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Abstract

This article deals with the finite time boundedness (FTB) and FTB-stabilization problem for a general class of neutral high-order
Hopfield neural networks (NHOHNNS) with time delay in the leakage term and mixed time delays. The mixed time delays consist
of both discrete time-varying delays and infinite distributed delays. By using the topological degree theory, sufficient conditions are
established to prove the existence of equilibrium points. Then, the Lyapunov-Krasovskii functional (LKF) method is used to prove
sufficient conditions for the FTB. These conditions are in the form of linear matrix inequalities (LMIs) and can be numerically
checked. Furthermore, a state feedback control is constructed to solve the FTB-stabilization problem. Finally, some numerical

examples are presented to show the effectiveness of our main results.
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1. Introduction

Neural Networks (NNs) have been widely studied due to
their practical applications in lots of areas such as model iden-
tification, signal processing, image processing, pattern recogni-
tion, optimization problems, associative memories [1, 2} |3} 4].
The majority of these applications requires the stability of the
designed NNs. It should be pointed out that the delay has a
great effect on the system performances. Therefore, the stabil-
ity analysis of delayed NNs has attracted the attention of many
researchers and a lot of results have been obtained (see for in-
stance [3} 16417, 18,90 110, [11]]). In [10, [12]], the authors discussed
the case of constant delays and in [6}, 9, [11}[13]] the authors ana-
lyzed the stability of NNs with continuously distributed delays.

Recently, another kind of delay, variously known as leakage
delay, is investigated in [[14, [15, 16} [17]]. It has been proved that
this kind of delay tends to render the systems of NNs unstable.
The effect of the leakage delay on stability is one of the im-
portant research topics in the field of the stability of NNs [18].
Many researchers analyzed the effect of the leakage delay on
the Lyapunov stability of various kinds of NNs such that bidi-
rectional associative memory NNs [19] 20] or impulsive NNs
[21} 22]. However, it should be pointed out that manipulating
this kind of delay is not easy. In addition, a kind of time delay
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systems, appointed neutral-type delay systems, is used by many
authors due to their practical applications [23]. There are sev-
eral results discussing the stability of neutral-type NN, see for
instance [24, [25| 26]] and references therein.

In order to render the stability criteria less conservative with
respect to the delays, several methods are developed in the lit-
erature [27, 28}, 29} 130, 131, 132} |33 134]. Most of these methods
are based on a Lyapunov functional and associated LMIs be-
cause these inequalities can be numerically checked. However,
it is well known that when a novel Lyapunov functional is de-
signed for reducing the conservatism with respect to the delays
a greater complexity in terms of inequalities and variables to
be calculated can appear. Therefore, the problem of reducing
simultaneously the number of decision variables and the con-
servatism with respect to the delays arises.

Most of the previous works on stability were mainly based
on the classical Lyapunov stability which is associated with an
infinite time interval. However, only a finite time interval is
considered in practical applications [35)]. In 1953, Kamenkov
has introduced in [36] the concept of finite time boundedness
(FTB). Dorato reported in [37] that FTB and Lyapunov stabil-
ity are two independent concepts. Many studies have addressed
the FTB problem of NN, see for instance [38) 39, 40} 41, 142}
43,144,145, 146, 147, 48, 149]. For neutral-type NNs, the FTB was
studied in [42}147]]. In [43|49] and [41]], the class of uncertain
NNs with Markovian jumps and the complex-valued NNs are
studied respectively. Also the impulsive NNs is investigated in
[39]] and the authors of [40, 38| deal with the problem of FTB
for Memristive NNs and TS-fuzzy system with time-varying
delay respectively. Moreover, all the previous results on FTB

May 9, 2017



are for lower order NNs. This class of lower order NNs has
several limitations (see for instance [S50, |51]) which leads to
consider the class of NNs with high-order connections. This
class of high-order NNs has stronger approximation character-
istics, important storage capacity, faster convergence rate and
higher fault tolerance than lower-order NNs [52]]. To the best of
the authors’ knowledge, the FTB and FTB-stabilization of neu-
tral high-order Hopfield NNs (NHOHNNSs) with a leakage de-
lay and with both discrete and distributed delays, called mixed
time delays, have not been fully investigated in the literature.
Here is the main goal of our article. The delays considered in
our article contain an infinite distributed delay which occurs in
practice [23]]. Indeed, there is no result for the FTB of NNs with
infinite distributed delays. Despite important studies available
yet to deal with the FTB concept [42,143}147, 48], 149], there is no
result for the FTB of NNs with non-differentiable time-varying
delay. Here is also a novelty of our article.

