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ANALYSIS OF A STABILIZED PENALTY-FREE NITSCHE METHOD FOR THE
BRINKMAN, STOKES, AND DARCY PROBLEMS

LAURA BLANK!, ALFONSO CAIAZZO!, FRANZ CHOULY?, ALEXEI LOZINSKI? AND
JOAQUIN MURA?

Abstract. In this paper we study the Brinkman model as a unified framework to allow the transition
between the Darcy and the Stokes problems. We propose an unconditionally stable low-order finite
element approach, which is robust with respect to the whole range of physical parameters, and is
based on the combination of stabilized equal-order finite elements with a non-symmetric penalty-free
Nitsche method for the weak imposition of essential boundary conditions. In particular, we study
the properties of the penalty-free Nitsche formulation for the Brinkman setting, extending a recently
reported analysis for the case of incompressible elasticity (7. Boiveau & E. Burman. IMA J. Numer.
Anal. 36 (2016), no.2, 770-795). Focusing on the two-dimensional case, we obtain optimal a priori
error estimates in a mesh-dependent norm, which, converging to natural norms in the cases of Stokes
or Darcy flows, allows to extend the results also to these limits. Moreover, we show that, in order to
obtain robust estimates also in the Darcy limit, the formulation shall be equipped with a Grad-Div
stabilization and an additional stabilization to control the discontinuities of the normal velocity along
the boundary. The conclusions of the analysis are supported by numerical simulations.

1991 Mathematics Subject Classification. 65N30, 656N12, 656N15.

1. INTRODUCTION

The Brinkman problem [10], originally proposed as an alternative model approach for the flow in porous
media, is obtained as a modification of the Darcy model by equipping Darcy’s law with a resistance term
proportional to the fluid viscous stresses, targeting on a better handling of high permeability regions.

In order to introduce the model problem of interest, let us consider a connected domain 2 C R", n = 2,3,
with boundary I' := 0€2, and let us denote by n the outer unit normal vector on I'. Our model problem is
described by the following system of partial differential equations

V- (peVu) +ou+Vp=f, i,

V-u=g, inQQ, (1.1)
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where u : & — R" represents the fluid velocity field, p : & — R is the fluid pressure and f: Q2 - R™, g: Q@ - R
are given data. In , the parameter uegs is called effective viscosity, while ¢ is given by the ratio between
the fluid viscosity and the permeability of the porous medium. Depending on the values of the aforementioned
parameters, the system describes a whole range of problems between the Stokes (¢ = 0) and the Darcy
(et = 0) models.

However, this transition does not depend continuously on the physical parameters. In particular, the standard
boundary condition for peg > 0 is

u=0, onl, (1.2)

(essential boundary condition on the velocity w), whereas for ueg = 0, it has to be replaced by the condition

u-n=0, onl, (1.3)

which is appropriate for the Darcy problem. Likewise, when focusing on the weak counterpart of , one
has to consider different natural functional settings for the Stokes/Brinkman (peg > 0) and Darcy (peg = 0)
problems.

These aspects affect also the discrete formulation of and the strategies for its numerical solution. In the
context of finite element methods, the different regularity properties of the limit problems (Stokes and Darcy)
are reflected in the choice of the finite element spaces used for the velocity and the pressure: stable and efficient
elements for the Stokes problem might not provide accurate or stable approximations in the Darcy case, and
vice versa (see, e.g., [91[12L[27]). Moreover, the discrepancy between the boundary conditions in the limit cases
at the continuous level implies that imposing essential boundary conditions on the velocity space does not allow
a smooth, parameter-dependent transition between and , in particular at the discrete level.

Our work is motivated by the solution of direct and inverse problems in clinical applications involving flows
in porous media. Hence, the numerical method shall be robust with respect to different flow regimes, in order to
handle unknown physical parameters, and, at the same time, require relatively low computational cost, allowing
for the numerical solution in a reasonable time.

One strategy to achieve a common discretization for both, the Stokes and the Darcy problems, which will be
adopted in this paper, consists in using finite element pairs suited for both cases, possibly including stabilization
terms. Among the different possibilities, we focus on equal-order (linear) finite elements, combined with a
Galerkin Least Squares (GLS) and a Grad-Div stabilization, that guarantee stability for the pressure and control
on the divergence of the velocity. This setting, with a particular focus on the Brinkman, Stokes and Darcy
problems, has been deeply analyzed, e.g., in [3], considering different choices for the scaling of the stabilization
terms. Other options, which have been proposed in the literature, are based on P /Py (stabilized) finite elements
(analyzed in [12] for the Stokes-Darcy coupling and discussed in [22] for the Brinkman problem), Taylor-Hood,
MINI, and Py /Py, (stabilized) elements [21,26], as well as Py /Pgis¢ [15].

In order to tackle the issue of the need of different boundary conditions depending on the (Stokes or Darcy)
regime, we focus on the weak imposition of essential boundary conditions via a Nitsche method. This approach,
originally introduced in [29], has been extended, applied, and analyzed in several contexts, including coupled
Stokes-Darcy problems (see, e.g., [12)15] among others), and the general Brinkman problem (see, e.g., [21422,26)),
demonstrating that it is able to yield a robust transition between the two different flow regimes. In its pioneer
version [29], the Nitsche approach was formulated as a consistent symmetric penalty method, for which stability
was guaranteed choosing the penalty parameter sufficiently large. This assumption was relaxed considering a
non-symmetric version proposed in [19], for which stability was proven for any strictly positive value of the
penalty parameter.

We investigate the so-called non-symmetric penalty-free Nitsche method, i.e., assessing the stability of the
approach even without the presence of a penalty parameter. In this case, the method can be interpreted as a
Lagrange multiplier method [31], where for the Brinkman problem the normal fluxes at the boundary and the
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pressure play the role of Lagrange multipliers. The stability of the Nitsche method without penalty was first
shown in [11] for convection-diffusion problems, and more recently extended to compressible and incompressible
elasticity [b] and to domain decomposition problems with discontinuous material parameters [4].

The unconditional applicability in presence of variable physical parameters is our main motivation for ad-
dressing and investigating the properties of the penalty-free Nitsche method for the Brinkman problem. In this
case, the main challenges are related to the fact that stability has to be shown for the pressure (in the case of
equal-order finite elements) and the velocity at the boundary. For the latter, it is important to observe that due
to the differences in the limit problems (e.g., in the boundary conditions and ), the natural norms to
be controlled depend on the physical range.

Our main result concerns the stability, the robustness, and the optimal convergence in a natural norm of the
formulation obtained by combining a penalty-free Nitsche method and a stabilized equal-order finite element
method. We show that the proposed finite element method is inf-sup stable in the whole range of physical
parameters, including the limit values peg = 0 or ¢ = 0. Moreover, our analysis shows that the inf-sup
constant does neither depend on peg nor on o, but only on the regularity properties of the mesh and on the
stabilization parameters. These results thus extend available estimates recently provided in [21,126] using a
similar discrete setting (stabilized finite elements), where the symmetric Nitsche method was analyzed focusing
on an adimensional version of which does not allow to control the divergence of the velocity and excludes
the case o0 = 0.

To establish the stability of the Nitsche method, we follow a path inspired by the analysis in [5] for the
incompressible elasticity, but proposing a simpler argument. As next, we discuss the stability estimate in the
Darcy limit peg = 0 (or in the more general case #< — 0), in which only the control on the boundary normal
velocity is required. We show that, focusing on the case of two-dimensional polygonal boundaries, an additional
stabilization to control the discontinuities of the normal velocity along the boundary is required. To tackle this
issue, we introduce a corner stabilization, which penalizes the jump of the normal velocity solely on the corners
of the discrete domain and allows to obtain the aforementioned robust stability estimates and optimal a priori
error estimates in a mesh-dependent norm.

The paper is organized as follows. In Section [2| we introduce the problem setting, the finite element formu-
lation, and enunciate the main stability and convergence results. Section [3|is dedicated to the technical proofs,
while numerical experiments are presented in Section [4] Section [f] draws the conclusive remarks.

2. A PENALTY-FREE NITSCHE METHOD FOR THE BRINKMAN PROBLEM

The purpose of this section is to introduce the stabilized finite element method for the Brinkman problem,
the penalty-free Nitsche method for imposing essential boundary conditions, and to state the related stability
and convergence results.

2.1. The weak formulation

In what follows, we will assume to deal with a two-dimensional domain £ C R? (i.e., setting n = 2) with

polygonal boundary I'. In this setting, let us consider the Sobolev spaces (see, e.g., [1,[20]):
Hy(Q):={ve H (Q) : v|r =0},
Hgivo (Q)={vel’(Q) : V.wel’(Q), (v -n)|r=0},

L3<n>:z{qeL2<n> : /quo}.

We will denote by curved brackets (-,-)a the L2-scalar product on A C €, while (-, ), will be used for integrals
evaluated on the boundary, i.e., for any E C I". For the ease of notation, the subscripts €2 and I" will be omitted,
simply denoting with (-,-) and (-, -) the scalar products in L? (£2) and L? (T'), respectively. Furthermore, a bold
faced letter will indicate the n-th Cartesian power, e.g., H' (R) = [H' (R)]" Finally, we will denote with |||,
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the norm on L? (2), and with ||||i and |-|2 the norm and semi-norm, respectively, on the Sobolev space H* (£2)
(see, e.g., [6, Def. 1.3.1, 1.3.7]).
With the above notations, we now introduce the bilinear forms

A [(u,p) ) ('U, Q)] = Heff (Vu, V’U) +o (u’ ’U) - (p7 V- ’U) + (v ’ urq) ’

2.1
L(o,0) = (£,0) + (9.0). >

In the case g > 0, the weak formulation of problem (T.1)), (1.2)) reads as: Find (u,p) € Hg () x L2 ()
such that

Al(w,p);(v,q)] = L(v,q), V¥ (v,q) € Hy () x L§ (). (2.2)

Detailed proofs of the well-posedness of problem for f € L*(Q) and g € L2 () and the corresponding
basic theory can be found in, e.g., [2}/7,/9,[20].

