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Domain walls dynamics in a nanowire subject to an electric
current

Gilles CARBOU'and Rida JIZZINT 2

Abstract. In this work, we aim to study a one dimensional model of ferromagnetic wire submitted
to an electric field modeled by a transport term involved in the Landau-Lifschitz equation. We will
consider two types of wires: the case of a wire with elliptical section and the case of a wire with round
section. For both cases we prove the stability of exact solutions describing one wall configurations.

Keywords: Landau-Lifschitz equation, ferromagnetic materials, stability.

1 Introduction

Ferromagnetic materials exhibit a strong attraction to magnetic fields. They are able to retain their
magnetic properties after vanishing of the external field. This particularity gives them important
properties for applications in many industrial sectors as radar protection, storage of information,
energy management and telecommunications equipment (see [3], [9], [10] and [18] for more informa-
tions).

One of the most promising applications of ferromagnetic nanowires is the digital data storage in
"racetrack memories” (see [16]). The formation of magnetic domains, in which the magnetization is
along the wire, either in one sense or in the other sense, allows the storage of digital informations.
The domains are separated by domain walls, thin zones in which the magnetization presents large
variations. The information is transported along the wire (for example to a reading head) by an
electric current inducing walls motion. Compared to an applied magnetic field, this solution can
be very useful. Indeed it is easier to generate a constant electric current in a wire, even if it is
not straight. Moreover, a constant applied current induces a motion of the walls preserving their
positions one with respect to each other, while an application of a constant magnetic field in a finite
wire can induce the collapse of consecutive walls and consequently the annihilation of domains.

In this paper we address the description of the effects of an electric current in a ferromagnetic material
for a one dimensional model of infinite wire. In particular we will consider one wall configurations
in the case of wires with round cross section or with elliptical cross section. For both case, we will
prove the stability of such configurations.

Let us describe the one dimensional model we deal with.

A ferromagnetic material is characterized by a spontaneous magnetization represented by a magnetic
moment. We consider an infinite homogeneous nanowire assimilated to the real line Re;, where
(e1,e2,e3) is the canonical basis of R®. We denote by m the magnetization:

m: Ry xR — RS
(t,z) +— m(t,x).
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The magnetic moment m, the magnetic induction B and the magnetic field H are linked by the
following constitutive relation:
B=H+m

where B and H are defined on the whole space R3 and where 7 is the extension of m by zero outside
the ferromagnetic domain.

Furthermore we assume that the studied material is saturated, so that the magnetic moment m
takes its value in S? the unit sphere of R3. In the case of a ferromagnetic nanowire submitted to an
electric current, Thiaville, Miltat, Nakatani and Susuki have proposed in [17] a process to integrate
electric current effect on ferromagnetic materials in the Landau-Lifshitz equation, adding a transport
term of the form (v- V)m +m X ((v- V)m) modeling the electric current, where v(¢, ) is a vector
field directed along the direction of electrons motion, with an amplitude proportional to the current
density.

Therefore, in the case of a one dimensional model of nanowire, the behavior of magnetic moment m
is described by the following Landau-Lifschitz type equation:

om om am
I X H,(m) — H, an an 1
5 m x He(m) —m x (m x e(m))—l—vam—|—m><vaac, (1)
where H., the effective field derived from micromagnetism energy (see [1]) is given by:
*m

2
The term %—m is called the exchange field and hy(m) represents the demagnetizing field. In the

22
82

a2

In the three-dimensional model, the demagnetizing field hgy(m) is given by coupling the static

Maxwell equations with the law of Faraday div B = 0:

0
sequel, we denote 0, = — and 0, =
T

curl hg(m) =0 in R?,

div (hg(m) +m) = 0 in R3.

In this paper we consider a straight wire along Re; with elliptical section with minor axis along Res
and major axis along Res, so that the one dimensional model for the demagnetizing field reads

ha(m) = —maey — bmges with b > 1,

where (mq,ma, ms) are the coordinates of m in R3. The case b = 1 corresponds to a wire with round
section. This model for the demagnetizing field in nanowires is justified by I'-convergence arguments
in the static case and by asymptotic studies for the dynamic Landau-Lifschitz model in [5] and [6].

We first consider the case b > 1:

86—1? =-—m X He(m) —m x (m x He(m)) + v0,m + m x vd,m,
H.(m) = Ogam — moes — bses, (2)

|m| =1in Ry x R,
In this case, for small values of v, the wall remains static. Indeed, we have the following proposition:

Proposition 1. Let b > 1 and v such that |v| < Vb — 1. We consider the following system:

cos2 0 + bsin? 0 = 5—12, 3)
(b—1)cosfsind = —%-



1
Then this system admits only one solution (0,0) with 0| < arcsin ———.
. 1+ Vb
In addition, we define Ug s by Uy s(t, x) := Ro(MO(S)) where

tanh z 1 0 0
My= | 1/coshzx and Rg= |0 cosf —sinf
0 0 sinf cosf

Then Uy s is a static solution of System (2).

In our first result we claim that this solution is stable and asymptotically stable up to translations
in the z-variable:

Theorem 1.1. Let b > 1 and v such that |v| < Vb —1, let Ups given by Proposition 1. Then for
all e > 0, there exists 1 > 0 such that for every mqo in H?(R;R3), if mq satisfies the saturation
constraint |mo| = 1 and verifies ||mo — Upsllgr < n, if we denote by m the solution of (2) with
ingtial data m(0,x) = mo(x) for all x € R, then this solution satisfies:

YVt >0, ||m(t,.) —Ussllm <e.
In addition, there exists oo such that
lm(t,.) — Ugs(. — 0oo)|lr — 0 when t — +o0.

