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Walker Regime for Walls in Ferromagnetic Nanotubes

Gilles Carbou
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Abstract. Ferromagnetic nanotubes are proposed as an alternative to ferromagnetic nanowires for
data-storage applications. In this paper, we consider a two-dimensional model for such devices and
we establish the stability of moving walls in the Walker regime when the tube is subject to a small
magnetic field.
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1 Introduction

Domain walls formation and propagation in ferromagnetic nanowires are intensively studied. Indeed,
their possible applications for data recording (see [19]) or in nano-electronics (see [1]) are very
promising. Such devices are modeled by a 1d-Landau-Lifschitz equation, and existence and stability
of one-wall profiles are established (see [10, 11, 12, 21] and the references therein).

In [24], the authors propose to use ferromagnetic nanotubes instead of ferromagnetic nanowires or
nano strips in order to deal with domain wall motion in the Walker regime, which is stabler and more
reliable for applications. In the present work we exhibit a 2d-model for ferromagnetic nanotubes
and we study domain wall dynamics in this model for a small applied magnetic field.

Let us recall the 3-dimensional model for a ferromagnetic sample © C IR*. We denote by (u -v) the
canonical scalar product of u by v in IR® and by |.| the associated norm. The canonical basis of R?
is denoted by (e1, ea,e3) and X is the usual cross product.

Ferromagnetic materials are characterized by a spontaneous magnetization described by the magnetic
moment M defined on IRT x O and satisfying the saturation constraint

|M(t,z)| = M a.e., (1.1)
where M is constant. The magnetic moment satisfies the Landau-Lifschitz equation

oM ay
. A Mx H,—
e N M,

M x (M x H.), (1.2)

in which « > 0 is the gyromagnetic ratio, a > 0 is the damping coefficient, H. is the effective field
given by:
A
H.=——AM+ Hy(M) + Hgy,. 1.3
= AN+ HyM) + Hay, (13)
Here, A > 0 is the exchange coefficient, pg is the permeability of the vacuum, H,y, is the applied
magnetic field, and Hy(M) is the demagnetizing field generated by the magnetization M. In the
quasi-stationary model, the operator Hy is given by

{ div (Hgy(M) + M) =0, (1.4)

curl Hg(M) =0,

where M is the extension of M by zero outside O.



The energy associated to a configuration M is given by:
_ A 2 Ho 2
EM)=— | |VM|"dz+ — |Hy(M)|*dx — po | Hy - M dx,
2M? Jo 2 Jgs o

and we have H, = _pTloaME'

Existence of weak or strong solutions for (1.2) is addressed in several papers (see [2, 6, 7, 8, 13, 15,
18, 22)).

We focus now on the case of a thin nanotube of axis IRe; with circular section. The nanotube is
assimilated to the cylinder R x pS' = {(x,y,2) € R®, y?+2? = p?}. We assume that a magnetic
field Hgpp is applied in the direction of the tube axis: Hupp = Haer, Hy € IR. We use the two-
dimensional model of ferromagnetic thin film obtained in [5] and [14], in which the demagnetizing
field reduces to an anisotropic local term forcing M to be tangent to the thin domain. In the case
of our nanotube the demagnetizing field is described by the term —(M - n)n, derived from the limit

demagnetizing energy % |M -n|?do, where n is the unit normal vector to the cylinder surface.
RxS?t

In cylindrical coordinates, we write y = pcosy and z = psiny, and we obtain the following 2d model:

M : (t,x,y) — S%, 2m-periodic in the variable y,
oM ary
E_—fnyh(M)— MSMX (M x h(M)), (1.5)
A 0*M A 0°M
h(M) = — (M - Ha )
( ) MOMSQ 8X2 + MOMSQPQ ayg ( n(y))n(y) + €1
0
where the unit normal vector n is given by n(y) = | cosy
siny
0
We denote nt(y) = | —siny |. By the rescaling t = ,U‘Oﬁetpz and x = %, we describe M in the frame
cosy

(e1,n(y),n*(y)) writing:

At At At
M(t,X,y) = Ms <m1 (,}/2a};7y> e1 +my <’y27 };ay> Il(y) + mg3 ( il = y) HJ—(y)> .

10 M p 110 M p 1o Mp? p’
my
We obtain that M satisfies (1.5) if and only if m = | my | satisfies
ms3

m: (t,r,y) — S?, 2m-periodic in the variable ¥,

8@%’ = —m x h(m) — am x (m x h(m)), (1.6)

h(m) = 0,,m + 0yym + 2e; X Oym + mye; — kmges + hqeq,

M?2p? M, p?
HoMs P o hd hy = MHQ_

A A
Remark 1.1. In our model of ferromagnetic thin layer, the demagnetizing field behaves like the
planar anisotropy term —kmgez. The curvature of the tube induces another anisotropic effect since

the tube axis IRe; becomes an easy axis of magnetization modeled by the term +mjey in the resulting
effective field h(m).

where k =



We deal with domain wall profiles in the Walker regime as in [24]. For a vanishing applied field
(he = 0), we observe the formation of domains in which the magnetization is along the tube axis.
One-wall configuration separating a —e; domain and a +e; domain is described by the steady state

solution Mg given by
tanh x

Mo(xz) = | 1/coshz | . (1.7)
0

Furthermore, a small applied field in the e;-direction induces wall motion. This situation is described
in our model by the solution:

M (1) = Ro (Mo 5 ) (1)

where we denote by Ry the rotation matrix:

1 0 0
Ry=1[0 cosf —sind |, (1.9)
0 sinf cos®

and where ¢, # and 6 depend on h, as follows:

1
i 1+ ksin? 6. (1.10)

. c .
h, = aksinf cos ¥, 5= —ahg — Kkcosfsin,

This solution is only defined for |h,| < %, since h, = % sin 26.

Remark 1.2. This kind of solution only depending on the x-variable is also observed in 1d-models
of nanowires with elliptical sections (see [20] and [21]) and in Walker’s 3d-model in [23].

In this paper we establish that the solution M"« is stable in the Lyapunov sense. We also prove
that M"« is asymptotically stable modulo translations in the z-variable.

We use the following notations:
o () = IRx]0,27],

. Lf) is the space of the measurable functions u : (z,y) — R (I =1, 2 or 3) which are 27-periodic
in y, and such that u € L?(Q; IR"). We denote by ( | ) the associated inner product

(wl0) = [ (ula.n) - ol )dedy,
and by || - [|z the associated norm.

e H} is the space of the measurable functions v : (z,y) — R' (I =1, 2 or 3) which are 27-
periodic in y and such that u belongs to the Sobolev space H*(Q; IR?). The associated norm
is denoted by || - [|gs.