In our article, the FTB and FTB-stabilization are analyzed
for a general class of NHOHNNs with time delay in the leak-
age term and mixed time delays. The main contributions are as
follows:

(i) the LKF and LMIs techniques are used to study the effect
of the leakage delay on the FTB results of the concerned
NHOHNNS;

(i) simplified LMI conditions are established to reduce the
conservatism with respect to the delays and provide a less
computational load simultaneously;

(iii) by using the FTB analysis, some conditions are given for
the FTB-stabilization of the concerned NHOHNNs with
a leakage delay. Moreover, the NHOHNNS considered
in this article are subjected to non-differentiable time-
varying delays.

The article is organized as follows. In Section 2] some pre-
liminaries useful for the study of the class of NHOHNNSs are
presented. The existence of equilibrium points is addressed in
Section|3| Then, the FTB and the FTB-stabilization are studied
in Section ] Numerical examples are presented in Section [3]
to illuminate the validity of the proposed results. Finally, some
concluding remarks are drawn in Section [6]

2. Preliminaries
In this article, we use the following notations:

o R, ZT, R* and R™*" stand for the set of real numbers,
the set of positive integers, the n-dimensional real space
equipped with the euclidean norm || . || and the set of n x n
real matrices respectively;

e AT, A7!', A>0, A <0 and I means respectively
the transpose of A, the inverse of A, the matrix A is pos-
itive definite, the matrix —A is positive definite and the
identity matrix with appropriate dimensions;

® Amax(A), Amin(A) and x stand for the maximum eigen-
value of A, the minimum eigenvalue of A and the sym-
metric block in one symmetric matrix respectively;

Y X+ = (|xlj|> y where X = (xij)nX}’l 5

e forany interval I C RandV C R (1 <k <n),C(I, V)
and C} (1, V) stand respectively for the set {¢ : 1 =V : ¢
is continuous} and {¢ : I — V : ¢ is continuously differ-
entiable and bounded}.

We consider the following neutral high-order Hopfield neu-
ral networks (NHOHNNS) with time delay in the leakage term
and mixed time delays

6(0) = el —0)+ ¥ aiify (51~ 7(0)
+ 8 B Tt (= 00) 5 3 (0)
+ 8 b [ =91 (5(5) s ®
+j§1d,~jxj(t—h(t))+Ji, t>0,i=1,....n

x(s) = ¢(S), s € (_°°7 O]

where ¢; >0, C =diag(ci,..., cu), ajj, bjj and d;; are the inter-
connection weight coefficients of the neurons, 7;;; the second-
order synaptic weights of the NNs, J; an external input vector,
x(t) = (x1(t), ..., x,(t))" the neuron state vector of the NNs,
x the time derivative of the neuron state,

FE) = @) o fabal))'

the neuron activation function such that f;(0) =0 forall 1 <i <
n, o > 0 a constant which is the leakage delay,

K =diag(ki(.), ..., ky(.))
the delay kernel, 7(.) and h(.) the time-varying transmission
delays satisfying 0 < 7(¢) < 7,0 < h(t) <hand h(t) <h* < 1.

The initial condition satisfies ¢(.) € C} ((—o0,0],R") where the
norm is defined by

1117 = maX{iggH(P(S), sup ||¢(S)||}-

—h<s<0

The term of the right-hand side of System (1) involving the time
derivative of the state renders the system of neutral-type (see
for instance [S3[]). Several studies have been done on System
(1), especially in [8], where the global exponential stability is
treated for o = 0 and with Markovian jump parameters. In [54],
the authors studied the stability of the almost automorphic solu-
tions for the same model but without taking into consideration
infinite distributed delays. Note that such System (I)) contains
many of the well-known models as special cases.