Depending on the given boundary conditions and the regularity of the given data, in the case peg = 0
(Darcy limit), the weak solution to the mixed form of problem can be sought either in H g;, o (€2) x LZ (€2)
corresponding to the boundary condition or in L* (R2) x [H' () N L3 (2)].

2.2. The discrete formulation

Let us assume that the polygonal computational domain € admits a boundary conforming (fitted) family of
triangulations {75}, i-e., that the discrete domain and the original domain coincide for all h. The parameter
h denotes a characteristic length of the finite element mesh 7, defined as h := maxre7;, hp, hr being the
diameter of the cell T' € 7;,. Furthermore, we will denote by Gy, the set of edges belonging to the boundary I
and with hg the length of E € G;. Since we assume that €2 is polygonal, it can be decomposed as the union of
Np straight boundary segments and we denote by C the set of corner nodes of Tj,.

We will assume that all considered triangulations are nondegenerate, i.e., there exists a constants Csg > 0
independent from h, such that

h
Vh>0, VT e€T,: — <Csr, (2.3)
pr

where pr is the radius of the largest inscribed sphere in T. This property is also known as (shape-) regularity,
see |13, p. 124], [17, Def. 1.107]. In particular, it is assumed that there exists a constant 79 > 1 such that

f?,i < 19, for any pair of adjacent edges E, E’ € G;,. For the validity of the arguments discussed in this paper,
we assume that the mesh satisfies also the condition

o <T+4V3=139. (2.4)

Moreover, we require that the triangulation is such that the inner triangles cover an area larger than the
boundary ones. Formally, let By, := Uz, par 29T be the union of all triangles which have at least a node on
the boundary. We assume that
|Br| < w|Q? (2.5)
with w < 1 and independent from h.
In order to define the discrete problem, let us introduce the quantity ¢o > 0, representing a typical physical
length scale of the problem, and the parameter

V= lef + U€Q2 (2.6)

(which has the units of a viscosity). The length £ has been introduced mainly for the purpose of consistency
of physical units (see, e.g., the discussion in [3|) and it is assumed to satisfy £o > hr, for all T' € {Tp}; -



Let us now introduce the finite element pair

Vi={v, e H(Q)NC’(Q) : vp|lr €P1(T), VT €Ty},
Qn:={an € LF(Q)NCQ) : qulr €P1(T), VT €T},

and consider the problem: Find (up,pr) € Vi, X Qp, such that
Ap [(wh, pr) s (Vn, qn)] = L (v, qn) V (vn,qn) € Vi X Qn, (2.7)
with

Ap [(u,p) 5 (v,9)] : = Al(w,p): (v,9)] + Sy e [(u, p) , (v, )] + Sp75"™ [(w, v)]

— (et Vu - n,v) + (pn, v) + (teg Vv - m,u) — (qn, u) + S}gihs (u,v), (2.8a)

Ly (v,q) =L (v,q) + Sy 55 ™ [(v,9)] + S5 [v] + S35 [v] . (2.8b)

In ([2.8a])-(2.8b), A[(u,p);(v,q)] is defined in (2.1)) and we introduce a stabilization belonging to the non-
symmetric GLS method

: h
S " (wp), (v.0)) =0 Y —E (out Vp,ow+ Va)y,
TeTh

12 (2.9)
S}Cjisns,rhs (v,q)] = o Z L (f,00+Vq)p,
’ v
TeTh
as well as a Grad-Div stabilization
SEPM ()] =00 (V -4,V - v), 210

Sys ™ W] == 6v(g,V - v).

Additionally, we employ a stabilization term, later referred to as corner stabilization, given by

Sy [(w,0)] = pv Y [u-n] (@) [v-n] (@), (2.11)

xzeC

where
[u-n](x) =u(x) ng—u(x) np =u(x) (ng—ng)

denotes the jump of u - n at a corner node « € C := {z.: IE, E' € T such that z. = ENE’ and ng # ng },
with E, E’ being the two boundary edges adjacent to x.

In the above definitions, «, §, and p are non-negative dimensionless stabilization parameters, which will
be assumed to be independent from the mesh size and constant in space. Notice that, in the case of non-
homogeneous boundary conditions, the corresponding right hand sides, consistent with the boundary terms
introduced in and with the corner stabilization , have to be included.

The stabilized formulation can be regarded as a consistent extension of the pressure stabilizing Petrov—
Galerkin method (PSPG, [§]) that was introduced in [16] as an unconditionally stable (o > 0), non-symmetric
formulation of the Stokes problem. This method can be interpreted as a non-symmetric modification of the
method proposed in 23], known as Galerkin Least Squares (GLS) method, and for this reason we will refer to
it as the 'non-symmetric GLS method’.



As it will be shown in Section |3] the stabilization (2.11)) is one of the main ingredients of our method. This
additional term is used in order to prove robust stability estimates, in particular in the Darcy limit (ueg = 0 or
o < 1), in absence of the Nitsche penalty term.

Remark 2.1 (On the GLS stabilization terms). Note that for since the velocity is approximated using a
first order Lagrange finite element space, it holds —V - (uegVuy) = 0, which allows the simplified expression we
are using. The formulation can be analogously extended to the general case of equal finite element pairs Py /Py
(k > 1). In these cases, the aforementioned term has to be included in the residuum of the momentum balance
equation.

Remark 2.2 (On the Grad-Div stabilization terms). The usage of the Grad-Div stabilization (2.10)), originally
proposed in 18] (see also, e.g., [24] for further detailed more recent discussions), is motivated here by the need of
controlling the L?-norm of the divergence of the velocity in the Darcy limit. However this term is also necessary
in order to provide stability with respect to the normal velocity on the boundary (see Section Lemma for
details).

Remark 2.3 (On the discrete setting). The main focus of this paper is the analysis of the penalty-free Nitsche
method for the Brinkman model. The non-symmetric GLS, the Grad-Div, as well as the corner stabilization
are motivated by our choice of the discrete setting (P;/IP; stabilized finite elements) valid for both the Stokes
and the Darcy problems. However, it is worth noticing that the stability estimates which will be proven for the
penalty-free Nitsche method and are based on the usage of linear finite elements for velocity and pressure, do
not rely on this particular choice of the bulk stabilization, and they can be straightforwardly extended to other
approaches (e.g., PSPG or symmetric GLS).

We conclude this section by introducing the norms considered in our analysis:

2 2 Heft 2 v 2 2
(e DI = el + D 0 o s + > ,TllwnEllo,vaZI[[u-nﬂ ()]
Eeg, F Eeg, P zec

2
Jr||29||ojL 3 h 1512
V « W PH(),T7
TeTh

(2.12)

with 6 := £ ¢ [0, 1] and
2 2 2 2
llall™ = pese [[Vuullg + o [lull + 0w |V - ulfg -

As it will be shown in the next section, the scaling by 6 is necessary in order to obtain robust estimates also
in the Darcy limit (ueg = 0). We also observe that, if ¢ = 0 (Stokes limit), the scaling factor is equal to
one. In this case, the velocity norm is analogous to the norm used (for the displacement) in the context of the
penalty-free Nitsche method for incompressible elasticity [5].

2.3. Stability and convergence results
This Section enunciates the main results of this paper, concerning stability and convergence of the proposed
penalty-free Nitsche method (2.7)). The technical proofs will be discussed in detail in Section

Theorem (Inf-sup stability) Let Ay [(wn,ph); (Vn, qn)] be the bilinear form defined in (2.8a), «,d,p > 0, and
Lett, 0 = 0 with peg + 0 > 0. Then there exists a constant B > 0, independent from h and from the physical
parameters, such that

A .
inf sup ( n[(wn, pn) 5 (Vn, qn)] > > 8.
(wn,pn) EVRxQu\{(0,0)} \ (v,,q0)EV L xQR\{(0,0)} Il (ans PR (R @n )l

The inf-sup constant B depends only on the stabilization parameters and on the shape regularity of the mesh.
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This statement assesses unconditional stability with respect to the physical parameters, including the limit
cases 0 = 0 or peg = 0. Moreover, we also show that, for small values of the stabilization parameters, it holds
ﬁ_l =0 (a—l (p—l + (5_1)).

Theorem (A priori error estimate) Let o, d,p > 0 and pier,0 > 0 with peg + o > 0. Moreover, let (u,p) be
the solution of with the appropriate boundary conditions and (wp,pr) be the solution of problem .
Assuming (u,p) € H? (Q) x H (), it holds

(e = wn, p = pr)lll, < 7 (Cu flully + Cpllplly) (2.13)

where Cy, and C, are independent from h and for small respectively moderate values of stabilization parameters

it holds )
Co=0[2], O,,_0<111>.
B vad:2f3

With respect to the a priori estimate , let us observe that it reduces to standard estimates in the Stokes
and in the Darcy limits, for 0 = 0 and peg = 0, respectively (see, e.g., [3]).

One of the main implications of the above Theorems is therefore the fact that the penalty-free Nitsche
formulation possesses a convergence and stability behavior that is comparable to the standard formulation
(where essential boundary conditions are imposed in a strong sense) and to the classical (penalty) Nitsche
method (see, e.g., [22,/26]).

For the sake of completeness, it is worth observing that, in order to obtain the robust convergence estimate
(2-13), the scaling of the stabilization terms with the viscosity v defined in is a necessary requirement.