Our main result is the following stability theorem:

Theorem 1. There exists hmaz, 0 < s < %, such that if |he| < himaz, then for all e > 0, there
exists n > 0 such that if m satisfies (1.6) with |[m(0,-) — M"= (0, lmz < n, then:

e forallt>0, |m(t,-)—M"(t, Mmz < e (stability),

o there exists 0o € IR such that ||mi(t,-) — MM (t,. — Ooo)|lmz tends to 0 when t tends to +o00
(asymptotic stability modulo translations).



To our knowledge, this work is the first one dealing with the stability of moving walls structures in
dimension strictly greater than 1. In the 3d-model of [4], only static walls are studied. In addition,
the model in [4] is not complete since the demagnetizing field is unduly simplified in 3d. Here,
the model is more convincing since the 2d-model for the demagnetizing field can be justified by
asymptotic arguments (see [5] and [14]).

Roughly speaking, in the proof of Theorem 1, we use the techniques developed in [4] and [10]. We
have to address several difficulties, some of them being specific to the nanotube case.

The first one comes from the saturation constraint (1.1), since we must consider only perturbations
satisfying this constraint. To overcome this problem we use a moving frame technique as in [10] (see
Section 2).

In Section 3, we prove a linear stability result. We prove that the linearization around the studied
solution is non negative outside its kernel. This kernel is one-dimensional and relates to the invariance
by translation of the Landau-Lifschitz type equation (1.6). The coercivity proof is specific to our 2d
case and is quite tricky because of the term e; x dym in the effective field in (1.6).

Theorem 1 is established in Section 4. The zero eigenvalue due to the translation invariance is
responsible for a drift of the perturbation. As in [16, 17] and the references therein, we split the
perturbations of M"® as a translation of M"® plus a residual term. The linear estimates of Section
3 and variational estimates yield that this remainder term tends exponentially to zero when ¢ tends
to +o0.

For the convenience of the reader, we postpone the technical estimates of the nonlinear terms to
Section 5.

2 Moving Frame Technique

The magnetic applied field h, being fixed, we introduce ¢, § and 6 given by (1.10). Then we write
the solution m of (1.6) on the form:

x —ct
m(t, z,y) = Rov(t, 3 Y,

Vi
where v = | va | satisfies the saturation constraint |v| = 1, so that m satisfies (1.6) if and only if
V3
v satisfies c
Ov — gﬁwv =—-vxH(v)—av x (vxH(v)), (2.11)
where
H(v) OzzV + OyyV + 2e1 X Oyv + vier — k(sinfva + cos Ovs)(sinfea + cos fez) + hqer.

B
In addition, M"« is stable for (1.6) if and only if My is stable for (2.11).
Therefore in order to establish Theorem 1, we aim to prove that if [[v(0, ) —Mo(-) [z is small enough,

then ||v(¢,)—Mjp(-) |2 remains small for all ¢ and there exists 0o such that [[v(¢,-) =Mo(-— 0o )|z
tends to zero when ¢ tends to +oo.

In order to deal with perturbations v of My satisfying the saturation constraint |[v| = 1, we use the
mobile frame technique developed in [10]. We introduce M; and My defined by

—1/coshz 0
M, (x) = tanh z and My=1|0],
0 1

and we write v on the form

V(t,l’,y) = MO(‘:U) + rl(tvxay)Ml(x) + TQ(t’l'vy)MQ + ‘LL(T'(t,.T, y))MO(I)v



1 (t7 €, y)
T2 (ta x, y)
1 is chosen so that the saturation constraint in always satisfied:

(&) = V1= (6)? — (&) — 1.

Plugging this formulation in (2.11) and taking the scalar product with M; and My, we obtain that
v satisfies (2.11) if and only if r satisfies:

where the new unknown r : (¢, z,y) — < > € IR? is 2m-periodic in the y-variable and where

or —a —1
5= < 1 —a) Mr — hoLr + F(r), (2.12)
where the linear operators M and L are defined by
J%L — Oyy 2tanhx 0,
M= ,  with L =—08,, + (2tanh® 1), (2.13)

—2tanhz 9, 5%L — Oyy + K cos20

and
1

1
Lr = (a + ) fr +2tanhxzry with ¢ =0, + tanhz, (2.14)
!

1 )

(0%

and where the term F : HZ — L2 is the non linear contribution (that is ,7(0) = 0). For the
convenience of the reader, the expression of F is postponed to Section 5.

3 Linear Stability

In this part, we study the stability of the zero solution for the linearization of (2.12):

v —a -1
5= ( ) _a> Mu — hoLv. (3.15)

The linear operator L in (2.13) appears in several stability proofs concerning one-dimensional models
of nanowires (see [9, 10, 11, 12]). It also appears in [4] for the 3d case. We recall the properties of
this operator (see [12] for the proofs):

e L is self-adjoint with domain H?(IR),

e we can factorize L on the form L = ¢* o ¢ with ¢ = 0, + tanhz, so that L is positive. In
addition,

/R w Lu = | Ll = 1Cull2 ),

1
Ker L = R———, and the essential spectrum of L is [1, 40|,
cosh x

e 0 in the only eigenvalue of L,

on (Ker L)+, L > 1, so that if/ we) dx = 0, then
R Ccoshzx

lull2(my < [[€ullz2(my < [ Lull L2 (w)- (3.16)

We introduce the following notations:



2,1 _ _ (W 2 1 _
o Lt = {w = <w2> € L,, such that /RX]OQW[wl(t’x’y)coshxdxdy = },

kL _ yyk 2,1
° Hp = Hp N Lp .
The properties of M are summarized in the following:
Proposition 3.1. For all 0 €| -7, %[, M is a self-adjoint positive operator for the L127 inner product

with domain D(M) = H2, and Ker M = IR—1— (1

p’ coshz \ ()

In addition, M is non negative on (Ker M)‘ = H%L, and for all fized Omar € [0, 5[, there exist
constants a; > 0, ag > 0 and az > 0 (depending on 0,44 ) such that for all 0 €] — 040, Omaz|;

o for ke {1,2}, for all w € Hit1E, a1||/\/l§w||Lg < HM%wHL%,
o for k€ {1,2,3}, for all w € H}*, aflw|[my < ||M%w||Lg < azfwllus-
As a corollary of Proposition 3.1, we obtain the following Theorem:

Theorem 2. There exists hl,,, with 0 < Rl . < %, such that for all h, with |h,| < Rl ., the

zero solution is stable for Equation (3.15). More precisely, for all e > 0, there exists n > 0 such that
Jor all vy € H,, if ol < m, then the solution v of (3.15) with initial data vy satisfies

Vi > 07 ||’U(t, )HH%) <e.

