/) do < o0 (2.17)
[l p<1 /RN

if and only if o € MF(RN) for some 7 € (1,00).
When p = 1 the next result is proved in [20, Sec 1.4.3]

Proposition 2.7 Let o be a nonnegative bounded Radon measure in RN, a be an
integer such that 1 < a < N and ¢ > 1. Then the following estimate holds

£l <e2 Y IDflly  for all f € CR(RY), (2.18)
|B|=c

for some ca = ca(N,p,q,a) > 0 if and only if o € MT (RN).

N—q(N—-a)

3 The subcritical case

3.1 The variational construction

We prove in this section that if x4 € W~=12(Q) then, under some assumptions on g
and o, equation (1.2) has a variational solution.

We assume that g € C(R) satisfies (1.1), and set G(r) := / g(s)ds. We will
0

find a solution to (1.2) minimizing the functional
1
J(v) = / Vol? dz + /G(v) do — (1,0), (3.1)
2Ja 0

11



over the set
Xa(Q) := {v e Wp(Q) : G(v) € LL()}. (3.2)

The next proposition is a variant of a result in [8].

Proposition 3.1 Assume o € Ml(Q) with N > 6 > % —1. If p € WH2(Q)
N—-6
there exists u € Xg(Q) which minimizes J in Xg(2). Furthermore u is a weak

solution of (1.2) in the sense that

/Vu.VCdm + /g(u)(da = (u,¢) for all ¢ € C5°(Q). (3.3)
Q Q

If g is nondecreasing this solution is unique and denoted by u,, and the mapping
[ Uy, 18 monnecreasing.

Proof. Step 1: Ezistence of a minimizer. If N > 2 we apply (2.16) with « = 1 and
p = 2, recalling that by Fourier transform H2(Q) = W12(Q) (it is a special case of
Calderén’s theorem), to obtain that

20

W, 2(Q) — LY (Q). (3.4)
If N =2 with p =2 we take any o < 1 and obtain

71 o, < e1lflwes < ¢ 1 (3.5)

According to Proposition 2.5 the imbedding of VVO1 2(Q) into LA () is compact for
anype[l,NQ—fQ) ifN>2and1<p<ooif N=2.

Let us first assume that g is bounded. Then |G(v)| < m |v|. Since g is continuous,
G(v) € LL(Q) for any v € WOI’Q(Q) and the functional J is well defined and is of
class C! in VVO1 (). Furthermore

lim  J(v) = +oo. (3.6)

lvllyyr1,2—o00

Let {u,} be a minimizing sequence. By (3.6), {u,} is bounded in Wol’2(Q) and
thus relatively compact in LL(2) and in L?*(Q). Hence there exist u € L*(Q) and
v € LL(Q) such that, up to a subsequence, u,, — v in LL(Q), and u,, — u strongly
in L2(9) and weakly in W,*(2). We can also assume that u, — u ¢;2-quasi
almost everywhere in the sense that there exists £ C Q with ¢;2(F) = 0 such
that uy,(x) — u(z) for any z € Q\E. According to Proposition 2.5, ¢ is absolutely
continuous with respect to the ¢ o-capacity. It follows that o(E) = 0 so that u, — u
o-almost everywhere and thus u = v o-almost everywhere. Thus we have that
up — uin L2(Q), in LL(Q), o-almost everywhere and weakly in VVO1 2(Q). Then we

12



have that (u,u,) — (i, u). By the dominated convergence theorem we have also
that G(u,) — G(u) in LL(2). Therefore

J(u) < liminf J(uy,), (3.7)
n—oo
which implies that v is a minimizer of J in VVO1 2(Q).

If g is unbounded, we write g = g1+g2 where g1 = gX(—rg,r0)s 92 = IX(—c0—ro]U[ro,00)
where r( is defined in (1.1). Hence G(r) = G1(r) + Ga2(r) where |G (r)| < m|r| and
G4(r) is nonnegative. Using again (2.14) we obtain that (3.6) holds. A minimizing
sequence {u,} inherits the same property as above, hence u,, — u o-almost every-
where in © and in L (), this implies that G1(u,) — G1(u) in LL(Q) and Ga(u) is
o-measurable. By Fatou’s lemma

n—o0

/Gg(u)da < lim inf/Gg(un)da,

which implies that (3.7) holds. Notice that, among the consequences, X is closed
subset of Wol’Q(Q). Hence w in a minimizer of J in X¢(2).

Uniqueness holds if g is nondecreasing since it implies that J is stricly convex and
actually Xq is a closed convex set.

Step 2: The minimizer is a weak solution. For k > rg we define g by

g(r) if |r[ <k
gr(r) =1 g(k) if 7>k
g(=k) if r< —k

Then g is continuous and bounded and the minimizer uy € VVO1 2(Q) of

Jr(v) = ;/Q \Vo|* dz + /QG]C(U) do — (p,v) where Gi(r) = /Osgk(s)ds,

is a weak solution (i.e. in the sense given by (3.3)) of

ey s a8
The following energy estimate holds
[ vuslde+ [ watuds = Guwd < o lodyos,— (39)
and it implies
/Q|Vuk|2dx + /Q [urgr(ur)| do < |ullfy-12 +mo(Q) = M, (3.10)

13



for some m = m(rg) > 0. Up to a subsequence, {uy}, converges to some u as
k — oo, weakly in I/VO1 ’Q(Q), strongly in L?(f2), and almost everywhere in €. By
Proposition 2.4 the imbedding of W2(Q) in LZ(Q) is compact for any ¢ < NQ—fZ.
Hence the subsequence can be taken such that up — w, o-almost everywhere as
k — oo, and consequently gx(ur) — g(u) o-almost everywhere. Let E C Q be a

Borel set, then for any A > rg,

MZ/ |9k (ur)ug| do
E

— / i (g ug | dor + / lgn (ur Yug | do
En{|ug|>A} En{lug|<A}

> / g (ug) do + / g ()i dor
En{|ug|>A} En{|ug|<A}

Therefore

/ g (ug)| dor = / g (ug)| do + / i (ug)| dor
E En{lug|>A} En{lug|<A}

< 2 maxflg(r)| « Ir| < Ao (B)

For € > 0 we first choose A such that % < 5 and then 0(E) < 15 max{€|g(7‘)|§)\}' This
implies the uniform integrability of {gx(ug)}x in LL(Q). Hence gi(ur) — g(u) in
LL(Q) by Vitali’s convergence theorem. Since uy, is a weak solution of (3.8), there
holds for any ¢ € C§°(€2),

/Vuk.VCdx—l—/gk(uk)Cda: (1, C). (3.11)
Q Q

Letting £ — oo we obtain, using the above convergence results,

—/Vu.VCda:—i—/g(u)CdJ = (1, (). (3.12)
Q Q

Hence u is a weak solution. If g is monotone, uniqueness is also a consequence of
the weak formulation. Furthermore if 1, i’ belong to W—12(Q) are such that p — '

is a nonnegative measure, then (1’ — p, (u), —uy,)+) < 0. Taking (uj, —wu,)4 for test

function in the weak formulation yields (u), —u,)+ = 0. O

3.2 The L' case

In the sequel we set

X(Q) ={¢ € CY(),¢ =00n 90 and AC € L™(Q)}, (3.13)
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and X, (Q) = X(Q)N{¢ € CYQ) : ¢ > 0in Q}. We recall (see e.g. [29]) that if
feL,(Q) and u € L'(Q) is a very weak solution of

—Au=f in €, (3.14)
there holds
—/ |u| Aldx < /fsign(u)gdx for all ¢ € X, (), (3.15)
Q Q
and
—/u+ACdm < /fsign+(u)Cd:E for all ¢ € X4 (). (3.16)
Q Q

Proposition 3.2 Assume N >2, 0 € My (Q) with N>60>N—2and g:R
N0

R is a continuous nondecreasing function vanishing at 0. If p € L})(Q) there exists a

unique u := u, € LY(Q) very weak solution of (1.2). Furthermore, if u,,u,y € L' ()

are the very weak solutions of (1.2) with right-hand sides p, ' € L})(Q), then

—/ ‘uu—uﬂz
Q

and

Acdz + /ﬂ lgup) — gluy)| Cdor < /Q (1 — ) sign(up — e )Cd,
(3.17)

- / (s — )+ MGz + / (9(up) — 9lupe)) (o < / (1 — 1) sign. (o — uye)Cd
Q Q Q

(3.18)
for any ¢ € X (). In particular the mapping p — u,, is nondecreasing.

The following result will be used several time in the sequel. its proof is standard
but we present it for the sake of completeness.

Lemma 3.3 Assume N > q¢>1and o € MTy, with N >0 > N —q. Then o

2

2

—0
vanishes on any Borel set with c1 4-capacity zero.