Alternative formulations were analyzed, e.g., in [3], for the Brinkman problem with strong imposition of
boundary conditions. There, it was shown that stability and optimal error estimates can also be obtained by
scaling the stabilization of the Darcy terms with respect to the mesh, replacing v by vr := peg + oh3. on each
triangle T' € T,. An analogous scaling as well has been analyzed in [28] (stabilized finite elements for the Darcy
equation) and in [26] in the context of a rescaled Brinkman problem with a symmetric Nitsche penalty method
(limited to the case o > 0). However, as it will be shown in the next section, the scaling (2.6]) is used in order
to uniformly control the boundary velocity for peg,o = 0.

3. PrROOF

In this section, the proofs of the aforementioned Theorems, claiming inf-sup stability and convergence of the
proposed method, will be discussed in detail.

3.1. Preliminaries

Let us begin by introducing some basic notation and stating a few results that will be utilized in the upcoming
analysis.

Let E be an edge of the mesh, and let us denote by T'g a triangle attached to E. Then, the following discrete
trace in ity is valid (see, e.g., [6, (10.3.8)], [14, Lemma 4], |32, pp. 28])

_ 2 - 2 2
ng lolasy < evr (hz? Nol2arny + IV0lay)) Vo€ HY (T5), (3.1)
where ept > 0 is a constant, only depending on the shape regularity (2.3)) of the mesh.
Under the assumption of shape regularity (and assuming h < 1), there exists a constant ¢; > 0, independent
of h and T, such that for all v, € P (T'), k > 0, and for all T' € 7}, it holds the following inverse inequality |17,
Lemma 1.138]

vahHL?(T) < ahg! ||UhHL2(T) : (3:2)
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Combining (3.1]) and (3.2) one can conclude also that there exist a constant cprr such that, for any element-wise
linear (on the mesh 7j,) function vy, it holds (see, e.g., [25, Lemma 3.1], [32, Lemma 2.1])

2 _ 2
||UhHL2(E) < ¢DpTI hT}; ||Uh||L2(TE) ; (3.3a)

> hellVon - nellieg < eomt [Vorl 7, - (3.3b)
E€gy,

Let us denote with 7% the Scott—Zhang interpolator onto the finite element space V', [17,30], which preserves
essential boundary conditions on I'. Then, for I,m € Ny with 1 < I < oo, there exists a constant cgz > 0,
depending on the geometry and on the mesh regularity, such that the following approximation properties hold:

vo<sm<l: |7 (), o <cszllvlg, YveH (Q),Vh, (3.4a)
l
Vi<2: Y hillo— L2 )|, p < szl vl gy, Yo € H (S(T)), Vh, VT € Ty, (3.4b)
m=0

where S(T") denotes the union of all cells in 7;, which have a vertex in common with T
Finally, let I }f be the Lagrange interpolator onto V';,. Then, there exists a constant cr, > 0 such that, there
holds (see, e.g., |17, Theorem 1.103]):

[o = Iy ()]l + b [0 = I ()], p < cLahiz [vlly . Vo € H*(T) . (3.5)

3.2. Stability

As next, we will focus on the inf-sup stability of the discrete bilinear form with respect to the mesh-
dependent norm . Throughout the proofs, the introduced constants depending on the physical parameters
or on discretization parameters (mesh size, mesh topology, finite element spaces, stabilization parameters) will
be explicated and discussed, in order to allow the reader to follow the derivation in detail and, eventually, to
clearly assess the role of the physical parameters within the derived estimates (especially in the limit cases).

The first result concerns the coercivity of the bilinear form ([2.8al) in a norm which is weaker than (2.12)).

Lemma 3.1 (Coercivity in a weaker norm). Let o > 0, §,p > 0 and pieg,0 = 0 with peg + o > 0. Then there
exists a constant Co = Cy() > 0, independent from the physical parameters and h, such that

An [(vn, qn) 5 (vn, )] = Co (IIIthI2 +ov Y llon-n] @)’ +a ) th ||th|(2),T> ; (3.6)

xzeC TeT,

for all (vy,qn) € Vi, X Q.
Proof: Let (vp,qn) € Vi, X Qp, then it is
2 2 h3. 2 2 h3. 2
Ap [(vn,qn) ; (Vs an)] = prest [Vonlly + o lloallg +a > — IVanllor +ao > — llonllo.r
TETh TETh

h2
+2a0 Y 7T (Van,vn) + v |V -wulls + pv > |[on - n] ()]
TETh xeC



Using the Cauchy—Schwarz and Young inequalities we obtain

2 2 1 Uh2 2
An[(vh,an) s (0, @n)] > piest | Vonll§ + o [lvall§ + ao (1 =) > —Flullor
TE7-}L

h2
+0v |V -wnllg +pv Y llon-nl (@) + (1 -e)a Y L | Vaullr .
zeC TeTh

2
and since UhTT < ”Zlfzg < 1 we get with € < 1 the bound

«
A [(Wn,00): (Wn,an)] > petr Va5 + (1+a = 2) ollonls +6v [V - vl

2
torYllonnl @F +0-2)a 3 T g3,

xeC TET

In order to obtain the stability estimate, we choose € such that ;97 <& <1, so that (1 +a-— %) and (1 —¢)

are strictly positive. Taking € := ( %2 4+ a— g) these two coefficients coincide, and we obtain

An[(Wns9n) 5 (s an)) = pest [IVonllg + v [V - oalls + pv D [[on - n] ()]
xzecC

h2
+(1-¢) <a|vh||3+a > L ||th||§,T> .

TeThH

The proof is concluded defining

[ a2 o
C().—l—E—].— Z+C¥+§ (37)

O

Remark 3.1 (On the behavior of Cy). Notice that the constant Cy introduced in (3.7)) is a decreasing function
of «a satisfying Cy(0) = 1. In particular, Cy = O(1) for small and moderate values of a. Note that the estimate
(3.6) holds also (trivially) for o = 0.

The following Lemma provides stability in the L2-norm of the pressure.

Lemma 3.2 (Pressure control). Let a > 0, §,p > 0, and peg,0 > 0 with peg + o > 0. Then, there exists
a constant C1 = Cy (,8) > 0, independent from the physical parameters and h, such that, for all (up,ppn) €
Vi X Qp, we can find a function vy, € V', that satisfies

1l 2 h 2 Hoff 2
Al s 00 0) > 5200 6 (i 10 3 P2 wpiz o 3 08T 2, ). G
TETh EecGp

Proof: Let (un,pn) € Vi X Qn. Since p, € Qn C LE(Q) (due to conformity), there exists exactly one
vy, € H{ (Q) and a dimensionless constant éq (that only depends on €2) such that [20, Corollary 2.4]

1
V-vy, = - Dh, (3.9a)

Ca
IVUp,llp < W pnllo - (3.9b)
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Let now vy, := I7Z (v, ) be the Scott—Zhang interpolator of the function vy, onto Vj,. Due to the H!-stability
of the Scott—Zhang interpolator (3.4al), property (3.9b]), and the Poincaré inequality [17, Lemma B.61], there
also holds

cQ ZQCQ
IVonllo < == llpally and [onlly < pnlly (3.10)

with a constant cq that only depends on the domain and on the regularity of the mesh. Moreover, according

to (3.4b)), it holds

1 2 1 2
T3 ”'Uph, _'UhHOT < TC%Zh%" ||vah||05’ < csz ||V'Uph||o7 (3'11)
h ; h S(T
TeT, T TET,

with ¢gz” := ¢&, (maxrer, #S (T)). Here, #S (T) denotes the number of triangles contained in S (T') which
depends on the regularity of the mesh.

Since the Scott—Zhang interpolator preserves essential boundary conditions, it holds v, € H é (2) NV}, such
that the boundary terms involving vj, vanish. Using the decomposition vy, = v, — (v,, — vi,) and integration
by parts for the term (v, —v;,) € H{ () we get

Ap [(wn, pn) 5 (Vn, 0)] = et (Vun, Vop) + o (up, vn) — (pn, V - vp)

h2
+ Z I (ouy, + Vpn,00p)p +0v (V- up, V-vy)
=
+ <,ueffV’Uh . n,uh>
= Heff (V'U/h, V'Uh) +o (Uh,’l)h) - (pha V- vph) - (Vphv'uph - vh)
hi
+ Z — (cup + Vpn,0vp)p +6v(V-up, V- vy)

TET)
+ {pet Vop, - n,up)

Using the Cauchy-Schwarz inequality, the equality (3.9a), the inequality (3.11)) and ||V - wvy]|, < n2 Vonllys
we obtain

1 1/ 1 ||ph||2
An (s pn) 5 (08, 0)] = =l (e [Fnlly) IV0nllg = 0¥ (o llunlly) llonllg + T2

1

2 2
2 ag
~ o5z ( S h3 ||Vph||o,T> IVop,llg —ao Y- =L

TeTh TETh

- (3.12)

=53 ||V - unllgnv? || Vo,

_az

TeTh

=T
+ (pet Vop, - myup)
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The terms 77 and 75 introduced above can be estimated using the Cauchy—Schwarz inequality and the inequal-

ities (3.10)), yielding

1 1 1 Pn
Ti=a0 3 2Z funlly o fonly < ac funlly o lonly < caac? flunl, 12200 (3.13)
TET), vz
<1
and
% h2 % hQ %
1 ol T 2 1
T=a ) o ( ) (%r) a2 lonllo.r <a(z V||Vph|oﬁT> o [[ouly
TETh ——— TET
<1
3 1
h? 2 1 gﬂcn h3 2 (123
Sa ( > 7T ||vPh||0,T> o2 == |pally <caa| D 7T IVonllo 0. (3.14)
TeT, TEeT;, V2

For the boundary term we apply the Cauchy—Schwarz inequality, the inequality (3.3b)), and the estimate (3.10)

to derive

(teg VUp, - T, Up) ( Z peeh | Von - ng|; E)