1
In addition, when t tends to +oo, v(t,-) tends in Hll, to a limit of the form UO; (0), where
coshx

0o € IR.

Remark 3.1. We prove the linear stability in H117. We could also prove the same result in Hf,. For

the nonlinear stability, we need Hg estimates to control the nonlinear terms. Theorem 2 is proved
in Section 3.2

3.1 Proof of Proposition 3.1
We first establish the following Lemma:

Lemma 3.1. There exists ¢c1 > 0 and co > 0 such that for all w € H};L,

1
2
erlwllery < (0wl + 19ywi R + lws |3z + 10,wallEs + lwals )™ < callwl.

Proof. We recall that ¢ = J, + tanh x, so that the existence of ¢; is straightforward.
We have

[0zw2|[Lz < [[fws — tanhz wa|lrz < [[fw2|rz + || tanh z wal|Lz,

thus there exists K such that

lwalley < K (lwsllrz + 10,wallxz + ez (3.17)

Concerning wy, we first recall that for all u € H!(IR), we have

1
/l,;:u(z)coshxdx =0 = |lullp2mry < 0ullr2my  (see (3.16)).

We define 7 by

)= [ g

cr 2coshz



We split wy as:

7(y) :
=W At thVyc R 1%
wy (,y) 1z, y) + coshg ViEhVyeR, /IGR 1z, y)

cosh x

For a fixed y, x — Wi(z,y) is in (=+—)* (for the L?(IR)-inner product), so

cosh x

WL G )2 (my < I€WAG9)ll 2wy

and by integration in the variable y € [0, 27], using that /—1— = 0, we obtain that

coshz

[Willez < [[€wrlLz.

By the orthogonality condition in (3.18) we remark that (W; | —1—) =0 so

cosh x

7(y)
cosh x

hon 2 = W15 + I — 2.

We have:
|

r(y) 2 / / o 1 2
= T dzdy = 2|71 .
cosha?HLg z€R ye]0,2w[| (y)| cosh? Y ” ” *([0,27])

Since w € Hll,’l, we have <w1 | ﬁ> =0 thus

/ 7(y)dy = 0.
10,27

Hence by Poincaré-Wirtinger inequality, we have

720,270 < [10yT |l L2(j0,2x])-

Therefore,
wnlity < lewily +2 [ [,
P P 0,27
1 2
< [lws||? 2 —9, dz| d
< ey 2 [ [ st d
2 1 2
< Jlwi|lfz +2 ———dx |0yw (2, y)|*dx ) dy
P 10.2x[ \J/R 4cosh” x R
by Cauchy-Schwarz inequality,
thus
||w1|\i; < wa1||ig + ||8yw1|\i§.
Therefore
lwillmy = [lwilluz + [[0zw1 Lz + [|9ywa ||z,
< il + [[€ws[lLz + [ tanh 2wy [z + [|0ywa Lz,
< 3(\|12w1||Lg, + HaywluLg) using (3.19).

z = 0.

(3.18)

(3.19)

(3.20)

Coupling (3.17) and (3.20) we obtain the existence of ¢;. This concludes the proof of Lemma 3.1.

In order to establish that M is non negative, we prove the following:

O



Lemma 3.2. There exists ¢ > 0 such that for all 6 €] — 7 /4,7 /4], for all w € H2*, we have
(Mw | w) > ccos 20| w3 .

Proof. We recall that we denote Q = IR x [0, 27]. We have

1 1
(Muw | w) = = (Lwy [ w) + [|0ywi]E2 + =5 (Lwz [ wa) + [|9ywa|ez

02 02
(3.21)
++ cos 20 ||wa |72 — 2/ tanh z wo0ywy —|—2/ tanh z w; dyws.
v Q Q
We estimate the last two integrals. Let v, 0 < v < 1. We have:
—2/ tanh x woOywy —|—2/ tanh x wyOyws = —41// tanh x wadywn
Q Q Q
—2(1 - u)/ tanh x we0ywi + 2(1 — u)/ tanh w1 Oyws.
Q Q
Since / Opw20ywy — / O,w10ywy = 0, we have
Q Q
—/ tanh z woOywy + / tanh z wi0yws = —/ Lwo0ywy + / lw1 Oywo
Q Q Q Q
(we recall that fw; = d,w; + tanh z w;). Therefore
—2/ tanh z wo0yw, +2/ tanh z w Oyws = —4u/ tanh x wa0yw,
Q Q Q
—2(1— u)/ (Lw20yw1 — lw,Oywo) .
Q
Hence
’—2/ tanh z wo0ywy +2/ tanh z w1 9ywa| < 4v||0yw: Lz [lwe (L2
Q Q
201 = V)l wn [z 18, w2l + 21— v)1fws ez |y 1z,
v
< ZloyunliE; + slwals + (0 — vl + (1 - )l0yusl;
+(1 = vl lwa|lfz + (1 = v)[[Oywillz,
2 v 2 2
< (- w)llewnlE; + (0 - DIdyunl; + (1 - )yl
+(1 = v) [ lws|[72 + 8v|wa||3
So, using this estimate in (3.21), since (Lw; | w;) = [[€w; |3 ., since §5 —1 = rsin? 6, we have

v
(Mw | w) > (ksin®0 + V)”f’leig + 5”31/7111”%5 + (ksin?® 6 + V)||Zw2||i§

+1/||8yw2|\%§ + (kcos20 — 81/)HU}2H%§



20
We take v = v(0) := inf {1, HC?Z } and we obtain that
v(0) 2 2 2 2 2
(Mo ) > P (ewnly + NoywnlEy + wnliZ; + 10yl + enliZ;)

Using Lemma 3.1 we obtain:

> (c1)? 2
Muw | w) 2 —=v(0) vl
We remark now that there exists ¢ > 0 such that for all 6 €] — 7 /4, 7/4],

2
@V(H) > ccos26.

This concludes the proof of Lemma 3.2.