Remark 1. For |[v| > Vb — 1 we observe in numerical simulations that the wall moves with a
periodic velocity. In [17], a profile describing this situation is calculated, but the authors use an
approzimation which is not mathematically justified, so that existence and stability of any solution
m for (2) in this case remain unproved.

In the case of a nanowire with round cross-section, we have b = 1, so that we deal with the following
system:

%—T =—m X He(m) —m x (m X He(m)) + vdym + m x vOym
He(m) = ale — Ma€z — M3ey, (4)
|m| = 1.

For a constant applied current v, we observe a rotation and a translation of the wall profile described
by the solution of (4) given by:
m,(t, ) = R_,tMo(x + vt),

We establish the stability of this solution:

Theorem 1.2. We assume that |v| < 2.

For all € > 0, there exists 1 > 0 such that for every mg in the Sobolev space H*(R) with |mo| = 1
for any x € R and ||mo(.) — my(0,.)||g1(r) < 1; if we denote by m the solution of (4) with initial
data myg, then for all t > 0 we have

lm(t..) — mo (8 )l gy <
In addition, there exists 0o and O such that
lm(t,.) — Ro_my(t,. — 0oo)||gr — O when t — +o0.
The next theorem shows the instability of the previous solution in the case |v| > 2:

Theorem 1.3. For |[v| > 2, the solution m,(t,z) = R_,:Mo(x + vt) of (4) is linearly unstable.



Remark 2. The stability of a solution m for this Landau-Lifschitz equation with vanishing electric
current but with a small applied magnetic field is treated in [6], [7] and [8]. The stability threshold
for the value of the applied magnetic field is obtained in [11].

Remark 3. The stability results contained in this work are optimal: in the round cross section case,
we establish the threshold for the value of v to obtain stability. In the elliptical case, we prove the
stability for all the values of v such that the wall remains stationary. This optimality is obtained
thanks to a careful study of the linearized equation around the studied profiles. This is the key point
of our work.

The present paper is organized as follows: In Section 2, after proving Proposition 1, we show the
stability of the static solutions for small electric currents claimed in Theorem 1.1. The end of the
paper is devoted to the case of the round section-wire. We prove the stability of moving walls for
|[v] < 2 in Section 3 and their linear instability for |v| > 2 in Section 4.

The framework for proving the stability theorems is the same developed in [6] and in [7]. The main
difficulties are due to the following facts:

e the non linear saturation constraint |m| =1,

e the invariance of the model by translation (and by rotation in the case of a round wire) so
that 0 is in the spectrum of the linearized equation,

e it is not so clear that the other eigenvalues have the good sign for stability,
e the system is quasilinear so that we must use variational estimates instead of Duhamel formula.

The proofs are organized as follows.

In a first step, we transform the problem and its unknowns to deal with the stability of the profile
My for an equation similar to the Landau-Lifschitz equation.
In the proof of Theorem 1.1, we describe the perturbation of Us = Re(Mo(%5)) as m(t,z) =

Ry (ul(t, %)), where u takes its values in S2. Then Up s is stable for System (2) if and only if the
static profile My is stable for a new system of unknown u. In the proof of Theorem 1.2, we describe
the perturbation of R_,:Mo(xz + vt) writing m(t,x) = R_,tu(t, z + vt) so that R_,:Mo(z + vt) is
stable for 4 if and only of the static profile M is stable for another new system of unknown w.

In a second step, we address the problem of the saturation constraint: we only deal with perturbation
satisfying this non linear constraint. In order to do that, we describe the small perturbation u of
My in a moving orthonormal frame (Mg, My, Ms) defined by

tanh —1/coshz 0
My(z) = 1/coshz |, M;= tanh , My=1| 0
0 0 1
writing u as follows
u(t,x) = ri(t, 2) My(x) + ra(t, 2) Mo + (u(r) + 1) My(z), (5)

where p @ B(0;1) — R is given by: pu(r1,r2) = /1 —7? —r2 — 1. The new unknown r = (r1,72)

takes its values in R2. After writing the Landau-Lifschitz equation with r, we obtain an equivalent
formulation of u-equation where the unknown r satisfies the following non linear equation:

Oyr = Lr + F(x,r,0pr, 8§mr), (6)

where Lr and F' represent respectively the linear part and the non linear part of this equation. We
obtain that the stability of My for u-equation is equivalent to the stability of zero solution for (6).
We remark that we deal now with an equation taking its values in the flat space R2.



The key point is now the study of the spectrum of the linear operator £. This part strongly depends
on the case we deal with (see Part 2.4 for the wire with elliptical section and Part 3.4).

In both cases, zero is in the spectrum of £. In the case of a wire with elliptical cross-section this
is due to the invariance of the system with respect to translations in z so that there exists a one
parameter family o — R(c) of static solutions for (6). In addition, the eigenspace associated to
zero is one dimensional. In the case of a round-section wire, the system is invariant with respect
to translation in x and rotations so that there exists a two parameter family of static solutions
(0,0) — R(0,0). The null eigenspace is now two-dimensional.

The presence of zero is always a difficulty to obtain the non linear stability. To address this problem
we decompose the solution r of (6) as the sum of R(o(t)) (or R(co(t),6(t)) for a wire with circular
cross section) plus a perturbation W belonging to the orthogonal to the null eigenspace .

Remark 4. This decomposition is rather classical for the study of static solution stability for semi
linear parabolic equations (see [13]). This technique has also been used in [2] to demonstrate the
stability of traveling waves in thin films or in [15] in the case of the radially symmetric traveling
waves in reaction-diffusion equations.

This decomposition leads us to obtain a new system of equations where the unknowns are ¢ and w
(plus the variable 6 in the circular case). Our goal is to show the stability of (o, W) = (0,0). The
main difficulty is that our problem is quasilinear since the non linear part F' depends on 0,,7. So
we use variational methods to estimate the non linear terms.

