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Abstract

We consider a model of ferromagnetic material subject to an electric current. We prove the
local in time existence of very regular solutions for this model in the scale of H* spaces. In
particular, we describe in detail the compatibility conditions at the boundary for the initial
data.
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1 Introduction

Ferromagnetic materials are used in several applications: radar furtivity, electromagnets, storage of
digital data. They are characterized by a spontaneous magnetization represented by the magnetic
moment m defined on [0,T] x Q, where § is the ferromagnetic domain in which the material is
confined. At low temperature (under the Curie temperature), the material is said to be saturated,
that is the norm of the magnetic moment is constant, so after renormalization, we have:

vVt e [0,T], Vz €8, |m(t,z) =1 (1)

The magnetic moment links the magnetic field H and the magnetic induction B by the constitutive

relation:
B=H+m,

where 77 is the extension of m by zero outside (2.

The most promising application of the ferromagnetic materials concerns the nano-electronics, and in
particular the storage of digital informations with quick access. The ferromagnetic devices used for
these applications are either nano wires, thin plates or really 3d components. For nano-electronic
applications, one goal is to store informations by magnetic domains representing the bits, and
transmit it very rapidly along the magnetic structures via domain walls motion. A standard way to
induce this motion is by applying a magnetic field on the sample. The effects of the applied magnetic
field are measured by the Zeeman energy (see [5, 11, 15]). The problem of this solution is that the
information is modified since the domains can be removed by the application of an applied field. As
explained in [13, 14], the good way to transport the information (to a reading head for example)
without change is obtained by using of an applied electric current. This increases the access velocity
to the memory without mechanical wear of the components, and preserving the data.

In this paper, we study the following Landau-Lifschitz model describing a ferromagnetic material
submitted to an applied current:



%—T =—-mx H,(m)—mx (mxH,(m))+ (v-ViIm+mx (v-V)m in[0,T] xQ,
H.(m) = Am+ H(m),

(2)

%—T: =0 on [0,T] x 09,
m(0,x) = mo(x) in Q,

where:
e () is an open bounded set with smooth boundary and v is the outside unit normal on 052,
e H. is the effective magnetic field including the demagnetizing field and the exchange field,

e v is the current speed. For physical reasons, the relevant boundary condition is that v satisfies
v-v = 0 on the boundary (the electric current remains in the domain), but we do not use this
condition in our analysis.

Am is the exchange field,

H(m) is the demagnetizing field. It is deduced from m by the static Maxwell equations and
the law of Faraday:
curl H(m) =0 in IR®,
{ div (H(m) +m) = 0 in IR®,

where m is the extension of m by zero outside (2.

Remark 1. The modelisation of the applied current by the transport term (v-V)m+m x (v-V)m
is explained in [13] (see also the references therein).

We denote by H*(£2; S?) the set:
H*(Q;5%) = {u Q= R uwe H¥Q) and |u(z)| =1 a.e.}.

In [1], [6] and [16], the existence of global weak solutions for the Landau-Lifschitz equation without
electric current in obtained. With the same method as [1] or [6], G. Bonithon proves in [3] the
global existence of weak solutions for (2). In the case of the Landau-Lifchitz equations without
electric current when the effective field is reduced to Am, the weak solutions are non unique (see
[1]). This non uniqueness is expected in more general cases but is totally open. In addition, the
Landau-Lifschitz equation does not have regularizing effects. So the existence of strong solutions is
not obvious.

Existence of strong solutions for the Landau-Lifschitz equation without applied current is obtained
in [7] and [8]. The solutions constructed in these papers are in L>(0,T; H?(Q)) N L?(0,T; H3())
and are local in time.

In the present paper, following the method of [7], we construct local in time strong solutions for (2)
in L>(0,T*; H2(2)) N L2(0,T*; H3(Q)). In addition, for more regular initial data, if compatibility
conditions are satisfied, we prove the existence of strong solutions with high regularity on the same
maximal existence interval [0, 7*[. In particular, we prove that an eventual blow up for the regular
solution occurs for the H? norm. To our knowledge, the construction of very regular solutions for the
Landau-Lifschitz equation does not exist in the literature, even for models without applied current.

Our first result is the following:



Theorem 1.1. Let mg € H?(; S?) satisfying the compatibility condition:

8m0

ov

Let v € CO(IRT; L>(Q) N W3(Q)). There exist a time T* > 0 depending only on the size of the
initial data and a unique m such that for all T < T,

=0 on S (3)

e m € CY0,T; H*(Q)) N L?(0,T; H3(Q)).
o Im(t,z)| =1 in  [0,T] x Q.
e m satisfies (2).
Without additional compatibility condition, we can construct solutions in H3():

0
Theorem 1.2. Let mo € H3(Q,S?) such that % =0 on 00 Letv € COURT;L>®(Q) N

WL3(Q))N € CYHIRY; L3(Q)). Let T* > 0 and m € L>=(0,T; H*(Q)) N L*(0,T; H*(Q)) for T < T*
given by Theorem 1.1. Then, for all T < T*:

m € CO(0, T; H3(Q)) N L2(0, T; HA(Q)).

The key point for the proof of Theorems 1.1 and 1.2 is that the Landau-Lifschitz equation (2) is
equivalent, for solutions satisfying the saturation constraint (1), to the following problem:

%—TZ = Am + |[Vm|?m —m x Am —m x H(m) —m x (m x H(m))
+(-V)m+mx (v-V)m in R x Q,

om (4)

5:0 on RanQ,

m(0,x) = mo(x) in Q.

In order to obtain more regularity for the solutions of (4), we must assume compatibility conditions
on the initial data. Since (2) is equivalent to (4), and since our strategy consists in working with
this last equation, we write the compatibility conditions derived from (4). First, we define formally
the initial value of 9Fm at t = 0.

We set Vo = mg. We denote v;(z) := 9{v(0, z).

Using equation (4), if m is regular enough, we obtain the value of 9;m/,_, by taking (4) at t = 0 and
by writing that m,_, = mg. So, we define V; by:

V1 = Amo + |Vm0|2m0 — mo X (Amo + H(mo)) — mo X (mo X (H(mo)))
+ (vo-V)mg+mg x (vo - V)myg.
We remark that, if mg € H*(Q) and if v is sufficiently regular, then V3 € H*=2(Q) for k > 2.

In order to write the compatibility conditions, we recall the following formulas for the derivation of
a product:

K
i gi —i : i k!
0f (ab) =Y Ck0jadf'b,  with Cj = (T (5)

i=0 o
and

F (abe) = Z C07a 07 0;%c, (6)

a€Agk

with:

. AK:{OZZ(OQ,O@,O%) €{0,..., K}, O‘1+O‘2+O‘3:K}’
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By differentiating (4) k times with respect to ¢, and by taking the obtained result at ¢ = 0, we define
recursively Vi1 : © — IR? by:

k
Vigr = AV + Z C*(VVay - VViy ) Vay — ZC{CVJ X (AVij + H(Vi_;))
a€Ag =0 (7)
k .
— Z COé (Val X (VDLQ X H(Vas)) - Val X (’Ua2 . V)Vag) + ZCI.Z:(/U] . V)kaj.
a€Ay =

We remark that if mg € H2*+2+P(Q), then Vi, € HP(9Q).