O
Proof of Proposition 3.1. For all 0 €] — 0,40, Omaz[, c0s20 > cos 20,,4... We set
a1 = (ccos 20max)%
(see Lemma 3.2) and we have, by density of H>+ in H}*-, that
VweHYY afwlem < [IM2w]Ls, (3.22)
thus
YweHYY, agflwlp: < [IM2w]Ls. (3.23)

In addition,
1 1
ar|M2w|iz = a1 (w | Mw) < asflw]us MLz < M2 wllpz || Mwl|s.

We obtain then that )
ar[M2w|rz < [|[Muwl|rz.

Ifwe H%J—, then Mw € HIl;J-. Therefore, applying (3.23) replacing w by Mw, we obtain that for
w e H3,
onl|Muwlls < [MFwl|ps. (3.24)

The existence of ag is straightforward, since M is an order-two operator.
Concerning «g, we first remark that from Proposition 3.2 we have:
1
allll < [MBwlgs.
In addition, writing Ay = 5%890% + 0yy, we have
Mw = —Asw + A(w),
8yw2 1 2 0
where A(w) = 2tanhz + 52 (1 — 2tanh” z)w + K cos 20 .
78ywl w2
So

[Aswlez < [Mw]ez + [|Aw]|Lz,

< IMuw|[rz + cl|w|m; since A is an order-one operator,

gnwa+§wﬁwpmm@mx
P 1 P
< (14 —) | Muw|
w .
~ (a1)2 Lg



. 1 1 . 1 .
Since ||A5w||i§ = —4||8mw||%§ + 2—2||8zyw|\%g + ||3yywH%§ with 1 < 5 < 2, we obtain that there
exists a constant k& independent of # and w such that

10zzwllLz + |0zywllLz + 10yywllLs < k[ Mw|Lz.

1
Since we already know that [|w|[m; < —||M%w||L127 < |Mw||rz, we obtain that there exists a
aq

S
(1)?

constant as such that:

V0 € [—OmazxsOmaz], YW E Hg’l, a2||wHH% < ||MwHL12J

Concerning the H? estimate, we remark that
IMEw|}, = (MPw | Mw),
P

(AZw | Asw) + (Asw | AsAw + AAsw + A%w) .

So

1 3
S 10:AsullEs + 19, A5wlEs < IMIwl, + | (A | Apdw + Adgw + A2w) |,

IN

IMEw(} + | Aswllrz ]| AsAw + Adsw + A%w|L2,
P

3
< IMEwlZ, + el ol

We remark that there exists k; > 0 such that

[N

1
s < i (s 00u 850l + 10,800l )+ ol (3.25)
S0

1 2 2 312 1 2 2 :
L1085l + 10, Aguly < IMIwlE, + el (510, Al + 10, A5,

relwl,

02(k1)2 3
< (C+T)||w||%lg+||M2wHig
1/1 9 9 . .
—|—§ 5—2H8wA5w||L% + HayA(;wHLg by Young inequality.

Therefore we obtain that

02(k1)2
2

1 3
10wl + 18,8501, < 21MEwlE; + 20+ S o
Using (3.25), (3.24) and the previous H>2-estimates, we obtain that there exists ag > 0 such that

3
az||wllas < [[M2wl|pz.

Taking ap = min(ay,as, as), we conclude the proof of Proposition 3.1.

10



3.2 Proof of Theorem 2

max

. ak 1 . .
We fix A", with 0 < h'** < —, and Opep = 3 arcsin(—%—). We introduce the constants «;,
oK
ag, and «ag given by Proposition 3.1.

We consider v a solution of (3.15). We define o(t) by
1 t
o(t) = / wdw dy,

47 Jo coshx

so that we can split v as

a(t) (1 1,1
U(t’gj,y) = w(t7aj7y) —+ coshz (0) , where ’LU(t7 ) € Hp . (326)

1 1
We plug (3.26) in (3.15). Since M (COSOM> =/ (COBM> =0, we have:

ow 1 do (1 —a -1
ow do (1) _ — hyLCw. 2
ot * coshz dt <0> < 1 —Oé> Muw Lw (3:27)
We take the L2-inner product of (3.27) with ————— L) We remark that
47 coshz \0

1 1
wy | =0 for all ¢, so { Jyw; | =0,
cosh x cosh x

1 1
<8yywi | coshx> = <tanh x0yw; | coshx> = 0, by integration of parts in y and 27-periodicity,

1 1
L is self-adjoint so that <Lwi \ > = <wi | L( )> =0,

coshx
1 1
. | = 1.
coshz ' 4mcoshx

Therefore we obtain:

do
— =K 3.28
17—k, (3.25)
. 1 1 .
with Kw = { ———— | — kcos20wy — ho(a + —)lwy + 2h, tanh zwe ) . By subtraction, we ob-
47 cosh «
tain that

ow —a -1 1 1
E = ( 1 Oé) M’LU — haﬁw — m (0) /Cw (329)

We take the inner product of (3.29) with Muw. Since L is self adjoint, since L(—2—) = 0, and by
integration by parts in the y variable, we remark that

< : | (Mw)1> = < ! | iLwl — Oyywi — 2tanhx3yw2> =0.

coshx coshz ' §2
Therefore, we obtain that

1d

1
5%”./\/[211)”%‘127 + OZHM’LUH]%% = *ha <£’LU | Mw) .

Since L is an order one operator, there exists K such that:

I£wles < Kol < K. (3.30)

11



The equivalence of norms in Proposition 3.1 yields:

1d 1 K
5%“/\/12“’”%% Jr04||/Vlw||ig < |ha|072||MwHig-

We set A

max

— inf {hgm, %} and we get that if [ha| < kL .. then for all ¢,

1d

1 (0%
§%|\M2w||i% + §||MUJH%§ <0.

Using again Proposition 3.1, we obtain that

d 1 1
LIMEwE, +alanI M, <0,

SO
a(aq)?
V>0, [|MPwllps < [MEw(0)|gze” 2"
This implies that:

a(Oq)Qt

V20, ) < 02 w0) e

d
In addition, using that [Kw(t)| < Kljw(t)|[n; and Equation (3.28), we obtain that d—z is integrable

on IR, so o(t) tends to a limit o, when ¢ tends to +o0o. This concludes the proof of Theorem 2.