EegGp

i 2
< ¢Hrr <Neff Z ||Vvh||o,TE>

EegGy

1

i Pn T 2
SCQCFDTI” 1”0 (MZ )2 (Z
vz N——— \EEg),
=0

[N

N|=

1
Meft 2
(z LN )
E€gy, E

1
Heff 2 ’
L 2 )

D=

Meff
(Z s ||uh|3,E>

EegGp

W=

(3.15)

Inserting (3.13), (3.14), and (3.15) into (3.12)), using the estimates (3.10) and (3.9b)), and rearranging the terms

one obtams

2
[l [l
v 3

~ca (1l | Vunl, )
cszCq
— < Ja +CQ\/a> <a

—cq (né)% ((5u |V - uh||§>

Ap [(un,pn) ; (vn, 0)] >

TeTh

1
2 llpnlly _
Ve

We now define

C) = max{c?) (1+a)?, ( -

1
a(l+a)o? unl, —
V2

1

h3 2\ el

§ Z/T ||Vph||0,T> L;O
2

. 2
cszéa + coa)

||th0

DTI < Z 9 Meff

Eegy,

2 2
, cqno, chDTI}

%
2 ||ph||0
h”o,E R
V2
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and using the Young inequality we obtain the estimate

Ipnllg 2 h3 2 Heft 2
2= {lunll® +a 30 "L IVPRlGz + > 05 lunlis | -

14
TET Eegy,

Anl(n,n) (o0, 0] > 5

with Cy := 3C1. O

Remark 3.2 (On the behavior of Cy). The constant C; in (3.8) depends only on the stabilization parameters
a and §, on the domain ©, and on the discretization (through the constants n,cq, ¢q, csz, and cprr). In
particular C7 ~ é for o <« 1.

The next step concerns the stability of the proposed formulation with respect to the boundary velocity. To
this aim, we will show that the skew-symmetric Nitsche terms in yield a stable formulation by defining
two particular test functions that provide control of the boundary norms of the velocity.

The construction of the first test function and its main properties are stated in the following Lemma.

Lemma 3.3. For any uj, € V', we define w)," € V', such that, for each mesh node @, it holds
wn (. uwn(@),  forzel,
wy" (@) = { 0, forx e Q\T. (3.16)
Then the function wy™ satisfies the following properties:
(1) There exist two positive constants co and ¢y, depending only on the reqularity of the mesh, such that

f
(e Vaog - mun) > o 30 5 unlf] = cvsen |V} (3.17)
EcGn

(2) There exists a constant co > 0, depending only on the regularity of the mesh, such that

2 Heff 2
st | Vwpt|lg <ea > 7 lunllo s - (3.18)
Eegy, B

(3) There exists a constant cs > 0, depending on the mesh regularity, such that

||w'}l:h

o < csllunl, (3.19)

(4) There exists a constant ¢z > 0, depending on the mesh regularity, such that

2
0,T

[[wn ops VT ET,. (3.20)

< Gshy |[Vw)

Proof: Let us consider u, € Vj, and let w;” € V', be defined as in (3.16)). In the following proof, for an edge
E € G, with vertices 1 and x5 we will denote the (unique) attached triangle by T' g = conv {xg, €1, 2 }.

(1) In order to prove (3.17), let us introduce wg: R? — R? as the linear function that coincides with w}" in
T'g and extends it everywhere in R2. Since w}" (zo) = 0, it holds

R

where x| is the perpendicular foot of the vertex xy and hg | is the height of the triangle T'r with respect to
the edge E. Depending on the shape of T'g, ; might fall inside or outside the edge E. Formally, there exists
an a € R, such that

) =ax1+ (1—a)xe, |al+|1—al <M, (3.21)
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where M > 0 depends only on the mesh regularity constant. Hence, by adding and subtracting u, we can
reformulate

1 1

(Vwy" n,up)p = ——(we (x1), un)p = 7— ((Un,un)p — (up —we (1), un)g)
hEl he, 1

h 1 1
_fe ( fun 2 E) ~ Lt - we (@) un) (3.22)
hEL hE ’ hEL

) s

Exploiting (3.21)), the linearity of wg, and the fact that wg coincindes with up on E, we get, for all x € F,

(aup (z1) + (1 — a) up (z2))|
< (lal [un (2) = un (z1)] + 1 = af [up (2) — un (22)])
<M (|lup () — up (T1)] + [un (@) — up (22)])
<2M hg [(Vup) |75l ,

un (®) —wp (x1)| = [un (®) -
h

where | - | stands for the Euclidean norm. Since Vuy, is constant on T'g, it holds also

IVunllo.r, = |Tel? [(Vun) |7, (3.23)

from which we deduce
[(Vun) [y < chp! IVunlly 7, »

where the constant ¢ > 0 only depends the regularity of the mesh. The above arguments allow to conclude
Jun = wp @1)llg.p < b ma s (@) — wp (@0)] < 2MAE [(Vwn) lra| < er b [Vanlor, . (3:20)

with cp := 2Mec. Thus, applying the Cauchy—Schwarz inequality, the inequality (3.24)), and the Young inequality
yields

hg
(up —wg (xL),un)p < cr E||Vuh||0TE lunllg < ||Uh||0E+Cr 5 IVunlly 7, -

Combining this inequality with - leads to

” 1 he [ pes 2 2 he 2
(e VW™ -m,up) §h <hE lunlly | —cr T (Neﬂf Hvuh”o,TE) :

The proof is concluded taking the sum over all boundary edges and defining

1 hE C% hE
= — mi = — 0, 3.25
=3 hee, {hEL} T B\ hes (3:25)
which are only dependent on the shape regularity of the mesh.
(2) First of all, since w)," and wy, coincide on E, it holds Hw“hH0 5= Huh||O - Moreover, let us consider a

triangle T' = conv {xo, €1, 22} such that T NT # ), assuming (Wlthout loss of generahty) that &g €T, &1 € T
and denoting with N € {1, 2} the number of vertices T has on the boundary. Using the linearity of wy, it holds,
for an appropriate ¢ > 0 depending only on mesh regularity,

N
2 .

“ e Jup ()], HTNT #0D,

||thh||t2),T< i:1| n (@s)] 7

0, otherwise.
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Hence, denoting by Nr the total number of boundary nodes, and by cyg the maximum number of triangles
adjacent to a boundary node (which can be bounded, e.g., depending on the smallest angle of the triangulation
T1), one can write

Nr
ff
ptt [ Veoi [ < pesrenne Y fun (@) < ez D 2 un;
1=1 EcGy, B

where ¢o depends only on the regularity of the mesh.

(3) The inequality (3.19) can be proven using scaling arguments similar to the previous ones, observing that
w;™ and wy, coincide on each boundary edge.

(4)  Also the inequality (3.20) follows by standard scaling arguments, exploiting that w}" is a component-wise
linear function that vanishes on interior nodes of the mesh. (|

Remark 3.3 (Extension to higher order finite elements). It is worth noticing that an analogous of this Lemma
can be also proven for higher order finite elements, using the same definition of the function w}" with different
definitions of the constants ¢y, ¢1, ¢2, and cs. In particular, some of the equalities (due to the fact that both wy,

Up

and w)" are linear), e.g., (3.23) have to be replaced with inequalities obtained by proper scaling arguments.
Using the above defined function wj", the next lemma allows to state stability of the boundary velocity.

Lemma 3.4 (Boundary control - I). Let «,d, p, per, 0 = 0 with peg +0 > 0. For any (up,pn) € Vi, X Qp, there
exist a function wp, € V', and a constant Cy = Cy (e, §) > 0 which is independent from the physical parameters,
from uy, and from h, such that

€o Heff 2 2 h3 2
Ap [(wn,pn) s (wn, 0)] = = >~ 0= |lunllg g = Co [ llunll* + o > —E I Vonllor | -
4 hE v
Eegy TET

where cq 1s the constant defined in Lemma 3.3,

Proof: For a given pair (un,pn) € Vi, X Qp, let wy, := 0w}, where w}" is the function defined in Lemma
Then, we get

Ap [(wh,pr) 5 (wh, 0)] = Opes (Vup, Vwy ™) + 6 (cup, wy™) — 0 (eg Vuy, - n,wy ™) + 0 (e V)™ - n, up)

h2
— 0 (pn, V-wp”) + 0 (ppn, wp™) + af Z —T(auh+Vph,aw}f")T
TeT v
+5V9(V-uh,V-w}l‘h)+p1/6’Z\[[uh-n]} (z)* .
xeC

Observing that the corner stabilization is always positive and that 6 < 1, using the Cauchy—Schwarz inequality,

the inequalities (3.17)), (3.18]), and (3.19)) leads to

1
3
3 3 L Heft 2 2
A [(wn, pr) 5 (wn, 0)] = —c3 ply [Vunlly 62 D 6 he lunll z | —ocsllunlly
<1 Eegy E

— 0 (e Vun - mwp) +eo Y 05 unll} 5 — erpren | Vun
=" h : (3.26)
€0n
Up Up h'_QF Unp
— 0 (pn, V-wp") + 0 (ppn, wy™) + af Z — (oup + Vpn, owy™) .
T€7—h

+0v0 (V- up, V-wp™).
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Combining the Cauchy-Schwarz inequality, the trace inequality (3.3b), and the fact ||w)" ||, 5 = |unlly 5 we
obtain

N

1 e
0 (pesr Vup - v, wp" ) < (cprifles) ||Vuh||0\6‘% , ( Z 0 l;h: ||Uh||(2)E> )

<1 \E€g,

which, inserted in (3.26]), yields

3
3 3 3 Heft 2 2
Ap [(wn;pr) 5 (wp, 0)] = — (‘322 + CEZ)TI) pd [ Vaenllg ( Z o heE |'U'h||o7E> —ocs |lunlly
EeGp

f
oo Y 05 funllf p — eaprr | Vun;
Eeg B
h

u u h’_QZ" u (327)
—0 (pn, V- wp™) + 0 (ppm, wy™) + o Z (oup + Vpn, owy™) .

