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Abstract: in this paper we study a one-dimensional model of bent ferromagnetic nanowire. We
establish the existence of static solutions describing either one domain or two domains separated by
a wall. We address the stability of these solutions. In particular we exhibit asymptotically-stable
wall profiles which are pined at the bent zone even in presence of a small applied magnetic field.

Résumé : dans cet article, on étudie un modéle monodimensionnel de fil ferromagnétique présentant
un coude. On explicite toutes les solutions stationnaires décrivant soit un domaine soit deux do-
maines séparés par un mur. On étudie ensuite la stabilité de ces solutions. On montre en parti-
culier que certains profils de murs sont asymptotiquement stables, l'interprétation physique de ce
résultat étant que les murs restent bloqués au niveau du coude, et ce méme en présence d’un champ
magnétique appliqué.
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1 Introduction

Ferromagnetic nanowires are used in a wide range of applications such as microelectronics, paints
for radar stealth, transformers and computers. In particular, ferromagnetic nanowires can be used
to record and store data in racetrack memories (see [13]). In such devices, the magnetization tends
to be aligned in the wire direction, in one sense or in the other sense. As a consequence, one observes
in nanowires the formation of domains, large zone in which the magnetic moment is in the wire axis
and domain walls, thin zones in which the magnetic moment presents large variations.

In the framework of data storage, the stability of the walls position is crucial. Indeed a non-desired
movement of a wall may induce a degradation of the data.

Many papers address the stability of walls in ferromagnetic nanowires (cf. [4, 5, 6, 7, 9, 10, 14]). In
[4], the stability of wall profiles is proved in the case of an infinite straight nanowire (i.e. without
curvature). We remark that we do not have asymptotic stability because of the possible translations
and rotations of the wall. In addition, even a small applied magnetic field can produce a displacement
of the wall. The situation is even worse in the finite-wire case since the walls profiles are unstable
(see [5]).

In this paper, we prove that a bend in a wire attracts the walls, so that profiles for walls located at the
bend are asymptotically stable. This property is well known in the Physics literature (see [12, 15]
for example) but to our knowledge, this is the first mathematical work concerning the curvature
effects on the walls stability in nanowires.

Let us recall the 3d model for ferromagnetic materials (see [3, 11]). We consider a ferromagnetic
body occupying the volume Q C R?. We denote by M (¢,x) the magnetization distribution at the
time ¢ and the point x € Q. The material is supposed to be saturated so that the norm of M (¢, x),
denoted by M, does not depend on ¢t and x. The variations of M satisfy the Landau-Lifschitz
equation:
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8tM = —’}/M X Heff — M x (M X Heff)



where x is the cross product in R3, « is the gyromagnetic ratio, « is the damping coefficient and
where the effective field Hegr is given by:

A
HefF = WAM + /LoHd(M) + ,LLOHa- (]‘1)

S

In (1.1), Ais the exchange constant, 1 is the permeability of the vacuum, H, is the applied magnetic
field and H4(M) is the demagnetizing field.

This last field is deduced from M by the law of Faraday: div B = 0 (B is the magnetic induction),
the constitutive relation: B = H+ M (M is the extension of M by zero outside ), and by the static
Maxwell equation: curl H = 0. So, Hy(M) is obtained from M by solving the following system:

curl Hy(M) =0 and div(Hq(M)+ M) = 0. (1.2)

Rewriting M as

M t - Ms t; 9
(t, ) m(4o ST X)
we obtain the following rescaled model:
Oom=-mxH—aomx (mxH) (1.3)

with
H=Am+ Hy(m) + H,.

In this paper we are interested in an infinitely long wire with one bend. We consider the following
one-dimensional model justified by asymptotic process in [2, 4, 5, 16].
The wire is parametrized by:

zu if x <0,
T — T (1.4)
zéy if £ >0,
cos 3
where (€1, €3,€3) is the canonical basis of R® and @ = | —sin3 | is a unitary vector in the plane
0

(é1,€2). The angle 5 = (u, €1) is supposeed to be in |0, 7[.

~

Figure 1: bent nanowire

Using the parametrization (1.4), the magnetic moment m is defined on R* x R with values in R3
and satisfies the saturation constraint |m(t,z)| = 1. As it is proved in [4], [5],[8], the equivalent 1d
demagnetizing field reduces to the following local operator:

ha(m)(x) = 5 (=m(z) + (m(2)|7(x))7()),

where (.|.) is the usual scalar product in R3, and 7(x) is the direction of the wire at the point x
(with |7| = 1). In our case, T is given by

o for z <0
_‘:L' = ’ ]..5
(@) {e} for z > 0. (1.5)
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We remark that since m x hq(m) = —m x ((m|7)7), we can replace hy(m) by = ((m|7)T) in the
Landau-Lischitz equation. In addition, by rescaling in space and time, we get rid of the coefficient

1
3 in front of the demagnetizing field so that we obtain the following model for our bent wire:

6—m:—mxHe(m)—ozmx (m x He(m)) fort>0and z € R,
ot
(1.6)
H.(m) = Ogam + (m|7(x))7(z) + Ho(z),
where 7 is defined by (1.5) and H, : R — R? is the applied field.
Remark 1.1. In our model, there is no jump for m and O,m at the bendt:
[[m]] :== m(t,07) —m(t,07) = 0 and [|0,m]|] = O, m(t,07) — 8,m(¢t,07) = 0. (1.7)

For vanishing applied field, we deal with stationary solutions separating a +u-domain in R™« and
a F¢éi-domain in RTé7. So that we look for solutions satisfying:

m(x) e +4 and m(x) pryaras +é. (1.8)

sin /3
We first exhibit all the solutions for (1.6)-(1.8). We denote ¢ = | cos B) .
0
(1.6)