S

Proof. 1t suffices to prove the result when E is compact. We define the Ay Hausdorff
measure of a set E by

e}

Ag(E) = lim Aj(F) := lim inf Zr? :0<rj<Kk<oo, BC U B, (aj)

r—0 k—0

j=1 j=1
(3.19)
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Note that AS°(E) is the Hausdorff content of E and it is smaller than (diam (E))?.
For any covering of E by balls B, (a;), j > 1, we have

o(E) < ]Zlawrj(a] ) <ol g
It follows that
o(E) < llofl_x_Ag(E).
Next, if ¢1 4(E) = 0 then Ag(E) = 0 according to [2, Th. 5.1.13], and thus o(E) =0
by the previous inequality. O
We introduce the flow coordinates near 9€2 defined by

II(z) = (p(z), 7(x)) € [0,e0] x O where 7(x) = projaa(zx).

It is well-known that for € small enough, II is a C1-diffeomorphism from ., :=
{z € Q:p(x) < e} to [0, €] x Q. With this diffecomorphism we can assimilate the
surface measure dSe. on X, = {z € Q : p(z) = €} with the surface measure dS on

Y0 = 022 by setting
/ o(2)dS.(x) = / o(e, 7)dS (7).
Se o

Lemma 3.4 Assume N > 2 and \ € IM(QY) satisfies

/pd|,u| < 0. (3.20)
Q

Then u = G[u] satisfies
hm/ lu|(e, 7)dS () = (3.21)

Proof. If w = G[p], it is the unique weak solution of —Au = g in Q, u = 0 on .
Hence v = uj — ug where u; = G[u™| and up = G[u~|. Because pu; and p_ satisfies
the integrability condition (3.20) both u; and us has a zero measure boundary trace
( M- boundary trace in the sense of [18, Sec 1.3]). Hence, taking for test function
the function { =1,

lim | wj(e,7)dS(T) =0, (3.22)

e—0 o
which implies (3.20). O

This result allows us to obtain the uniqueness of the solution even if the right-
hand side is a measure.
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Lemma 3.5 Assume N > 2,0 € Mty (Q) with N >0 >N —-2andg:R— R

z

e
. f € M(Q) there exists at most one very

Sz

18 a continuous nondecreasing functio
weak solution of (1.2).

Proof. By Lemma 3.3 with o = 1, p = 2, ¢ is absolutely continuous with respect to
the c; 2 capacity (it is diffuse in the terminology of [9]), and if h € L () the measure
hyo, which is the increasing limit of inf{n,hy}o is also diffuse. Similarly h_o is
diffuse and so is ho. Next we assume that v and v’ are two very weak solutions of
(1.2) and set w = u — «'. Hence

—Aw + (g(u) — g(v'))o = 0.

Since p(g(u) — g(u')) € LL(), it follows from Lemma 3.4 that

lim /Z (e 7)dS(r) =0

e—0

We use Kato inequality for measure as in [10, Th 1.1]: Since w € L'(Q2), Aw™ is a
diffuse measure and

Awt > X{wz0y AW = X {50y (g(u) — g(u'))o >0 in

Since w™ has a M-boundary trace by Lemma 3.4, we can apply [18, Lemmma 1.5.8]
with = —X/,5, (9(u) —g(u'))o which is a measure in M, (Q2) := {v € M(Q) : pv €
My (Q2)}. Then there exists 7 € MF(Q) such that

~Awt =p—r1.
Equivalently
—Aw™ + X{wzo} (g(U) - g(u’))a =T
Since the M-boundary trace of w™ is zero, it follows that w* = —G[x,,,, (9(u) —
g(u))o + 7]. Hence wt =0 and v < o/. Similarly v’ < u. O

The following variant will be useful in the sequel.

Lemma 3.6 AssumeNZZUGMl(Q) with N >0 >N—-2andg:R— R

N—6
is a continuous nondecreasing function. If u,u’ € LY(Q) are such that pg(u) and
pg(u') belong to LL()) and satisfy

—/ (u—u’)Ade—l—/(g(u) —g(u))¢do = /Cdu forall (€ X4 ()  (3.23)
Q Q Q

for some v € My (Q) diffuse with respect to the ¢y 2-capacity, then u > u' ¢ 2-quasi
everywhere in €.
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Proof. We use Kato’s inequality, Lemma 3.4 and [18, Lemmma 1.5.8] in the same
way as in the proof of Lemma 3.5 since the measures (g(u) — g(u'))do and v are
diffuse, A(v’ — ) is diffuse, hence

Al = u)y = X, AW —u) = (90) = 9(W)X sy T Xwzup? 20

Since v’ —u € Wy 9(Q) for any 1 < ¢ < 57, we conclude that (u/ —u); = 0 almost
everywhere and ¢ 2-quasi everywhere by [2, Th 6.1.4]. O

The next result and the corollary which follows are the key-stone for the proof

of Proposition 3.2.

Lemma 3.7 Let 0 € Mty (Q) with N> 60> N -2, h € LX(Q), f € L*(Q) with

N
=
s> 4 and w € LY(Q) be the very weak solution of
—Aw+ ho = f in
w=0  in Q. (3.24)

Then w is continuous in Q and for any nondecreasing bounded function v € C?(R)
vanishing at 0, there holds

—/j(w)ACdm+ /y(w)hgdo' < /’y(w)(fdx for all ¢ € X1 (), (3.25)
Q Q Q

where j(r) = /Orfy(s)ds.

Proof. The solution is unique and expressed by w = G[f — ho]. Since % > %,
w € C*(Q) for some a € (0,1) by Lemma 2.2. Hence y(w) is continuous and
therefore measurable. We extend o by zero in Q¢ and denote o,, = o xn,, where {n,}
is a sequence of mollifiers. Then ¢, — ¢ in the narrow topology of Q2. For n € N*,

let w,, be the solution of

—Awy, + hoyp, = Ty (f) in Q

wy, =0 in 9Q, (3.26)

where T),(f) = min{| f|, n}sgn(f). Then w, € WQ’S(Q)QW(}’OO(Q) forall1 < s < oo.
By Green’s formula

—/j(wn)ACd:U + /'y(wn)tha < /y(wn)gfd:z: for all ¢ € X4 (). (3.27)
Q Q Q
Since w, — w uniformly in Q, (3.25) follows. O
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Corollary 3.8 Under the assumptions of Lemma 3.7, there holds

—/ \w|ACdm+/signo(w)h§dU < /signo(w)gfda:, (3.28)
Q Q Q
and
—/w+ACd:U+/sign+(w)Chda < /sign+(w)qfdx, (3.29)
Q Q Q

for any ¢ € X1 (). Moreover there exists a constant C > 0 depending only on 2
such that

/signo(w)hda < C/ | fldx. (3.30)
Q Q

Proof. For proving (3.28) we consider a sequence {7} of odd nondecreasing func-
tions such that

and such that {ryx(r)} is nondecreasing for any r. Using v, in place of v in (3.25)
we obtain

—/jk(w)ACdl‘—i— /'yk(w)Chda < /’yk(w)Cfdx for all ( € X4(2), (3.31)
Q Q Q

T

where ji(r) = / Yk(s)ds. Since yi(w) T w on Qp = {x € Q : w(z) > 0}, there

holds by the monotone convergence theorem,

/ 'yk(w)C|h]dUT/ w( |h| do as k — oo.
Q, N

Since

/ (w — i (w))Chdo
Q4

< /Q = (w)chl do = /Q =)l

we obtain

/ Yi(w)h(do — wh(do as k — oo.
Q4 Q.

Similarly, vx(w) } w on Q_ :={z € Q: w(z) < 0} so that

/ Yi(w)h(do — whldo as k — oo.
Q_ Q_
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Combining these two results yields
/’yk(w)Chda — w(hda—/ wChdo = /sgno(w)Chda.
Q Q4 Q- Q
Usiing dominated convergence theorem there holds

[ntw)acds - [ sgno(w)acd.
Q Q

and

/'Yk(w)Cfd$—> /sgno(w)gfdx.
Q Q

This implies (3.28). The proof of (3.17) is similar.
Eventually we prove (3.30). Let 71 be the solution of

-Am =1 in 0

m=0 in 09. (3.32)

Then 71 = G[1] € X4 (R2) and there exists ¢,¢ > 0 depending only on 2 such
that ¢p < m1 < dp. Given a € (0,1], let j(r) = (r+€)* — €, r > 0, and
¢ = je(m). Note that ¢ € C?*(Q),0< ¢ <n% ¢ =0o0n9dQ, j. >0, j7 <0, so that
~A¢ = 3L (m) — 7" (m)|Vm|? > 0. We deduce from (3.28) that

/ sgno(w)(n + €)*hdo < / sgno(w)n®|f|dz + ea/ sgno(w)hdo.
Q Q Q

We obtain
/ sgno(w)p®hdo < C/ p%| fldz + €“|6(Q)]
Q Q

Letting € — 0 and then o — 0 we infer the result by dominated convergence.

We are now in position to prove Proposition 3.2.

Proof of Proposition 3.2. We divide the proof into several steps.