4 Proof of the nonlinear stability

4.1 New unknowns

We remark that our model (2.11) is invariant by translation in the z-variable so that  +— Mg(xz —0)
is a static solution for (2.11) for all ¢ € IR. By projection on the mobile frame (M, M3), this
induces the existence of a one-parameter family of static solutions for (2.12) given by

R(o)(z) = (p (Ua(x)) : (4.31)

tanh(z — s) tanh
cosh cosh(z — s)’

where p(s)(z) = (Mo(x — o) - Mi(x)) = —

The existence of this one-parameter family of solutions induces that 0 is in the spectrum of the
operator arising in the linearization of (2.12), as observed in Section 3 (see also [4, 10, 11]).

Remark 4.1. In [9, 10, 11, 12], in the case of wires with circular cross section, the model is also
invariant by rotation around the wire axis, so that 0 is an eigenvalue of multiplicity two of the
linearization

In order to take into account this null eigenvalue, we rewrite r in the following new system of
coordinates:
r(t,z,y) = R(o(t))(x) + w(t, z,y), (4.32)

where for all ¢, w(t,-) € H?,’J-, i.e. its first component w; satisfies:
1
Vt>0 t,z,y)——dxzdy = 0. 4.33
>0, /Qw1( 2Y) o dr (4.33)

The validity of this system of coordinates is claimed in the following:

12



Proposition 4.1. There exists & > 0 such that for all r € L2 with [rllz < &o, then there exists

one and only one couple (o, w) € IR x L2+ such that
r(z,y) = R(o)(z) + w(z, y).
In addition, if r € Hl; then w € H’;L

Proof. Proceeding as in [4] we define ¢ : IR — IR by

1 tanh(x — s) tanh x
= — 2 _
¥(s) /IRX]O,QN[ pls)() cosh:rdglj i LGR ( cosh? z + cosh(z — s) coshx) dz

We remark that if  admits a decomposition on the form 7(z,y) = R(0)(z) + w(z, y) with w € L2+
then

1
ri(z,y dx dy = (o).
/RX]O,ZW[ i )COth (@)

Since (0) = 0 and ¢'(0) = 47 # 0, ¢ is a C*°-diffeomorphism in a neighborhood of zero, so that
for 7 small enough, o is characterized by:

1
=) ! dzdy | .
o= (/}RX]OMH(%ZJ)COSM rdy

By subtraction we obtain then that w is characterized by w = r — R(o) which is automatically in
|
P

The Hg—regularity is a straightforward consequence of the previous decomposition since R(c) is
smooth.

O
We aim to establish the equivalent formulation for Equation (2.12) in the new variables (o, w).
For a fixed ¢ € IR, R(7) is a static solution for (2.12), so for all ¢ we have
—a -1
< 1a —a) MR(o(t)) — ho LR(c(t)) + F(R(c(t))) = 0.
Therefore plugging (4.32) in (2.11) we obtain
d 1 —_
8SR(a)d—j + O = ( 11 _}) Muw — hoLw + G, (4.34)

1 1
. _ 2_. M [
where G = F(R(0) +w) — F(R(c)). We take the Lz-inner product of (4.34) with P Pp— (O)’

and using the same arguments as in Section 3.2, we obtain:

do ~
— = —hK G,
9(0) o w+
where
1
o g(s) = /zeﬂ% masp(s)(x)dx =1+ O(s), so that g(s) > % for o small enough,

1 1
o Kw= / _— (—/@COS 20 wa — hg(a+ —)lwy + 2h, tanhxw2> dz dy,
q 4mcoshx @

1
e G = / ———Gidx dy where G; is the first component of G.
q 4mcoshx

13



Therefore we get
= =K, G 4.35
o w+ (4.35)

where K,w = ﬂ and G = —

G
g(o) g(o)

Writing in (4.34) that dsp(c) =

subtraction that :

p— + a(z,0) where a(x,0) = O(o), using (4.35), we obtain by

coshz \0

H=G - al,0) (’%“’) - (88”(0“)G) . (4.37)

In order to avoid the singularity of u, we have to assume that |||~ < % In addition, we must
assume that |[r|Lz < o to use Proposition 4.1, and that [o| small enough to be sure that g(o) > 3

Dyw = (‘11 j) Muw — hoLw — —— <1> Kow+H (4.36)

where

Therefore, using the Sobolev embedding of HIZ, into L (IR?), we introduce 79 > 0 such that under
the assumption:
lo] <no and [lw|mz < o, (4.38)

then we have:

IR@) +wli~ < 5, [RO) +wlez <, and g(o) > (4.39)

N
N —
N

4.2 Nonlinear Stability

We fix an a priori bound on hy: let hy'®* satisfying 0 < hg**® < 5% and let 0,4, Telated to hy'*®
by (1.10):
1 ) opmax
Omaz = 3 arcsm(%).
We introduce the constants a1, as and ag given by Proposition 3.1 with this 6,,,4,, so that the norms

equivalences in Proposition 3.1 are valid for all 6 with |0] < 0,44, i-e. for all h, with |h,| < AE,

We aim to perform variational estimates on System (4.35)-(4.36). The right-hand side nonlinear
terms are estimated in the following Proposition:

Proposition 4.2. There exists a constant K such that for all he satisfying |he| < AT, for all
o € IR satisfying |o| < no, for all w € HS such that [wllaz < no, then

Ko(w)] < Kllwlez, 1G] < Klwluz, [1#Hlez < K (Io]+ ol ) sz,

and |y < K (Jo] + el ) llw]g-

For the convenience of the reader the proof of this proposition is postponed to Section 5.

First step: H' estimates. Taking the inner product of (4.36) with Muw, since the first component

1
of Mw is orthogonal to , we obtain:
coshz

1d (

2 dt
By Proposition 4.2 and by the norms equivalences established in Proposition 3.1, we obtain that
there exists K7 such that while |o| < ny and Hw”Hfg < 19, then

w | Mw) + aHMwHi% = —hg (Lw | Mw) + (H | Mw) .

|£wly < KalMuwllz and [Hlez < Ki (lo]+ Mol ) [ Moz,
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So
1d

53 (W M) +allMuwlfy < Ky (ha+ o] + Ml ) [|Muw]f. (4.40)

Second step: H? estimates. We will take the inner product of (4.36) with M?w. Denoting by
Y7 and Y5 the coordinates of Mw, we have on the one hand:

(T Sty = (G2 ) 1),

= —a(Y [MY) =¥y | (MY)1) + (Y1 | (MY)g).

Now,
1
(Yo [(MY)1) = — <Y2 | ((TQL — Oyy)Y1 + 2tanhx8yY2> ,
1
= - <(52L - ayy)Y2 | Y1> )
1
since ﬁL — Oyy is self-adjoint and by 2m-periodicity of Y2, so that (Y2 | tanhx 9,Y2) = 0.