Theorem 1.2. For § €]0, x|, there are eight stationary solutions for
the limit conditions (1.8).
The solutions satisfying the limit condition m(x) — —i when x — —o0 are given by:

1

with Hy, = 0 satisfying

tanh(z — ¢)u@ + hiff if =<0, 3
m; (z) = o8 (xl— ) with ¢ = artanh (sin 5), (1.9)
tanh 1+ ————€3 i >
anh(z + c¢)e; + cosh(z 1 0) e if x>0,
1
tanh(x + )i + ————0 if x<0,
my(z) = cosh(z —'_16) with ¢ = artanh (cos é), (1.10)
—tanh(l’ — C)@E‘ — m@é Zf x Z O, 2
1
tanh(z + )i — ———0 if +<0,
ms(x) = COSh(ler ©) with ¢ = artanh (sin é)7 (1.11)
tanh(x — C)E} — m@é Zf x Z 0, 2
1
tanh(z — ¢)d — hiﬁ if  x <0, 3
my(x) = cosh(z EC) with ¢ = artanh (cos 5) (1.12)

—tanh(z + ¢)éq + 5 if x> 0.

—€
cosh(z + ¢)
The solutions satisfying the limit condition m(x) — @ when x — —o0 are given by —m;, —my,
—ms and —my.

It is worth noting that the solutions m; and ms correspond to a wall profile in the case of a straight
wire (case § = 0). The solution my corresponds to a +€j-domain in a straight wire. We remark also
that the solution ms is specific to the bent-wire case and has no equivalent in the case of a straight
wire. Theorem 1.2 is proved in Section 2.

We address now the stability of these solutions. We recall that in the case of straight wire, a +€3-
domain and —ej-domain are asymptotically stable while a wall profile is stable but not asymptotically
stable because of the invariance of the system by translation in the z-variable and rotation around
the wire axis. We obtain the following result concerning the asymptotic stability of m; and my.



Theorem 1.3. Let B # 0mod w. Then my given by Theorem 1.2 is asymptotically stable for
Equation (1.6), that is: for all € > 0, there exists n > 0 such that for all initial data mg such that

mo —m; € H'(R) and |mo(z)| = 1 for all x € R,
if [lmo — my || gy < 0, then the solution of (1.6) with initial data m(0,x) = mo(z) satisfies:
o Vit >0, [m(t)—mylgm <e,
o ||m(t) — my| g1 (g tends to zero when t tends to +oo.

The same result holds for —m;, my and —my given by Theorem 1.2.

The other solutions are unstable:

Theorem 1.4. For B €]0,7[, the solutions ms, —msy, my and —mgs given by Theorem 1.2 are
linearly unstable for Equation (1.6) with limit conditions (1.8).

Contrary to the straight-wire case, the wall is pined at the bend, so that the profile m; is asymp-
totically stable. In addition, we loose the invariance by rotation around the wire axis so that only
one chirality of the wall profile is relevant. This is the reason why mg is unstable.

In order to consider only perturbations satisfying the saturation constraint, we use the mobile frame
method developed in [4], [5], [6]. Part 3 is devoted to the obtention of the equivalent system in this
mobile frame. This step is followed by a careful study of the linearized equation which ensures the
asymptotic stability for m; and my (see Part 4) and the linear instability for ms and ms (see Part
5).

After that we study the behavior of asymptotically-stable configurations when the wire is submitted
to an applied magnetic field. In the case of a straight nanowire, a non-vanishing applied field in the
direction of the wire induces a displacement of the wall (see [4] and [7]). In our bent-wire case we
only assume that the applied field is along the wire far from the origin: let & € C°(R;R?) such that

JA>0Vz eR, z>A=¢(x)=¢€ and &(—2x) = . (1.13)
We assume that the applied field H, is given by
H,(z) = X(z), XeR. (1.14)

We establish that a small non-vanishing applied field defined by (1.14) does not induce wall motion:
the wall remains pined at the bend.

Theorem 1.5. Let 8 €]0,x|, let my given by Theorem 1.2. There exist hmaz > 0 and a one
parameter family A — m(\) satisfying:

e m(0) =my,

e m(\) is defined for |\ < hpax and is a stationary solution for (1.6)

e A= m(A\) —my is in CH{[~hmaz, hmaz); H?(R)).
In addition, for all X\ € [—hmaz, Mmaz], M(X) is asymptotically stable for (1.6).
The same result holds for Solutions —m;, my and —my given by Theorem 1.2.

Part 6 of the present paper is devoted to the proof of this Theorem using the implicit function
theorem.



2 Stationary solution

We consider My a stationary solution for (1.6) with H, = 0 satisfying the limit condition (1.8).
Writing My as:

My (z) =sinf~ (x)td + cos§~ (z) cos ™ (x)T + cos 0~ (z) sinp~ (x)é3 for z in R™,

Mo(z) =
M (z) = sin 0% (2)é7 + cos 0+ () cos pF (z)€5 + cos 07 (z) sin ¢+ (x)é3 for  in RT,
(2.1)
where
cos 3 sin 3
U= |—sing and ¥ = | cosf |,
0 0

we obtain that My is a stationary solution for (1.6)-(1.8) if and only if the following four assertions
are satisfied:

(i) My x (8 My + (M |@)d),
(il) My x (9uaMy + (Mg |€1)éd)

dMy (0) — dMg (0)
dx N dx

(iii) My (0) = My (0) and (jump conditions (1.7)),

(iv) My ——— +id, M§ ———— +¢; (limit condition (1.8)).
T — —00 T — +00

Plugging (2.1) in the first equation (i), we obtain that:

2

d?0=  |de~
%2 | Sin6 cosh~ +sinf” cosfd” =0 for zeR™,
dx? dzx
(2.2)
dch* do~ de~
- 2% Y Gng- = f R™.
702 0s0” + pr— sin 6 0 or x €
. . d de= o
The second equation yields — (—— cos?#~) = 0, so that
dx dz
do-
% cos? 0~ = cst. (2.3)
From (iv), we obtain that 6~ (x) e gmod 7. This implies that the constant in (2.3) is zero,
so that: do-
% cos?0 = 0. (2.4)
Therefore dom
VzeR™, %:Oor Hf(x):gmod . (2.5)

d
Let us prove that we have either (Vx eER™, 0 (z) = gmod 77) (Vm eR™, :lp = 0) .
x

d
Assume that we are not in the second case, that is that there exists zg such that di(xo) # 0.
By continuity argument, this is also satisfied in a neighborhood of zy. Therefore, by (2.5), 0~ (z) =

T
5 mod 7 in this neighborhood of zero, and by continuity argument, there exists k € Z such that



0~ (z) = g + k7 in this neighborhood of zero (k is the same for all x in this neighborhood). So

do—
d—(:to) = 0. Therefore, 6~ is a solution for the Cauchy problem:
x
29~ |de~ |°
T ':lp sinf~ cosf” +sinf” cosf” =0 for xz€R™,
x x

_ T do
0~ (z0) = 7t ko, %(xo) =0.

By uniqueness argument, we obtain that

Vo eR™, 0 (2) = g + ko,

In the second case, we remark that ¢~ is constant, and that 6~ is a solution of the pendulum
equation
d*0-
dx?
Since 0~ satisfies the limit condition (iv), either 6~ is constant equal to § mod 7 or 6~ is a solution
represented by a separatrix on the phase portrait.

+sinf” cosf” =0 for zeR™. (2.6)

Remark 2.1. By solving (2.6), we obtain that the solutions 0 represented by a separatriz are on
the form x — km + earcsin(tanh(z + ¢)) where ¢ is an arbitrary constant, ¢ = £1 and k € Z. Thus

for these solutions, we have sin(f(x)) = atanh(z + ¢) and cos(0(x)) = bm where a = £1 and
b= +£1.

From (ii) and (iv), the same analysis on R* yields that we have: either 7 = gmod mor 0T is a

solution on the separatrix of the phase portrait and in the last case, T is constant on RT.

We will now discriminate the different cases by using the transmission condition (iii).
Case 1: if 07 (z) = gmod m for z < 0 and 6" (x) = Zmod 7 for x > 0, then My () = +u and
MJ = +¢€3. So by jump conditions (iii) we have @ = €7, which is impossible since 8 # 0 mod .

Case 2: if 0~ (x) = gmod 7 for x < 0 and if on RT, 7 is a solution of (2.6) represented by a
M+
separatrix and T is constant, then M, = £ so by (iii), pi 0
x
do+
that T(O) = 0, which is impossible on the separatrix. In the same way, the case 0+ = gmod T is
x

(0) = 0. This last equation implies

also impossible.

The analysis of the first two cases yields that §— and T are trajectories on the separatrix of the
phase portrait and ¢~ and ¢ are constant.
Case 3: let us assume that ¢~ # 0 mod 7 or T # Omod 7. Then, for x > 0, M is in the plane
PT given by

PT = vect(e7,cos ot + singtey),

dM
thus, 9 ¢ Pt for x> 0.
dx
My .
In the same way, for z < 0, My and belong to P~ given by
P~ = vect(i, cos ™ U+ sin ¢~ ).



By the jump conditions (iii) we have

dMy
dxr

M+
(07) = dd—;(oﬂ cP NP .

My (0Y)=M;(07)e PTNP™ and

Since one of the angles ¢~ or 7 is different from 0 mod 7, PTN P~ is a straight line, so that M (0)

M

and (0) are colinear. In addition, from the saturation constraint |M;"| = 1, we obtain that
dMy dMy do+

My (0) L 9 (0), so that 9 (0) = 0. This implies that d—(O) = 0, which is impossible since
x x x

6T parametrizes a solution on the separatrix.
Therefore the only possible case is the following;:

Case 4: ¢ = Omod 7 (so that My takes its values in the plane Réj + Ré3) and 0~ and 0T are
solutions of the pendulum equation on the separatrix. Therefore:

1
M, = a tanh i+ bT ————
o =a tanh(z+c )ud+ cosh(:r:—i—c—)v’
where b~ € {—1,1} and a= = —1 (resp. +1) if M (x) tends to @ (resp. —u) when z tends to —oo,
and 1
+ _ o oyt -
My =a" tanh(z +c¢")él +b Cosh(ac—&—c‘*‘)ez’

where b € {—1,1} and a® =1 (vesp. -1) if M () tends to €7 (resp. —é7) when z tends to +oo.

We use now the transmission conditions (iii) in order to fix the constants a®, b* and c*. At the

dM, M
bend, M; (0) = M (0) and 2(0) = —=2-(0), so we have:
dz dz
a” tanh(c™)ud+ b~ éﬁ = a*t tanh(c)ej + b+¥6ﬁ2‘
cosh(c™) cosh(ct) ™
and
1 1 1 1
- i — b~ tanh(c™)7 ) = * 1 — bT tanh(cT)és
cosh(c™) (a cosh(c—)u anh(e )U) cosh(ct) (a cosh(c‘*‘)61 anh(c”)e2
(2.7)
1 1
The last equation induces that cosh(c) = cosh(ct)’ thus ¢~ = ect with e = £1. System (2.7) is
equivalent to the system:
QlX =X and QQX = )(7 (28)
where
tanh(c™)
Tl
cosh(c™)
and where
ea”at cos 8 eatb” sin 3 eb=bT cos 3 ea"bTsin B
Q1= and Q2 =
—a~bTsinf b~ bt cos 3 —aTb” sinf3 ata” cosfB

The matrices @)1 and @2 are orthogonal (rotation of orthogonal symmetry). In addition, (2.8)
induces that one is an eigenvalue of @)1 and Q2. So, Q1 and ()2 are matrices of orthogonal symmetries
(Q1 = Id is impossible since sin 8 # 0). So the determinant of @y equals —1, i.e.

ea”atb bt = —1. (2.9)



Since both matrices have the same eigenvector X associated to +1, since they are orthogonal sym-
metries, @1 = 2. Therefore

a bt =a"b" and ata” =bTb". (2.10)

Coupling (2.9) and (2.10), we obtain that e = —1, i.e. ¢t = —c™.
Now, we have four cases with a= = +1:

Case l: a~ =1,a"=1,b" =1and b™ = 1.