Step 1: We assume that p € L>*(). Let {n,} be a sequence of molifiers and
op = 0 %1y If p € L>(Q), the solution u, = uy,, of

—Au, + g(un)o'n = in
Up = 0 in 09, (3.33)
is continuous in €. Since
~Glu] < ~up <0<t < Glut] (3.34)
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by the maximum principle, the sequence {u,} is uniformly bounded. Recalling that

g is nondecreasing we have that the sequence {g(uy)} is also uniformly bounded in

2, hence g(up)oy, is bounded in MLQ(Q) independently of n, and from (2.9) it
N—

implies that u, is bounded in C*(Q2) for some o € (0,1] independently of n. Up
to some subsequence, {u,}, and thus also {g(uy)}, are then uniformly convergent
in Q with limit v = u, and g(u) = g(u,). Because o * n, converges to o in the
narrow topology, u,, is a very weak solution of (1.2). Notice that being continuous,
g(u) is measurable for the measure 0. By Lemma 3.5, u,, is the unique solution of
(1.2), hence the whole sequence {u,, } converges to u,. Applying Corollary 3.8 with
w=u, =0 and ( = n yields

[ udds+ [ lgwlmdo < [ nlmas. (3.35)
Q Q Q
and (3.29) with ¢ = n; gives

/Q (u— ) + /Q (9(u) — gu)) ymdo < /Q msigny (i — o) (s — ) .

(3.36)
which implies the monotonicity of the mapping . > .

Step 2: We assume that u € L'(Q) is bounded from below. Set ¢ = ess inf p.
For k > 0 set pp = min{k, u} and uy = u,, € L>®(Q). The sequence {pu} is
nondecreasing, hence according to Step 1, the sequence {uj} is a nondecreasing
sequence of continuous functions in ©Q bounded from below by /71, where 7 is
defined in (3.32). Its pointwise limit, denoted by wu is thus lower semicontinuous.
Moreover g(ur) — g(u) pointwise, hence g(u) is lower semicontinuous and thus
o-measurable. Relation (3.35) applied to ux and uy gives

/ el dz + / lg(w)| mdo < / el .
Q Q Q

Passing to the limit using Fatou’s lemma in the left-hand side and the dominated
convergence theorem in the right-hand side yields

/ ju] d + / lg(w)| mdo < / il . (3.37)
Q Q Q

We deduce that u € L'(Q2) and pg(u) € LL(Q). We have indeed a more precise
result. Since g vanishes at 0 g(uy) = g(u;) + g(—uy ). Hence pg(uf) — pg(u™) in
L% () by the monotone convergence theorem. Furthermore g(—uj) < g(—u; ) <0,
which implies that pg(—u; ) — pg(—u~) in LL(Q) by the dominated convergence
theorem which finally implies that pg(ux) — pg(u) in LL(Q). Using ¢ € X, (Q) as a
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test function in the very weak formulation of the equation satisfied by uy gives

—/QukACd:c—s—/Qg(uk)Cda: /QCMdeU-

Since uj, — u almost everywhere and —In; < wu, < u with v € L'(Q), we can
pass to the limit in the first term to obtain / urAldr — / uAldx. Because
luk] < |p| € LYQ) and py — p almost everywh%lre7 we can alsg pass to the limit
in the last term: /C,ukdac — /Cudw Since (g(ug) — Cg(u) in LL(Q) we conclude

that It remains to pass to the limit in the nonlinearity. Because u; 1T u and g is
nondecreasing, we have g(uy) T ¢g(u). Thus by the monotone convergence theorem,

_wam+lymwa=4ww,

and u is very weak solution of (1.2).

Step 3: We assume that u € L'(2). For £ € R, we set u* = sup{u, ¢} and denote
by u’ the solution of (1.2) with right-hand side u‘. Note that the sequence {u‘}, is
increasing, bounded from above by ut so that uf < u,+, where u,+ is the solution
of (1.2) with right-hand side p™ which exists according to the previous step, and
the sequence {u’}, is monotone nondecreasing with ¢ with pointwise limit u when
¢ — —oo. Hence u < uf < u,+ for any £ < 0. The sequence {g(u®)}¢ is monotone
nondecreasing with limit g(u) when ¢ — —oco, and there holds g(u) < g(u®) < g(u,,+)
for any ¢ < 0. Since g(u’) is lower semicontinuous and o-measurable, g(u) shares
the same properties.

Applying (3.37) to p = p’ and u = u’ gives

/‘uf‘d:c—k/‘g(ue)‘mdag/ ‘,ue‘mdx.
Q Q Q

Passing to the limit in the left-hand side using Fatou’s lemma we obtain

/Mm+/mwmwg/wmm
Q Q Q

We deduce that u € L1(2) and pg(u) € LL(Q). We conclude as in Step 2 that u is
solution of (1.2).

Step 4: Proof of (3.17) and (3.18).
For £ < 0 < k we set uf = sup{¢,inf{k, u}} and denote by u} the solution of
(1.2) with right-hand side ,ui. Then, by Corollary 3.8, for any ¢ € X(2) there holds

/ ‘Uk — uk/

Agdo -+ [ Jotuf) ~ guf)| cdo < [ sigmolo)u — e
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Using the previous convergence theorem when k — oo and then ¢ — —oo, we derive
(3.17). The proof of (3.18) is similar. O

Remark. If it is not assumed that ¢ is nondecreasing, the above proof by mono-
tonicity does not work. However the existence will follow from Theorem B if it is
assumed that the extra assumptions in this theorem are satisfied: 6 > N — g for
some ¢ € (1, $25) and the growth assumptions of Theorem B.

3.3 Diffuse case

We recall that a measure p is said to be diffuse with respect to the c, p,-capacity
defined in (1.18) if |p| vanishes on all sets with zero ¢, ,-capacity. An important
result due to Feyel and de la Pradelle [13] is the following:

Proposition 3.9 Let a« > 0 and 1 < p < o0. If XA € zmlj((z) does mot charge
sets with zero cq p-capacity, there exists an increasing sequence {\,} C H=*P (Q)N
SDT;(Q), An with compact support in 2, which converges to .

Proposition 3.10 Assume o € Ml with N > 60 >N —2, and that g : R— R

N-0
is a continuous nondecreasing function vanishing at 0. Then for any p € 93?;((2)
diffuse with respect to the ci 2-capacity there exists a unique very weak solution u to
(1.2).

Proof. According to Proposition 3.9, there exists an increasing sequence of nonneg-
ative measures {u,} belonging to W~12(Q) and converging to u and by Proposi-
tion 3.1, {uy, } is a nondecreasing sequence of weak solutions of (1.2) with p = py,.
We claim that w,, 1 u, which is a very weak solution of (1.2 ). There holds,

/Uundﬂer/g(uun)nldff: /mdun < /mdu,
Q Q Q Q

where 7, is defined in (3.32). Since u,, > 0, u,, T v and g(uy,) T g(u). Since uy,
is o-measurable by Proposition 3.1, u is also o-measurable. Hence g(u) shares this
measurability property since g is continuous. Hence, by the monotone convergence

theorem
/udaz—i—/g(u)mda = /mdu. (3.38)
Q Q Q

Furthermore u,,, — u in L'(£2). Indeed it suffices to show that {u,, } is uniformly
equiintegrable which follows from 0 < [ w,,dz < [ wudz and the fact that u €
L(2). We show in the same way that pg(uy,, ) — pg(u) in LL(€2). This implies that
u = uy, is the very weak solution of (1.2). O
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3.4 Subcritical nonlinearities: proof of Theorem B.

(Q) with N > 6 > N—2. If u € Mp(Q)
—0

x) > A}. Then

Lemma 3.11 Assume N > 2 ando € M™
and X\ > 0, we set Ex\[u] :={z € Q: G[|p|]

z

2

—

)
&uo:ié[fw<cmmm2x for all X > 0. (3.39)
N2

Proof. Tt suffices to prove the result if u > 0. Indeed since G[|u|] = G[ut] + G[u~],
we have Ex[u] C Ey o[ U E)j2[n”] and thus e§(n) < €5 5(n") + €5 5 (n 7). If the
result holds for nonnegative measure, in particular for x*, then

ATBS (1) < el (Q)FE + ()5 2) < e(uh(Q) + p(Q) 72
— cluly?