In addition, with the same arguments,

1

(Y1 | (MY )q) = <Y1 | (52L — Oyy)Y2 + K cos 20Ys — 2tanhm8yY1>

1
<Y1 | (6—2L - 8yy)Y2> + rcos20 (Y1 | Y2).

Hence

<(—1a :;) Muw | M2w> = —a||M%Y||i127 + rcos26 (Yy | Ya).

On the other hand,

1 11
V) ) =(——| =LY, — 8,V + 2tanhz9,Ys ) = 0.

<coshx|(M )1> <coshx ‘ sz OyyY1 + 2tanh z 0, 2> 0
Therefore by taking the inner product of (4.36) with M?w, we obtain:

1d :

LM, + @l MEwlZ = wcos20 (Mu)y | (Mu)s) — ho (Ew | M) + (M | M)
< lMw]E, - b (MELw | Miw) + (MEH | Miw).

Using Propositions 3.1 and 4.2, while |o| < no and [|w|[z < no, there exists K such that

1 3
IME Lwe < Ko MEw|g

and

1 3
|MEH s < Ko (Jo] + [IMwlrs ) IMP ]
Therefore we obtain that while [o] < ng and |[w[|mz < no,

1d

3 3
S IMuwlR, + alMEwlEy < sl Muwld; + Ko (ho +lol + Ml ) [MEwlZ,. (@)
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Adding up 2k x(4.40) and ax (4.41) (so that the right-hand side term || Muw||3. in (4.41) is absorbed
by the left-hand side of (4.40)), we obtain that while |o| < no and [Jw|[mz < o,

1d

33 (2w | Mo) + allMullty ) +axlMuly + 0?3l

< 26K (ho + o]+ [|Muwlny ) [Mullfs +aks (ha + o] + [ Mg ) [MFw]s,

that is

| =

(26 (w0 | Muw) + | Mol ) + 5 (@ = 2K1ha = 26K1]0] - 2K | Muw|rz ) [ M|,

N |
U

t
+a (o = Kohy — Kolo| = Kol Mulles ) [MEu]2, < 0.

We fix hupee by:
a «a
hmaa: = mi hmam’ 1 'or [
mm{ © UK, 2K, }
From now on, we assume that
|ha| S hmaw~

We obtain that while [o] < ng and |lw[/mz < no:

1d o
53 (20 (w | Mw) + a Mullfs )+ (5 = 2K o] — 261 [ Mulles ) [ M,

+a (5 — Kolo| = Kol Muls ) [MPw]E; <0.

Third step: joint estimates for w and o. We fix 1, = min q 7, L, 2 While lo| < m
16K, 8K>

and [Muwl|rz < then:

1d 2
37 (% (w | Mw) + aHMwHi%) + %HMU/H%% + %”Mgw\lig <.

Therefore, using Proposition 3.1, we obtain that while [o| <71 and [Mw]|rz <1 then:

1d 1
52 (2rlMEwlEs + al Muls ) +

a(a)?
8

(2l MEwlEy + ol M) <o.

so that, by comparison lemma, while [o| < n; and [Muw]|rz < 1 then:

1 1 aag)?
(2elMEwt)]E; + alMu®)s) < (26IMEw(O)F + al Muw(O)F ) e 50 (442)
From (4.35) we have:
do
15| < [Kow| +16], (4.43)
hence, using Propositions 3.1 and 4.2, there exists a constant K3 such that:
d
|| < Kaf| el
Therefore, while |o < and ||[Muw|rz < 1, then
do 1 9 5 \ 2 a(ar)?
199 < K (201 MEw (@) + ol Mu(0)[;) exp(~ 225 o
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so, by integration,

8K3

70 <o) + 75

(26l M3 w()IF; + allMw(O)F;) " (4.45)

End of the proof. Using Proposition 3.1, we introduce 12 > 0 such that for any w, if ||w(0)||H§ <
7)2, then

1
2

8K 1
(1+ 2 ) (elmbwO; + almu)lg)” <%,

alar)? 4
We assume that [0(0)] < 4+ and that [|w(0)[|mz < n2. Let us prove that for all ¢ > 0, we have:

lo()] <n and [|[M(w(t))llLz <m-

If not, since this property is obviously satisfied at ¢ = 0, we introduce t; > 0 the first time in which
this property fails. In particular, we have either |o(t1)| = n1 or [M(w(t1))[lLz =m.

For all t < t1, we have |o(t)] < m and [Muw(t)|lLz < 1, so that Estimates (4.42) and (4.45) are
valid on this interval. In particular, at ¢ = t1, by continuity we have:

1
2

[Mu(t) e < (261 MEw(O)F; +allMwO)F;)” < T

and
o (k)] < lo(O)] + 2 < T,

and this leads to a contradiction.
Therefore, if o(0) < %+ and [[w(0)[laz < 72, then for all ¢ > 0, (4.42) and (4.43) remain valid so that
® |lw[[zz remains small for all times,
e w tends to zero in H% when ¢ tends to 400,
e o remains small for all times,
e since Z—Z is integrable on IR" by (4.44), o tends to a limit 0., when ¢ tends to +oo.

This concludes the proof of Theorem 1. O

5 Estimate of the nonlinear terms

The aim of this part is to estimate the right-hand side terms of (4.35) and to obtain L? and H'
estimates for the nonlinear terms in (4.36).

First we give the exact expression of F(r), the nonlinear term arising in Equation (2.12):

F = Fi(r)(0pgr) + Fa(r)(Oyyr) + F5(r) (01, 0p1) + Fu(r)(Dyr, Oy1) + F5(x,7)(047)
(5.46)
+Fs(z,7)(0yr) + Fr(z,7),

with
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Fir) Ouur) = 5
Fo(r)(Oyyr) = (

F5(r)(0gr, 0y1) =

(#(7“) —arir

—u(r) — aryry

-5

o) - (2. m oo

2 1
—Qar

1
awzr )

u(r) — a1"17“2>
52

2
—Qary

ro + ary + au(r)ry
(Oé’l"g —ry+ OLM(T’)TQ) dpu(r)(Ower),

— 2 -
ar? () agrlr2> By — (rz +ar + oz,u(r)m) dp(r)(Dy,7),

arg — 11 + ap(r)ry

s (et ) dut o o)

arg —r1 + ap(r)ra

) () By, Byr),

ary — 11 + au(r)re

2 ro + ary + ap(r)r 2 —a+ar?
F xr - - T o 1 d xr b)
o F(z,7)(0r) 62 coshz <ar2 —r1 + ap(r)rs Ours + 82 coshz \p(r) + aryra +1 plr)(9z7)
B u(r) — arire ar? 2 ro + ary + au(r)r
o Fy(x,7)(0yr) =2tanhx ( —ar? u(r) + arry Oyr + coshiz \ara — r1 + ap(r)rs Oy