We have in this case:

—cosf —sinf
Q1=0Q2=
—sin g cos 3
in P
— S1n 5
The eigenspace associated to the eigenvalue 1 is generated by and contains X =
cos B
2

tanh(c™) _sin B

2
1 . So there exists ¢ € R such that X = o . Since both vectors are uni-

cosh(c™) cos g
tary, o = =1, and since the second coordinate is positive (we recall that 8 €]0,7[, 0 = 1. In
particular, tanh(¢™) = —sin g, so ¢~ = —artanh (sin g) Thus, in this case, we obtain the following

stationary solution:
L, 1 S
tanh(z — ¢)@ + p o it <0, 3
my(x) = o8 (331— ©) with ¢ = artanh (sin 5)
tanh i+ ——é  if >0
anh(z + ¢)ei + cosh(z + ¢) 2 n =D

Figure 2: graph of m;

Case 2: a- =1,at=1,b- = —1and bt = —1.
We have in this case:
cos 3 sin 8
Q1 =0Q2=
sin 8 —cos 8

Considering the eigenspace associated to the eigenvalue 1, we obtain that

cosg tanh(c™)
. N O
Sz cosh(c™)



so ¢~ = artanh (cos g) and we obtain the following solution:

1
tanh(z + )i + ———¥ if z<0,
my(x) = cosh(z +1€) with ¢ = artanh (cos é)
—tanh(l’ - C)e_i - me_é if X Z O’ 2

\

Figure 3: graph of my

Case 3: a~ =1,a"=1,b— = —1and bT = —1.

In this case,
. [—cosB sinp
Ql_Q2_(sinﬁ cosﬁ)’

so, by considering the eigenspace associated to 1 we obtain that

sing tanh(c™)
- 1
cos 5 cosh(c)
Thus ¢~ = artanh (sin g), and the associated stationary solution is:
tanh(x + ¢)ud — ;5’ if <0,
ms(x) = COSh(“ﬁJr ©) with ¢ = artanh (sin g)
tanh(z — ¢)éy — me} if x>0,

Figure 4: graph of mg

Case4:a- =1,a"=—-1,b- = —1and bt = 1.



In this case,

[ cosp —sinp
Q1 =0Q2= (—sin,@ —cosﬁ) ’
so, the eigenspace associated to 1 is generated by:
B tanh(c™)
- COS(E)
) |\ )
sin(= _—
2 cosh(c™)
so that ¢~ = —artanh (cos g) The associated stationary solution is:
L 1 S
tanh(z — ¢)d — bl —a? it <0, 3
my(z) = cosh(z _10) with ¢ = artanh (sin 5)
— tanh 1+ ——e5  if >0
an (x+c>el+cosh(:c+c)e2 if x>0,

Figure 5: graph of my

By symmetry the solutions to (1.6) — (1.8) satisfying the limit conditions M, (z) — @ when
x — —oo (that is with a= = —1) are —m;, —my, —ms3, and —my.
3 Equation for the perturbations

Let My be one of the static solutions for (1.6) with vanishing applied field given by Theorem 1.2:

Mo(z) = My (z) =sinf~ @ +cosf (z)v if x <0,
R M (z) = sin@%éi + cos 0+ (x)ey if x> 0.

We aim to address the stability of My for (1.6). we denote by J the matrix
-1
0
0

0 0
J=11 0
0 1

As in [4, 5, 7, 9], in order to consider only perturbations m satisfying the saturation constraint
|m| = 1, we introduce the mobile frame (Mg(x), M;(z), Ms) with

Mi(z) = JMo(x) and M;=¢€3
and we describe m in this mobile frame writing:

m(t,z) = Mo(z) + r1(t, ) M1 (z) + ra2(t, x) Mo + p(r)Mo(z), (3.1)

10



where r = (r1,72) € R? and pu(r) = /1 —r? — r2 — 1, so that the saturation constraint is satisfied.

dM, dM
We remark that [|Mo|] = [|My|] = [d—xo} = dxl || = 0, then the jump conditions [|m|] =
[|0zm|] = 0 at & = 0 are equivalent to the null-jump condition on r:

(Irll =10zl =0 at  z=0.

Now, we plug (3.1) in (1.6). By projection onto RM; and RMs, we obtain that m satisfies (1.6) if
and only if r satisfies
Or = Ar+ F on R. (3.2)

The linear part of (3.2) is given by:

—al —L .
A= ( L —aL) with L = =0z + fi, (3.3)
with
fs(x) = sin® O(x) — cos? O(z),
where 6(z) = 0~ (x) for x < 0 and 0(z) = 6 (z) for z > 0.
The nonlinear part F': RT x B(0,1) x R? x R? — R? of (3.2) is defined by
F(x,r,0u7, 0py) = A(1)Oger + B(r)(0yr, 0y1) + C(x,7)0yr + D(x, 1), (3.4)
where, for x € R, r = (r1,72) € R? and ¢ = (¢1, () € R?,
e AeC>®(B(0,1), Ma(R)) (M2(R) is the set of the real 2 x 2 matrices) with
_ —a(ry)? —arirg +pu(r)\ . (ari(u(r) +1) +r2)
e At ML) P N BN il P (IO NG

e B e (C>®(B(0,1),L2(R?)) (L2(R?) denotes the set of the bilinear functions defined on R? x R?
with values in R? ) given by

ary(pu(r) + 1) +ro

B(r)(¢,¢) = — (Osz(u(T‘) +1)—r

) W0, (3.6)
o C € C=(R x B(0,1), Ms(R)) with

Clar)s =20 (ST D) v (000D Ve e

e D e C®R x B(0,1),R?) such that

D= (2 sin@(z) cos @(z)ry — pu(r)(sin? O(z) — cos® H(x))) <3:;EZE:; i B i_ :i) . (3.8)