Let us introduce the following three assumptions:

(H1) for all x, y € R, there exist constants @ > 0, Mj_ and M]J-r
such that

i) = £i )]

i < o; d M; <
|fj(‘x)‘— j - an i = x—y

<M,



(H2) forall j=1,...,n, the functions k;
tinuous and satisfy

/Oerk( )du=k; and /W

AYM — BTK*M is a M-matrix.

: Ry — R, are con-

(u)du < oo,

(H3) C—

Remark 2.1. Under assumptions (H1) and (H2), the existence
of the solutions of System (1] is guaranteed by using [53| The-
orem 2.1]. It should also be pointed out that the constants MJ-+
and M} can be negative or positive in the assumption (HI)
which allows Lurie-type functions if we take M;,M]f >0 [53]]
or Lipschitz functions if we take M; = —Mj+ < 0. There-
fore (H1) is weaker than the assumptions used for instance in
56k 157, 158]]. Finally, if we only consider Lipschitz activation
functions as in [12], the method used in [12] for proving the
existence of an equilibrium point does not work for System (T}
with the high-order terms.

Definition 2.1. ([12]]) A nonsingular matrix X = (x;j),.,, is a
M-matrix if X = rl — B with B > 0 and r > p (B) where p (B)
stands for the spectral radius of the matrix 3.

Let

Zmn {A = (a;j) eR"": a;; >0, a;; <0, for alli;éj}

then we have the following lemma:

Lemma 2.2. ([12)]) The following claims are equivalent:

n
(i) there exist ;> 0suchthat Y, a;;0;>0foralli=1,...,n;
j=1

(ii) A €Z™" is a M-matrix;

(iii) there exist 8; > 0 such that Z a;j0; >0 foralli=1,...,n.
)

Let us give the definition of the topological degree.

Definition 2.3. ([lI2]]) Assume that F : Q — R" is a continu-
ously differentiable function where Q C R" is an open bounded
set. If Jp(u) = 0 for any u € F~'(p) and p ¢ F (0Q), where Jp
denotes the Jacobian determinant relative to F, then the topo-
logical degree relative to Q and p is given by

Y signJp(u) if F~
ueF-1(p)

0 if F-

Y(p)#0
'(p)=0

Let us introduce the notion of finite time boundedness.

deg (F,Q,p) =

Definition 2.4. ([59)) System (1) is said to be finite time bounded
(FTB) with respect to (c1,¢2,R,T) where 0 < c¢; < ¢, R>0
and T > 0 if for all t € [0, T| we have

max{sup{xT(G)Rx(G)}, sup {xT(G)Rx(B)}}§c1
<0 ~h<6<0

implies that
xL(1)Rx(t) < c3.

Let us give two lemmas useful to prove our first result.

Lemma 2.5. ([15]) Given any real matrix M = M™ > 0 of ap-
propriate dimension and a vector field ® : [a, b] — R" such
that the integrations concerned are well defined, then we have

Uaba)(s)ds]TM/abw(s)ds< (b_“)/abwT(s)Mco(s)ds,

Lemma 2.6. (/60]]) Let P € R"*" be a symmetric matrix, then
we have
Amin (P)xTx < xT Px < Amax (P)xT x

for any x € R".

3. Existence of equilibrium points

In [15], the existence of equilibrium points for neutral lower
order Hopfield NNs with time delay in the leakage term is dis-
cussed. Thanks to the high-order terms, the NNs given by (IJ)
are more general. Compared with results in [15]], we extend
the existence of equilibrium points to the more general class of
NHOHNN:S.

We introduce the following notations:

Mj:max{|Mj_|, |M].+|}, M = diag(My, ... \M,)

A= [aij]nxna B= [bij]nxna D= [dij}nxn-

We present a sufficient condition which guarantee the existence

of equilibrium points for the NHOHNNs given by (T)).

Theorem 3.1. Under assumptions (H1) — (H2) — (H3), Sys-

tem () has at least one equilibrium point.