Thus, we assume from now on that p is nonnegative.
If p = 6, for some a € Q, then G[6,](z) < ¢y |z —al*™ so that Ex[6,] C
B ., i, (a). Since o € Mty (Q) it follows that
- N-0

()W

[

eS(da) < eA" N -2, (3.40)

Let E C Q) be a Borel set. For any given t > 0 there holds

/G[éa]daz/ G[éa]dUJr/ G[dq)do.
E ENE:[54] ENEE[4]

Clearly / Gldg|do < to(E) and
BENES[5]

/‘ Glold Glod /Myd (64) Uil
aldo < oldo < — sdel(0q) < c
ENE;[64) Ei[ba] ¢ 0+2—N’

where the last inequality follows by integration by parts and the help of (3.40). Then

/G |do < to(E) + COra N

Minimizing the right-hand side with respect to ¢, we infer

/mmw<wwWw. (3.41)
E
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We first suppose that u = Z;’il @j0q; for some a; > 0 and a; € €. In particular
Z;’;l a;j = ||pt|lgpe- Using Fubini’s theorem and (3.41) we see that for any Borel set
E CQ,

*OO i x)|do(x co 1_¥ b .
[E G[u](w)da(w)—;% /E Gl5o, ()0 () < co(B)' "7 [plw . (3.42)

Taking in particular £ = F)[u] we obtain

AS(w) < [ Glul(@)do(z) < (1) 7 llellons »
Ey[p]

which implies the claim. Notice that the constant c in the right-hand side depends
only on N and ||o||pm o -
~N-o

For a general nonnegative measure p € (1), we consider a sequence of non-
negative measures {f,} C MM(2) where each py, is a sum of Dirac masses as before
and such that u, — p weakly as n — oco. Then we have

_0 e
&S (jtn) = /E o < el 73,
AU

with ||g|om, < lirginf || ten]|om, - We thus need to prove that
n—oo

liminf/ daz/ do. (3.43)
E)\['U*n} E)x[“]

We first observe that for any ¢ > 0 and = € Q the set {y € Q: G(z,y) > t} is open
(with G(z,z) = 400). It follows from [7][Thm 2.1] that lilginf pn({G(x,-) > t}) >

u({G(z,-) > t}). We can take the liminf using Fatou’s lemma in

+oo
/ Gz, ) dyin(y) = / (G, ) > 1) dt,
Q 0

to derive

+oo
liminf Glul(w) > [ n({Gle) > )t = [ Glay) duty) = Slula)

n—oo

We infer that for any = € Q such that xg,(,)(z) = 1 we have 1ini>infG[,un](x) > A,
hence G[uy,](w) > A for n large enough. Thus xg, (,,)(z) = 1 eventually, and then

linrr_1>i£f XE[pn] (T) = XE, [ (7) for all z € Q.
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The claim (3.43) follows by Fatou’s lemma. O
We are now in position to prove Theorem B.

Proof of Theorem B. We note that if g is nondecreasing, uniqueness follows from

estimate Lemma 3.5. Let {n,} be a sequence of mollifiers, u, = p*n, and u, €
1,2 . .

Wy(2) a minimizing weak solution of

—Auy + g(up)o = py in €,

Up =0 in 012, (3.44)

given by Proposition 3.1. We write g(r) = g1(r) + g2(r) With g1 = gX(=r.r0)>
92 = 9X(—oo—ro]Ulro,00), and set m = sup{g(r) : —ro < r < 1o} > 0 and m' =
inf{g(r) : —ro <7 <rp} <0. Then

—Gluy ] — mGlo] < un < Glp,j] — m'Glo].
Since o € M, (Q) for some p > N/2, Glo] € C**() by Lemma 2.2. Moreover

Gl|unl] € C(2) since |u,| € C(2). It follows that
|un| < Glpal] + M < cn, (3.45)

where M, ¢, > 0.
Since u, € VVO1 2(€2), its precise representative (that we identify with w,) is
defined c; 2-quasi-everywhere, is ¢ 2-continuous and

. 1
un(@) = liny o /BT(@ un(y) dy

for any y € Q\ E,, with ¢ 2(E,) = 0 (see [2]). It follows that |u,| < ¢, in E := UE,.
Note that ¢12(EF) = 0 so that ¢(E) = 0 by Lemma 3.3. Hence |u,| < ¢, o-almost
everywhere, g(u,) € L (12), and therefore g(u,)o € M*y (Q). We can then apply

N—-0
Corollary 3.8 to obtain, for any ¢ € X4 (Q2), that
—/ lul,, A¢dx + /signo(un)g(un)Cda < /sz’gno(un)gundw,
Q Q Q
which implies

—/Q|u|n Ag‘daz—k/glgg(un)lﬁda < /Qsigno(un)gundx%—c/ﬂgda. (3.46)

We take ¢ = n; and obtain

/|Un’d$+/|g2(un)|771d0§/ |pin| mdx + ¢
Q Q Q

(3.47)
< /771d|u|+c:c’,
Q
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so that {u,} is bounded in L'(£2). We also have from Corollary 3.8 that

[ signatungtun)io < C [ |nalpds
(9] (9]
and so
/ lg(un)ldo < C / inlda + / 91(un)ldor < C (3.48)
Q Q Q

wth C independent of n. We deduce that the sequence of measures {g(uy)} is
bounded.

By the standard a regularity estimates, the sequence {u, } is bounded in W14((2),
qg < % Then there exists u € W14(Q), ¢ < %, such that, up to a subsequence,

Uy, — uin LY(Q) and also pointwise in Q\ E where ¢; ,(E) = 0. We fix ¢ € <1, %)

such that § > N —q. In view of Lemma 3.3, 0(E) = 0 so that g(u,) — g(u) o-almost
everywhere. Applying Fatou’s lemma in (3.48) gives that g(u) € LL(Q).

In order to prove the uniform integrability of {g(u,)} for the measure o we can
assume that |ga| < g with a function satisfying (1.8) still denoted by g and let E C Q
be a Borel set. Then

/ g2 (un) | dor < / 92 ()| do + / 192 ()| do
E EN{jun|<t} EN{|un|>t}

< (t) / do + / #(lun])do
E {Jun|>t}

Then we estimate the second integral in the right-hand side: for A > M we set
Su(A) = {z € Q: Jun(x)] > A} and b(N) = / do.
Sn(N)

In view of (3.45) we have |u,| < G(|un]) + M so that S,(\) C Ex_pr[pn]). Hence
b9 (N) < eS_ps(|pen]). This implies

[ o == [ g
{|Un|>t} t
< [“roda0
t
< [ aillimbagn
Using (3.39) we obtain
_0 oo
[ o < cllulge® [~ o= a0 w50
{|lun|>t} 9 t
C

— 2/:o(A — M) R G(0)dA

6
—2

<
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In view of assumption (1.8), given € > 0 we fix ¢ > M such that

c
N -2

| ™

| o <

Then, setting § = ﬁ(t), we deduce

/da§(5:>/ lg2(up)| do < e.
E E

Since g is bounded, this implies that {g(u,)} is uniformly integrable is L. (€2).
Since we already know that g(u,) — g(u) o-almost everywhere, it follows by Vitali
convergence’s theorem that g(u,) — g(u) in LL(Q). Taking ¢ € X(Q) and letting
n — oo in the equality

- [wtscde+ [ gusde = [ ca,
Q Q Q
yields the result. 0

4 The 2-D case

In this section € is a bounded C? planar domain. The next result is the 2-D version
of Lemma 3.11.
Lemma 4.1 Assume N = 2 and 0 € M, (Q) with 0 > 0. If p € M°(Q) and

2—0
A >0, we set Ex[p] = {x € Q: G[|p]](x) > A\}. Then

| S
eS(p) == / do < Q[ e 1"lomb for all X > 0, (4.1)
B[]
for some v = (0, diam(2)) > 0
Proof. If p = &, for some a € €, one has 0 < G[dy)(z) < 51In (|xd—9a\) where

dg = diam(Q2). Hence

E\[0a] C Byge—2mn = €5(0a) = / do < Cd%e_%”)‘,
Ex[6a]

Let E C Q be a Borel set, /da = |E|, and t > 0, then, as in Lemma 3.11,
E

/EG[éa]dJ < t/Eda - /toosdeg(éa)

1
0 —260
< t|E|, + cdy) <t+ 27r9>e 20mt,
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—207t __ |E‘o'
Q@

12,

/E(G[éa]da <+|E|, (m ('gt) + 1) . (4.2)

For proving (3.39) we can assume that ¢ > 0. Then there exists a;; > 0 and a; € Q

such that
o0 oo
p=y b, =Y aj=|luly-
=1 j=1

Hence, for any Borel set £ C €2,

[ elilta)asts) - iaj [ &l @dote) < 7121, (1w (G52 ) +1) il

If we choose ¢ we infer

(4.3)
If E = Ey[u] we infer
A0 < 26500 (1 (117 ) 4 1) Dl
€x (1)
which implies the claim. Il

Theorem 4.2 Assume N =2, 0 € M, (Q) with2 >0 >0andg:R— R a

2—0
continuous function satisfying (1.1). If as(g9) = a-xo(g) = 0, for any u € Mp(Q)
problem (1.2) admits a very weak solution.