TeT

=09

=:Q
+0v0 (V- up, V-wp™).

=:03

In order to bound the term Qi, we use the integration by parts formula, the Cauchy—Schwarz inequality, the

inequalities (3.20]), (3.18)), and Ov = peg to obtain

ol

u h’2
Q=Y 0(Vpnwy")p <0 <a >. =~ ||Vph||§,T>

[N
VRS
N
m
3

14 112
D o i O,T>

TeTh TCT;
3 1
h3 2 ’ ~1 w12\ 2
< (a Z 7T |Vph||07T> (921/63a thh”())
TETh
: 1
025:3 % h%—‘ 9 2 Leff ) 2
< ( a > « Z v IVPullo,r Z 0 n lunllor | - (3.28)
TeTh E€gn 2

Next, we observe that the term Qs, coming from the pressure stabilization, can be bounded using the Cauchy—
Schwarz inequality, Young’s inequality, and (3.19)) as

1
1 h3 : oh?
0,2 <tnt (o 3= M il ) | X Wit | - ool

TETH TETh ~~~
<1
1
h%—- 2 2 1 2
>0 X " 19miEr ) (00)? e llunlly - aves funl
TEeT
1 h%—v 2 2 2
> ——« Z ~ IVorllor — (3 + c3) ao ||unllg - (3.29)

TETh
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-

2

Nl

Finally, (3 and (v6)

allow also to conclude

(NI

1 1 w, 1 3 He
Qs > —6 (W) |V - wplg (v0)* [ Vit [y > — (mez)® (6019 - wn ) (Z eh“||uh|3,E> . (330)

E€egy

We observe that scaling the test function by 6 allows to, on the one hand, assure coercivity in the chosen norm,
and, on the other hand, to obtain a parameter independent estimate for the terms involving vV - wj. Notice as
well that the scaling by 9 implics that the test function vanishes in the Darcy limit (g = 0). Inserting (3.28)),

, and (| into , and reordering the terms yields

Ap [(wn,pn) s (wn, 0)] = co Y 6 A;Leﬁ lwnlls 5 — crper [|Vunlls — (s + o (3 +¢s)) o lunl
EecgGy,

1
1 1 1 Loft 9
— (e + chry) nla ||Vuh||0<2 05 ||uh|0,E> Lo ¥ w2,

Ecg TeTh
1
cac3 \ ?
o

=2 (aZ’”‘f”nwhé,T) (29 llwllw)

W=

T
1
i 2\ 2 ,ueff 2 ’
— (nea)* (5vIV-wnl})” | D 05 unlly s ) -
Eecgn
Applying three times the Young inequality yields, for any € > 0,

T
Ap [(wn, ) ; (wn, 0)] = co Y 0 % unllg g — e [ Vunlly — (s + o (3 +¢s)) o [l
Eegy

1 1 2
(022 +C]2DTI) 2 € Heoft 2
- Tﬂeff [Vunllg — ) Z 0 heE Huh”o,E O‘ Z T HvPhHOT

Eegh, T€7—h
CQ&; h%w 2 9 Heff 2
- — — |V - = 0
2ae <O‘; L [ ph”o,q’) B) (; hy |uh||o,E>
57162 3 Heff 2
— 22 (6019 - unl}) - 2<E2gj 05 el |
h

Choosing € = 9 allows to conclude

C ft
Ap [(un, pr) ; (wn, 0) - Z 9Me hH(2)E_ et
’ Co
Eegh

1 C3 h2
(63+Q(C§+63))J|uh”§( +0263>a Z —

4 acy

(5n02

= (6019 - wl5)
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The proof is completed defining

1  coc3 Ones

Cy :=max<{ c; + 7(C3+O‘(C§+C3))

co 4 acy’ ¢

O

Remark 3.4 (On the behavior of C3). It is worth noticing that the constant Cy is bounded for any choice of
the stabilization parameters. In particular, Cy grows like c; ! which is related to the anisotropy of the mesh
near the boundary (see ) Moreover, as it has been stated in Remark the stability estimate does not
rely on the particular technique chosen for the stabilization of the equal-order finite element (i.e., a > 0 is not
strictly required).

The last step needed to show the fulfillment of the inf-sup condition is related to the control of the normal
velocity at the boundary, which is particularly relevant in order to guarantee stability towards the Darcy limit,
ie., for olo? > Lo and especially peg = 0.

It is worth recalling our assumption on the mesh, stating that for any two adjacent boundary edges
E,E' € Gy, it holds

h
hE <o < T+4V3 (~13.9). (3.31)
El

We observe that this assumption is weaker than quasi-uniformity of the mesh, as it only restricts the ratio
between the lengths of adjacent boundary edges.

Moreover, let us also recall that the mesh is assumed to satisfy , i.e., that the area of inner triangles is
larger than the area of the boundary triangles.

Lemma 3.5. Let us assume that the family of triangulations {Tp}n satisfies (3.31) and (2.5). For a given
up, € Vy, let us define ;" € Qy as the function whose values at the boundary nodes are uniquely defined to
satisfy the L?-projection property

1
<Q}1:h7§0h> = Z E<uh ‘NnEg, SOh>E7 V(Ph S Qh . (332)
EeGn

and its value at the interior nodes is given by a constant cq, chosen in order to satisfy fﬂ q" =0.
Then the function g, has the following properties:

(1) There exists a constant ¢y > 0, depending only on ng, such that
2 1 2
> helg oy <es Y 7 llun-nelo s - (3.33)
IDISN Eeg, " F
(2) There exists a constant c; > 0, depending only on ng, such that

1

w 1
—{@" un-m) > 5 > 7 llun nplg g —cs Y |[un-nf (@) (3.34)
Eegy E xzel

(8) There exists a constant cg > 0, depending only on the properties of the mesh, such that

2 1 2
llap"1lg < co Z o [[wn - nEHO,E (3.35)
Ee€gy, B
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and
> g Vg s < coct Z — s nel s (3.36)
TETh Eegh
Proof:
(1)  In order to prove (3.33)), let us restrict for simplicity, and without loss of generality, to the case of a
boundary with a single connected component. In this case, let us number the boundary nodes as 1, ..., xy and

the boundary edges as E1, ..., En such that the edge F; connects the nodes x; and x; 1, foralli € {1,...,N}.
Moreover, we identify &y with @1, so that the above defined convention is well-defined also for ¢ = N. To
simplify the notations, let us abbreviate h; = hg, and ¢; = ¢;" (;). We now consider a function ¢, € Qy
defined at each node x of the mesh by

hiqia S F?
on (o) == .
cp,  otherwise,

h

where ¢, is a constant defined in order to have fQ ¢ = 0. On any boundary edge E;, by the linearity of ¢, and

©n, application of the Simpson rule yields
up hi 2 2
" Ph =& (2hiq; + (hi + hit1) Gidisr + 2hiv1G7 1)
E;

and h,
/Iqh”l2 g(qz+qzqz+1+qz+1)

i

We will first prove that there exists a constant ¢ > 0, independent from ¢, and h;, such that

/Iqh\2 C/ qn" #n - (3.37)
E E;

i

If ¢; =
The 1nequahty - then reduces to

< ¢, l.e., with é > ng. Assume now that ¢; # 0 and set 7 : % and t := q’q%

L+t4+6° <5 (24 (L+n)t+29t?) .

N O

Since 7 > 0, n € [1/19,m0], and 1+t +t2 > 0, for all t € R, the above condition is equivalent to

2+ (1 t + 2nt?
wf +(1+n)t+2n

75 <N<1o 1+t+1¢t2
teR

> 0.

Since the polynomial in the denominator is always strictly positive, the whole infimum is positive if the numerator
as a polynomial in ¢ is strictly positive for all ¢ € R and for all n € [1/n9,n0]. This is the case if and only if
its discriminant does not have real roots for the selected range of 1. The discriminant of this polynomial is
D (n) := (1+n)® — 16, which vanishes if 7 = 7 4+ 4v/3 and is strictly negative if 7 € (7 —4v/3, 7+ 4/3) =

(ﬁ, 7+ 4\/§) Hence, D(7) is negative if ny < 744+/3 (i.e., assumption (3.31))). Estimate (3.37) is therefore

proven by setting
—1
2+ (1 t + 2nt?
é:é(’ﬂo) = ImaXx 770,2 linf +(1+77) —’2_ 1
7o <N<Mo +i+t1
teR
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< np yields also, on any boundary edge E;

1 h; hiv1)”
ol s, < <1+ ity (Be) )n Gl < Qrm ) Bl (39)

Summing (3.37)) over all boundary edges and using (3.32), the Cauchy—Schwarz inequality, (3.38)), and the Young
inequality yields

> hellglly g < élart,en) = —¢ Z b ME, Ph)E
Eegy Eegh
1 1
R 1 2 ’ 1 s\
<o S lwenslls ) (S0 o el
Eegy E Eegy E
€ 1
(2 Z Huh nEHOE + — % ( + o +"7§) Z he ||Q}1:h||(2)7E) .
€Gn Eecgy,

Choosing € := ¢ (1 + o + nZ) leads to

2 R 1 2
Y hellgtlos <&@ (+m+m) D 7 llun-nelop -
EEQ), Eeg, F

Estimate ([3.33) is obtained defining ¢4 := ¢* (1 + 19 + 1), which only depends on 7.
(2) To prove the second inequality, let us consider the function ¢ € @), such that, at the mesh nodes x, it
holds

up - n(x), forz e T\ C,
on () =19 % (up -ng(@) +u, ng(x)), for € C,with E, E’ two adjacent boundary edges,
Co, otherwise,

with a constant ¢, defined in order to have [, ps = 0. Remember that C is the set of corner nodes at the
boundary.
Using (3.32)), the Cauchy—Schwarz, and the Young inequalities we obtain, for any ¢ > 0,