PROOF. If x* = (x], ..., x)T denotes an equilibrium point of
System (I), then x* satisfies foralli =1,...,n

9+ Y Y T 5050

j=lk=1

n
—cix; + Z aijfj(x

+):b,,/ kj(

By using (H2), Equation (2)) is equivalent to

ds—i—Zd,jx +Ji=0 (2

n n n
—ex + Y aifi(x) + Y Z T fie () £5(x7)
= j: —1
n
+ Z b,‘jkjfj(x;) +J;=0.
j=1

Let

n

Li(x) = cixi — Z (alj +bl]k fj x] Z Z z]kfk Xk f] 'xj) Ji.
j=1 j=1k=1
€)

Clearly, a solution of I(x) = ({1 (x), ..., I,(x))T = 0is an equi-
librium of System (TJ). Now, we define the homotopy mapping

Fx, A) = (A (), ..., Fy(x)T



where A € [0, 1] and F;(x) = Al;(x) + (1 fk)x, It follows from
assumptions (H1) — (H2) thatforall 1 <i<n

|Fi(x, A)| = ‘A[Cixi* Y aijfi(xj) - Z Z T ji S (ex ) £ (x )
j=1lk=1

=1

— Z b,-jkjfj(xj) 7][:| + (1 *l)x,‘
j=1

> |Aeixi+(1=A)xi| =AY laij|| fi(x))]
j=1

| T i | fie i) ] £ (x|

-
™=
ngbl

j=lk=1
=AY |bijl[k1 ) = AL
=
> |Acixi+(1=A)xi| =AY |aij|Mj|x|
=

n
—A Y il |Mlxj| — A

n o n
‘Jil"' Z Z ljklw :|
j=1 j=1k=1

Since C —A*M — B* KM is a M-matrix, Lemma [2.2]implies
that there exists constants §; > 0 with i = 1, ..., n such that

25 |aij|M; — 25 |bij|[kj|M; >0

j=1

or (4)
n n
5,'C,' — Z 8j|aj,'|M,' — Z 5j‘bji||ki|Mi > 0.
=1 =1
For F(x) = (Fi(x1), ..., Fy(x,))", we have

§|F(x, A Z — )i+ Y [Sici|x,-|

i=1 i=1

i

n

& Y, M| =& Z s

7125,- <|J,»|+ji‘, g Tiji| @ )

n
[icilxil & Y. a1

j=1

A\
>
M= u'

[v]=

& Y Mol K ;]

~.
Il
—_

—/126 <|J|+Z Z|T,,k|w>

Jj=1k

=2 Z [51‘Ci = Y &jlajilm;
i=1 j=1

= Y &lbslMilk] ] b
j=1

“AYs <|J|+Zz|n,k|w>

i=1 j=1k

Define
n n
O = min <} &ic; — Z Ojlaji|M; — Z 0j|bji|Mi|k;]
1<i<n =1 =
Ao = max Vil + Z Z |T;je|?
Jj=lk=
Let

Q:{x: x,»|<ﬁ=”(A((’{1>}

then Q is non-empty from (@). It follows from (3)) that for any
x € dQ there exists 1 < ip < n such that |x;,| = B. So we have

Z 6i|E(x> A)‘ > A Z [Siocio - Z 6]'Mi0|ajio‘
i=1 i=1

j=1
n n
= X Mgl I bl 4 Y- Ao
j=1 i=1
> A6olxiy| —AnAg > 0.

For all A € (0, 1], it means that F(x, A) # 0 for any x € JQ
and A € (0, 1]. If A =0, we have F(x, ) = x # 0 for any
x € dQ. Therefore F(x, A) # 0, for any x € dQ, A € [0, 1].
We have deg(l;,Q, 0) = 1 where I;(x) = x and deg (I;,Q, 0)
is the topological degree. Thus from the homotopy invariance
theorem given for instance in [61, page 13], we obtain

deg(1,, 0) = deg (1(.), 2, 0) = 1.

®

By using the topological degree theory [61], we can conclude
that the equation /(x) = 0 has at least one solution in Q. It
implies that System (T)) has at least one equilibrium point. [

4. Finite Time boundedness analysis

4.1. Finite time Boundedness

Compared with some existing results in [15} 24} |42]], Sys-
tem (I)) is more general to some extent. Moreover, the usual
Lyapunov stability is studied in [24,|15] whereas the concept of
FTB is discussed in this section. Assume thatx* = (x}, ..., x})7

is an equilibrium point of System (T)). By a simple transformation
z(r) = x(t) — x*

we can shift the equilibrium point x* to the origin. By using (2),
System can be rewritten as (see [[62]):

1) =-Czt—0)+ (A+TTT*) g (z(r— (1))
+B 1 K(t —5)g (2(s))ds + Dz (t — h(t))
Z(S) = ¢(S) —x*, s€ (_°°7 0]
where
g(Z()) :f(Z(')+X*)_f(X*)a Ti: [T}jk]nxna

" =[N +717, .., T,+T"]"

r:diag[év ceey é}v é = [élv ceey én]Tv
T Tix; .