Proof. Let ¢g* be the monotone nondecreasing hull of g defined by (1.11). If m =
sup{g(r) : =ro <7 < 1o} and m' = inf{g(r) : —ro < r < 1o} then g < ¢* + m on
R, and g* +m' < gon R_. If {n,} is a sequence of mollifiers and u = u*™ — p~, we
set pt = pt k., wo = p_ *np, pp = b = —p,, and denote by u, the very weak
solution of

—Auy, + g(up)o = pn in
Uy =0 on Of). (4.4)
Since |pinllz1 < ||pllgn,» there holds by Proposition 3.2,
[unllpy + llog(un)lizy < cllullon, + M, (4.5)
and by Lemma 2.1,
funlsrso + IVunlloe < e (Il + logallsy) < ¢ N, - (46)

Again, there exists a set E with ¢; 4(E) = 0 for any ¢ < 2—80 such that u,(z) — u(x)
for all z € Q\ E, hence uy(z) — u(x) and g(un(z)) — g(u(z)) do-almost everywhere
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in Q. This implies that g(u) is o-measurable. In order to conclude we have to prove
that g(u,) — g(u) in LL(Q). Estimate (4.1) is valid, hence, for any t > 0,

R
Tn(t) = / do < 6?_M['uj;] + eg;M, [lu;] < ce ’YHMH{)}{’
{lun(z)[>t}

by Lemma 4.1. Since
lg(un)| < (g3 (un) — g% (un)) +m —m/,

we have that

| lstuldo < [ g2 waydo = [ g7 (wn)do + (m— ') |,

< _/toogi(S)dHun > s}, +/_ g (8)d [{un < s}, + (m —m')|E],

< _/too (gi(s) - gi(—s)) drn(s) + (gi(t) — g (—t) +m— m’) IB| .

By integration by parts,

_/:0 (95(s) = 9= (=) dra(s) = (93(8) — g=(~1)) Tu(t) +/tooTn(S)d(gi;(s) g (=)
< (g3(t) - g2(-1)) (Tn@ - u>

c 0o s
T Tl /t ¢ T (g% (s) — g* (—s)) ds
m

c oo S
< e lelgns gt (S) _ gi(_s) ds.
) (93 )

(4.7)
By assumption the integral on the right-hand side is convergent. We end the proof
as in Theorem B, first by fixing ¢ large enough and then |E|, small enough, and we
derive the uniform integrability of {g(un,)}. O

A similar result holds when ¢ has nonzero orders of growth at infinty.
Theorem 4.3 Assume N =2, 0 € M, (Q) with2 >0 >0andg:R+— R a

2—0
continuous function satisfying (1.1). If 0 < axo(g) < 00 and —o0 < a.(g) < 0,
there exists 6 > 0 such that for any p € My(Q) satisfying ||ullgy, < 0 problem (1.2)
admits a very weak solution.

Proof. The proof is a straightforward adaptation of the previous one. The choice of
0 is such that

1 1 1
lpilon, <5 < vsup{aoo@’a-m(g)} (4.8)

and the conclusion follows from (4.7). O
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5 The supercritical case

5.1 Proof of Theorem D

Proof of assertion I. For k > 0 set gi(r) = max{g(—k), min{g(k), g(r)}} and denote
by uy the very weak solution of

—Au+ gp(u)o =p in
u=20

on 0N (5.1)

which exists by Theorem B. It follows from the proof of Theorem B (see (3.48) with
g = g2 and g; = 0) that

[ laetun)iao < c. (5:2)
Q

where the constant C' depends only on © and |u|(€2). Thus the sequence of measures

{gx(ug)o} is bounded. This implies that {u;} is bounded in Wh4(Q2), ¢ < 25,

and thus that, up to a subsequence, it converges in L'(2) to some u € Wh4(Q),
N

q < 7—7- We can also assume that the convergence holds pointwise except on a

set I with zero ¢ 4-capacity, which in turn is o-negligible by Lemma 3.3 if we fix
q € (1, %) such that 8 > N — ¢q. We also have that w is finite but on a set with

zero ¢ g-capacity hence o-negligible, therefore
gk (ug) — g(u) o-almost everywhere.

Applying Fatou’s lemma in (5.2) yields g(u) € LL(Q).
By the maximum principle

—G[lpl] < ur < G[|pl], (5.3)

hence
9 (=G[ul]) < gr(ur) < g(G[lul]), (5.4)

since g is nondecreasing.

Because of assumption (1.13) and in view of (5.4), we infer from Lebesgue dom-
inated convergence that pgx(ur) — pg(u) in LL(€2). Thus we can pass to the limit
in weak formulation of (5.1) with any ¢ € X(2).

Proof of assertion II. We first notice that if g is nondecreasing, vanishes at 0 and
satisfies (1.14), then the function g; defined above also satisfies (1.14) with the same
constants a and b. We assume first that u = u, + us is nonnegative and we set
py = p * 1y where {n,} is a sequence of mollifiers. Let u} be the solution of (5.1)
with right-hand side p;' + 115 and v the one of (5.1) with right-hand side y;' (in both
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cases existence and uniqueness follows from Theorem B). Then 0 < u}} < v +G|us),
vy > 0 and G[us] > 0. Since g is non-decreasing, we deduce with (1.14) that

0 < gr(up) < gr (v + Glus]) < a(gr(vy) + gr(Glus])) + b. (5.5)

Since

ol e + loge (W)l < el llon, < cllull, - (5.6)
up to subsequences, the sequences {v]'} and {u}'} converge in L'(£2) to some v™ €
L'(Q) and u™ such that Vo™, Vu" € W for any ¢ < % when £ — oco. As in

L {gr(v})} and {gr(u})} converge in LL() to {g(v™)} and {g(u™)} respectively.
Furthermore v™ and u" satisfies

—AV" + g(v")o = p! in Q
v =0 on 01}, (5.7)
and A ( )
—Au" + g(u = s in Q
= on 0f2, (5.8)

respectively and 0 < u™ < o™ + G[Ms]- As in the proof of Proposition 3.2, v — v in
LY(Q) and pg(v™) — pg(v)in LL(Q) as n — oo, and v is a very weak solution of

—Av+g(v)o = in Q

v=20 on 0f2. (5.9)

As above {u"} converge in L!'(Q) to some u € L'(Q) (always up to some subse-
quence), there holds u < v + G[,us] and g(u™) — g(u) o-almost everywhere in
since the uniform bound on HVunH ., holds. Furthermore

0 < g(u") < a(g(o") + g(Glis))) +b =0 < g(u) < a(g(v) + g(Glus])) +

(5.10)
and since g(v™) — g(v) in LL(£), the sequence {g(u™)} is uniformly integrable in
LL(Q). Again this implies that g(u™) — g(u) in L1 () and u is a very weak solution
of (1.2). If p is signed measure, we construct successively the solutions u}, @} and
up of (5.1) with right-hand side ! + pus, ||+ | pts| and — || — | pus| respectively, and
the solutions v} and v} of (5.1) with right-hand side |u;}| and — || respectively.
Then v} — Glus] < upf <0} + Gus] which implies by (1.15)

a(gr(vy) + gk (—=Glus])) + b < gr(up) < a(gr(©}) + gx(Glus])) + b. (5.11)

Using the same estimates as above we conclude that lim lim u} = u exist in L!(€2),
Nn—00 k—00

that ILm khm gr(u}) = g(u) holds o almost everywhere in © and in L. (Q), which
Nn—00 K—00
ends the proof. O
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5.2 Reduced measures

We adapt here some of the results in [9] which turn out to be useful tools in our
framework.

Lemma 5.1 Let 0 € MTy (Q) with N > 0 > N — 2= and g be nondecreasing

N—-6
satisfying (1.1). Assume {u,} C MM (Q) is an increasing sequence of good measures

for problem (1.2) converging to p € fmg‘(Q) Then p is a good measure.

Proof. Let u,,, be the solutions of (1.2) with right-hand side y,, then for any n, k € N,

k > n, we have since uy € C*(€Q),
—m < ug < Uy, < Uy,
for some m > 0 and then
g(=m) < g(uo) < g(up,) < g(uw,)-

We use ¢ := (1 + €)® — €™ as a test-function in the very weak formulation of the
equation satisfied by w,,, —ug as in the proof of (3.30); then, recalling that —A¢ > 0,
we obtain that

/ (9(up) — 9(u0)) ((n + €)% — €do < / (1 + €)% dpin < Cpin(©) < (),
Q Q

where C' is independent of n. letting successively ¢ — 0 and o — 0 we obtain

0< /Q (9(t,) — 9(u0))dor < C.