In the following, we denote by ( | ) the inner product in the space L?(R) and ||.||12 the associated
norm. We denote by - the scalar product in R3 and by |.| the associated euclidean norm.

2 Case of a wire with elliptical cross-section

2.1 Proof of Proposition 1

We start by establishing the existence of static solutions of (2).

We recall that U s(x) = Ry (Mo(g)) So, by direct calculations, denoting y = %, we obtain
1
H = M — 1) si
Us,s x He(Ups) Ro(M7)(y) ((b )sm@cos@coshy>
1 . sinh y
+Ro(My) [ = — cos® 6 — bsin? 9>
0(M2) (52 cosh? y
0u(Uss) = —5—1—Fa(Mi(y)
2\U.s) = =5 cosny oM Yy

Writing that Uy s satisfies (2) if and only if
—Up,s x He(Ug,s) — Us,s X (Up,s x He(Ug,s)) +v0;Ug s + vUg 5 X 03Ug s = 0,

we obtain that Uy s satisfies (2) if and only if

1
ﬁ—cos20—bsin29:0 and (b—l)sin0c0s9+%:0. (7)

We aim to prove that System (7) admits only one solution for |v| < vVpqz, Where Ve = vb—1. By
elimination of §, we obtain that v and € are linked by the relation:

sin 0 cos 6

\/1+4 (b—1)sin?@

v=¢(0):=(1-0)



We have
b—1

(14 (b—1)sin?0)2

o'(0) = (b—1) sin? @ + 2sin? 6 — 1).

-1 1
— < 0and —— > 0. So
Vb—1 Vb+1

1

We set P(X) = (b—1)X%? +2X — 1. The roots of P are

¢'(0) is strictly negative for sin?# € [0, 2—[. We introduce 6,4, = arcsin | ———— | and
Vb+1 1+ Vb

Umaz = —@(Omaz) = Vb — 1. We obtain that v is a decreasing diffeomorphism from | — 8,42, Omax|

t0 | — Umaz, Umaz [, and the proof of Proposition 1 is complete. O

2.2 Proof of Theorem 1.1
2.2.1 First step: a new formulation.

We describe a perturbation m of the profile Us ¢ as:

m(t,x) = Ro(u(t, %))a

where u : RT x R — §2.
By a simple algebraic calculation, we obtain that m satisfies the Landau-Lifschitz equation (2) if
and only if u satisfies the following system:

Ol () = () 4 (Dt x D),
1 1 v 1 v
h(u) = 5728‘/1;;1;11/ - <62U2 - 5U3) €y — ((b+ 1-— 572)u3 — 5u2> es.
In addition, Us g is stable for (2) if and only if My is stable for (8).

2.2.2 Second step: equation for the perturbations of the wall.
As in [6, 8, 11], we consider the moving frame given by (Mo (x), M;(z), Ma(x)) given by

tanh —1/coshz 0
My(z)=| 1/coshz |, M= tanh x , My=1 0
0 0 1

If u is a small perturbation of M satisfying the saturation constraint |u| = 1, we describe u in the
mobile frame writing:

u(t, x) = ri(t, x) My (z) + ra(t, ) Mz + (u(r) + 1) Mo (z), (9)
where 7 = (r1,72) € R? and u(r) = /1 —r? — 73 — 1. The study of small perturbations of My allows
us to assume that ||u — Mpl|pe < 3
We plug (9) in (8) and we obtain that if u satisfies (8) satisfies the following equation:

1

Opr = 52 JNr + F(z,r, 01, Ogar). (10)
. 1
In the linear part ﬁJN,
-1 -1 L —ovul*
J = and N = ,
1 -1 —6vl L+«



where L = —8,, + 2tanh®z — 1, | = 9, + tanhz and a = 52(b+1) —2.
The non linear part F': R x B(0,1) x R? x R? — R? is defined by

F(x,r,0.1, 0per) = A(r)0per + B(r)(0pr, 0u7) + C(z,7)(0pr) + D(r)(0xr) + E(z, 1), (11)
where

e A e C>®(B(0,1); Ma(R)) (M2(R) is the set of the real 2 x 2 matrices):

) *T% W—rire 1 —Tro — 7’1(1 + p(r))
Y el ) (©)

— = Tr17T2 —r3 r1 —ro(1+ p(r))

B € C*®(B(0,1); L2(R?)) (L2(R?) is the set of the bilinear functions defined on R? x R? with

values inR?) :
1 [t 1)r =
B(’I") (575) = ﬁ u”(r)(ﬁ,&),
—(p+Dra+m1

o C e C™®R x B(0,1); My(R)) :

2 —ri(1+p(r) —r2 9 (r1)?
Clx,r)(§) = 52 cosh &1+ Zcoshz ' (r)(€)

E € C®R x B(0,1);R?) :

Bl 9 sinh & ( rire + 1314 p(r)) )
’ 52 cosh? 2 4 (14 p(r))
( + p(r) 4 (u(r))? = rire (1 + 2u(r)) )
etz riry = 20r2)2(1+ () — (m)? — p(r) (1 + p(r))
rip(r) = 2(r1)%rs 9 p(r)(ri(2+ pu(r) +r2)
+ tanh x (527}12
r)ry — 2r1(r2)? COST N pu(r)(—ry + r2(1 + p(r)))

( (b+1 = 32)(rop(r) + 71(r2)?) + $2(r1)? )
+
sz (rp(r) + (r1)%r2) + (b+ 1 — 55)(re)?

A simple projection of (8) on the mobile frame (M (x), Ma) ensures that u satisfies (8) implies that
r satisfies (10). The reverse is proved in detail in [6] using the fact that, since (10) preserves the
saturation constraint |u| = 1, if u satisfies the projections of (6) on M7 and M, then it satisfies (8).
In addition, we remark that u is stable for (8) if and only if 0 is stable for (10).