Definition 1.3. Let k € N, let mog € H?**2(Q; 8?). We say that mg satisfies the compatibility
condition at order k if :

aV;
ov

Theorem 1.4. Letk > 4. Let mg € H*(Q; S?) and let m and T* given in Theorem 1.1. We assume

Vie {0,1,...,k}, =0 on 99.

that mq satisfies the compatibility condition at order [5] — 1. In addition, we assume that
Vi<k-[5]-1, Oue CY(0,T; H*=2(Q)) N L?(0, T; H*=2711(Q)).
Then, for all T < T,
m € L®(0,T; H* () N L0, T; H*1(Q)),
and ,
k d’m

Vi€l 5l 1, 50 € L>(0,T; H*=21(Q)) N L*(0, T; H*211(Q)).

The present paper is organized as follows.

In Section 2, we recall useful lemmas. In particular, we study the regularity properties for the
operator H.

Section 3 is devoted to the proof of Theorem 1.1. Basically, we follow the method of [7]. As we said
before, the key point is that Equation (2) is equivalent to (4) for solutions satisfying the saturation
constraint (1). In this new formulation, the dissipation due to the exchange field Am appears
completely though it only appears m x Am in (2). We construct by the Galerkin method a solution
of (4) in L*(0,T; H?(Q))N L?(0,T; H3(£2)), and we prove that this solution satisfies in addition the
saturation constraint, so that it is a solution for (2).

Construction of more regular solutions for (2) is totally new and entails several difficulties. In
Section 4, in order to prove the H? regularity for the solution of (4), a direct energy estimate for
the third order space derivatives is not possible because of the non local term H(m) which does not
satisfy the homogeneous Neumann boundary condition. Our method consists in differentiating the
Galerkin approximation with respect to time and we prove by this way that 9;m € L (0, T; H'(Q))N
L2(0,T; H*(Q)). We recover the H3-regularity for m by a bootstrap argument using Equation (4).
This operation is complicated by the non linear term |Vm/|?m.

Section 5 is devoted to the proof of Theorem 1.4. As already said for the proof of the H3-regularity,
variational estimates for high order space derivatives are not possible because of the non local
term H (m) which does not satisfy the homogeneous Neumann boundary condition. In addition,
we are unable to perform H? estimates for the time derivative of m,,, solution for the Galerkin
approximation of (4). Indeed, we need for that compatibility conditions for all n which are not
satisfied because of the non local term H(my,).

Let us explain briefly our strategy in the simplest case: k£ = 4. We already know from Theorem 1.2
that the solution m is in L°°(0,T; H3(Q)) N L%(0, T; H*(2)). We derivate (4) with respect to time.



By a Galerkin process, using compatibility conditions on 9ym(t = 0), we construct a solution for
the obtained problem in L>(0,T; H%(Q2)) N L2(0,T; H3(Q2)). Now, dym is a solution of this problem
and a uniqueness argument ensures then that d;m € L°(0,T; H*(Q)) N L*(0,T; H3(Q2)). Finally,
we improve the regularity of m by elliptic regularity theorems writing Am in function of 9;m.

In the general case, we proceed by induction with, roughly speaking, the same method.

2 Preliminary results

2.1 Equivalent norms

We use the following notations:

1
lullz = (lullZ: + [Au]Z2)?
and
1
IVullie = (IVullz2 + AulZ.)* .
We recall the following result established in [7]:

Lemma 2.1. Let Q be a bounded regular open set. There exist ¢y and co such that for all u € H?(S2)

%*O on 082,

h that =
such that =

cillullz,0 < llullaz) < e2llull2,0,

allVulie < [[Vulla ) < el Vul

1,9,

@—O on 09,

and for all u € H3(Q) such that 5 =

1 1

2 2
e (IVult o+ IVAul3: ) < [Vullzo) < e (IVulio+ IVAulZ:)".

From Lemma 2.1 and using the standard interpolation inequality, we rewrite Sobolev and Gagliardo-
Nirenberg inequalities on the form

Lemma 2.2. Let Q be a reqular bounded domain of IR®. There exists a constant C such that for
0
all uw € H?(Y) such that a—u =0 on 09,
v
[ull L < Cllull2,q,
IVulze < Cllullz,0,

IVullZs < Cllullzelull2e,

and for all u € H3(Q) such that ? =0 on 01,

14

1 1
1D2ullzs < € (Ilullao + Jull3 o VAUl )
The following lemma will be useful to estimate products of functions.

Lemma 2.3. Ifu e H(Q) and v € H*(Q), then uv € H'(Q) and
[wvl[ 1) < Cllullg @ llvll a2

Proof. Since Q is a smooth bounded domain of IR*, by Sobolev embedding, H?(Q) C L>=(f) so that

w € L(Q).
In addition, V(uv) = (Vu)v +uVo. By the same argument, (Vu)v € L?(2). Since H'(Q) C L*(Q),
then uVo € L*(Q). O



2.2 Comparison lemma

We recall without proof the following standard comparison lemma:

Lemma 2.4. Let f: RT x IR — IR, C° and locally lipschtz with respect to its second variable. Let
z : [0, T*[— IR be the maximal solution of the Cauchy problem:

{ g1t

Lety: RY — IR, C' such that

Then

Vee [0, T, y(t) < z(t).
2.3 Galerkin basis
Let us denote by V,, the finite space spanned on the n first eigenfunctions of the operator A = —A+1
with D(A) = {u € H?*(Q) such that % =0 on 89}, and P,, the orthogonal projection from L?(£2)
onto V,,.

Proposition 1. There ezists a constant C' such that for all n, the orthogonal projection P, satisfies
the following properties:

e For allu e HY(Q), ||Pn(u)||Hl(Q) < Hu||H1(Q),
9 Oou
o For allu € H*(Q) such that o 0, Pz < Cllullg2@),
3 ou
o For all w € H*(Q) such that o 0, [[Pu(u)llms) < Cllullps@)-
Proof. We write u on the form u = P,(u) + Qy(u), where @Q,(u) belongs to V,-. Since |ul?, =

1P (uw)[l72 + [|@n(w)][Z2, we obtain
[1Pn ()l 2 < [lull 2.

P,
Using integration by parts and the fact that AP, (u) belongs to V,, so that 8Ty(u) =0 on 99, we
obtain
VP, (u)]2, = —/ AP, (u).Py(u) dx
Q
= 7/ AP, (u).u dx (since AP, (u) and @, (u) are orthogonal)
Q
= / VP, (u) - Vudz (since P, (u) € V,,)
Q
< VPl L2 ([ Vul| 2
So

VP (u)llLz < [[Vul 2



OAP,(u)  OA%P,(u)
o ov

In the same way, for the H? and the H? estimates, we remark that =0 on

the boundary. For the H? estimate, we have:

AP, (u)||2, = 7/ VAP, (u) - VP, (u) dz
Q
_ / AP, (u).P,(u) da
Q
= / AP, (u).u dx (since A%P,(u) € V,,)
Q
= —/ VAP, (u) - Vu dzx
Q

= AP, (u).Au dz since % =0 on 99
Q 0

v
< AP ()l | Aull 2
So, ||AP,(u)| ;2 < ||Aul|,. and therefore:
[1Pn(w)ll a2 < Cllull a2

For the H? estimate,

VAP, (u)][72

I
|
R,
m
=
>
I
S
U
5

I
<
R,
v
S
<
=9
S
QU
5

= 7/ A3P, (u).u dx (since A3P,(u) € V,,)
Q

/ VA?P,(u) - Vu dx
Q

—/ A?P,(u).Au dx (using that Ou =0 on 09),
Q v

/ VAP, (u) - VAu dx
Q

< VAP (u)llz2 [VAu| 2.