&= mfk (i (2 — T(t))‘f'mfk(xk)'



We will use this z—form of System (T)) for the proof of the re-
sults of our article. We introduce the following notations:
CJr = max ¢;.

T =diaglg™, .., §7], &1 = w1, ..., 1<i<n

The methods used in [47, 48 42, |63| 164] for ensuring the
FTB of NNs require the differentiability and the boundedness of
the derivative of the time-varying delays. For improving these
results, we remove this restriction by establishing the follow-
ing theorem where the time-varying delays are not necessary
differentiable.

)",

Theorem 4.1. Under assumptions (H1) — (H2) — (H3), Sys-
tem (1)) is FTB with respect to (c1,c2,R,T) if there exist a posi-
tive scalar a, two n X n matrices Q1, Qy, three n X n symmetric
positive definite matrices P, O3, Qu, four n X n positive diago-
nal matrices Uy, Uy, Qs, Q¢, and a 2n X 2n matrix

T Tz
Q7—L< T2J>O

such that the following conditions hold:

My 0 ILiy Iy 0 Iy ILy Ihig Iho]
¥ Ip Ty 0 T O 0TIy Iy
* * Iy 0 Iy Iz 0 Iy Ily
* * * TIyy 0 0 0 Tl4g 0
E=| % * * *  IIss 0 0 0 0 [ <0 (6)
* * * * * Tge 0 Ilgg Ilgg
* * * * * * 1177 0 0
* * * * * * * Igg 0
| * * * * * * * * Ty |
and
cre T fc
2 1| >0 @)
\/C1 (Dl
where
I} = —PC—CP+ Q3+ 062Q4 — U X| —
3 =PD, M3=T}, TIljg=CPC+aCP,
7 =U%,, Iljig=PA, TIlj9=PB,
My =1Tn+Q6— 01— 0], Thi=0D+0}D,
s =—0iC, Thg=QiA, TIly=0B,
M3 = —Q6(1—h*) = D" Q,D-D'QID, Tiss =D"0,C,
36 =—D'PC, Tlyg=-D"0rA, Tz =-D"0,B,
My =T —Tio—Tjh — ULy, g =03y, Ilss=—03,
Mg = —Q4 — ACPC, Tlgg = —CPA, Tlg9 =—CPB,
77 = 0sk—U;, lgg=-U,, Tlgg=—Qs,
and
= [22max (P) (1 + 6%ct?) + oA,
W) = max( )( +0°¢c )—i—O' max(Q3)
+ ljlzfmax(Q6) + 0-3A'max(Q4) + Tzlmax(TZZ)
n oo
2
+ qukjmaxMj/ ukj(u)du}
j=1 J 0
1
( ne o ) + (huin(P))* | cond(P)cond(P)
X || ————— ; con con
Amin(Q3) "

with
Y =diagM{ M, ..., My M,)),
M +M;" M, +MF"
Y, =di L1 ., =
2 lag< 2 ) 3 2 )
0s = diaglar, .., an), x=diag(i3, ..., K2),
A=A+T'1T", P=RIPR?,
P
cond(P) = Pmax (P) the condition number of P.

Amin (P)

The proof of Theorem [&.1]is inspired by the proof of Theo-
rem 2 in [[15]].