2.3 Invariance by translation and new formulation

The modified Landau-Lifschitz system (8) is invariant by translation in the z-variable so that
x — My(z — s) is a static solution of (8) for all s € R. By projection on the mobile frame
(My(x), M, (z), Ms), we obtain a one parameter family R(s) of static solutions for (10) defined by:

Mo(z — s).M () p(s)(x)
R(s)(z) = - ’
Mo(z — 5).Ms 0
o o) - o)

The existence of this one parameter family of solutions implies that 0 is an eigenvalue of the linearized
of (10) around zero. Indeed we have:
1
N | coshz | =0.
0

This fact obstructs immediate getting of the stability result. To overcome this difficult, we isolate
the translation writing the solution r of (10) on the form:

r(t,z) = R(o(t))(z) + W(t, z) (12)
where o : Rt - R and W = Rt x R — R?, with <W1\7coslhw> = 0.

In a neighborhood of zero, this is a valid system of coordinates, as it is claimed in the following
proposition:

Proposition 2. There exists &g > 0 such that for all k > 1, for all r € H*(R,R2) satisfying
|||z < 8o, there exists a unique couple (o, W) € R x H*(R;R?) such that:

r(z) = R(o)(x) + W(z)

1
ith (W =0
e < 1‘coshnc>
1
Proof. Let us assume that r writes: r = R(c)(z) + W(z) where (W] o ) = 0. By taking the
coshz

1
scalar product with <2 cosh x) , we obtain that
0

1
2 cosh x

(rl

The map 1 is smooth and we have (0) = 0 and ¢’(0) = 1. So, in a neighborhood of zero, there
exists dg > 0 such that ¢ is a C°°-diffeomorphism from ] — dg, dg[ to a neighborhood of 4 (0) = 0.
So, o can be obtained by: o(t) = ¥~ ((r1|5ep= ))-

By subtraction, we define W by W(z) = r(z) — R(o)(z), and by construction we have that
(Wi|=2=) =0.

cosh z

) =1(c) where ¢ is defined by ¢(s) = %/ p(s)(z) :

2E€R coshz

O

We plug (12) in (8) and we obtain that
1 1

Since, for a fixed s, R(s) is a static solution of (8) we obtain that

IsR(o)o' + W =

%JNR(U) + Pz, R(0),0.R(0), 0y R(0)) = 0



so we obtain from (13) that

1

OuR(0)0" + W = S5 INW + Gla,0, W, 0,W. 0, W), (14)

where

G(x,0,W,0,W,0,:W) = F(x,R(0) + W,0,R(0) + 0, W, 0pz R(c) + Oz W)

—F(x,R(0),0.R(0), 0z R(0)).

In order to obtain the equation satisfied by o, we take the inner product of (14) with x; =

1
<2coshx>-
0

We first remark that <8tW|/£1> = 0 since Wp € (

)J_
) coshz’
In addition, <ﬁJNW|I€1> = M(W) where X is defined by

v 1 o 1
S | 1
20 costhV1> 2(52<cosha:|W2> (15)

We denote by g(s) the map defined by

A(W)

o) = [ L))

z€R 0s

T.
cosh x

1
We remark that g(0) =1 and g is smooth so that s — ﬁ is smooth in a neighborhood of zero.
g(s
We denote:

G0, W) = (G(x,0,W,0, W, 0, W )|k1). (16)
Therefore we have: p )
0' ~
—_ = . 1
=300 ()\(W) +G(o, W)) (17)
By subtraction we obtain the following system for W:
1 1 ~
W = INW — ()\(W) +Go, W)) B, R(0) + G(x, 0, W, 8, W, 8uW). (18)
g(o

2.4 Estimate for the linear part

We recall that N is given by

L —vl*
N =
-l L+«
The operator L = —0,, + 2(tanhx)? — 1 arising in the formulation of N is a self-adjoint operator

acting on H2(R?). As it is proved in [6] we have the following proposition:

Proposition 3. The essential spectrum of the self-adjoint operator L is [1,4o00| and zero is its

unique eigenvalue which eigenspace is generated by .
coshx

Proof. Since L is a compact perturbation of the operator —0,, + 1 then its essential spectrum is
[1,400] (see [12]). Furthermore, we can see that L = [*[, then L is positive and 0 is a simple

eigenvalue associated to the eigenvector

. Now, let us assume that A is an eigenvalue of L and

coshz

w is an eigenvector associated to A, that is Lw = Aw. Applying of the operator [ on this equation
and using the relation [*] = —3,, + 1 shows that A is an eigenvalue for —0,, + 1 associated to the
eigenvector [w, which ensures that {w = 0 so that A = 0. O



From this result we obtain the following corollary:

Corollary 1. For al w € H?(R) satisfying <w|c051hz

lwllzz < \/(Lwlw) < [LW|[Z..
1

In addition there exists constants ¢y and co such that for all w € (m)L,
allw|lgr < \/<Lw|w> < col|lwl g

allwlgz < [Lwlre < ejw]| g2

> =0, we have:

and

We prove now that N is coercive on (Ker L)+ x H2(R).