Therefore, using Lemma 2.1,
[P ()| s < llull s

2.4 Demagnetizing field

The operator H takes its values in the space L?(IR®). We can observe that u — —H(u) is the
orthogonal projection of @ on the vector fields of gradients in L2(]R3). Let us consider the restriction



of H to €. Classicaly, we have
| H(u)l| L) < Cllullpr) for 1 <p < +oo.

In the proposition below, following Ladyshenskaya [10] page 196 we can derive the following regularity
result which describe the continuity of the operator H on the spaces W*?(Q) for p € |1, +oo[ and
k€ IN.

Proposition 2. Let p € |1,+oc[, for k € IN, then if u belongs to W*P(Q), the restriction of H(u)
to Q belongs to W*P(Q) and there exists a constant Cy,, such that

| H (w) | w.r ) < Crpllullwrr)-
Proof. See [8]. O

3 Proof of the H? regularity

In [7], Carbou and Fabrie prove the existence of local strong solutions in L>°(0,T; H*)N L?(0,T; H?)
for the Landau-Lifschitz equation without electric current. Our proof for Theorem 1.1 is basically
the same. For the convenience of the reader, we give the complete proof in the present paper,
emphasizing the changes due to the electric current.

3.1 Equivalent system.

A dissipative term of the form |m x Am||.2 appears if we take the inner product in L? of (2) with
Am. This dissipation is not sufficient to obtain energy estimate in the space H?(2).
We observe that, for m regular enough and |m| =1 in Q, then

m x (m x Am) = (m - Am)m — |m|*Am = —Am — |Vm/|*m.

So, if m is regular enough and satisfies the saturation constraint, then m is solution for the Landau-
Lifschitz equation (2) if and only if m satisfies the following system:

%—T—Amz IVm|?>m —m x Am —m x H(m) —m x (m x H(m))
+w-Vim+mx (v-V)m in R x Q,
am (8)
E =0 on Bz’_ X GQ,
m(0,2) = mo(x) in Q.

This equation has the advantage to highlight the dissipative term and is more convenient to build
regular solutions for (2).

3.2 Galerkin Approximation for the modified Landau-Lifschitz equation

We recall that we denote by V,, the finite space built on the n first eigenfunctions of the operator A =

0

—A+ I with D(A) = {u € H?(Q) such that 3—u =0 on 89}, and by P, the orthogonal projection
v

from LQ(Q) on V,. We aim to find a solution m,, taking its values in V,, for the following Galerkin

approximation of (4):

om,

ot

- Amy, = P, ([Vm,|*m, — my, x Amy,)

-P, (mn x H(mp) + my X (my, X H(mn)))

Py (v V)M + My x (v-V)my)

mp(0) = Py (mo).



Cauchy-Lipschitz theorem ensures the existence of a unique solution of (9) defined on [0, T},[.

3.2.1 L? estimate for (8)

Taking the inner product in L?(Q) of (9) by m,,, we obtain

1d
paplmnl 4 [Fmalfe = [ (Vo Pl + (0 V) ) da
Q
10
< IVmalalmale + foll o [Vmallalmall 2 00
< Clmaliia +C ol Imala.

3.2.2 H? estimate for (8)

Now, we take the inner product in L?(Q2) of (9) with A?m,, and we integrate by parts to get

1d

4
Sl 3 + VA < 3T

i=1

where

I = f/QV (VM () Pma, (t) VAmM, (t)dz,
I, = /QV(mn(t) x Amy, (t))VAm,, (t)dz,
Iy = /Q v (mn(t) X H(mn (1)) + mn () x (ma(t) x H(mn(t)))) V Am,(t)dz,

L= - /Q V (0 Vymalt) + mat) x (v Vyma(t)) Vim, (1),

We bound separately each term.
The terms I, I and I3 are estimated in [7]. For the convenience of the reader, we rewrite these
estimates. Using Lemma 2.2, we have

e Estimate on I;:

1] < C/ (|mn| |V ||D*my, | 4+ |Vm, ) [V Am,|
Q

IN

C (llmall Lo 1D*mnll Lol Vi o + [ Vimnl7e) IV Ay 2

IN

5 3
Cllmall3 oIV AMA| 72 + Cllmall3 o[V Amn | 2.

e Estimate on I5: we remark that (my(t) X VAm,(t)) VAm,(t) =0, so

|12

IN

A, || s [V || L6 [V Ay || 2
3 3
Climn|3 olIVAML| 2 + Cllma |3 o[ VAML 7.

IN



e Estimate on I3

I; = /Q(an(t) x H(my(t))VAm, (t)dx + /Q(mn(t) x VH(m,(t))VAm,(t)dz.

L < C / (1 ) (|H (ma) V] + [VH () o] ) [V Amy|
< O+ fmallz=) (1 @)l 9malze + IV H () | zollmal 2o ) 1V Ama| 2
< CIVAM (1 + Imali3e)-

e Estimate on Iy

Il < 0 [ (0 ) (Tmal[ Vo] + [D2rmlol) + [Fmaf?le]) 1V 8,
Q

< COA [Imullz=) IVl eV o]l s + [1D?m | 2 0] oo ) |V Ara | 2
+C[IVmn|[Lallv] oo IV Ay | 2
< C(IVollze + [l ge) 1+ a3 o) IV Am | 2.

By addition of all these estimates and using Young inequality, we obtain the following inequality
d 2
Al + (VA < C (1 9000+ fol2c ) (14 i) (11)

3.2.3 Uniform estimate on the Galerkin approximation

Summing Inequalities (10) and (11), we obtain that there exists a constant C' such that

d 2
lmnl3a + I9mal2e + IVAMAIR: < © (1+ Vel + o3 ) (1+ malis),  (12)
where C' does not depend on n. We denote:

e(t) = C (1+ Vo) 3 + ()~ )

From the assumptions about v, ¢ € C°(IR").

In addition, m,,(0) = P,(mg), and since my satisfies the compatibility condition (3), by Proposition
1, we obtain that for all n:
[ma(0)ll2,0 < Cllmoll2.0-

We set yn(t) = [[mn |3 o. We have proven that for all n,

d

Zun(t) < ()1 +y2.(1),

yn(0) < Cllmoll3 -

We consider z the maximal solution of the o.d.e.:

d
G20 = )1+ 2(0),

2(0) = Cllmo|13 o

10



and we denote by 7™ the maximal existence time of z. By the comparison lemma, we have:
Vi<T*, Vn, yo(t) < z(t).
Therefore, for all T < T*, there exists a constant C(7T") such that

sup [|m, (8)[|372(0) < C(T), (13)
t<T
and by integration of (12) on the interval [0, 7] we obtain
T
| 9mal: + 19 8m, (0132 dt < o). (19

By equation (9) we conclude that

0
supy<r || 5 ma(t)72 < C(T),

and

T 8 )
/ ||§an(7')||L2dT < (7).
0

3.3 Limit when n tends to +oco

These uniform estimates insure the existence of a subsequence (m,, ) and a function m such that
e m,, — min L*(0,T; H3(2)) weak,
e m,, — min L>=(0,T; H*(Q)) weak x,

Omn,, _ Om .y gl
ot 5 L4(0,T; H(2)) weak.