1
— (g un - m) = — (g™, on) — (qp", un -n —@p) = — (up M, on) g — (ap™ un-np —on) g
he
Eegy Ecgn

1 w
= Z *Huh nE”OE Z h7<uh’nEauh'nE*‘Ph>E* Z (g™ un-mE —¢n)p

Eegn BeG, ' E Eegn
£ 2 1 2 3
>y = ((1 =)l mslly g = = lunme —enlyp) =5 D bl s (3:39)
Eegh EEQ}L

The function (up -1 — @) |geg, is different from zero only on boundary edges that are adjacent to a corner.
In particular, let us consider a corner node x. € C with an adjacent edge F = T;x.. It holds

[(up - mp —on) (xc)| = % [fun -np](zc)|  and  (up-mp —¢n)(x:;) =0,

which yields (Simpson rule)
1
|un-np — <Ph||g,E = ﬁhE |[un - ng] (wc)|2 : (3.40)
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Thus, inserting (3.33)) and (3.40) into (3.39) and choosing ¢ := ——= we obtain

_1
cat

1 1 2 2
—{@" un ) > 5 > Enuh'nEHO,E_Cf)Z [un - n] (z)]

Eecgy xeC
with ¢ := 04;51, which only depends on 7.
3 To prove (3.35)), let us first introduce a continuous, element-wise linear function ¢3", which coincides with
0
g," on the boundary I' and vanishes at all the interior nodes, and a continuous, element-wise linear function

1y, vanishing on the boundary and equal to 1 at all the interior nodes. Let us observe that, using an argument
analogous to the one of Lemma (omitted here), it holds

2 2
llao™ Iy < enm Z he llay" 1o g - (3.41)
EcGp

where cyp is the maximum number of triangles adjacent to a boundary node. Moreover, we have

ay" = q" + cq¥n.
From [, ¢;" = 0 we obtain

Up

e gl 1Bl
! fnwh fgz/)h )

since gy is different from 0 only on Bj,. Hence, using the assumption (2.5,

I9onllo 1 Bal? \ | 22| B2 w3
g 1 h < 1 Up g 1 Up
0 ( + o™ llo + 2= 1B g™ llo t1 o ) e

f a¥n
Since 0 < w < 1, the coefficient inside the parentheses is always strictly larger than one (and it approaches one
on fine meshes). Inserting (3.41)) into (3.42)) and using (3.33]) we obtain (3.35)) with a constant c¢g depending
on ¢NB, Mo, and w. Finally, (3.36)) can be obtained combining the inverse inequality (3.2)) on each triangle and
(13.35)):

and leg] <

Up

||Qh

v (3.42)

2 2 1 2
> hrlIVartlor <t Y larlor < csct Y 7 llun - melo s -
TET) TET) Eegy B

Finally, we are able to show control of the normal velocity for arbitrary values of physical parameters.

Lemma 3.6 (Boundary control - II). Let §,p > 0, a > 0, and pesr, o = 0 with peg + 0 > 0 and let us assume
that the family of triangulations {Tp}n satisfies and (2.5). Then, for any (up,pn) € Vi X Qp, there
exists a function qp € Qp, and a constant Cs = Cs (a, 0, p) > 0 independent from the physical parameters, from
uyp, and from h, such that

1 v h2
An[(wn, pr) 5 (0,a)] = 7 > e lun - mglly  — Cs <|||uh||| +ovd un-n] (@) +a > TT ||Vph||§,:r> :

Eegn zeC TETh
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Proof: Let (un,prn) € Vi, X Qp and let gy, := vq,™, where ¢;" is the function defined in Lemma Using the
Cauchy—Schwarz inequality, Young inequality, (3.34)), (3.35)), and (3.36]), we obtain

h2
Ap [(wn, pr) 5 (0,a0)] = (V- un,vgp™) + 0 Y 7T (oun + Vpr, vVa" ) p — (vay”  un - n)

TeTh

> 1 SV 2 wp h%’ 2 1 2 wp,
Z =56 |V unlly - ||q lo—a > L(o*— IIUh\\o,T+V IIVq 162

2e v 2e ’

TETh
h
—a§jlf(%mv%mT+v HthmT)—u@#n%-m
TETh

1 € v

> (2 —%06—a0%065’> Z h—||uhnE||(2)E puZH[uh
FEegy, xeC
1 5 1 oh% 1 h3 2
= 5 VOl unlly —ag > T o |lunllg T — a5 > 7T IVonllor
TeTh ~~~— TETh
<1
for any €,¢’ > 0. The proof is completed choosing & = % and & = 8%, and defining
6 acect
C5 266 2
C3:=maxq —, — 4a c601,4a06cj ,
p 6
which depends only on the shape-regularity of the mesh and on the three stabilization parameters. O

Remark 3.5. As stated in Section the scaling of the stabilization terms by v is a necessary requirement
in order to obtain stability estimates independent from the physical parameters. In the argument used for the
last proof, using an element-dependent scaling vy := ueg + oh3. (a suitable alternative for the case of essential
boundary conditions, see, e.g., [3]) instead of v for the Grad-Div stabilization does not allow to uniformly bound
the term (V- up, vg™).

Remark 3.6 (On the behavior of C'3). Notice that, in order to assure the validity of Lemma both, Grad-Div
and corner stabilization, are required (i.e., d, p > 0). In particular, it holds C3 = O ((5_1 + p_l) for small values
of § and p. Moreover, as already observed in Remark [3.4] @ > 0 is not strictly required.

The previously proven Lemmata allow to prove inf-sup stability of the considered formulation (2.7]), which
is stated in the following theorem.

Theorem 3.1 (Inf-sup stability).
Let o,0,p > 0 and peg,0 = 0 with peg + 0 > 0, and let us assume that the family of triangulations {Tp}n
fulfills the assumptions stated in Lemmal[3.5, Then there exists a constant 3 > 0, independent from the physical
parameters and from h, such that

w“ Ap [(wn, pr) s (Vn, qn)]
P Qn >>>ﬁ

inf
(wn,pr) €V XQr\{(0,0)} \ (vj,q1)eVHxQK\{(0,0)} (wn, )l 1 (vn, an ),

Moreover, 71 = O (oz_1 ((5—1 + p_l)), for a,0,p < 1.
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Proof: Let (up,pr) € Vi, x Qp. For the sake of simplicity, let us introduce the following notation:

2 thH M ff 2 v 2
o =, )l = 2= > 0= Junllo g — > Enuh'nEHo,E>

Eegy, Eegp
I lls
§1i=—,
v
Heff 2
fg = Z 0 heE ||’U,h||07E,
Eegh
4 2
3= Z o ([ - nEHO,E7
Ee€gy, B

such that |||(uh,ph)\||i =& +& + & +&3. Now we can rewrite and summarize the estimates proven in Lemmata

B, B3 B4 and g as

Ap [(wn,p); Cy 't (wn, pr)] = &o,

Ap [(un,pn) ;2 (0p,0)] = & — 201 (§o + &2) = & —2C1 (S0 + &2+ &3),

. e:
Ap [(wn, pr) s 4cgt (Bwp,0)] = & — 7250,

Ap [(un,pn) ;4 (0,vg;")] = & — 4C3&.

Summing up the last two inequalities leads to
Ap [(wn,pn) s (4eg 0w dvgi™)] > (€2 + &) — Ca&o

where 52 = % + 4C5. Consider first a test function (z}wr}l) € Vi, x @y, of the form

(z,l”rh) = (1—m)Cy* (un,pr) +m (400 fwi" dvgy™)

depending on a parameter 7; € (0,1) which will be determined later. It holds

Ap [(wn,pn); (zh,mh)] = (1 —m — 62771) §o+m (§2+ &) -

v 624—2 "2

Hence, defining

gives (1 - — 52771) = n; and thus

Ap [(un,pn)s (z1,mh)] = =—— G ! (50 +&+E&3) .
2

Next, consider a test function (z%, r%) € Vi x Qp, of the form
(23,72) i= (1= m2) (Ca+2) (2h.7h) + 12 201, 0),
depending on a parameter 7 € (0, 1) to be determined later. This yields

Ap [(wn,pn) s (z7,77)] = (1= m2 — 2C1m2) (&0 + &2 + &3) + m2éa -
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Therefore, the choice

()
L Yo )
leads to

1 1
A (2202)] > T ..
n [(wnpn); (25.77)] 50, 12 (Co+& +&+8&) 5C; 12 Il (wn, pn) |5
It remains to control the norm of the above constructed test function (z,%, r}%) From the properties of v, stated

in (3.10) we have

2
2 2 2 2 llon |l
(o, O)ll, = pest [Vonlls + o lloallg + 0 IV - wnllg < cg (1 4 nd) =—=2.