Hence {u,, } is bounded in W, 9() for any g < x2;. Thus there exists u € Wy%(€),
q < %, such that u,, T u in L'(2) and pointwise but for a set E with zero cj 4
capacity. Since § > N — % we can find some ¢ < % such that § > N —gq. It then
follows from Lemma 3.3 that o(E) = 0.Thus g(u,,) T g(u) o-almost everywhere.
Fatou’s lemma yields [(g(u)—g(uo))do < C, thus g(u) € L% (). By the dominated
convergence theorem, g(u,,) — g(u) in L. We can then pass to the limit in the
equation satisfied by wu,, to obtain that v = w,,. |

Proposition 5.2 Assume o and g satisfy the assumptions of Lemma 5.1. Consider
the set

Z = {w €Q: /QG(fcvy)qp(y)dU(y) = OO}-

If 1 € () is such that p(Z) = 0 then p is good.
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Proof. We adapt to our case the proof of [30][Thm 3.10]. Consider the sets
Cp={ze: / G(z,y)ip(y)do(y) < n}, n=12....
Q
Since the function = — [, G(z,y)%p(y)do(y) is Isc (by Fatou’s lemma) the sets Cy,

are closed. Moreover C,, C Cpq1 and |J,, C,, = Q\Z. Define p, := 1o, p ie. py, is
the measure p restricted to C,,. Then each p,, satisfies (1.13). Indeed

/ Gllinllpdo < pn(Q)5 / / Gz, y)" " dpin(z)do(y)
Q QJQ
< @ [ ([ e tdow)due)
< np(Q)L

It follows from Theorem D that p, is good. Since 0 < p, T p we deduce from
Lemma 5.1 that y is good. O

Lemma 5.3 Assume o and g satisfy the assumptions of Lemma 5.1.
I- If u € i)ﬁ;r(ﬂ) 18 a good measure, any vV € E)J?Z(Q) such that v < p is a good
measure.

II- Let p, i’ € SITI;F(Q) If w and —p' are good measures, any v € M(Q) such that
—u < v < puis a good measure.

Proof. Step 1. Assume p € E)JT;(Q) is a good measure. For k > 0 define g; by gi(r) =
max{g(—k), min{g(k),g(r)}}, and denote by uy , the solution of (5.1), which exists
by Theorem B, and by w,, the solutions of (1.2). Then —m < ug < min{u,, ug,}.
If £ > m, then gy (ux,,) = min{g(k), g(ur.)} < g(ur,,). Hence

—A(uy — upy) + (gr(up) — ge(ury)) o <0.

Then u,, < uy, by Lemma 3.6. Similarly u ,, < ug, for &' > k > m. Using n; as
test-function we obtain

/ (ko — )+ / (9e (k) — g1 (1)) = / (9(u,) — gi(w,))mdo.  (5.12)
Q 9] Q

Since gx(r) — g(r) for any r € R and |gx(u,)| < |g(u,)| with plg(u,)| € LL(S), the
right-hand side converges to 0 as k — oo and the second term on the left-hand side
is nonnegative. Hence uy , — u, in L'(Q) as k — oo, thus p(gx(uk ) — g (u,)) — 0
in LL(Q) which in turn yields pgx(u ) — pg(u,) in LL(€2).
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Step 2: proof of I. Denote by uy , the solution of

—Au+ gi(u) =v in Q

u=0 in 9. (5.13)

Then —m < ug, < gy, kg, < ug,y for K >k > m by Lemma 3.6 and gi(ug,) <
gr(ug,y,). Furthermore {uy,} is bounded in Wol’q(Q) for 1 < ¢ < &5 and thus
relatively compact in L!(2). Therefore there exists u € VVO1 9(€2) such that uy, | u
in LY(©) and also pointwise up to a set with zero ¢; ,-capacity which is therefore a
o-negligible set. By Step 1, the set pgg(uy,) is uniformly integrable in LL(£), this
implies that u = u,,.

Step 3: Proof of II. Because —p' < v < p there holds uy v < ug, < up, and
gr(uk,—p) < gr(ury) < gr(uky). Since the sets {ug v}, {uk,} and {uy,} are
relatively compact in L'(2) and bounded in Wol’q(Q) for 1 < ¢ < 5 and the
sets {gk(uk,—,v)} and {gx(uy,)} are uniformly integrable in LL(Q), then, up to a
subsequence, ug, — u in L'(Q) and o-almost everywhere as k — oo. This implies
that g(u) € LL(Q) and pgg(ug,) — pg(u) in LL(Q). Hence u = u,. O

The proof of the next result, based upon Zorn’s lemma, is a variant of the one
of [9, Th 4.1] which uses inverse maximum principle [9, Corollary 4.8].

Lemma 5.4 Assume o and g satisfy the assumptions of Lemma 5.1. If u € 93?2‘(9)
there exists a largest good measure smaller than p, and it is nonnegative.

Proof. Let Z, be the subset of all bounded nonnegative good measures smaller than
p. Notice first that Z, is non-empty since it contains the regular part p, of p with
respect to the N-dim Hausdorff measure. We now show that Z, is inductive. Let

Cr = {ui}ier be a totally ordered subset of Z,. For { € Cy(R2), ¢ > 0, the set of

nonnegative real numbers
(0= { [ can
Q

is bounded from above by / (du. Note that can we extend p as a positive linear
Q

form on Cy(f2) since it is a Radon measure and p(9€2) = 0. Hence Cr(¢) admits an
upper bound L(¢) and there exists a sequence {iy} C I such that

[cam 12© < [can ask— o,
Q Q

By the Stone-Weiertrass theorem there exists a dense subset {(,} of the set of non-

negative elements in Cy(€2). By Cantor diagonal process there exists a subsequence
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{in, } C I such that

[, 116G < [ as ko,
Q Q

Clearly the map ¢, — L((,) is additive, positively homogeneous of order one and
satisfies

L(C)S/chu for all ¢ € Co(Q), ¢ > 0.

Hence L extends as a positive linear functional on Cy(Q), dominated by p denoted
by pe,. Since p is a Radon measure in Q, uc, (0€2) = 0, hence it is a Radon mesure.
Furthermore it is a good measure by Lemma 5.1. It follows that pc, € Z,, . Moreover
since L(¢) is an upper bound of C;() for any nonegative ¢ € Cp(f), we have uc, > p;
for any i € I. Hence the set Z, is inductive.

As a consequence of Zorn’s lemma, Z,, admits at least one maximal element
that we denote p*. If v is any nonnegative good measure smaller than y it belongs
to Z,, and hence it cannot dominate p*. It remains to prove that v < u*. Set
A = sup{v, u*} and let A\* be a maximal element of Z). Since v and p* are good
measures, we have v* = v and (p*)* = p*. It follows that A\* > v* = v and
A > (p*)* = p* so that A* > sup{rv, p*} = \. This implies that A* = XA > p*. On
the other hand, since v, u* < pu, we have A < p and thus A* < u. By definition of a
maximal element it implies that A* = A\ = p*, and finally p* = sup{v, u*}. We infer
v < p* and then p* is the maximum of Z,. O

Corollary 5.5 Assume o and g satisfy the assumptions of Lemma 5.1. If p,v €
M, () are good measures, then sup{u,v} is a good measure.

Proof. Set A = sup{u,v}. Then
A > N = (sup{u,v})* > sup{p*,v*} = sup{u, v} = A (5.14)

This implies A = A*, hence A is a good measure. O

5.3 The capacitary framework

We start with the following regularity estimate for the Poisson problem

Lemma 5.6 For any s > 0 and 1 < p < oo, the mapping p — Glu| is continuous
from My (Q) N HS=2P(Q) to HP(Q).

Proof. Tt is classical that the mapping Gp : A — u = Gp(A) solution of —Au = \
in Q and v = 0 on 9N is continuous from H*~2P(Q) to HSP(Q) for 1 < p < oo

36



and s > % (see e.g. [14, Example 3.15 p. 314]). Thus we are left with the case

0<s<1 If X edM(Q), then Gp(N) = G[\] is a very weak solution, hence, since

X(Q) c cl@)n (ﬂH” )

1<r<oo

Sl

~ [ 6o = [ AN lgemaar [\ n for all € € X(E).
Q Q
In particular, if ¢ = G[v], then ||| y2—sp < ||| s since —s > =2+ 1/p, and
/GD(/\)vd:r < cllollysn [l gezn  for all v € AGX(Q)).
Q

In particular this inequality holds if v € C.(Q) which is dense in H—**'(Q). Finally

this inequality means that the mapping v — / Gp(MNvdzx is a continuous linear
Q
form over H—*¥(Q), it thus belongs to H*?(Q). O

Proposition 5.7 Let o and g satisfy the assumptions in Theorem E. If € My($2)
is such that |u| € H¥=2P(Q) for some p > 1 and s > 0 such that N — 0 < sp < N
and N(iz’sp > q, then (1.3) admits a unique very weak solution.

Proof. By Lemma 5.6, if |u| € H*~2P(Q) then G[|u|] € H*?(Q). By Proposition 2.4
IG 2 < cNGlulll s

i : | 11, s N—¢/

1fandonly1fa€./\/l+( )Wlth*ZQ(*—g-i‘W) = N2 Then g = 4 psp

if N Sp > q we get 0 > ¢ and then M+ () c MTy () by [2.7). We conclude
N-0 N—o7

by Theorem D. O

Remark. ThlS result covers the case ¢ = p, in which any bounded measure such
that |u| € Ha “29(RN) is eligible for solving problem (1.2).