PROOF. Let us consider the following LKF

V(t0) = Y120 ®
where
s fo-cf o v fo-of on]
V. 20) = [ Tt [ 00
= [ [Tty

- [w—
/_T/ﬂ,

) :]_Z]‘Ijkj/o kj(”)/{ﬂg?(z;(s))ds du

By calculating V (,z(t)) (see , we obtain
V(t,2(t)) < §7(1,2())EC (1,2(r))

v u))} o0 [ 5] v

s)ds du

and
Mh; 0 Ihiz Iy 0 I Iy Iy Ii9]
x Il s 0 IIs O 0 Iy Iy
* x Iz 0 Tl Iz 0 Iy I3
* * * jam 0 0 0 Ty 0
E=|x « %« % I 0 0 0 0|<00
* * * * * H()G O H()g H()g
* * * * * 117, 0 0
* * * * * * * Tlgg 0
L * * * * * * * Tlgo |




with
M) = ~PC—CP+ Q3+ 06204 — U Xy, Ij¢ = CPC, Mgs = —Qa.

Therefore

with
oP 00 0 0 —aCP 0 0 O]
*x 0 0 0 O 0 0 0 O
* *x 0 0 0 0 0 0O
x *x *x 0 0 0 0 00
E=E4+*x % *x x 0 0 0 0 0
x % *x x *x oCPC 0 0 O
%k ok % % * 0 0 O
* % ok k¥ * * 0 0
kxR k% * * % O_
Since E < 0, it leads to
V(t,z(t)) < aV(t,z(t)). (10)
Integrating from O to 7 € [0, T], we obtain
V(t,z(1)) <e*V(z(0)) (11)

where

V(2(0)) < [2max(P)(1 4+ 6% ™) 4 0 Amax(03) + WA (O6)
+ G3)~max(Q4) + Tzafmax(Tn)

n oo
+ Y afgmaxdt? [Cugoad ol a2
=1

On one hand, by using the Cauchy-Schwartz inequality and
Lemma 2.6 we have

Vi(,2(1))

i< e [ et + 5L

and since

< /i ZT(s)Z(s)ds
<9 /l 2 (5)03z(s)ds
T Amin(Q3) Ji-o
c
< Fn(03)" D)

we obtain

nc+ 1 =1
()| < (Wgﬁ)u(lmm(m)z V). (14

On the other hand, Lemma [2.6] implies that

Amax (P)||2(0)[|* = 2" (1) P2(t) 2 Amin (P)2" (1)Rz(1),
Aunin(P)||2(0)1* < 2" (0)P2(0) < Amax(P)<"

So (TI)-(12)-(T4) and (I3) prove that
)] < [("ii;)ﬁ + (nin(P) 7 5T VV(EA(0))

<efT [zlmax(P)(l +062¢) + 0 Amax (03)
+ Ijlﬂfmax(Q6) + c73A'max(Q4) + Tzzfmax(Tﬂ)

n o 1
+ Z qik; maxsz»/ ukj(u)du} ’
j=1 J 0

1

ncto \2 ' 5t Amax (P)
| (gs) et

2'min (f’)

cr (16)

and

(OR:(1) < e |2 (P) (14 67¢"") + 0 hman(03)
+ il)t«max(Q6) + G3)Lmax(Q4) + TZMax(T22)

+ qukjmaxM%/ ukj(u)du}
j=1 J 0

nct 1 172
X [(&mn(;))z + (Amin(P)) ? ]
x cond(P)cond(P)c 17

The inequality (I7) and the Schur complement lemma, given
for instance in [63]], applied to condition (/) prove that

2(t)"Rz(t) < ¢y forall ¢t €0, T].
So, the proof is completed. g

Remark 4.1. If conditions (6) and (7) of Theorem 1 are sat-
isfied with ¢ = 0, then System is asymptotically stable in
the sense of Lyapunov. The LKF inequality (I0) is used to deal
with the problem of FTB of the NHOHNNS with infinite dis-
tributed delays and leakage delay. Compared with [15]], some
new sufficient conditions in terms of LMIs are established to
make our results less conservative with respect to the delays.
When the number of neurons n increases, the complexity in-
creases strongly because 8.5n> +4n + 1 variables are involved
in the LMISs that must be resolved. Such a complexity is caused
by the use of the LKF inequality (T0).