2 14+ p(r) — arirg

s (TSN autrio)
2 tanhz he 1 2 1 ro + ary + au(r)r

F L o1 R ——
© P <52 coshz ' 7 o coshz 2 Hr)( cosh? x 02 )) (—7"1 + arg + ap(r)re
2 1 ha «
—a|(1— ——=—= + hgtanh
¢ ( cosh? z 62 fatan :c) rulr) + coshz <_1> lr)

COs

+ (o

ha

hx

(a coshz

2
ary

w(r) + ar1r2>

) ("250)

h
+ ksin?Or] + 2 tanhxm) (
«

he 1
« coshzx

hq
+ kcos? Ory + —2 tanh xry +
Q

The term G arising in Equation (4.34) is defined by G = F(R(c) + w) — F(R(0)), so that we have:

with
G

Go

G3

G4

Gs

Ge

Gr =

Fi(R(0) + w)(0pw) + Fi(R(0), w)(w) (Duz R(0)),
Fy(R(0) + w)(9yyw),

F5(R(0) + w)(0yw, Opyw) + 2F3(R(0) + w)(0, R(0), Oz w)
+F3(R(0),w)(w) (3, R(0), 0, R(0)),

Fi(R(0) +w)(9yw, d,w),

Fs(z, R(0) + w)(0aw) + Fs(z, R(0), w) (w) (9. R(0)),
Fy(w, R(o) + w)(9,w),

Fy (2, R(0), w)(w).
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Here,

F; (R(o),w) = /0 d,F;(R(0) + sw)ds for i € {1,3},

and )
F; (z,R(0),w) = / OrFi(z, R(0) + sw)ds for i € {5,7}.
0

Remark 5.1. These terms are obtained by the Fundamental Theorem of Calculus writing for ex-
ample that

1 —~
Fi(R(o) + w) = F1(R(0)) + /0 dF(R(o) + sw)(w)ds = F1(R(0)) + F1(R(0),w)(w).

On the one hand we recall that

tanh(z — s) tanh x
cosh x cosh(z — s)

R(s)(x) = <p (s())(x)) with p(s)(z) =

So by direct calculations and estimates, we obtain that there exists a constant K such that if [s] <1
then

Ve e R, [R(s)(x)]+|0:R(s)(x)| + |02z B(s)(2)] + [Oraz B(s)(z)] < |s]- (5.48)

coshz

On the other hand, since u(r) = /1 — (r1)2 — (r2)? — 1, there exists a constant K such that if
Ir| <1 then
u(r)| < Klrl?,  |dp(r)| < Klr| and  [d?u(r)| + |d°p(r)] < K. (5.49)

Let us now estimate each term of G defined by (5.47). In what follows we recall that we assume
that |o| <no and ||wHH% < 1o, Mo > 0 being small enough to ensure that |[R(c) + wl|p= < 1.

e Estimate of G,

We recall that .
G1 = F1(R(0) + w)(0row) + F1(R(0), w)(w)(Iea R(0)).-

Using (5.49) and the formulation of F in (5.46), there exists K such that if |r| < 1 then

|[Fi(r)] < K|rf?, |dFi(r)] < K|r|  and |d*Fi(r)] < K. (5.50)
. 1
Since Fi(a,b) = / dFi(a + sb)ds, we have also
0

|Fi(a,b)| < K(la] + [b])  and |dFi(a,b)] < K. (5.51)

Therefore we have

G1l < [Fi(R(0) + w)| |0rw] + | F1 (R(0), w)| [w] [0, R(0)],

< K|R(0) + w]?|0raw| + K(|R(0)] + [w])[w] |0za R(0)]
using (5.50) and (5.51),
< K(o| + [w])(Oearo] + [uw])  using (5.48).

Thus we get:
1G1l[Lz < K(|o| + llwl|ze<)[lw|[-
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We estimate VG on the following way:
VG| < [dFL(R(0) + w)|(|0:R(0)] + [Vw])[ Oz w| + [FL(R(0) + w)||VOzzw]
HAFL(R(0),w)|(10:R(0)] + |Vw])|w]|0s: R(0)] + |FL(R(0), w)||Vew||0za R(0)]
HFL(R(@), 0)][0]|020 R (),
so using (5.48), (5.50) and (5.51), we obtain
VG < K(lo| + [w]) (o] + [Vw])|Ozzw| + K(|o| + [w])[VOzzw]|
+K (o] + [Vw])|wllo] + K(lo| + [w])[Vw||o].
Thus,
196ty < Kol + lwllo=) (Il + IVwls +10wlss + |Vorewilcs)
+K||Vwl| g4 ]| Ozgw]| s
We recall that in 2d, we have the following interpolation-type inequality:
lollzacmiond < ClIolEaruso zmp 1ol i o 2m (5.52)
Using this inequality for the last term of the previous estimate of |[VGirz, we obtain that
IVG g < K (lof + lwlle ) el

Estimate of G,

We recall that G2 = Fo(R(0) + w)(0y,w), with F» = §2F so with the same argument as for
G we obtain that there exists K such that if |o] <o and [|w|mz < o, then:

1G2lez < K(lo| + [[w]|zoe)|[wl]|ez,

and
19Calics < K (o] + ol ) oo

Estimate of G3
We have

Gs=F5(R(0)+w)(8,w, Oyw)+2F3(R(0)+w) (0, R(0), dyw)+F3(R(c), w)(w) (8, R(0), 0, R(c)).
Using (5.49) and the formulation of F3 in (5.46), there exists K such that if |r| < J then
|F5(r)| < K|r| and |[dF3(r)| + |d*F5| < K. (5.53)

Since F3(a,b) = fol dF3(a + sb)ds, we have also

(F(a,b)] + |dFs(a,b)| < K. (5.54)

Therefore we have, for |o| < ny and ”wHH?J < 1o,
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Gs| < [F5(R(0) + w)||0zw]? + 2| F3(R(0) + w)||0: R(0)||0zw]
+E3(R(0), w)|[w]|0: R(o) 2,

< K(lo| + [wl) (|10:w]? + [o]|0yw]) + Klw||o|?,
with (5.53) and (5.54). So,

IGslz < Kol + lwle=) (I0swl2s + ol 10awle ) + Koz,
< K (Jol + llwluz ) lwluz.