Proof of Theorem E. If p1 is absolutely continuous with respect to the co_ ,y-capacity,
so are ut and —p~. By [13] there exists an increasing sequence of positive bounded
Radon measures p; € H 5=2P(Q) converging to ut. By Proposition 5.7 5 is a good
measure, hence by Lemma 5.1 p7 is a good measure. In the same way —pu~ is a
good measure. Since —p— < pu < pg, it follows from Lemma 5.3-11 that p is a good
measure. U

Proof of Proposition 1.1. Notice first that if p € M_nx () with §* > N — sp, then
N_o%
for any compact K C €2,

hSAL

‘:U"(K) < cl (C(s,p) (K)) (515)
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In particular u is absolutely continuous w.r.t ¢(,p)-capacity. Indeed under the as-
sumption on 6* we have H¥P(Q)) — L|1u|<Q>' It follows that for any v € H*P(2),
v >1on K, we have

() < [ odlul < ol < Clilles.

We deduce (5.15) taking the infimum over v. To apply Theorem E we need p to be
¢y n-o ,~diffuse. It thus suffices to take 6* > N — sp with s =2 — %49 and p = ¢'.

We obtain exactly the condition on 6* stated in Proposition 1.1. O

5.4 The case g(u) = |u|* " u.

In the sequel we consider the following equation

—Au+|ulf uo = p in Q

u=0 in 9, (5.16)

where ¢ > 1. A measure for which there exists a solution, necessarily unique by
Lemma 3.5, is called ¢-good. Assume that o € MJFL with N > 0 > N — %

N—0
Then the critical exponent ¢ from the point of view of (1.8) in Theorem B is
gy = —— (5.17)

which is larger than 1 if N > 2.

Let ¢ > 1 and o € M (). Recall that the Green function G of the Dirichlet
Laplacian in Q is defined on  x € with values in [0,4o00] with G(z,z) = +oo,
r€Q,and G(z,y) =0if 2 € 9Q or y € 9Q. We extend G to RY x Q by setting
G(z,y) = 0if (z,y) € Q° x Q. Hence z — G(x,y) is lower semicontinuous in RY
and y — G(z,y) is lower semicontinuous in 2, and thus is o-measurable. Following
[2, Sec. 2.3] we then consider the following set function with value in [0, +00],

cg(E) = inf {/ | do v e LZI(Q), Glvo](xz) > 1 for all x € E} , (5.18)
Q

for any E' C Q. According to the general theory developped in [2, Sec. 2.3] ¢

is a regular capacity in the sense of Choquet. Using the lower semicontinuity of

y — Gluol(y) (see[2, Prop 2.3.2]) it is easy to verify that for any compact set
K C Q, there holds

cg(K) = inf {/Q w7 do:ve LX (), Glvol(x) > 1 for all x € K} . (5.19)
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The dual formulation of the capacity is the following (see [2, Th 2.5.1]),

Q

(cf(K))7 =sup {\K): X € M (K), 1G]l g < 1} for K C Q, K compact.
(5.20)

Existence of extremal measures satisfying equality in (5.20) is proved in [2, Th 2.5.3].

Remark. Note that the > inequality in (5.20) follows directly from the following one

v(K) < (¢ ()7 |Gl (5:21)

which holds for any v € 9, (€2) such that G[v] € L and any K C 2 compact.

We now give some sufficient conditions for a bounded measure to be absolutely
continuous with respect to the capacity ¢j. First in view of (5.21) and the dual
expression of the capacity it is clear that there holds:

Lemma 5.8 If v € M, (Q) is such that G[|v|] € LL(Q), then v is absolutely contin-
uous with respect to the capacity cg. This holds in particular if v € IMy(K2) is such
that |v| € HS2P(Q) for some p > 1 and s > 0 verifying N —0 < sp < N and

op
N—sp 24q.

As a direct consequence we have

Lemma 5.9 If v € My(Q) is co—s p-diffuse where s and p are as in Lemma 5.8,
then v is absolutely continuous with respect to the capacity cg.

Proof. If v > 0 there exists a sequence of nonnegative measures {v,} C H*"27(Q)

such that v, 1 v. If K is a compact such that c7(K) = 0 then v,(K) = 0 by

Lemma 5.8 and thus v(K) = 0. When v is a signed measure, we apply the above to

vt U
The following particular case will be useful:

Lemma 5.10 Ifv e M

with respect to the capacit

=

(Q) with N > 0 > N —2, then v is absolutely continuous
6

N (o
ycg-

=2

Proof. We have |v| € M,,(Q) for some p > &. We then obtain from (2.9) that G[|v|]
is bounded so that G[|v|] € LZ(2). The conclusion follows from the previous lemma.
U

Remark. It is noticeable that if the support of a nonnegative measure p does not
intersect the support of o, it is always ¢-good. This is due to the fact that G[u| is
bounded on the support of o, hence G[u] € LE(Q) for any ¢ < oo and the result
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follows from Theorem D. Hence, a more accurate necessary condition must involve
a notion of density of o on its support, a property which has been developed by
Triebel [26] in connection with fractal measures.

We recall that the 8-dimensional Hausdorff measure H 9, 0 <0 < N, is defined
on subsets E of RY by

HY(E) = lim | inf > (diamU;)? : E c | JUj, diamU; <6 ¢ | . (5.22)
j=1 j=1

Definition 5.11 A nonnegative Radon measure o on Q with support T is 0-reqular
with 0 < 0 < N if there exists ¢ > 0 such that

1
-l < | By ()], < er? for allx € T, for all v > 0. (5.23)
c

The support I' of o is called a 0-set.

By [26, Th 3.4] ¢ is equivalent in Q to the restriction H?|r of HY to T in the
sense that there exists ¢ > 0 such that

1 _
—HY(ENT)<o(E)</H*(ENT) forall ECQ, E Borel. (5.24)
C

The description of L5 (T') necessitates to introduce the scale of Besov spaces and
their trace on I'. For 0 < s < 1, 1 < p,q < oo, we denote by B, (£2) the space
obtained by the real interpolation method by

B; (Q) = [W'P(Q), LP(Q)] (5.25)

8,q°

Details can be found in [23]. It’s norm is equivalent to

1605, = el + ([ wwd’f) | (5.26)

154 t

if ¢ < oo and

wy(t;v
16l = ol +sup 252, (5.27)
pree t>0 t

where

wp(t; ¢) = @TE [v(- +h) =o)L

For k € N,, BS;S(Q) = {v € WFP(Q) : D% € By ,(Q), for all a € NV, |a| = k}
with norm

follggss = lolyaorn + 3 1Dl -
|a|=k
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If ' c RY is a closed set with zero Lebesgue measure,
Bis(RY) ={ve B (RY): (v,¢) =0 forall ¢ € S(RY) s.t. ¢[r=0}, (5.28)

where

(v,0) = /Rwadx,

is the pairing between &'(RY) and S(RY). If v € L(Q) and o has support I' C Q,
the linear map

6 T(¢) = /F budo (5.29)

defined on S(R™) is a tempered distribution in R"V. The following results are proved
in [26, Th 18.2, 18.6].

Proposition 5.12 Assume o is -reqular, 0 < 0 < N with support T C RN. Then
for any 1 < p < oo the mapping v — T satisfies

T3 (@) < cllollyy 191 ns0p  for all 6 € SRY). (5.30)

p/,1

N2\ =
Furthermore this mapping is onto, that we write L5(T") ~ (Bp,’:l ) =Bpd .

Proposition 5.13 Assume o is -reqular, 0 < § < N with support T C RN. Then
for any 1 < p < oo the restriction operation from S(RN) to C(T), ¢ — ¢|r can be
N-—0

extended as a continuous linear operator from BpJT (RN) to L5(T) that we denote
Trr. Furthermore this operator is onto.

Definition 5.14 If o € 932;(9) is O-reqular, N > 60 > N — 2 with support I' C Q)
and m,q > 1, we set

N—-6

27NT797F : q/ 2— q 7F
Croo’  H)=IECT  woo 1 CEBy " () b C2 x5 0 (5.31)
B, .
where
2-N=6r 2-N=0 _N=6p
Bq/mq Q) = {C S Bq,yooq (Q) s.t. AC € Bq,p(‘j (Q)} (5.32)
N—-6 N_6

. 2-N=0 p . 2
Notice that B, % () is a closed subspace of B, " ().
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Proposition 5.15 Assume o € zmgj(ﬂ) is @-reqular, N > 0 > N — 2 with support
I'C Q and g > 1. Then there exists a positive constant M > 0 such that
Q,L*f)’
S(E) < e (K) < M(K), (5.33)
for all compact set K C Q.