We remark that this equation is valid while r takes its values in a neighborhood of zero since p is
singular for |r| > 1. In order to obtain uniform estimates, we will consider below perturbations such
that [|7| L < 3. We remark also that the asymptotic stability of My for (1.6) is equivalent to the
asymptotic stability of zero for (3.2).

11



4 Proof of Theorem 1.2

4.1 Stability for m,
For the first solution m; given by (1.9), the linear part in (3.2) is given by

—alL —L
A= < Ly 1 —aL11> and Ly = =00 + f1,5(2), (4.1)

where

_ ] flatifa>0
frp(x) —{ fle—e)ifz <0,

with f(x) = 2tanh?®(z) — 1 and ¢ = artanh (sin(g)).

Since f is strictly decreasing on R~ and increasing on RT, as ¢ > 0 since 3 €]0, 7r[, we remark that:
Ve eR, figlz)> f(x). (4.2)

4.1.1 First step: Coercivity of 1,

We denote by (.|.) the usual L?inner product in L?(R).

We recall that the operator £ = —8,, + f(x) is a self-adjoint operator acting on H?(R), its essential

spectrum is [1,4o00[ and zero is its unique eigenvalue which eigenspace is generated by cosha (see
[4, 9]). Therefore, for all w € H?(R) satisfying (w|——) = 0, we have
lwlZ: < (Lwlw) < [|Lw]Z.. (4.3)
In addition there exists constants ¢; > 0 and ¢y > 0 such that for all w € (ﬁ)l ,
allwlf < (Lww) < eoflwlF. (4.4)

We claim the coercivity of L; in the following proposition:
Proposition 4.1. There exists ¢ > 0, such that for all u € H*(R), we have (Lyulu) > c|lul%,.
Proof. Suppose that there exists (uy, )y, such that ||u,|| 2 =1 and (Lyup|un,) < %

1
We write u,, = w, + , where w,, € (7)l and o, € R. Thus
c

_9n
osh osh x
<L1Un‘un> = <_8xxun + fl,ﬁun|un> = <_6x:cun + fun + (fl,ﬂ - f)un‘un>

— (Lunlun) + / (Frp = Dlunl? < 2.

Moreover Lu,, = Lw, since L( ) = 0. So, since L is self-adjoint,

cosh x

1 On

(Lun|un) = (Lwp|wn, + o5 ) = (L(wy)|wn) + (L(wn)]

) = (Lwy|wy).

coshx coshx

Therefore we have

(Lwy, |wy,) +/]R(f1ﬁ — Plua|? < %

So, with (4.4) we conclude that ||wy,| g1 tends to zero when n tends to infinity.

On the other hand,

g, g
1= lunl2e = wnl3e + 20wal =2 ) + | =2 |2,
= wnl3s + ol —— |32

12



1
Thus, we have lim |o,|? = =. Consider now the second term
n—»00 2

[ s = Dlunfds =1+ 1 4 1, (4.5)
R
with
o I, = /(fl,ﬁ = PlwnlPdz < [|fig — fllo=lwa]/72 — 0 as n — oo,
R

On

I, =2 - n der < 2 — oo || Wi,
o 1o=2 [ (fio= o Zido < 20f1 = flio o]

On

[z — 0 as n — o0,
coshz

1
cosh? z

o h=lon [(ip= D)o — 5 [ (frp =)

cosh? z

In view of the above analysis, we obtain

[ 1= Dlunkde — 5 [ (1= —do >0 by (12)
R R CO

sh? z

On the other hand, since [ (f1,8 — f)|un|*dz < L, we obtain that

/(f1,/3 = Plun|*dz — Oasn — oo,
R

which leads to a contradiction. So the assumption is false and therefore there exists ¢ > 0 such that
for all u € H(R), we have
(Liufu) > cfu]Z..

Corollary 4.1. There erist two constants K1 and Ky such that for every u € H*(R) we have
Ki|lultn < (Liufu) < KallulF,
Killullmz < [[Laullze < Kalullge.

Proof. Thanks to Proposition 4.1, we have

10ull7z = (OzulOau) = (=Oapulu) = (Lru — f1 pulu) < (Lyulu) + | f1p]lo[lull7:-

Since || f1,gllr~ =1, we obtain by Proposition 4.1 that
9 1
10zullz> < (1+ —)(Lyulw).

Therefore,
1
ullF < (2+ “NLaufw).

In addition, we have:
(Lyulu) = / |0 ul? +/f1,ﬂ|u|2 < ullF since [|fip]le0 = 1.
R R

This proves the equivalence of norms in H*(R).
From Proposition 4.1 we have also

1
ull2 < E||L1U||L2-

13



Furthermore,

1
10z0ull e = || = Oaote + fr,u = frpull < lILaullre + [l frpllocllullzz < (14 )l Lyul e
Thus, we conclude that there exists a constant K such that
Jull 2 < K| Lyul|ge.

In addition,
[Lyullp2 < [|0pcull L2 + [ f1,8ll Lo lull L2 < 2[|ull#2.

This concludes the proof of Corollary 4.1.