Proposition 4. There ezists a constant ¢, > 0 such that for all W € H*(R;R?) with (W1|2—) =
0,

(NWIW) > ¢ [|[W]]7e.
Proof. The key point is the following estimate for <N W\W>

(NWIW) = (LW1[W1) — 60{l*Wa|W1) — So(IW1|[Wa) + (LWa|Wa ) + a(Wa|Wa)

%

<lW1|lW1> — 251}<W2|ZW1> + a<W2|W2> since L = [* o is positive

IV

[IW1 |72 — 26[v][[Wal L2 1WA || 22 + [Wal|7 2

([IWil[zz  |[WallL2) L =dv\ [[[iWy]L2
NW|W) >
< | > = -« [[Wal| L2

We have then:

1

We introduce the matrix M, = <_ so

—(;51)) . We denote by ¢, the smallest eigenvalue of M,. We

have:
(NWIW) > ¢, ([[IW]|72 + [Wall72) = co (W17 + [W2ll72)

L)L It remains to prove that ¢, > 0

cosh z

since W1 € (
We have

L+ a—+/(1—a)?+ 4622
2

Cy =

so that ¢, > 0 if and only if o > %02,

52(b—1)
cos2 6 + bsin® 0
is non negative since sin? # remains between the roots of the polynomial map 1 — 2X — (b — 1)X?
(see subsection 2.1).

Using (7), we remark that o — 6%v* = (1 —2sin?# — (b—1)sin* #) and this quantity

O

We deduce from the previous Proposition the following equivalence of norms:

Corollary 2. There exists ¢ and ca with 0 < ¢ < co such that for all W € H?(R;R?) with

Wilemz) =0,
Wil < \/(NWIW) < eo| Wl i)
c|[Wilkzw) < [NW] < c2[Wla ()
To conclude this part, we estimate the operator A arising in (17) and (18):
Proposition 5. There exists C' such that for all W € H(R),
W) < CIW 1.
Proof. We deduce this estimate from the expression of A (see (15)). O

10



2.5 Estimate for the non linear terms

We recall that the non linear contribution F(x,r, 0,7, 0.,7) in Equation (10) is detailed in (11).
We estimate the nonlinear functions A, B, C, D and FE appearing in this nonlinear term. Since
u(r) = O(|r|?), by straightforward calculations, we obtain the following proposition:

1
Proposition 6. There exists a constant C such that for r € B(0, 5) and for x € R,
o |A(r)| < CIr* and |A'(r)] < Clr],

o |B(r)| < Clr| and |B'(r)] < C,
C

coshz’

¢ 106 S| and |- O] <

shx
o |D(r)| < CJr?
9 0
o [E(z,n)| < Clrl® and |5-E(z,r)| < Cr],
r
Now, the non linear term G is deduced from F' writing

G(x,0,W,0,W,0,:W) = F(x,R(0) + W,0,R(0) + 0, W, 0pz R(0) + Oz W)
(19)
—F(x,R(0),0.R(0), 0z R(0)).

We detail the non linear term G writing the Fundamental Theorem of the Analysis between R, and
R, + W writing G = G1 + ... + G5 with:

o Gy = A(R(0) + W)0puW + A(R(0), W)(W)(9pe R(c)), with A(u,v) = /1 A'(u+ sv)ds,
0
. 021: B(R(0)+W)(20,R(0) +8,W, 0, W)+ B(R(0), W)(W) (0, R(0), 8, R(0)), with B(u,v) =
/ B'(u + sv)ds,
0
o G3 = C(z,R(c) + W) (0, W) + C(z, R(c), W)(W)(d,R(c)) with C(z,u,v) = /0 %C’(x,u +
sv)ds,

o Gy = D(R(0) + W)(3,W) + D(R(0), W)(W)(d,R(c)) with D(u,v) = /0 %D(u + sv)ds,

or

We remark that there exists a constant C such that

[R(0) + W[ < C(lo| + [W]). (20)

1
o G5 = E(x,R(0), W)(W) with E(x,u,v) = / ﬁE(m,u + sv)ds,
0

From the properties detailed in Proposition 6, we obtain that there exists 79 > 0, there exists a
constant K such that if |o| + [|[W]|Le~ < 1o

1G1llL2 < K(lo| + WL )(10zaWl2 + [W][12)

1Gallze < K (lo[ll0:W L2 + 10:W[7s + [W]|z2]o])

1Gsll2 < K ((lo] + [[Wlze)[02W ][22 + |o|[W]L2) (21)
1GallLz < K ((lo] + [[Wlze)[0:W |22 + |o || W] 2)

1G5z < K ((lo] + [Wllze) W] 2) -

11



Using that |[W|jL~ < C||[W]|lg: by Sobolev injection, using the Gagliardo-Nirenberg inequality
|0zul|24 < Cllul|Ls||0zzuu| 12 for the estimate of G2, we obtain that if |o| + [|[W||z < no,

1G> < Clol[[Wlla2 + CIW |z [[W ] 22 (22)

1
Let us now estimate G defined by (16). We recall that k; = (2 coshx>~ We estimate successively
0

each term <Gi |/§1>.

o (Gilr1) = (A(R(0) + W)0uu W k1) + (A(R(0), W) (W )(8s2 R()) 1)
On the one hand, the first term satisfies

(A(R(0) + W)0puW k1)

(00sWIA(R(0) + W) 1)

= (0, W]0:(A(R(o) + W) r1))
~(0.W(A'(R(0) + W)(9:W))" k1)
—(0,W|(A'(R(o) + W)(0,R(0))*r1)
~

0. WIA(R(0) + W) Byrin))

SO
(A(R(@) + WD W) < 110W [21|A'(R() + W) | o= [~
0 W 12| A’ (R(o) + W) o= 0 R0 | 1= 1| 2
10 W 12| A(R(0) + W)l o= 9 | 2
Therefore, if |o| + ||V L < 10
(A(R(0) + WO W |i1)| < Cl0W [z + C0: W] 12
On the other hand,
(A(R(0). W)(W) (@22 R(0)) 1) < |AR(0), W)W | 211000 R(@) 1] .
so, if [o] + [ W= < mo

[(A(R(0), W) (W) (@ra R(0)) 1) | < W2,
Therefore, if |o| + ||[W | L~ < no
[(Galri)l < CIW [ + CIW [
e Concerning <G2|/~@1>, we have:
(Galrr)| < 2| B(R(0) + W)l |0: R(0)|| oe [0 W[ 2 |1 || 2