Moreover, from Lemmas and Equations (3.35)) and (3.36)) we infer
w 2 2
ll(Gwy™, 0)lI, < (3 + c2 + dnez + 1) [ (wn, pa)ll;, »

2 _ l up
2=~ ey

2

2 h 2 v 2

0—|—a Z TTHIJVq;‘:h o <C6 (1—|—OéC?) Z T||uh.nE||07E .
TETh E€g

Hence, since 0 < 1 < % and 0 < g < %, we can estimate

(0, vg;™)

—~ 2
Iz, )15 < mll2on, 0) 15 + (1= m2)? (G +2) | (=0 )]
~ 2
< ll(wns O)II7 + (1= m2)? (C +2) (166521 (0", )} + 1611(0, v )

+ (1= m)*Cq 2l (un, pu)l,

~ 2 [ (24 co+dncy + 1 _
< (c?l (1+ nd) —|—4(C'2—|—2) <( s T 2 2 ) + g (1+ac§)> +C, 2) |||(uh,ph)|||,2I
0

which allows to conclude

Ap, [(Uhyph) ; (ziZwT;%)] > |||(uhﬂph)|||h|H(z%wri)’”h

with

. 2 [ (2 1 o
8= (20, +2)" ((2527 (1—|—n5)—|—4(02+2) <(03+02 +2(5n02+ )-1-66 (1—|—ac§)> —G—C(J_Q)

€o

The behavior for small values of stabilization parameters follows from Cy = O(1), C; = O (04_1), Cy = 0(1),
and C3 =0 (671 +p1).
O

3.3. Convergence

Firstly, let us observe that the discrete, stabilized, penalty-free, non-symmetric Nitsche formulation (2.7) is
consistent with problem (1.1)):

Lemma 3.7 (Consistency and Galerkin Orthogonality).

Assume that (u,p) € H*(Q) x HY(Q) solves (L.1) satisfying either (1.2) (if peg > 0) or ([L.3) (if pregr = 0).
Moreover, let (up,pn) € Vi X Qy, be the solution of (2.8)). Then,

Ap [(w —up,p—pn); (Vh,qn)] =0, V (Vh,qn) € Vi X Q.
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The result follows from the consistency of the discrete formulation and the conformity of the triangulation.
The next lemma is related to the quality of the approximation with respect to the mesh-dependent norm.

Lemma 3.8 (Approximability).
Let o, et > 0 with peg + o > 0. Let IF(-) and M7Z (-) be the Lagrange interpolation operator onto V',
and the Scott-Zhang quasi-interpolation operator onto Qy,, respectively. Moreover, let us assume that (u,p) €
H?(Q) x H' (Q). Then it holds

1
I = 28 (w) . p = MEZ (D) [, < cRszh? |v (146 +2e0) [ully + — (1 +a) [p]7] - (3.43)

where crsz s a constant that depends only on (3.5)) and (3.4b)).

Proof: We start by estimating the bulk terms of the triple norm using the properties (3.5)) of the interpolation
operators:

et |V (u = I ()[[g + 0 = I (w)[g + 00 (|9 - (w = I ()

1 h2
£ o= M@ +a TV (- M )5
TET

< peiciah? ully + oct bt uly + ndved b2 |ul;
+ = c&h? oy + a—ci lIpl;

1
< @i | | e 1 oh2 o |l + ( (1+a>) Ipl?
— v
<v

For the additional boundary terms related to the penalty-free Nitsche method we get with (3.1)):

Meff L 2 v L 2
0 u— I (u) + — [[(w— I} (w)) -ng
5 oRE et T et )l

<eor > (pen+v) (hgd [lu—IE @)} 7, + IV (w— T @) 7, )
TE:EGQh,

< epr (e + V) Eh? |ul? .

Finally, we observe that the interpolation error due to the corner stabilization term vanishes since the Lagrange
interpolator is exact on mesh nodes. The inequality (3.43) is obtained summing up all the above estimated
terms and observing that peg,och? < v. (I

Theorem 3.2 (A priori error estimate).
Let o, 6,p > 0 and peg, 0 = 0 with peg + 0 > 0. Let (u,p) be the solution of (L.1) and (uyp,pp) be the solution
of problem (2.7). Let us assume (u,p) € H? () x H' (). Then it holds

(e = wn;p = p)ll, < crszh (Cullully + Cyplplly)

with

Nl
Nl
Nl

Cy = vt (1+nd+2cpr1)? + (2 (2eprepri)? +n (5% + 1) +1+ (2CDT)% +a? 4 a)]

| =

and

[N

Cpi=v73 [(1 +a)? + % ((2cDT)% +ai+a+ 6—5)} .
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Proof: The proof is based on the combination of the inf-sup condition (Theorem (3.1)), the Galerkin orthogonality
(Lemma , Lemma and the approximation properties of the (quasi-)interpolation operators. Let us

consider the Lagrange interpolant v, := IZ (u) and the Scott-Zhang quasi-interpolant g, := M>Z (p), and
decompose the error as

(e = wns p = p)lll, < (e =vn,p = gu)llly + l(on = wn, gn = pr)ll,-

Exploiting the inf-sup stability (Theorem and the Galerkin orthogonality (Lemma , it holds:

1 |[Ap [(w — vh,p — qn) ; (Wh, 78)]|
I(w =y p = pi)lln < Il (2 = vnsp — @)l + sup
"o "B (o) €V x @i\ {(0.0)} wn, )l

Next, we bound |Ap, [(w — v, p — qn) ; (wh, r4)]|- For the bulk terms related to the weak formulation of the
Brinkman problem we obtain

1 1 1
et (V (= on), Vwn)| < pgg [V (w = vn)llg 1 [[Vwnlly < crandgh l[wlly [ (wn, )l

1 1
o (u —vp,wp)| <02 |lu—wlly o2 [Jwl,

AN/

1

cLac 2 h? |[ully [ (wn, ra) |l s

= (0= a0, V- wn)] < (00) " [lp = aully 00)% [V - wally < esz (6) " Aplly I (wn, )l
)

(V- (w—=vn) )l S V2 (V- (a=vp)lgv 2 Irally < era (vn)® by [ (wns ), -

The GLS stabilization terms yield

1
< craao 2 h? |lully [ (wn, ra)ll,

2
« Z h—T (0 (u—vp),0wp)p

TeTh
h3. 32
a Y L(o(u—wvn),Vri)p| < cra(@o)? 1 |ully [|(wh,rn)l, ,
TETh
h2. .
a — (V=) own)p| < eszar™=hplly [I(wn, )5,
TeTh

2

a Yy th(V(p—Qh) Vrn)

TeTh

< eszarv™2hplly ll(wn a)lly

while for the terms related to the Grad-Div stabilization, we obtain

ST 67V (o) lgp (60)7 IV - willog

TETh

) Z v(V-(u—wv),V-wpy)p|<

TETh

1
< cra (n6v)* hlully | (wn, ), -
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The additional terms related to the penalty-free Nitsche method can be controlled as follows. First we treat:

eV (= wn) - 1o, wn)| < iy ( > helV(u—wn) -nEné,E) ( > ||wh||§,E>

Eegy, EeGy

13 :
gf( 3 cDT(HWuvh>|§,TE+h2TE|V<V<uvh>>||§,TE)>
Tgp: E€Gy

I Cewn, ra )l

Nl

1
< cLa 2vepr)? b lully [ (wh, i),

and this implies
1

1 1
1 1 : :
|(teg Vwp, - 1, u — vp)| < Hog ( Z E flu— vh”g,E> ( Z hgpies | Vwy, - 'n'E|(2J,E>

Eegy, EeGn

1 _ 2 2 ’
< (MefrepTCDTI) ( Z hTZ (HU —vnllog, + h%“E IV (u— ”h)”o,TE))

Tg: E€Gy,
1

2

><< > ueff|th||(2>,TE>

Tg: E€gy

1
< cLa (2pterenrenTs) ? B |ully [ (wh, )], -

Then we bound

I{p — qn, wy, - m)|

hg 2
< ( > - Qho,E>

Eegp

N
N

v 2 11
(Z hliwh-nmo,E) < esz (2er) v ol Nl wns )l
EcGn E

and finally

[{(w —wp) -1, )]

1 1
1 2 2
< ( > e [lw— Uh||§,E> ( > he Hth(Q),E)

Eegy Eegp

) Vo Il
( Z (hTQE ||u—vh§,TE+V(u—vh)Hg,TE))( Z +

Tg: EcGy Tg: E€G,

Nl

< (eprepriv)
1
<cra (2eprepTiv)? h ||U||2 H|(’whﬂ“h)|Hh~

The terms related to the corner stabilization vanish as the Lagrange interpolator is exact on mesh nodes. The
proof is concluded summing up all the contributions and using Lemma |3.8 U
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4. NUMERICAL EXAMPLES

The goal of this Section is to validate the results of the analysis of the penalty-free Nitsche method
against numerical experiments, especially testing the robustness of the formulation with respect to the physical
parameters peg and o.

To this aim, we consider two examples defined on the unit square, i.e.,  := (0, 1)2 and discretized using
uniform triangular meshes obtained by regular refinements (see Figure . In what follows, the four boundary
components of © will be referred to as I';, : = 0,1,2,3, with Ty := {(2,0) : z € [0,1]}, T'1 := {(1,9) : y € [0, 1]},
Iy :={(z,1): z €[0,1]}, I's := {(0,y) : y € [0,1]}.

I
] level \ hr \ # Cells (Triangles) \ # Dofs (v, p) \ (0’.1) (L1)
0 | 141421 2 )
1 | 0.707107 8 (18,9)
2 0.353553 32 (50, 25)
3 [ 0.176777 128 (162, 81)
1 | 0.0833883 512 (578, 289) I3 Iy
5 | 0.0441942 2048 (2178, 1089)
6 0.0220971 8192 (8450, 4225)
7 0.0110485 32768 (33282, 16641)
8 0.00552427 131072 (132098, 66049) ®
9 0.00276214 524288 (526338, 263169) (0,0) (1,0)
1)

FIGURE 1. Left: Characteristic element size, number of elements, amount of degrees of freedom for
the uniform triangular meshes used for the numerical computations. Right: Meshes corresponding
to level 0 (black) and level 1 (black/grey).

In both examples, we compare the results considering different values of the stabilization parameters. The
common legend for all forthcoming plots is shown in Figure In particular, line colors will denote different
values of a (GLS stabilization), line marker will refer to ¢ (Grad-Div stabilization) and line style will be related
to the value of the characteristic length Ly. The numerical solutions have been computed using the finite
element library ParMooN [33].