Thanks to Aubin-Simon compactness lemma (see [2] and [12]), we can conclude that
My, — m in L>(0,T; H*(Q)) strong,
and
H(my,) — H(m) in L*(0,T; H?(Q2)) strong

because H is a continuous map on Sobolev spaces H*(Q2) for s =0, 1,2.
Taking the limit in (9), we obtain that m satisfies

%_Am:\Vm|2m—m><Am—m><H(m)—mX(mXH(m))
+(v-Vm+mx (v-V)m in [0, T*[x4,

om "

= = 0 on [0, T*[x09,

m(0,z) = mo(x) in Q.

In addition, we remark that from Theorem I1.5.14 in [4], then

m € C°([0, T*[; H*(2)).

11



3.4 Conservation of the ponctual norm

We prove now that the solution m constructed in the previous part satisfies the physical constraint
|m| = 1, so that m satisfies Landau-Lifschitz equation. Contrary to [7], a transport term due to
electric current appears in equation (4).
Using the scalar product in IR® of (4) by m, we get

1d

2 dt
For d < 3 and for all u € L>(0,T; H*(Q2)) we have

Alul? = 2u.Au + 2|Vul?,

[m|? — m.Am — |Vm|?|m|* — m.(v-V)m =0 in [0, T[x€.

1
and m.(v-V)m = §<U -V)|m|?, then |m|? satisfies the following equation

d 1
%|m|2 - A|m|2 - 2|Vm|2(\m\2 -1) - 51} . V|m|2 =0.

Taking a = |m|? — 1, then a satisfies the system below

Oa 5 1 .
a—Aa—2|Vm|a—§(v-V)a—0 in €,

% =0 on 0, (15)
v

a(0) = |mgl*—1=0 in Q.

Taking the inner product of this equation by a, we obtain that

1d 2 2 2 2 ]‘/
—— = 2 - . .
splols + Vel = 2 [ [wmPa+5 [ @ V)aa

IN

1
2
ClIVmlli= llalzz + 5 vl llall 2 [ Vall 2,
and by absorbing ||Val| ., we obtain that
d 2 2
Slalls + IVals < ¢ (19mlE + Jol2-:) ol

Since m € L%*(0,T; H3(S2)), the map t — (||[Vm|/2~ + [[v[[?~) is in L'([0,T]). So by using the
Gronwall lemma, since a(0, z) = 0, we can conclude that [|a||?. = 0 and therefore the ponctual norm
of m is conserved.

Under the assumption |m| = 1, the equations (2) and (4) are equivalent. Hence, we have proven the
existence of a strong solution for (2) in the space L>(0,T; H*(Q)) N L?(0,T; H3(Q)) for T < T*. It
remains to prove that this solution is unique.

3.5 Uniqueness for the strong solution of (2)

Let m' and m? in L>(0,T; H?(Q;S?)) N L?(0,T; H3(Q)) satisfying (2). Since (2) preserves the
saturation constraint (1) for the strong solutions, they satisfy (4). We denote w = m!* —m?2. Then
w € L°°(0,T; H*(Q; 52)) N L2(0,T; H3()) and is solution to

0

a—l;—Aw:T1+T2+T3+T4,

gw =0 on 09, (16)
ov

’UJ(O,Z) = 07
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where
° Tl = —m2 X Aw,

o Tb=m*(Vw - V(m' +m?) + (v- V)w—m? x (v-V)w,

o T5=|Vm'[*w —wx Am' +w x (v-V)m',
o Ty = —m!' x H(w)—wx H(m) —w x (m* x H(m")) —m? x (wx H(m")) —m? x (m?* x H(w)).

We take the inner product of (16) with w. Since

/le:—/Vm2><v~Vw,
Q Q

and using that ||m!||p~ = ||m?||L~ = 1, we obtain that
Ld, 2 2 2 1 1
sgpllelze +IVellz: < flwlZ (Ve + 1+ [1H (m")]]<)

tellwlr2[[Vwllze [+ [[Vm! |[pe + [Vm?| pee
+ vllz=] -
So by using the Young inequality, we obtain that
d 2
%HWIliz +|[Vuw|z. <C (1 +lmt s ) + 1M1 s ) + IIUH%OC> [wllzo (17)

and since m! and m? are in L?(0,T; H3(Q)), we conclude by the Gronwall lemma that for all ¢ > 0,

t
@l < lo@[sexw (€ [ (14 I Ol + I (e + o) dT) ,

and since w(0) = 0, we obtain that w = 0 for all ¢, which concludes the proof of Theorem 1.1.

4 Study of the case s =3

In order to obtain more regular solutions, it would be standard to multiply the Galerkin approxi-
mation (9) by A%m,, to obtain a H3-estimate. Unfortunately, the non local term H(m,,) does not
satisfy the homogeneous Neumann boundary condition, so that the necessary double integration by
parts is not possible. Therefore, the H? regularity is obtained by derivation of (9) with respect to t
in order to obtain a H' estimate on d;m. We conclude the proof by a bootstrap argument to obtain
that Am and 0ym have the same regularity.

4.1 H'! regularity for 9,m

We differentiate the Galerkin approximation (9) with respect to t. Denoting by w1, = 0;m, the
time derivative of m,,, we obtain that

i?wl n 6
) _ T 1
ft —Awl,n— igl iy ( 8)

with
o1 =-P, (mn X Arwl,n)

e Th =P, (|an|2w1,n + 2(Vmy, - Vwi )My, — w1, X Amn)

13



o T5=-P, (wl’n x H(my) + my X H(wl’n)),
«T,——P, (wm X (i X H(mp)) + Mg X (Wi X H(mn)) + mn % (Mg % H(wm)))
e Tx =P, ((v NV)wip Fwip X (V- V)my, + my, X (v- V)wl,n)

o Ty =P, ((@v ~V)my + my X (O - V)mn>

We multiply (18) by —Aw; , and we integrate on €. Since m,, x Awy ,, - Awy ,, = 0, we obtain that:

6

22 < |Awr | L2 Z 1Tl 22 -
i=2

1d

& Vw1 n 7z + | Aws p

Using the continuity of the operator H on H*(Q) for k = 0,1,2, we estimate each term:

T2/l e < [IVmnlZellwinllze + 1VmallLe @)l Veorall L@ lmnl e @
Hlw,nllLo @)l Amn | Lz o)
< C(IVwinllpe + lwinll2) (U4 Imall3e + lmal s @)
I3+ Tall e < Cllwnallzz) (1+ Imallf)
IT5ll > < IVwinllpe (Imalle@) + 1) o]l @) + lwinllzs @) o]l @) [ VmallLs @)
< C(llwrnlle + IVwinllg2) (Imnll a2 @) + 1) [0l Lo @)
1 Tollp2 < 100l L20) [V oo o) (1 + [[mn]F - )