+HIB(R(o) + W)z 10 W |72 1512

+B(R(a), W)l oo [[W | 12102 R(0) |70 | 1| 2
so that if |o| + ||[W||L~ < no,

{(Galr1)| < CI|W g + C|[W] 3.
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e From the last three estimates in (21) we obtain that if |o| + [|[W|| L < 10,

(G5 + Ga+ Gsli1)| < C||W||g.
Therefore, there exists a constant C such that if |o| + |[W ||z < 70,

G| < CIW s + CIW 3. (23)
2.6 End of the proof

We take the inner product of (18) with NW. Since N is a self-adjoint operator we obtain that:

1
g(o)

.1(s) - (}) o ()

where 7 is smooth and uniformly bounded in L?(R,) for s in a neighborhood of zero.
In addition, we remark that

%(WWW} + 6%||NW||§2 =— ()\(W) + é) (0. R(0)|NW) + (GINW).

We remark that

1
p— L W) = (L— (W) — ol — (W) =
( (COS()M) INW) = <m|LW1 — Wl*W,) = <Lcosh$|wl> 5v<lCOth\W2> =0

since LcoslmC = lcoslhac = 0. Therefore we obtain that
LW INwY + LN W = o (M) + @) (r(0)@)INW) + (GINW)
dt 62 L g(o)
< Clol (AW + 1G1) II7(@) 2 INW |[z2 + |G 22 | NW | 2.

Using the Sobolev embedding H!(R) C L*(R), using the equivalence of norms claimed in Corollary

2, using Proposition 5 and the estimates (22) and (23), we obtain that there exists n; > 0, there
1

exists a constant K such that if |o| < ny and (W|NW)? <y,

d 1
HWINW) + S INW 3 < K (Jo| + (WINW)? ) N2,

1
=l
therefore

d 1
W) 4 i

5K (1ol + <W|Nw>5)> <o.

1
So while |o| < min(zzz,m1), while (W[NW)? < min(5517,m1), we have:

d 1
—(WI|N NW|?,— <0.
dt<W| W)+ || W||L2352_0

2
Using Corollary 2, we have |[NW 2. > (c1)?||[W |32 > (c1)? W3 > (%) (WINW), therefore,

1
while || < min(z517,71), while (W|NW)? < min(z57,m1), we have:

2

d
£<W|NW> + 3

13



so that by comparison lemma;:

C1 2
(WINW)(t) < (WINW)(0) exp (_3((@32?52) :

Now, using (17), Proposition 5 and Estimate (23), we obtain that while |o| < min(gzz,n1), while
1
(WINW)? < min(5555,m), we have:

c 2
< ClWle < EJW < g (WINW)(0) exp (‘6&2;) .

1
2

do
dt

So by integration, we obtain that while |o| < min(ﬁ, m), while (W|NW)
have:

< min(ﬁ7n1)a we

6(co)?62

(c1)?
Therefore if o(0) and (W|NW)(0) are small enough, for all ¢ > 0, |o| < min(z555,m) and
<W\N W>% < min(ﬁ,m), so that all the previous inequalities hold. In particular, W — 0 in

2(0)] < 0]+ £/ (WIN W)

do
H'(R) and since — is integrable on RT, o tends to a limit o, when ¢ tends to +oo.

dt
This conclude the proof of Theorem 1.1. O

3 Case of a round wire.

In this part, we deal with the following model:
m: R x R, — S2,

86—7: = —m X he(m) —m X (m X he(m)) + v0,m + vm X O,m (24)
he(m) = Opzm — maes — maes.

where h.(m) is the effective field, v is a transport term, (ey, ez, e3) is the canonical basis of R? and
the nanowire is modeled by the axis Re;. ~

We remark that in this case we can replace the effective field h.(m) by he(m) = Oz,m + myey since
it only appears m X h.(m) in the equation.

For a constant applied courant v, we consider the solution m, modeling one-wall configurations: by
my,(t,x) = R_y,e Mo(x + vt).

We aim to prove the stability of this solution for |v| < 2 claimed in Theorem 1.2. We will follow the
same methodology of the previous section.

3.1 A new equation

As we did in the previous section, we define a new variable u by the relation
m(t,x) = R_yu(t,  + vt).

Since the saturation constraint |m(t,z)| = 1 is satisfied by m for all (¢,z) € Ry x R, then u satisfies
also this constraint because the matrix R_,; preserves the euclidean norm. By a simple calculation,
we obtain that m is solution of (24) if and only if u satisfies the following system

Ou = —ux h(u) —u x (ux h(u)) + vu X Ou — vu X 1
ot (25)
h(u) = Opzu + uieq,

and m, is stable for (24) if and only if the static profile M, is stable for (25).

14



3.2 Mobile frame.

We consider u as a little perturbation of My. Let us write u in the moving frame (My, M7, M>)
where the physical constraint |u| = 1 is automatically satisfied:

u(t, z) = ri(t, z) My (x) + ra(t, ) Mz + (p(r) + 1) Mo(z),

where p is a smooth map defined in the first section.
After a rather long algebraic calculation, we obtain the following result:

Proposition 7. The function u satisfies (25) if and only if r satisfies

% =Lr + Fo(x? T, @cr, awl‘r)7 (26)

where the linear operator L is defined by

—L —L — vl
E =
L+l —L
with L = —0yy + (2tanh® x — 1) and | = 8, + tanhx, and where Fy is the non linear part of (26)
given by:

Fo(x,r, 01, Oper) = Ao(r)Ozar + Bo(x, )0z + Co(r)(0xr, Opr) + Do(x, )
where

o A€ COO(B(O,l),MQ(R)) :