Proof. By standard elliptic equations and interpolation theory (see [23], [24]), for

N—-6 N—-6

_ T 9_
any ¢ € B, " (Q), Glyo] € B, " (2) and there holds
1
2IGalll o voo < WYl w0 < c|GlYo]ll , noo. (5.34)
B, a B, q B, q
q’,00 q’,00 q’,0

By Proposition 5.12 we can replace ||¢| _~-o . by [|¢| A the above inequality,
B q o

q,00
up to a change of constants ¢ Let {vx} € L () such that vy, > 0, ; := Glvgo] >0

on K and [jvg| | (¢g(K)) . Since (5.32) is equivalent to

1

NG o o <okl < G, s
q’,00 q’,00

N-6 N—6

, 9-N=6p ,
(K) > L ¢7(K). Similarly Cooo’ (K) <cTcg(K). O

2
we derive ¢ —=
cd’ 4

q’,ooq
Proof of Theorem F. By Lemma 5.10 the measure u? vanishes on Borel sets with
zero cg-capacity. Since u € LL(Q) the mapping

¢ = /Fu¢da = (u, ¢)

is a tempered distribution that we denote by 7.7, hence

(A, )] = I, Ag)| = \ [usos

< lullpg 180N g -
Using Proposition 5.12

HA¢HLq’ <c|Ad| N0 < 9] 2o N=0 .
o B q B 7

/

q’ 00 q’ 00
9_N=6 p
. . . . b}
Therefore the nonnegative measure T;7 is a continuous linear form on B, _* = ().
b
N—-6
. . . - ’ . .
Therefore it vanishes on Borel sets with zero c » " -capacity, which actually co-
b
incide with Borel sets with zero zero cj-capacity. O
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5.5 Removable singularities

It is easy to prove that for any compact set K C €2, there exists pux € imlj(K ) such
that /(G[,uK])qda = 1 and ¢J(K) = px(K) (see [2][Th 2.5.3]). Since ux is an
Q

admissible measure, it follows from Theorem D that (1.3) is solvable with u = ug,
hence K is not removable. Although it could be conjectured that a compact set with
zero cg-capacity is removable we can prove this assertion only for sigma-moderate
solutions.

Definition 5.16 Let ¢ > 1, 0 € My (Q) where N >0 > N -2 and K C Q a

N—6
compact set. A nonnegative function v € Li, (Q\ K) N Lg, 1oe(Q\ K) is a sigma-
moderate solution of

—Au+|ulf uo =0 in Q\ K

5.35
u=20 in 02, ( )
if there exists an increasing sequence {uy,} C M (K) of g-good measures such that
u,, —uwin L (Q\K)NLL, (Q\K).

loc oloc

Theorem 5.17 Under the assumptions on q, o and K of Definition 5.16, if cg(K) =
0 then the only sigma-moderate solution of (5.35) is trivial.

Proof. Since ¢ (K) = 0 the set of nonnegative g-good measures with support in K

is reduced to the zero function by Theorem F. This implies the claim. O

Remark. We conjecture that for any compact set K C 2, any nonnegative local
solution of (5.12) is sigma-moderate. This would imply that a necessary and suf-
ficient condition for a local nonnegative solution of (5.12) to be a solution in € is
¢?(K) = 0. However this type of result is usually difficult to prove, see [22], [17],

q
[12] in the framework of semilinear equations with measure boundary data.

In order to find necessary and sufficient conditions for the removability of com-
pact set K C 2, we assume that o is a positive measure in {2 absolutely continuous
with respect to the Lebesgue measure, with a nonnegative density w. For proving
our results we will assume that the function w = w_ﬁ is ¢’-admissible in the sense
of [15, Chap 1]. One sufficient condition is that w belongs to the Muckenhoupt class
Ay, that is

1

1/ ><1/ _1 >pl
sup| — [ wdz | | — | w <tdx = Myy,q < 00 (5.36)
B (’B| B |B| /B !
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for all ball B ¢ RY.

If K € Q is compact, we set

?(K) = inf {/ \AC|q/ wdz : ¢ € C§°(2), ¢ > 1 in a neighborhood of K
)

q

(5.37)
This defines a capacity on Borel subsets of Q. Since w is ¢-admissible, it satisfies
Poincaré inequality, hence a set with zero ¢;-capacity is w-negligible. Furthermore,
following the proof of [2, Th 3.3.3], ¢ is equivalent to ¢;’ defined by

¢ (K) = inf {HCH?};M, (e C§e(2),0<(<1,¢>1in aneighborhood of K

(5.38)
The dual definition is ( see [2, Th 2.5.1])

L

(e (K))7 = sup {A(K) : A € M} (K), |G[A]]| ;4 <1} (5.39)

Proof of Theorem G. Step 1: The condition is sufficient. We assume first that
Ly 10 (Q\K)Nu € LY\ K) is a nonnegative subsolution of (1.22) in the sense
of distributions in \ K where K C  is a compact subset with ¢y -capacity zero.
There exists a sequence of functions {(x} C C§°(€2) with value in [0, 1], value 1 in
a neighborhood of K and such that [|AG|, s = 0 when k& — oo. Let p € C§°(Q2),
0 <p<1,suchthat p=1ina nelghborhood of K containing the support of the
Ck. Using ¢ := (1 — (x)*p®, with @ > 1, in the very weak formulation of equation

(1.22) we obtain,

/uqqﬁkwdm < /quﬁkdac
Q

Q
< a/u(l — () Apdr — 2a/u(1 — ) IV Vpda
Q Q
— a/gu(l — ) X Alkdr + (o — 1)/ﬂu(1 — )2 V(P da

+ a(a — 1)/Qu(1 — )*p* 2 |Vp|? da.

(5.40)
Notice that the second integral in the right-hand side vanishes since V({;.Vp®* = 0 by
the assumption on their support. If we choose a@ = 2¢’, we can bound the remaining
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integrals as follows:

U=

/ u(l = ()21 20 Agyda| <
Q

uq¢kwdx /]A(k\q (1— )t 2qwdx>

S
Py

(
([ 1861 war) "
(

1 (1 G wdx)

/g)qutkwd:v) </ |Ap|? wd:z:) ,
< (/Quqqﬁkwdm> (/ \V@.\Zq 24 wdm)

1
Py

< (/S)qubkwdm)q </ |V ¢k wdx) )

< </ uq(;bkwdac) ’ (/ ]Vp]Qq (1—Cp)2d wda:)
Q
< (/Slquﬁkwda:)q (/ﬂ V|2 wdac)q/

Because the Gagliardo-Nirenberg inequality holds with the ¢’-admissible weight w
we have for some 7 € (0,1) and some ¢ = ¢(¢q, N) > 0,

IN

/'\/\\ /\/’\

U=

qubkwd:p

)
[touie)
)y

/“(1 — G)* p* " Apdr| <
Q

U=

<

1
7

/u(l — ()2 22 |V dae
Q

and finally

Ur

’/“(1 — ()27 p*7 2|V p|* dx
Q

T
l

([ 1va wdm) ([ 180" wts) " el

. (5.41)
</ |AG|? wda:)
Therefore, if we set
1 1
q /
X = </qubkwdaj> and Z; = </ \ACk|q wdm) ,
Q
we obtain the inequation
XIZ < XpZp + o X + 3 X 27, (5.42)
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for some positive constants ¢y, co, cs depending on ¢, N and p. By definition of (i
we have Z;, — 0. We thus deduce that XZ < ¢X} with ¢ > 1 and then that the
sequence {X}} is bounded. Since (; — 0 almost everywhere, we have ¢ — qu/
almost everywhere. It then follows by Fatou’s lemma that

/quQ‘I,wdx <ec. (5.43)
Q

We deduce that u € LY, ;,.(). Since w7 € L} (), we obtain that L} (Q) by

Hoélder’s inequality. If u € L | (Q\ K)Nu € L'(Q\ K) is a distributional solution
of (1.22) in Q\ K, then |u| is a nonnegative subsolution with the same integrability
constraints and we derive u € LY, (Q)N L}, ().

w,loc

If ¢ € C5°(Q), we take ¢(1—C )¢ for test function of equation (1.22) in D'(Q\ K),
_/ ul(p(1 — () da + / ul? ug (1 — ¢)* w da = 0.
Q Q

Since u € qu 10c(€2), @ has compact support, and ¢, — 0 almost everywhere, we
can pass to the limit as k — +o0o in the second integral using Lebesgue convergence

theorem and obtain
/ Ju9 " ug(1 — o) wdz — / lu|* T upw da.
Q Q

Moreover we can pass to the limit in the first integral expanding the laplacian. Using
that v € L} () and that A{, — 0 in LY, it is easy to prove from the previous

loc
computation that

/u(l - Ck)qlAdxia: — /uAd)dac as k — oo,
Q Q
and

lim [ u(l— Ck)2q,_1VCk.V¢d:U =0= klim u(l — Ck)Qq/_lgbAdex.
—00 JO

k—oo J

Hence

—/qubdaH— /uqqﬁwdx =0 (5.44)
Q Q

Step 2: The condition is necessary. Let K be a compact set with positive ¢;-
capacity. According to [2][Th 2.5.3] there exists an extremal yy, € 9 (K) in the

dual formulation (5.39) of the capacity According to Theorem D, problem (5.16)
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with ¢ = pg admits a positive solution which is therefore a positive solution of
(5.35). O
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