4.1.2 Second step: estimate for the nonlinear term

In this section we estimate the L?(R)-norm of the nonlinear term F given by :
F(x,7, 0457, 0gz) = A(1)Ogar + B(r)(0pr, Opr) + C(2,7)0r + D(2, 1),

where the right-hand-side terms are defined by (3.5)-(3.8).

Using the Sobolev injection of H(R) in L*>°(R) and the equivalence of norms claimed in Corollary

1
4.1, we introduce 19 > 0 such that for all r € H%(R), <L1r|7‘>% <no = Irllpem) < 7 We prove the

following estimate for the nonlinear part F:

Proposition 4.2. There exists a constant ko such that for all v € H*(R) with <L1T|T>% <o then:
|Fllze < ho(Lar(r) (| Larl] . (4.6)

Proof. We estimate each term of F' separately. The same notation K is used for different constants
independent of 8 and r € H?(R) satisfying that ||r|p~ < 1.

We first remark that for 7 € R? in a neighborhood of zero, u(r) = O(|r|?), p/(r) = O(|r|) and
W'(r) = O(1).
By (3.5) we remark that A(r) = O(|r|?) so that:

A(r)0zar| < C|r\2\3mr|.

So using classical Sobolev embedding, we obtain that
[A(r)Ozar|z < Kllrllzoe[|Onar||Le < Kl[7|lm[7]| a2
Concerning the second term defined by (3.6), since B(r) is bounded for r € B(0, 1), we have

|B(r) (9,7, 0:1)| < K|r|[0xr.

So,
[B(r)(0xr, 0ur)|| 12 < Kl|0x7||L2]|00r|| Lo,

thus, by Sobolev embeddings,
[B(r)(0ar, O0xr)l|2 < Krlla [Ir]| a2
By (3.7), since C(z,r) = O(Jr|), we have
|C(x,7)07| < Klr||0ur],
so we obtain:

1C (@, 7)0pr| L2 < Kl|r|| Lo [|027| L2

14



thus
1C (2, 7)8ur|| > < Kl|7||7-

Concerning the last term, we have D(z,r) = O(|r|?), thus
ID(@, )2 < lrlleellrloe < Klrllz.
Finally, there exists a constant K such that if » € H?(R) satisfies ||r|| =~ < 3, we have
[ 2 < Klr ||zl 22 (4.7)

Using Corollary 4.1 and the definition of 19, we obtain that there exists kg such that for all » € H?(R)
with <L1r|r>% < 19 then:
1
[F N2 < ko(Lar|r)? || Lar| 2.

4.1.3 Stability Proof

We recall that the asymptotic stability of m; for Equation (1.6) as claimed in Theorem 1.2 is
equivalent to the asymptotic stability of 0 for Equation (3.2). We consider an initial data rq € H?(R)
such that (Llro|r0)% < 1o and we denote by 7 the solution of (3.2) with initial data rg.

We take the L2-inner product of (3.2) with L;r, and we obtain that:

| =

(Lyr|ry = —a{Lyr|Lyr) + (F|Li7).

N |
QU

t

Therefore using (4.6), while (Lyr(t)|r(t))2 < 1o, we have

1d 1
5 37 Larlr) + allLar|7a < ko(Larfr) 2 (| Lar|7z,
then,
1d
5 g Larlr) + (@ = ko(Lar|r) ) | Lar||72 < 0. (4.8)
Thus, while (Lyr|r)2 (t) < min{n, %}, we obtain that o — ko(Lyr|r)z > %. Then,
0
1d o
§£<L1r|r> + §HL17“||%2 <0.
By Corollary 4.1, there exists a constant ¢g > 0 such that
IL17(|22 > co{Lar|r).
Therefore we obtain that while (Ly7|r)2 (¢) < min{no, %},
0
d
%<L1r\r> + coa{Lyr|r) <0
which implies by comparison lemma that
(Lir(t)|r(t)) < (Lyrolro) exp(—acot). (4.9)
We set 71 = 1 inf{no, 77} We assume that the initial data ro satisfies
(Lyrolro)? <. (4.10)
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Let us show that for all ¢ > 0,

(Lir(#)|r(1)* < min{no, —}. (4.11)

2ko
If it is not the case, let t; the first time in which (4.11) is false. Since (4.11) is true for small ¢ by

continuity reason, then t; > 0, the property is true for ¢ € [0,¢;] and at the time ¢;, we have:

(Lyr(t)|r(t1))® = min{no, (4.12)

Qk}

Now, for t € [0,t1[, we can apply (4.9) so that (Lyi7(t)|r)(t) < (Liro|re) exp(—acot) < m. By
continuity reasons, (L17(t1)|r)(t1) < m1 which is in contradiction with (4.12).

So if (L r0|r0>% < n1, then for all £ > 0, Inequality (4.9) is true. This implies that under assumption
(4.10), we obtain that ||r||z1r) remains small for all times and [|7[|z1 — 0 as ¢ tends to +oo.

This concludes the proof of the asymptotic stability of my. O

4.2 Stability for my
For the forth solution my defined by (1.12), the linear part in (3.2) is given by

o —OéL4 —L4 . _
Ay = ( L —aL4) , with Ly = —0sa + fa

where

fas = { ig i_ 3 ii i 8: with f(2) = 2tanh?(z) — 1 and ¢ = artanh (sin(g)) > 0.

So we obtain the same linear part as in Subsection 4.1 for m;, and we prove the asymptotic stability
of my for (1.6) as for my.

5 Linear instability of ms; and mj
For msy, the linear part of (3.2) is given by

( CKLQ —L2

—OzLQ) , with Lo = —04, + fgﬁ

where
f(:vfc) ifx >0,
fap = { flx+c)ifx <0,

Let us show that the linear operator Ao admits at least one unstable direction.

We have

with ¢ = artanh (cos g) > 0.