—r? W= T2 —r2 —r1(1+ pu(r))
Ao(r)(§) = £+ ' (r)(6),

—U—T1T2 —Tr5
e By e COO(R X B(O, 1),M2(R)) :

9 —r1(1+p(r)) —re —&2
& +op(r)
r1 —7r2(1+ p(r)) &1
COSth((rl)Q — 1)+
+ ) ' (r)(€)
(14 p(r) +rire) —vry

Bo(x,£) = cosh z

coshx

o Oy € C®(R; L2(R?))

can(ee = (22T oo

e Dy € C®(R x B(0,1); R?):

sinh 2 27179 + 2(r1)2 (1 + p(r)) v 7172
Dy(z,r) =

h? + coshx
COST N =2(r1) + 2172 (1 4 (1) —(r1)? = p(r)(1 + p(r))
—(r1+r2)u(r) — p(r)(1 + p(r))rm
+(2tanh?z — 1)
(r1 = r2)p(r) — p(r)(1 + p(r))rs

and the stability of My for (25) is equivalent to stability of zero solution for (26).
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3.3 New system of unknown

In the case of a nanowire with round section, the Landau-Lifschitz system (24) is invariant by
translation in the z-variable and by rotation around the axis of the wire, that is: if m is a solution of
(24) then for all 0 € R and 0 € R, then (¢,x) — Rg(m(t,z—0)) is also solution for (24). Therefore for
all (0,0) € R?, z — RyMy(x — o) is a static solution for (24) and by projection of the mobile frame,
we obtain the existence of a two-parameter family of static solutions for (26) given for A = (¢, 0) by

tanh(z — o)  cosftanhx

BoMo(z = o) - Ma(2) coshx cosh(z — o)
Rp(z) = = (27)

sin 6
RoMo(w =) - Mz cosh(z — o)

The existence of this two parameter family of static solutions induces that 0 is a double eigenvalue

for the linearized operator £ arising in (26) and the kernel of £ is generated by ¢ = <1/ C‘SSh x)

0
1/coshz )’
In order to address the difficulty arising from the null eigenspace, we decompose the solutions of
(26) on the form:

and @y =

T(tvx) = RA(t) (il?) + W(t71'), (28)
with (Wil oiz) = (Wel ez ) = O-

As it is proved in [6] this is a valid system of coordinates in a neighborhood of zero in H?(R).

By plugging (28) in (26) we obtain that
OgRAOLO + Oy RAOyo + OW = LRy + LW + Fy(x, Rp, O RA, Opa RA) + Go(z, A, W, 0, W, 0. W),

where GO(J;’ Aa VV7 8IVV7 8sz) = F()(J?, RA+W/’ 61:RA+893W 6$$RA+6$IW)—F0(.’E, RAa 61:RA7 8szA)
As remarked before, for a fixed A, Ry is a static solution for (26) so that

LRy + Fo(x, RA, 0. Rp, angA) =0.
Therefore we obtain
Oy RAOi0 4+ Og RAOLD + O W = LW + Go(x, A, W, 0, W, 0 W). (29)

We take the inner product of (29) with ¢1 and ¢3. We remark that (¢;|8;W) = 0 and that
(LW |gp;) = 0 so that we obtain

dA ~ ~

where

(9eBaler) (OoRaler)) ~(Maleiz)\ - ((Golen)
A): 3 )\W: Y GO

(OsBale2) (DoBale2) (Ml (Golez)

We remark that the matrix A(A) depends continuously on A and that

2 0
A(0,0) =
0 2

so there exists 79 > 0 and a constant C such that if |A| < 7, A(A) is invertible with | (A(A)) "] < C.
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Therefore we obtain the following equation for A:

A

= = BAW). (30)

where B(A, W) = (A(A)) ™! (vS\W + évo) We denote By and Bs the coordinates of B.

By subtraction we obtain that W satisfies

W = LW + Go — B10, Ry — B20gRy. (31)

3.4 Estimate of the linear terms

The linear operator £ writes

—L —L —wl
L =
L+ vl —L
with L = —0,, + (2 tanh?z — 1) and | = 9, + tanh z.
From Corollary 1, we recall that for w € ( )+,
cosh z

lwllZs < (Lwlw) < |[Lw]Z..

LW,
In order to estimate W we will multiply (26) by and it will appear the term v (<lW1 |LW2> - <ZW2|LW1>).
LWy
Let us estimate this term:
1
Proposition 8. For W and Wy in ( )t
coshz

1
[(WAILW) = (LWA[IW2)| < S (IEWAI Tz + [|LWa | 72)-

Proof. Let us denote by g the Fourier transform of a function g. We denote by ¢ the Fourier variable
in R2. To obtain the proof of the proposition, we will use the fact that L = [*] and {I* = —0,, + 1.
Indeed let us denote d; = [W; for i = 1,2, then

| LW;]|3-

<LWZ-|LWZ->
(I*d;|1*d;)

= <ll*di|di>
< — Ogad; + di|di>
<(|§|2 + 1)cfz|a?z>

= IVI+IEPdil7e.

Moreover, we have

(IW1|LWa) — (LW |IW5) (da|l*ds) — (da|l*dy)

2(Byds | d).

17



By young inequality we get

[(IWA|LW2) — (LWA[IW)| < 2|{daliedy )|
< 2 il
< [ VIFERIGIVIF R
< IVTF TRl /T T EPIdal e
< SUVIFTERIGIIE: + VI I3
< SIWiE.