< Clowlzae) (X + lmnlle @) Imnll# @)

Since v is sufficiently regular, by absorbing ||Aw; || ;., we obtain that:

d n 2 n
%Ilvwl,nﬂiz + |Awy pll72 < g7 () [Vwrnllze + g5 (1), (19)

where
g (1) = € (1+ Imalidrz(@ ) Imalliys @y + € (1+ lImalltea) )

and
n 2 2
95 (t) = Clwinllze U+ ImalFrs @) + Imnllzz@) + Cllowl 72 1+ [mallzo)) lmnll #e ).
Let us now estimate the initial value of d;m,,. By Equation (9) taken at ¢ = 0, we have:
wl,n(O) = 8tmn(0)

- P, (Amn(O) Vi (0)2mn (0) — my(0) x Amn(O))

(20)
~P, (mn(O) X H(mp(0)) + mn(0) x (mn(0) x H(mn(O))))

+P, ((v0 V)ma(0) + ma(0) x (vo - V)mn(O).>

14



(we recall that vo(z) = v(0,z)).

Using Proposition 1 we can estimate the H' norm of wy ,,(0) without compatibility condition on the
following way:

+ Hmn(O) X H(mn(0)) +my(0) x (mn(0) x H(m"(o)))HHl(Q)

+

(vo - V)M (0) + my,(0) x (vg - v)mn(O)HHl(Q)

IN

C(L+ M (035 0y)

IN

C(1 + lImolids )
using the compatibility condition (3) and Proposition 1.
Let us consider z,(t) = val,nHip(Q) then we have

2, (t) < g7 (t)zn(t) + 93 (1),

20(0) < C(1+ Imoll}sq))-

Let &, be the solution of

£n(0) = C(1 + [[moll3s )
We have:

{ n(t) = g1 (0)&n(t) + g5 (1),
En(t) 0)exp (/0 ) /t g5 (T)exp (/Tt g’f(s)ds) dr.

From the estimates (13) and ( we obtain that for all T < T, there exists a constant C(T)
independent of n such that

T T
/ gt (m)dr < C(T) and / g5 (T)dr < C(T),
0 0

so that we deduce that
VT <T* 3C(T), Vn, &(T) < C(T).

Therefore, by the Comparison Lemma 2.4, we obtain that for every T' < T, there exists a constant
C(T) independent of n such that

SUPi<r le,n@)H?{l(Q) <C,

and by integration of (19) on the interval [0, 7] we obtain

/OT |Awy (1) 224t < C.
From these inequalities, we can conclude that there exist a subsequence (wy p, ) such that
o Wy, — Omin L2(0,T; H*(Q)) weak,
o wyp, — Oym in L®(0,T; H(Q)) weaks.
Therefore we obtain that d;m is bounded in the space L>(0,T; H'(Q)) N L?(0,T; H*(Q2)) for all
T < T*. Let us show that this estimate yields that m € L°°(0,T; H3(Q)) N L%(0,T; H*(12)).
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4.2 Regularity of Am

In this paragraph, we will prove that Am € L>(0,T; H'(Q)) N L?(0,T; H*(Q)), so that m €
L>(0,T; H3(2)) N L2(0,T; H4(Q)). By the equation, we have:

Am —m x Am = dym — |Vm|*m +m x (H(m) +m x H(m)) — (v-V)m —m x (v-V)m.

Let us consider g,, the map defined by £ — £ —m x . This map is linear bijective which inverse
m = gt is given by
1
Unly) =& =5 (y+mxy+(my)m).

1
Since |m| = 1 then ¢, (9ym) = 3 (Oym 4+ m x Oym), Pm(m) = m and we obtain that:

1
Am = 2 (Qsm +m x dym) — |Vm|*m + W, (21)

where W =m x (m x H(m)) —m x (v-V)m.
Lemma 4.1. For all T < T*, 1, (9;m) € L°(0,T; HY(Q)) N L?(0,T; H*(Q)).
Proof. We recall that

Y (Opm) = % (O¢m +m x Oym).

In the previous section, we have proven that 9ym € L°(0,T; H'(Q)) and m € L>(0,T; H*(2)). So
by Lemma 2.3,
Y (9¢m) € L(0,T; H' ().

Now, H?(Q) is an algebra, so since m € L*>(0,T; H*(Q)) and d;m € L*(0,T; H*(2)), we obtain
that
Y (0ym) € L*(0,T; H*(Q)).

Lemma 4.2. For all T <T*, W € L*(0,T; HY(Q)) N L?(0,T; H*(Q2)).

Proof. We know that m € L°(0,T; H?(Q2)). From Proposition 1, the same holds for H(m), so since
L®(0,T; H?(Q)) is an algebra,

m x (m x H(m)) € L*>(0,T; H*(Q)).

So a fortiori this term belongs to L>(0,T; H'(Q)) N L?(0,T; H()).

Concerning the other term, m and v are bounded in L>(0;T; H?(2)) and Vm is bounded in
L>°(0,T; H'(Q2)). So by Lemma 2.3,

m x (v-V)m e L>®(0,T; H'(Q)).

On the other hand, m and v are bounded in L>(0; T; H?(2)) and Vm is bounded in L?(0, T; H*(Q2)),
thus, since H2(2) is an algebra,

m x (v-V)m € L*(0,T; H*(Q)).

We aim to deduce from (21) more regularity for m. We have:

IV(IVm[m)| < [Vm[’ + 2|m||[Vm||D*m|
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S0 )
IVAvmPm)|[ .

IN

C(IVmlis + mll o [Vl || D*ml|12)

< Cll il + Ol m ol mil
by Proposition 2.1. Since m € L*(0,T; H?(Q)) N L(0,T; H3(Q2)), then

|Vm|?m € L*(0,T; H(2)).
Using Lemmas 4.1 and 4.2, we obtain then from (21) that:

Am € L*(0,T; H'(Q)), so m € L*0,T; H3(Q)).

Now, Vm € L*(0,T; H?(2)) and m € L*(0,T; H*(Q)). So

|Vm|?m € L2(0,T; H*(2)).
By using lemmas 4.1 and 4.2, we obtain then that

Am € L*(0,T; H*(Q)),

and so
m € L*(0,T; H*(Q)).

By Theorem I1.5.14 in [4], since we know that 9ym € L?(0,T; H?(£2)), we obtain that
m € C°0,T; H3(Q)).

This conclude the proof of Theorem 1.2.

5 Very regular solutions

It is not possible to obtain H? estimates on wy,, = Oymy, using Equation (18). Indeed, we would
need a uniform estimate on the initial value ws ,(0) in the H? norm, and using Proposition 1, it
would be necessary to check a compatibility condition of the form:

a% (Amn(O) + [V (0) 2112 (0) — 1120 (0) X A (0) — min(0) X H (mn(0))

+ m(0) X (mn(0) X H(mn(0)) + (v - V)ma(0) + ma(0) x (v - V)ma(0) ) = 0.