Let us estimate now VGs:
VG| < |dF5(R(0) + w)| (0. R(0)| + [Vw]) [ewl* + 2| F5(R(0) + w)||VOzw]|0pw]
+2[dF3(R(0) + w)| (|10 R(0)| + [Vw]) |0, R(0)||05w]
+2|F3(R(0) 4+ w)||0r2 R(0)]|0zw] + 2[F5(R(0) + w)||0: R(0)|| VO w
HdEF (R(0),w)| (10, R(0)| + V) [w||0,R(0) | + |Fy(R(o), w)||Vew||0, R(0)

+2|F5(R(0), w)|[w]|0z2 R(0)]|0: R(0)].

IN

K (lo] + [Vwl) [0sw]* + K(lo| + [w])|VOrw||0pw| + K (lo| +[Vw]) |o|0zw]|
+K (ol + [wDlol|Bsw] + K(lo| + [ ol Vs + K (o] + [Vul) [wllol?
+K|Vuw||o|* + K(|o| + |w])|w||e]?> using (5.53) and (5.54).
So,

IVGsllz < Kloll|0zwll7s + Kl[VwlZe + K(lo| + [[wl Lo ) | VOzwl| 4[| 0zw]| 4
+E|o?[| 0wl 22 + K[[Vw|alo| + K(lo] + [lwllz)lo|[|daw] 2
+E (Jo] + [lwllze)|o][VOzwl 2 + Klo[w]z + K| Vw||zs|lwlez o]
+E||Vwl 2|0 + K(lo| + [[w] L) [lwl L2 |o]?,

< K(|a|+||w||H§> lwllgs  using Estimate (5.52).

e Estimate of G4

We have G4 = Fy(R(0) + w)(0yw, dyw), with Fy = 6*F3. So, this term is estimated as the
first term of G3 and we obtain that

1Gallig < Kol + [l lwle  and [VGallez < K (o] + llwleg ) llwleg.

o Estimate of G5

This term writes

Gs = F5(z, R(0) + w)(0,w) + Fs(z, R(0), w)(w) (9, R(0)),
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where Fy and ﬁ; satisfy that there exists K such that for |r| < %7 for x € IR, we have:

|F5(.’E,7‘)|+‘81F5(£L'77")| §K|7’|, |({9TF5($,7')| SK, (555)
and _ _ _
|F5(x,a,b)| + |0, F5(x, a,b)| + |0-F5(x,a,b)| < K. (5.56)
We have N
|Gs| < [F5(x, R(0) + w)||0zw| + [ F5(x, R(0), w)||w||0; R(0)],
< K(lo| + |[w])|0zw| + K|o||w],
thus

1GsllLz < K(lo| + [[wllze) [wl[g-
In addition,

IVGs| < |[dF5(z, R(0) +w)| (|0:R(0)| + |Vw|) [Opw| + [ F5(z, R(0) + w)||VOw|
+ (10:F5 @, R(0),w)| + 0uF5 (. B(0), w)||0:R()]) luw]| 0. R(o)|
+[0uF (, R(o),w)] [Vl w0, ()

+|F5(x, R(0), w)|| Vw0, R(0)| + |F5(z, R(0), w)||w]|0z0 R(0)],

IN

K (jo| + Vo)) ato] + K (jor| + leo])[VOato] + K (1 + o) w] o]
K|Vuw||lw||lo| + K|Vwl||o| + K |wl||o].
So,

IVGslz < K(lo| + Jwllz=) (lwlez + IVwliz + [ Vw]z ) + [ Fuwll3..
< K(lo]+ wleg)llwls-

Estimate of Gg

We recall that
Ge = Fs(z, R(0) + w)(0yw),

with
|Fs(z,7m)| + |0:F6(x,r)| < K|r| and |0,Fs] < K. (5.57)

Hence
1GsllLz < [|F6(z, R(0) + w)|[=|0ywllrz < K(lo| + [|w]|Le)]|w]lwy.

In addition,
VG| < 0, Fs(x, R(0) + w)||0yw| + [0, F5(x, R(0) + w)| (|0 R(0)] + [Vw]) |9, w]

+[Fs(x, R(o) + w)|[VO,wl,

IN

K(lo| + [Vw|)(|0yw] + [VOyw]) + K[Vw||0yw].

So
IVGslluz < K(lo| + [[w]laz)||w|az-
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e Estimate of G

This last term is given by .
G7 = Fr(z, R(0), w)(w),

where, for |a| + [b] < 3,
|Fr (2, a,b)| + |0, Fr(2,a,b)| < K(la| + b)) and |0, Fr(x, a,b)| + |0y Fr (2, a,b)| < K.

Therefore .
1G7llLz < [[F7(z, R(o), w)|| L= [lw|rz < K(lo| + [lw][r=)|lw]rz.

In addition,

IVGr| < |0, Fr(, R(0),w)||w] + |0, F7 (2, R(0), w)||0, R(a)||w]
+|0yFr (2, R(0), w)||Vwljw| + |Fr(z, R(o), w)||[Vuwl
< K(lo| + [w])|w] + Klo|jw| + K|Vw||w| + K (o] + |w])|Vwl.

So
IVGrliy < K(lo| + Jwll)wley.

Therefore we obtain that

191z < K (lof + el ) lwlez  and |Gl < K (Jo] + Jwlla ) ol (5.58)
5 1
Since G = ( G1 | ————— ), where G; is the first component of G, we have
4w cosh x

G < 27llGllng < K (lo] + ]z ) llwle. (5.59)

So, using that g(o) is bounded by below by %, we obtain that there exists K such that if |o] < 79
and [ullgz < 1o,

1G1 < K (Jo] + sz ) lwllez. (5.60)
From the expression of I, (w) we have
o ()] < C (llwallug + ewnlnz) (5.61)
Thus, as |a(x,0)| + |0za(z, )| < Klo|, using the previously-obtained estimates we obtain that
1#Hllez < K (Jol + el ) llwl:,

and
1Hllery < K (ol + el ) el

Concerning the right-hand side terms in Equation (4.35), from (5.61), we get:
o)) < K,
and from (5.60), since |o| < 7y and ||wHH]2) < 1ng, we obtain that there exists K such that
1G] < Kllullss.

This concludes the proof of Proposition 4.2. O
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