1 1 1
LZ(cosh(z - c)) = (ZOua+ flz =) cosh(z — ¢) +f2s = flo=c) cosh(z —¢)’
Therefore, we have . .
Lz(m) = (fap— flz - C))m,
(=0Opz + f(z — C))(W;*C)) =0.

16



We have also,

1 1 1
L = — — — 7(1

o= e =) = L, e —o = fa—a)—p g
1

+ z+c)— flx —c)———dx.

| U0~ e s
1 1 . . .
Hence, <L2(cosh @=0 )| cosh( = C)> < 0, we conclude that Lo has one strictly negative eigenvalue.

Therefore the solution is linearly unstable.

Concerning mg we obtain that the linear part arising in the stability proof can be written as:

_ —aLg —L3 . _
As = < Ls OéLg) with L3 = —0,, + fg”@7

where
[ fz=cifz>0
f?"ﬂ{ flx+e)ifx <0,

Proceeding in the same way as for msy, we obtain the linear instability of ms.

¢ = artanh (sin g) > 0.

6 Perturbation of stable profiles by small applied fields

Let m; be the static solution of (1.6) with vanishing applied field given by (1.9). We denote by
(Mo(x), My (x), M) the mobile frame associated to m; defined at the beginning of Section 3:

0 -1 0 0
Mo(l‘) = ml(x), Ml(IE) = 1 0 0 ml(z), M2 = 0
0 0 1 1

In this part we consider solutions m of (1.6) with applied field H, = A remaining in the neighbor-
hood of m;. We describe m in the mobile frame (My(x), M;(x), Mz) writing

m(t, ) = My(z) + r1(t, ) My (z) + ro(t, 2) Ma + u(r(t, z)) Mo(x) (6.1)

with p(r) = \/1 —r? — 3 —1, so that the saturation constraint is satisfied. We denote by (£, &1, &2)
the coordinates of £ in the mobile frame: &(x) = &o(x) Mo (z) + &1 () M (z) + &2(x) Mo.

As in Section 3, plugging (6.1) in (1.6), we obtain that if m given by (6.1) remains in a neighborhood
of my, then m satisfies (1.6) if and only if r = (ry,r3) satisfies

0
a—: =F(\,r) = Air + F(x,r, 0,7, 0pe) + Ac(x) + MG (2, 7). (6.2)
The first two right-hand-side terms are defined in Section 3 by (3.3) and (3.4). We recall that
. —O[Ll —L1 . o
A = < L —aL1> , with L = =04, + f1,8, (6.3)

with f1 5(x) = 2tanh?(|z| + ¢) — 1, ¢ = artanh (Sin(g)) > 0, and that F' writes
F(x,7, 0457, Ogz) = A(1)Ogar + B(r)(0pr, Opr) + C(2,7)0zr + D(2, 1),

where A, B, C, D are smooth in the variable r and are defined respectively by (3.5), (3.6), (3.7)
and (3.8).

The additional terms coming from the applied field A\{ are given by:
L+ ab
wle) = (—51 + as
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and

Ga,r) = &o(x) ( Sone C”’”‘“")) + &) (_#( o ) +&(x) (a t““’) .

r1 — arg — arqu(r) r) — arire —arj

We recall that Equation (6.2) remains valid for |r| < 1 (since p/(r) is singular for |r| = 1).

6.1 Static solution

A small perturbation m of m; is a static solution for (1.6) with H, = A if and only if r = (r1,r2)
given by
m(z) = Mo(z) + r1(2) My (2) + ro(z) Mz + p(r(z)) Mo(x)

satisfies
F(\r)=0. (6.4)

We will prove the existence of a static solution for (6.4) by using the following implicit function
theorem in Banach spaces (see [1]):

Theorem 6.1 (Implicit Function Theorem). Let By, By, Bs three Banach spaces, U a neighborhood
of (xo,Yy0) € Bo X By, and f : U — Bs continuously differentiable. Suppose that f(xo,yo) =0 and
that there exists a continuous linear mapping A : Bo — By, such that f;(xo,yo)A = idp,. Then
there exists g € C, from neighborhood of xo in By, such that f(x,g(x)) = 0. If, in addition,
Jo(w0,y0) is bijective, then g is unique and f(x,y) = 0 is equivalent to y = g(x) for (x,y) near to
(0, Y0)-

In our case, By = R with 79 = 0 € R, B; = H?(R;R?) with yp = 0 € H?(R;R?), and By, =

L?(R;R?).

By Assumption 1.13, we remark that the constant term A ( €§ —:_Ofé ) is in L?(R;RR?), so that F
—&1 2

is defined in a neighborhood of zero in R x H?(R;R?) and takes its values in L?(R;R?).

Now, we have 0,F(0,0) = Ay given by (6.3). We know that A; is strictly negative (see Section 4).

So we can apply the implicit function theorem to the operator F. Thus there is a neighborhood

] = 7,7 of 0 in R, with 7} > 0, there exists a neighborhood w of 0 in H?(R;R?) and R :] — 7, ij|— w,

such that for all (A\,r) €] — 7, [ xw,

For A €] — 7, 7], we write:
m(A)(z) = Mo(z) + R (M) (2) My () + Ra(A) () Mz + p(R(A) (x)) Mo ().

The map A — m(}) is at least Ct, m(0) = My = m; and for all A €] — 7, 7[, m()\) satisfies (1.6).

6.2 Stability

We assume that || < 7. The asymptotic stability of m(X) for Equation (1.6) with applied field A¢
is equivalent to the asymptotic stability of R(A) for Equation (6.2).

Writing a small perturbation of R()) on the form R(\)+w, we have to prove the asymptotic stability
of zero for the equation:

ow
S = FORQ) +w). (6.5)

Using the Taylor expansion of F at the neighborhood of R(X) and the fact that F(A\, R(\)) =0, we
have

FORW) 4+ w) = Ajw + Nz, w, 0pw, Oppw)
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where

Nz, w, 0pw, Dppw) =  AR(N) + w)0pew + BR(A) + w) (dpw, Dyw) + C(\, 2, w)dpw
+D(\ z, w) + AG(\, z, w).