Because of the non local term H (m,,(0)), this condition cannot be satisfied for all n.

We assume that mg € H*(2; S?) and satisfies the compatibility condition at order one (see Definition
1.3). In order to obtain more regular solutions, our strategy is the following.

1. We compute the equation (23) (see below) satisfied by the time derivative dym.

2. We construct a solution w; for this equation in L°°(0,T; H?) N L?(0,T; H®). At this step we
need a compatibility condition at the boundary for d;m(t = 0).

3. We already know that 9;m € L°°(0,T; H') N L?*(0,T; H?) and satisfies (23). In addition, we
show a uniqueness result for the solutions of (23), so that wy = dym.

4. Writing Am in function of dym, we prove that Am € L>(0,T; H?) N L?(0,T; H?), so that
m e L®(0,T; H*) 0 L2(0,T; H).

17



If mg € H(Q; 5?) satisfies the compatibility condition at order one, we obtain the desired regularity
by differentiating the Galerkin approximation of (*) with respect to time (in the same spirit we
obtained the H3 regularity for m in the previous part).

This strategy will be used at any order to obtain very regular solutions for the Landau-Lifschitz
equation.
We will detail this process at any order by proving by induction the following property P(k):

If mg € H?k(Q; §2) satisfies the compatibility condition at order k — 1, if for all j < k — 1,
v € CO(IR™; H?*~%1(Q)), then the solution m of the Landau-Lifschitz equation (2) with
initial data mq satisfies:

VT < T*, ¥i€{0,...k}, Oim € L>(0,T; H*~%(Q)) N L?(0, T; H**~%+1(Q)).

If in addition mo € H21(Q; 52), if for all j € {0,...,k}, &v € CO(R"; HZ—2+1(Q)),
then m satisfies:

VT < T*, Vi€ {0,...k}, 0im € L>(0,T; H*~2T1(Q)) N L?(0, T; H*~2+2(Q)).
This property is proven for k = 1 in Sections 3 and 4.

Let k > 1. Let us assume that P(k) is true, and let us establish P(k + 1).

Let mo € H2F+1(Q; S?) satisfying the compatibility condition at order k. By Property P (k) we
already know that

VT <T*, Vi€ {0,...k}, 9im e L>®(0,T; H*=2*1(Q)) N L0, T; H*~2+2(Q)).

We denote by w; = 3gm for j € {0,...,k}. By differentiating (2) j times with respect to t, we
obtain that w; satisfies:

% — ij = —m X ij + Km(ij) + Lm(wj) + Fj,

% =0 on RT x 09, (22)
v

w](t = O) =Vj,

where

Kn,(Vw)= 2(Vm-Vw)m+ (v-V)w+m x (v-V)w,
Ly, (w) = [Vm|?w —w x Am —w x H(m) —m x H(w) —w x (m x H(m))

—m x (wx H(m)) —m x (m x Hw))+w x (v-V)m,

Fj = Z C% (Vwa, - VWwa, )Way — Way X (Way X H(way)))
a€A;
j—1
— Z CJZ (U),L X ij,i —+ w; X H(wj,z))
i=1

j—1
+ Z O;(f)g*“u V)w; + Z CWq, X (0720 - V)we,,
=0

OLGXJ‘
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with

A; ={(a1,a2,03) €{0,...,5 =1}, a1 + az + a3 = j}
and

Ej:{(041,042,0[3)6{0,...,j—1}><{0,...j}X{O,...,j—l}, a;+az+az=j}.
In particular, wy, = OFw is in L°°(0,T; H*(Q)) N L%(0, T; H?(2)) and satisfies:

% — Awg = —m X Awg, + K (Vwg) + Ly (wg) + F,

9wk _ on R* x 90, (23)
ov

wk(t = 0) =Vi

We aim to construct a more regular solution for (23). We establish before the following estimates.

Lemma 5.1. For allj € {1,...,k}, for ol T < T*,
Fj € L>™(0,T; H*%+1(Q)) N L*(0, T; H*272(Q)).

Proof. We fix j < k. From Property P(k), for all i € {0,...,j — 1}, w; € L>(0,T; H**~2+3(Q)) N
L2(0, T; H2E—21+4(Q)),

For all @ € Aj, Vwa,, Viay, Way, Way, Was and H(w,,) are in L>(0,T; H?k~2+2(Q)) which is an
algebra since 2k — 25 +2 > 2. So

Z C* (Vwa, + VWwa, JWay — Way X (Way X H(wa,))) € L7(0,T; H?F=242(Q)),
aezj

and a fortiori this quantity is in L>°(0,T; H**=2T1(Q)) N L2(0, T; H**~21+2(Q)).
In the same way,

j—1
> Ciwi x H(w;_;) € L*™(0,T; H**~241(Q)) 0 L*(0,T; H*~212()).
i=1

On the other hand, fori € {1,...,j—1}, w; € L>(0,T; H**~2%2(Q)) and Aw,_; € L>=(0,T; H*~2+1(Q)N
L2(0,T; H**~21+2(Q))). So, since H*(2) is an algebre for s > 2 or by applying Lemma 2.3, we obtain

that:
j—1

> Ciwi x Aw;_; € L0, T; H**=771(Q)) N L(0, T; H*F~2772()).

i=1
Since for all i < j, div € C°(0,T; H**~2+1(Q)) N L2(0, T; H?*~27+2(Q)), with the same arguments
as below, we obtain that the remainder terms are in L>(0, T; H2*=2+1(Q))NL2(0, T; H?~%+2(Q)).

O

5.1 Construction of more regular solution for (24)
We consider the following Cauchy problem:

ow

e Aw = —m X Aw + K, (Vw) + Ly, (w) + Fy,

a—w =0 on RT x 89, (24)

v

w(t = 0) =Vi
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We aim to construct a solution for (24) in L>°(0,T; H?(2)) N L?(0,T; H3())
aV;
We recall that, from the compatibility condition at order k, Vi € H?(2) and a—yk =0 on 09Q.

We consider the following Galerkin approximation for (24):

w™ € CH[0, T[; V)

ow™

ot

—Auw" =P, <_m x Aw™ + Kp(Vw™) + Ly, (w™) + Fk) , (25)

w(t = 0) = P (V).

Since the coefficients of this ordinary differential equation are continuous on [0, 7|, since the equation
is linear, the maximal existence time T,, equals T*. Let us obtain uniform estimates on w".