3.5 Estimate of the non linear terms
We first estimate Fjy arising in Proposition 7. We recall that F writes
Fo(z,7, 051y Opar) = Ao(r)Opzr + Bo(x, 7)0rr + Co(1)(0z7, 0x1) + Do(, 1)
The properties concerning Ag, By, Cy, and Dy are described in the following proposition:
Proposition 9. There exists a constant C > 0 such that for all r in B(0, %) and for x € R we get:
o [Ao(r)] < Clrl* and |Aj(r)| < Clrl,
o |By(z,r)| < C|r| and |By(r)| < C,

0
e |Co(r)| < Clr| and IECO(T” <C,

0
e |Do(z,7)| < Clr|?, and |8—D0(a:,r)| < Cr,
r
Proof. These estimates come from the expression of the terms Ag, By, ... O

As in the previous section (for the estimate of G), writing that Go(z, A, W, 0, W, 0,. W) = Fo(x, RA+
W, 0, RA + 0u W, Opa RA + Opa W) — Fo(z, RA, Oz RA, Oz RA ), using the fondamental theorem of Anal-
ysis and Proposition 9, we obtain the following estimate: there exist 79 and a constant C such that
if o] 4+ [60] + [W][Lee < no,

1Gollz> < Clo|[Wla2 + ClIW g [W 2> (32)

The term évo is estimated as we did for G in the previous section: there exists a constant C' such
that while |o] 4 |0] + [|W || L~ < 70,

Go| < CIW s + CIW 3. (33)

In addition, we have B
AW[ < ClIW|p (34)

From (33) and (34), since the matrix A(A) is invertible, using the equivalence of norms in Corollary
1
1, we obtain that there exists 7y such that while |o| <y, [6] < n1 and (LW|W)? < 1y, we have:

IB(A,W)| < C(LW|W)*. (35)
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3.6 End of the proof

Taking the inner product of (31) with (évv[[;l) we obtain:
2
1d ) &
§%<LW\W> = —|[LW |7 + v ((IWy|LW2) — (LW [IW2)) + Z (Gi|LW;), (36)

i=1
where g = Go — BlaaRA — BgagRA.
From Estimates (32) and (35), using also Proposition 8, we obtain that while |o| <, [8] < and
<LW|VV>§ < 11, we have:

1d ]
~—{(L LW|?, < =
3 S (EWIW) + 2w <

53 W)+ 12w (1= B (o1 + o1+ Jzwim) ) ) <o (37

[v] [v]

: : 5 : -5 . 1-3
So while |o| < min(n, TCF), 6] < min(n, TC’Q) and /(LW |W) < min(n,, TC’Q)7 we have:

1d 11—l
- L L 2 2
(LWIW) + | LW|2—

2dt
so that, since (LW|W) < [[LW||%, and by comparison lemma,

LW + C (Al n <LW|W>) W2

that is

<0

_ b

(LW|W(t) < (LW|W)(0) exp (_4&5) . (38)
2

Taking into account this exponential decay in Equation (30) using Estimate (35), we conclude the
proof of Theorem 1.2 with the same arguments as in the proof of Theorem 1.

4 Proof of Theorem 1.3

The instability result described in Theorem 1.3 can be obtained if we prove that the spectrum of
the linear part £ has at least one element A with strictly positive real part. At first, we recall the
following result:

Theorem 4.1. Let A be an unbounded operator on a Banach space. Let A € C. We assume that
there exists a sequence (Uy,), such that [[Wy| =1 and ||(A — X d)W,|| tends to 0 when n tends to
infinity. Then X is in the spectrum of A.

Let us consider a smooth function ¢ : R — [0, 1] such that ¢(x) = 0 for x € [-1,1] and ¢(z) =1 for

S [_%v %]

We define the sequence (u, ), by:

0 fOTfUS*an*gfloer—anngJrl,
n n n
go(x+an+§) for—an—iflggcgfanf57
up () =
n() . i
1 for—an_ESxS—an—Fg,

n n n
<p(x—|—an—f> for —an+§§x§—an+§+1.
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where (a,,), will be fixed below.
Let us consider the sequence (v,), defined by v, (x) = u,(x)e’ .
Taking V,,(z) = (;j}”((?)) we obtain that for all A € C, we have:
(=L — XN)vy, — i(L + vl)vy, 1
(L—=NV, = = Gn ()
(L + vl)v, —i(L + Nv, )
where G, (x) = (—(1 +4)L — ivl — X\) v,,. On the interval [—a,, — g, —an + g], vp(7) = €''% so that
2 2

Gn(x) = (Z —1—14 (2 +1 —i—v) — A= (1+1i)(2tanh?z — 2) — iv(tanhz + 1)) el

We set

2 2
A:Z—1—z’<v4+1+v>

so that G, (z) = —(1 +14)(2tanh?® z — 2) — sw(tanhz + 1) on the interval [—a,, — g, —an + g}

Since tanh x tends to —1 when z tends to —oo, then for all n, there exists M,, such that for all
r < —M,,

S |-

‘—(1 +4)(2tanh® 2 — 2) — iv(tanh z + 1)‘ <
We set now a,, = M,, + 5. We have the following estimates:

ofornganfgflorxzfan+%+l,Gn(x):0,

° for—an—g—lgxg—an—gor—an+g§x§—an+g+1, |G (2)| < K where K does

not depend on n,

o for —a,, — g <z<-—a,+ g, |Gr(x)] < %

So, [|Gallz2 < (2K% +1)%.

Va
Now we define W, by W,, = . We have
[Vallz2

V2 (2K2 +1)2
L—NWyllpe = ——||Gnll> < V2e—2—.
I Wallz AT IGnllz Vil

Since ||V, ||z tends to zero when n tends to 400, then ||[(£ — M)W, ||z tends to zero when n tends
to +o0o whereas |W, ||z = 1. Therefore, A is in the spectrum of £ by Theorem 4.1. Since the real

part of \ equals % — 1> 0 as |v] > 2, we obtain the linear instability of m, and we conclude the

proof of Theorem 1.3.
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