The term C(\, z,w) is defined for A in a neighborhood of zero, z € R and w € B(0, ) and takes its
values in M?(R):

C(A z,w)¢ =2BR\N)(z) + w))(0:RN)(z),¢) + C(z, RN (z) + w)C.

The term D(X, z, w) is defined for A in a neighborhood of zero, z € R and w € B(0, ) and takes its
values in R?:

D\, z,w) = Az, w) (0 R(\)) + Bz, w) (0, R(N), 0. R(\)) + C(z, w) (0, R(N)) + D (z, w)

with:

1
o ANz, w) :/0 OrAR(N)(x) + sw)(w)ds,
1
o Bz, w) :/0 Or B(R(A)(z) + sw)(w)ds,
o CMx,w) 2/0 0, C(z, R(N) () + sw)(w)ds,

o« DM, w) = /O 0, Dz, RO\ () + sw)(w)ds.
The last term G(A, z,w) is given by
G\ z,w) = /0 0rG(z, R(N\)(z) + sw)(w)ds.

On the one hand, we recall that, in Section 4.1.2, we introduced 79 > 0 such that:

1 1
Ywe HAR), (Liwlw)? <o = [lw]i~m < 5.
In addition, there exists a constant K3 such that for all w € H%(R),
il + w]z~ < Ks(Liwlw)?  and  [w]gz < Kyl|Lyw]|p. (6.6)

On the other hand, A — R()) is C! from | — 7, 7] to H2(R) with R(0) = 0, so that there exists a
constant 77 > 0 with 77; < 77 and a constant K4 such that:

VA€ [-m,m],  [RA)[ze << and RNz~ + [[R(A)[[ g2 < KafA]. (6.7)

A~ =

Hereafter, we assume that |A| < n;. Since Equation (6.2) is valid for |r| < 1, we will consider sufficient
small initial data wo such that (Lyw(0)|w(0))2 < no. While (Lyw(t)|w(t))z < no, |[RAN)+w(t)| e <
3 so that (6.5) remains valid.
As in Section 3 we take the L2-inner product of (6.5) with Ljw and we obtain that

1d

S (L) + allLywl = (WA, w0, 0w, ) Lyw). (63)

The right-hand-side term is estimated as follows:
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Proposition 6.1. There ezists a constant ki such that for all w € H?(R) with (Llw\w)% <o and
for all X € [—=m,m] then:

||N>‘(as,w,3xw,8mw)\|p <k (<L1w|w>% + |)\|> ILyw||zz. (6.9)

Proof. We recall that there exists a constant K5 such that for all » € R?, with |r| < %, for all z € R,
we have:

|D(x,7)| < Ks|rf?,
[A(r)[ +10r A(r)| + [C(z, )| + |0 D(x, 7)| + |G(z,7)| < Ks|r], (6.10)
|B(r)| + 10, B(r)| + [0,C(z,7)| + |0-D(z,7)| + |0,G (2, )| < K.

Let us estimate each term of N*. We assume that <L1w|w>% < np and that |\ < 7y, so that

|wllree < 3 and [[R(A)|z < 1. Thus [|[R(A) + w|p~ < 2 and Estimates (6.10) remain valid for
r = R(N\)(x) + w(t,z). Therefore, we have:

JAR(A) + w)Ogpw]| 2

IN

[AR(A) + w)|[Loe |0z w][ 2 < KG[IR(A) 4+ wl| Lo [|Ozaw]| L2,

| B(R(A) + w)(0,w, Ozw)|| 2

IN

IBR(A) + w)| o [ 0aw][Ts < Ksllwl]| < wl|z2,

IC(A, z, w)dpw|| 12

IN

2[|BR(A) + w))|[ =0 R(N) || o< [|0zw]| 2
HCCRA) + w)| e[| 0 w]| 22
< K5 (20:R(A) [z + [R(A) + wl| o) [|0zw]| 2

We bound each part of D(), -, w) separately:

1A (-, w) (0RO 22 < 1AM, w)l| oo |02 RN | 12
< Ksllwllze [0z RA) | 22,
IBA(, w)(0:R(A), 0:R(N))l[ 22 < |BA(-, w) | Lo [0 R(N) |74
< Ks|wl[pee [ROA) [ RN 2
ICA (-, w) (@R [z2 < 1C(w) ||z [ R(A) [ 2
< Ksllwllze[[0:R(A)]| 2
DA w)llze < Ks(IRA)|[ Lo + [lwllzee)[w]] 2

The last term is estimated as D*(z, w):
IGOA, z, w2 < Kslwl|z2

Using the previous estimates, (6.6) and (6.7), we conclude the proof of Proposition 6.1.
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By Proposition 6.1, since we assumed that |A| < 11, Equation (6.8) yields that while <L1w|w>% < 1o,
then

o (Lywfw) + al Lywl3a < by ((Drowl)? 4+ N 124w
that is: 1d )
5 2 Lawhw) + [ Lrwlfa (a =k ((Lawlw)? + 7)) < 0.
We set o
himaz = min{ny, %}

We assume that |A| < g So, while <L1w|w>% < 19, we have:

| =

(0%
(Lywlw) + | Lywlfe (5 = ku(Laww)?) <0,

N |
QU

t

Setting 7o = min{no, 33}, we remark that while (Lyw|w)? < 1, then

d «
%<L1w\w> + Z||L1wui2 <0. (6.11)

N

We prove as in Section 3 that if (Lyw(0)|w(0))2 < 2 then for all ¢ > 0, (Lyw(t)|w(t))2 remains
less than 72 so that Equation (6.11) remains valid for all time, and we conclude the proof of stability
as in Section 3. O
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