Bound for the initial data. Using the compatibility condition at order k, we know that Vj €
oV,
H?(Q) and that a—k =0 on 912, so we can apply Proposition 1:
v

3K, Vo, [w™(0)|n: < K. (26)

L? estimate. We multiply (25) by w” and we obtain that:

1d
5@”“’””%2 + IV (|7, =Ty + To + T3 + Ty
where
T = —/mwa"-w":/mxw”-Awn
Q Q

= - / V(m x w™) - Vw" (using the homogeneous boundary conditions)
Q

= /(Vm) x w™ - V"
Q

< | Vmlizee ]| 2 (Ve[ 2
Ty = /Km(Vw")w”
Q
< K (V)| gz w2
< @IVmlle +2ollze) [0 [0 s (since mlz~ = 1),

15 = /Lm(w”)w"
Q

IN

[ L (w™)[ 2 [[w"]] L2

IN

(IVmlZs + |1Am| s + [Vmlzollvll Lo ) l[w™l|ze 1w (] 2

+C (|H(m)|z= + 1) "7z,

T4= /kan
Q

[E%ll 2 ™ 2 -

IN
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H? estimate. We multiply (25) by —AZ2w™ and we obtain that:

1d
5%”“”7%2 + VAW |2 < I + I + I3 + Iy,
where
L= [[(Vm) x Aw"|| 2 [VAw"|| 12
< |[[Vmllpee [[w™ || g2 [[VAW™ || 12
I = /V(Km(Vw"))VAw"
Q
< C/ (|D2m||Vw"| + |Vm||D?*w™| + |Vm|?|Vw™| + |Vv||Vw"|) |[VAw"|
Q
+/ (o]l D™ + [Vml[o]|[ V™) |V Aw"|
Q
< C (||Dzm\|L3HV’W"HL6 + [IVm]| Lo | D*w™|| 2 + VM| 76 | V™| o
+ [Vl o VW™ || L2 + [lvllzee [ D w™ | L2 + HVmHLw||’UHL°°Han||L2> [VAW"|| 2,
I = /V(Lm(w"))-VAw"
Q
< C’/ (|D2m||Vw"\ + [ Vm 2| Vw"| 4 |Am||Vw"| + |VAm||w"| + |w"|\VH(m)|) [VAw"|
Q
+C/Q (\H(m)||Vw”| + [ Vm||w"| + |[Vw"||v||[Vm| + [w™||[Vv||[Vm]| + \w"\|v||D2m|) |[VAw"|
< C(ID*m s + IVm3e + |H(m)| s + |Vmllps + [[v]lze) [Vw™|Ls [VAwW™ 1

+C (IVAm|| o + [[VH(m)| > + [V 2 + Vol L4 [Vml|La) [w"]| L~ [VAwW™ -
Hollze [ D*ml pafw" | e [VAW" || 2
Iy < ||VFg| 2 [[VAW™ ]| 12 -
By adding up the previous L? and H? estimates, after absorbing |[VAw"|;2, we obtain that

d n n n n

Pl 3.0 + Vw30 < g1(t) w30 + g5 (t), (27)
where ) )

91(t) = C(A+ [[m|[72) (1 + |[v] =) + Cllm||%s,

g5 (t) = C|| Fe| -

We already know that for all T < T*, m € L>(0,T; H*>(Q)) N L*(0,T; H3(2)), so g1 € L'(0,T) for
all T < T*. In addition, by lemma 5.1, g& is uniformly bounded (with respect to n) in L*(0,T) for
all T < T*. Since (26) yields a uniform bound for ||w™(0)||3 ¢, by the comparison lemma, we deduce
that for all T' < T*, there exists a constant C'(T") such that for all n,

W™ | Lo (0,732 () + W™ || L2 0,753 (0)) < C(T). (28)
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By the equation (25), we obtain in addition the following estimate on the time derivatives:

VT <T*, 3C(T), Vn, [0w"||Le©mrr20) + 10w | L20,7:81 (0)) < C(T). (29)

By standard arguments (see section 3.3) we obtain by extracting subsequences that there exists w
satisfying (24) such that

VT <T* we L™(0,T; H*(Q)) N L*(0,T; H3(Q)).

5.2 Uniqueness for (24)

Let wy and ws two solutions of (24) in L°°(0,T; H(Q)) N L%(0,T; H*(2)). We denote W = wy —ws,
and we remark that w satisfies the following problem:

aaivtv — AW = —m x AW —+ Km(VW) + an(W)a

81 =0 on R x 09, (30)
v

W(t = 0) = 0.

Since W € L*(0,T; H'(2)) N L?(0, T; H*(2)) and since &;W € L?(0,T; L*(Q)), we can perform the
following L? estimate, taking the inner product of the equation with W:

d
ZIWlZe +2IVWIE: < C(IVmll + [vllee) W]l 2 [V 2
+(IVmlZe + [|Aml|zs + [V e [lv] o ) [Wlze [W]] 2

+C (|H(m)l| = + 1) [W] 7.
We multiply Equation (30) by —AW and we integrate on [0, 7] x Q for all T" < T™*. We can do it
oW
because AW and 5 e in L%([0,T] x Q). Using that W € C°(0,T; H*(2)) and that W(0) = 0,

we obtain that:

T T
VW (T2 +2/ /|AW|2dxdt: —2/ /(Km(VW)+Lm(W))AW
0 Q 0 Q
We have
[Km (VW) 2 < CVm[pe VW |2 + Cllv|[zee W] 12
and
[ Lo (W) 2 < CIVm|Ls W lLs + CIW s |Am|l s + C W o (IIH (m)]| o + [[Vml|pes[|v]| <) -

We integrate the L? estimate from 0 to 7. Adding up with the H! estimate and using Young
formula, we obtain that:

T T
WO+ Gt [ (VWE+aWR) dsar < [~ (IDWOIE: + W OI:) sttt

where
9(t) =1+ )i~ + Im@)lz.0 + VM) (1 + [o(B)]|7)-
By properties of m and v, g € L*(0,T) for all T < T* so that we can use the Gronwall lemma to

conclude that
W =0 on [0,T"[x.

Now, w and dFm are solutions for (24) in the space C°([0, T*[; H*(2)) N L2(0,T; H%(Q2)), so by the
previous uniqueness result, w = dFm, so that

VT <T* Ofme L>®0,T; H*(Q)) N L*(0,T; H3(Q)). (31)
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5.3 Regularity for m
From Property P(k) we know that

Vije{0,...,k}, wj:=dmeL®0,T; H*~2+1(Q)) N L2(0, T; H**~2+2(Q)).
In addition, we have proven in the previous subsection that dfm € L°°(0,T; H*(Q))NL2(0,T; H3(Q)).
Let us prove by induction the following claim:
Claim. For allT <T*, forj € {0,...k—1}, wy_; € L>(0,T; H**21(Q)) N L(0,T; H3+21((2)).
Proof. This property is true for j = 0 by (31).

Let j € {1,...,k — 1}. Let us assume that the property is true at the rank j — 1. Then, from
Equation (22), replacing j by k — j, we have:

Awg—j —m X Awg—j = Opwi—j — K (Vwg—j) — L (wi—j5) — Fre—j,
that is, since Qywyp—; = Wr—j41,
Awg—j =P, (wk—j+1 = Kn(Vwg—j) — Lin(wi—j) — Fk—j)
(where 1, is defined on page 16). We have:
e m € L>(0,T; H**T1(Q))
e Vm € L>(0,T; H*(Q))
Am € L>=(0,T; H*~1(Q))

wy—; € L>(0,T; HIT1(Q))
e v < L>®(0,T; H**(Q)).
On the one hand, we recall that
K, (Vwg—;) =2(Vm - Vwg_;)m + (v - V)wi_; +m X (v - V)wg_;.

Since 2j < 2k, Vm, Vwy_;, v and m are in L°°(0,T; H* (12)), which is an algebra (since j > 1),
then 4
K (Vwg—;) € L®(0,T; HY(Q)).