%- a=0.1, §=0.1, Lo=0.1 a=1, 6§=01, Ly=01 -x- a=10, §=0.1, Ly=0.1
~e- a=0.1, §=01, Ly=1 a=1, 6§=01, Lo=1 -e- a=10, §=01, Lo=1
+Ct:0.].,(5:]., L(]:O.]. 0[21, (5:1, L(]:O.]. —x—ale, (S:]., L():O.].
o a=01, §=1, Ly=1 a=1, 6=1, Ly=1 o a=10, =1, Ly=1
x- a=0.1, §=10, Ly=0.1 a=1, §=10, Ly=0.1 x- a=10, §=10, Ly=0.1
o a=01, §=10, Lo=1 a=1, §=10, Lo=1 o a=10, §=10, Lo=1

FI1GURE 2. In each plot, we compare the errors varying the GLS stabilization parameter «
(orange: 0.1, yellow: 1, purple: 10), the Grad-Div stabilization parameter ¢ (dashed line: 0.1,
solid line: 1, dotted line: 10) and the characteristic length L.
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4.1. Example I: A generalized Poiseuille/Brinkman flow

The first example, taken from , is based on the functions

T

u(x,y) = (ul (x7y) 70) ) (41&)
e (N R i) it it
o 1 . = , if it > 0,
uy (2,y) = vo (Vi) (4.1b)
ol if Lett =,
p(x,y) :=0.5—x, (4.1¢)

which solve the Brinkman problem (|1.1)) (for ¢ > 0 and peg = 0) for f = 0 and g = 0, and with Neumann
boundary conditions on the left and right boundaries

| —0.5mn, on I'y,
(=Vupl)-n = { +0.5 n, on I's,
and homogeneous Dirichlet boundary conditions on top and bottom boundaries

u(z,y) =0, onIlyUTs,.

Figure [3| depicts the velocity profile (u;(y)) for a few values of pes and o. Notice that, for smaller values of
the ratio #, the solution has a boundary layer near the Dirichlet boundaries. As observed in , imposing
strongly the Dirichlet boundary conditions might lead to strong unphysical oscillations (so-called overshoots
and undershoots) near the boundary, since the mesh is not fine enough to resolve the boundary layer.

—— err=0.00001 |
| 4 et =0.0001
—— ert=0.001

—e— e =0.01 |

—— 0=0.00001
—<+- 0=0.0001
—#— 0=0.001
—e— 0=0.01

0.2

—— 0=01 | —8— e =0.1 ‘
0.02 - o=1 — =1
0=10 Herr =10 “1"‘-*,_‘
0.0 0.
%0 0.2 04 06 0.8 1.0 %0 0.2 0.4 0.6 0.8 1.0
y y

FIGURE 3. Example I: The function u;(y) defined in (4.1b)) with fixed peg = 1 for different
values of o (left) and with fixed o = 1 for different values of peg (right).

We performed numerical simulations in two different physical regimes, considering peg = o = 1, i.e., £ =1
and preg = 0.001, o = 10, thus £ = 0.0001).

The convergence of the error in the mesh dependent norm is shown in Figure |4l comparing the results
for different values of the parameters «, §, and Ly, described in Figure [2l We observe that, in both cases, the
predicted convergence rate is obtained in the considered range of stabilization parameters. We also notice that
the magnitude of the error slightly increases, the larger « is chosen. The Grad-Div stabilization parameter seems
to have a similar effect on the results. Notice that, due to the absence of corners between Dirichlet boundaries,
the corner stabilization is not necessary for this example.
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Error (Energy Norm)

FIGURE 4. Example I: Error in the mesh dependent norm (2.12)) against the mesh size (in
double logarithmic scale), for the cases (pesr, o) = (1,1) (left) and (pesr, o) = (0.001,10) (right).
A dashed line with slope equal to one is also shown.

In Figures [5| and |§| the different components of the velocity and pressure errors (including the error with
respect to the velocity on the boundary) are depicted for the same values of the stabilization parameters, see
Figure [2] The theoretical convergence order 1 is obtained in all cases.

For (pest,0) = (1,1), the best results are given by the choice « = 0.1, § = 0.1, and Ly = 1, except for the
divergence error of the velocity which reduces with increasing Grad-Div parameter (hence o = 0.1, § = 10, and
Lo =1).

The plots for (ues,o) = (0.001,10) reveal that only the divergence, the normal velocity at the boundary
and the pressure errors do depend significantly on the considered parameter variations. Moreover, except for
the L2-norm of the pressure error, the results with Ly = 1 are in general better than the ones with Ly = 0.1,
when keeping the other parameters constant. In the excepted case, the situation is vice versa. It seems like
the divergence error and the pressure error behavior contrary to each other with respect to the stabilization
parameters.

4.2. Example II: A trigonometric Darcy flow

The next example ( [3[[12]), focuses on a pure Darcy flow (i.e., per = 0). Namely, we consider the velocity-
pressure pair

w(z,y) = (u1 (a:,y)) _ (—27Tcos (2mx) sin(27‘ry)) 7

uz (z,y) —2m sin (27z) cos (2my)
p(x,y) := osin (2rz) sin (27y) ,

which solves problem (1.1)) for yeg = 0, f = 0, g = 872 sin (272) sin (27y), and with boundary conditions

o7 sin (272) on Iy,
_J —2msin(27y) on I'y,

u-n(x,y) = —27 sin (27x) on I's,
27 sin (27y) onTs.

Numerical simulations have been performed considering ¢ € {0.00001,0.001,0.01,0.1,1, 10,1000, 100000}. The
errors in the mesh dependent norm , for o € {0.001,1,1000} and different values of the stabilization
parameters, are shown in Figure We recall that the legend is described in Figure As apparent, the
magnitude of the errors increases with increasing o, whereas the overall behavior changes very slightly. Small
GLS parameters and Lo = 0.1 yield smaller energy errors than the other options.
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Velocity Error (L2)
Velocity Error (H1-Seminorm)
Velocity Error (L2-Norm of Divergence)

Velocity Boundary Error (L2-Norm)
Pressure Error (L2-Norm)

FIGURE 5. Example I: Velocity and pressure errors against the mesh size (in double logarithmic
scale), for the case (e, 0) = (1,1), The lines with slope equal to 1 (dashed), % (dotted) and
2 (solid) are also shown.

Figure [§| contains the error components with respect to the velocity for ¢ = 1. This represents any value of
o, since this parameter has no influence on the behavior of the considered norms.

Finally, Figure [9] visualizes the reduction of the pressure error component with respect to different mesh
resolutions for o € {0.001,1,1000}. As reflected in the energy norm, basically only the magnitude is influenced
by a variation of ¢ in a significant fashion.

Altogether, the predicted convergence rate was obtained for all combinations, nevertheless, the choice a = 0.1,
6 = 0.1, and Ly = 0.1 seems to lead to the best result. Note, that a variation in the corner stabilization
parameter did not result in any change of the convergence behavior.

5. CONCLUSIONS

In this paper, we proposed and analyzed a stabilized equal-order finite element formulation for the Brinkman
model combined with a non-symmetric Nitsche method. We investigated the properties of the recently intro-
duced penalty-free Nitsche approach, which is used to weakly impose essential boundary conditions without the
need of a penalty parameter.

We proved that the proposed penalty-free method is unconditionally stable with respect to the stabilization
parameters — used for stabilizing equal-order finite element spaces and Grad-Div stabilization — and with respect
to the physical parameters. In fact, we obtained inf-sup stability independently from the value of fluid viscosity
and medium permeability, valid also in the limit regimes of Stokes (¢ = 0) and Darcy (ueg = 0) flows.
Furthermore, optimal a priori error estimates in a mesh-dependent norm were derived, showing that the penalty-
free Nitsche formulation maintains the accuracy properties (in terms of convergence order and dependence on



Velocity Error (L2)

Velocity Boundary Error (L2-Norm)

Error (Energy Norm)

Velocity Error (H1-Seminorm)

Normal Velocity Boundary Error (L2-Norm)

Velocity Error (L2-Norm of Divergence)

&

&
o

Pressure Error (L2-Norm)
5 &

FIGURE 6. Example I: Velocity and pressure errors against the mesh size (in double logarithmic
scale), for the case (fiefr,o) = (0.001,10). The lines with slope equal to 1 (dashed), 3 (dotted)

and 2 (solid) are also shown.

Error (Energy Norm)

FIGURE 7. Example II: Error in the mesh dependent norm (2.12) against the mesh size (in
double logarithmic scale), for the cases o = 0.001 (left), o = 1 (center), and o = 1000 (right).

The dashed line visualizes a slope equal to 1.
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the physical parameters) of traditional approaches (strong imposition of essential boundary conditions) and of
the symmetric Nitsche method.

Focusing on the case of two-dimensional polygonal boundaries, in order to prove the robust stability estimate
we included an additional corner-stabilization, assuring stability of the normal velocity along the boundary in
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o ° -

Velocity Error (L2)

&

Normal Velocity Boundary Error (L2-Norm)
& é R :

FIGURE 8. Example II: Velocity errors against the mesh size (in double logarithmic scale), for
the case 0 = 1 as a representative case for any considered o. The lines with slope equal to 1
(dashed), 3 (dotted) and 2 (solid) are also shown.

Pressure Error (L2-Norm)

FIGURE 9. Example II: Pressure errors against the mesh size (in double logarithmic scale), for
the cases o = 0.001 (left), 0 =1 (center), and o = 1000 (right). The lines with slope equal to
1 (dashed), 3 (dotted) and 2 (solid) are also shown.

the Darcy limit. The possibility of avoiding the corner stabilization, also in connection with different finite
element pairs and in the context of three-dimensional applications, is a subject of current investigation.
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