Since 2j +1 < 2k, Vm, v and m are in L>(0,T; H*71(Q)) and since Vwy_; € L?(0,T; H¥T1(Q)),
then ‘
Ky (Vwy—j;) € L0, T; H¥H(Q)).
On the other hand, we recall that
Ly (wi—j) = [Vm|?wg—; — wip—j X Am —wy—j x H(m) —m x H(wk_;) — wi—; x (m x H(m))
—m X (wi—; x H(m)) —m x (m X H(wk—;)) + wi—; x (v-V)m.
From Proposition 2, H(wg—;) and wy_; have the same regularity, i.e. are in L>(0,T; H*T1(Q)).
We remark that j < k—1so that 2j+1 < 2k—1. So Vm, H(m), m and Am are in L>(0, T; H*+1((Q)).
The same holds for v. Since this space is an algebra, we obtain that
Lo (wy—;) € L=(0,T; HY1(Q)).
From Lemma 5.1,

Fy._j € L™=(0,T; HY¥1(Q)).
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From the property at rank j — 1,
wi—j41 € L(0,T; H¥(Q)) N L*(0,T; H¥1(Q)).

In addition, since m € L (0, T; H**1(Q)), we keep the same regularity when we compose with 1,,,,
s0:
Awg_; € L>®(0,T; H¥(Q)) N L*(0,T; H¥11(Q)),

and by elliptic regularity results,
wi—j; € L>®(0,T; H¥+2(Q)) N L*(0,T; H¥13(Q)).

This concludes the proof of the claim. O

In particular, we have proven that
wy = dym € L>(0,T; H**(Q)) N L2(0, T; H**T1(Q)).

Now, we have:

1
Am = 3 (Oym +m x dym) — |[Vm|*m + W,

where W =m x (m x H(m)) —m x (v-V)m.

Since Vm, m and H(m) are in L>=(0,T; H**(Q)), the same holds for —|Vm/|?m + W.
Since m € L>(0,T; H2**1(Q)), 8ym +m x dym € L*°(0,T; H**(Q)) N L2(0, T; H?*T1(Q)).
Therefore, Am € L*(0,T; H**(Q)) N L?(0,T; H***1()), so

m € L0, T; H**2(Q)) N L2(0, T; H*3(Q)).

5.4 Regularity for 9Fm in the case my € H**3(Q)

We assume now in addition that mg € H?**3(Q; 5?) and satisfies the compatibility condition at
order k. From the previous case, we already know that

Vjie{0,...k}, VT <T* &me L®0,T; H*+>721(Q)) N L*(0,T; H*37%(Q)).

In addition, we know that 9Fm is the unique solution for Equation (24). We will prove that we can
improve the regularity of 9Fm using the Galerkin formulation (25).

We derivate (25) with respect to time. Denoting by «,, := d;w™, we obtain that:
9 Aa" =P, (m % Aa™ + Ky (Va™) + Ly (a™) + ﬁk.) on [0, T,

0" (0) = Po (A(Pa(VA)) = mo X A(Pa(Vi)) + Ko (V(Pa(Vi))) + Lung (Pa(Vi)) + Filt = 0)),
(32)
Fy = —0ym x Aw™ + 8 (K,,) (V™) + 9y(Ly ) (w™) + 0, F.
We multiply (32) by Aa™. After integration on ) and using Young formula, we obtain that:

2
r2)

d ~
= Va7 + 187 < © (||Km<w">|iz + N Lm(a)l3 + || B
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We have:

[Km (Va2 = [I2(Vm-Va")m + (v-V)a™ +m x (v V)a"| .
< CIVmlpee + vl o) Vo™ 2
| Lm (™) 2 < H|Vm|2a” —a"x Am —a" x Hm) —m x H(a") —a™ x (m X H(m))HL2

ol x (@ x H(m)) +m x (m x (@)l + " x (v V)ml| 5
< C(IVml = + 1 Aml g + IHm) | g + loll e 1Vl + 1) fla”]] 2

< CO(T) for al T < T™,
since m € L*(0,T; H*(Q)) and by (29).
Concerning ﬁk, we have:

10em x Aw™|[ 2 < Cl|Oyml| poo [w" ||
< C(T) for all T < T*,
since 9ym € L>(0,T; H**(Q)) and by (28),
O (K ) (Vwk) = 2(Vaym - Vw™)m + 2(Vm - Vw™)dym + (9w - V)w™ + ym x (v - V)w"
+m x (Opv - V)w"

100 (Km) (V)| < CIVW™ Lo (IV0im Lo + [Vl [8iml s + [18rvl|ze + [vll e [|0sm] 2s) -

Since k > 1, since dym € L>(0,T; H3(2)), then VO;m € L>(0,T; H(Q)) so by embedding, for all
t<T < T [Voum(t) s < K(T).

In addition,
[Vw™|[ze < Cllw"||g= < K(T') by (28).

So,
(|01 (Km) (Vw*)(#)]| . < K(T) for all t <T < T*.

Ot (L) (wg) = 2(Vm - Vorm)w™ — w™ x Adym — w™ x H(9ym) — Oym x H(w™)
—w" x (Ggm x H(m)) —w" x (m x H(dym)) — dym x (w" x H(m))
i x (w" X H(9m)) — Bgm x (m x H(w")) —m x (8m x H(w"))
+w" x (Opv - V)m +w" x (v-V)om
10 Em) @)l 2 < C el (Il [Vl + A0l 2+ [H@m)]2)
O (10l g [ ) + [0l + [0l V00 2)

+C [w™ || e [0c0] oo [Vl 2 + CH (w™)]| 12 [|0em| 2 -

Using Proposition 2, using (28) and the known bounds on d;m, we obtain that:

d
VT <T*, 3C(T), Vn, — [la" (12 +[|Aa”(}. < C(T) [[Va"||7. + C(T). (33)
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Now from Proposition 1, we have:
[Va™(0)[[L2 < [[A(P(Vi)) = mo X A(Pr(Vi)) + K (V(Pa(Vi))) + Ling (P (Vi) + Fie(t = 0) [ a2

< CA+IPVE)las) -

k
From the compatibility condition at order k, o = 0 on 012, so from Proposition 1,
v

1P (V9)llizs < CIIV |3 for all .
Therefore, there exists a constant C such that for all n,
IVa™(0)][> < C. (34)
Estimates (33) and (34) coupled with the comparison lemma 2.4 yield that:
VT <T%, 3C(T), ||a" |z ,r;m @) + la" 2201582 (0)) < C(T).
Since o™ — 9F'm in the distribution sense, we obtain that

VT <T* oft'm e L°(0,T; HY(Q)) N L%(0,T; H*(Q)). (35)

5.5 Regularity for m in the case m, € H*3(Q)
We know from Section 5.3 that
Vijie{0,....k}, &me L>®0,T; H*»~2+2(Q))n L0, T; H**~%+3(Q)).

So coupling this estimate with (35), we gain one rank for the regularity of each w;, and exactly with
the same method as in Section 5.3, we prove that

Vjie{0,....k+1}, &m e L>0,T; H*2+3(Q))n L0, T; H*~%+4(Q)),

so that the proof of Property P(k + 1) is complete.
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