Remark 4.2. Condition is not standard LMIs, however it



can be guaranteed by the following conditions
MI<P <o, 31 < Q3 < Ml, Q4 < Asl, Qg < Agl, Tro < M1
(18)
—carfAfe T ¢ {2/12(1 +62t) + oAy + kg + 03 As + T2

ncto

NS

2
+ — r%ﬂgz<0;

7

n oo
+ Z qjkjmaxM?/ ukj(u)du]
j=1 s
19)

where 1 = Apin(R), r2 = Apax(R) and A;,i = 1,...7 are un-
known positive variables. It should be pointed out that (T9) is
nota LMI w.r.t. A;, i = 1,2,3 because A; appears in a nonlinear
fashion. Therefore, we first find the scalars A; from (6)) and then
we solve (T9) which then becomes a LML

When 7(¢) = 0 and K = 0, System (] turns into
6() = —cx(t—0)+ X af) (x(1)
=
£ 35 T ) £ (1)
j=1k=1
+ _Zldijxj (t—h(r))
=
x(s)  =9(s),

Let us give the definition of finite time boundedness for System

(20).

Definition 4.2. ([44)]) System is said to be Finite Time
Bounded (FTB) with respect to (¢1,¢2,R,T), 0<c1 < ¢, T >0,
R>O0ifforallt €0, T]

(20)

§ € (—oo, 0]

max{_csllgm{xT(B)Rx(G)}, sup {xT(e)Rx(e)}} <c

—h<6<0

implies that
xT (1)Rx(1) < ¢3.

According to Definition[d.2] we deduce the following corol-
lary.

Corollary 4.3. Under the assumptions and notations of Theo-
remW.1| System @20) is FTB w.r.t. (c1,c2,R,T) if the following
conditions hold:

M; 0 I3 0 I I

* ﬁzg H23 H25 0 O
s * * H33 H35 H36 0
- * * * H55 0 0 <0 (21)
* * * * Ilgg O
* * * * * U
and
—oT
¢ verl oo (22)
ver o o

where
[1j; = —PC—CP+ Q346204 — U 2| — X — 0P,
[Iy7= (Ui +Us) ) +PA, TIpn=0¢—01—0!.

and
2 = € [ 2ma(P) (14 6%¢) + O Aaman (03) + o (Q)
: o b o e ? |

+0 2fmax(Q4)} |:(Afm1n(Q3)) + (a'mm(P))

x cond(P)cond(P).
PROOF. Consider the following LKF

3
V(e 2(1)) = Y Vi(t,2(0)) 23)

i=1

By using the LKF and similar arguments to the ones of
Theorem 4.1 we obtain easily the result. O

Remark 4.3. The lower order class of Hopfield NNs is inves-
tigated by many authors [[15/ |16, [17] and can be considered as
a theoretical basis for solving optimization problems. As re-
ported in [66], this class of NNs is expected to produce the
poorest quality of solution with a great complexity as measured
by the order of the network. Therefore, our work offers a the-
oretical basis for the design of the second-order class of NNs
with mixed time delays more effective in the resolution of op-
timization problems thanks to the second order synaptic terms
Tijk.

Now, when the high-order terms 7, = 0, System (T turns
into
60 = el =)+ £ aify (s~ 7))
big it =91 (9)) s+ ity ¢ ()
x(s)  =o(s),

s€ (7007 0}
24

Then, we have the following result.

Corollary 4.4. Under the assumptions and notations of Theo-
rem{d. 1|, System @24) is FTB w.r.t. (c1,c2,R,T) if the following
conditions hold:

M, 0 Iy Iy 0 I Iy lflls ITy9
x Il Iy 0 Is O 0 Iy Thy
* x  Iliz 0 Iy IIyg 0 Il Ilag
* * * H44 0 0 0 H4g 0
E=| x * * * Is5 0 0 0 01]<0
* * * * * Igg 0 ﬁ6g Igo
* * * * * * 1177 0 0
* * * * * * * Ilgg 0
* * * * * * * * Iy
) R
and
e o]
11 >0 (26)
Vver oo o

where iy = is — PTT T* fori=1, 2, 3, 6.



The proof of Corollary [4.4]is similar to the one that of The-
orem [4.1] so it is omitted.

The computation can be simplified by reducing the param-
eters involved in the LKF. It is also possible to replace the
LKF by a Lyapunov function with the Razumukhin techniques.
However, this will have a great influence on the conservatism
with respect to the delays, in particular on the upper bounds of
the delays [67, 68].

In order to simplify the calculations without losing the con-
servatism with respect to the delays, we establish the following

Corollary[.5|which provides a simplified criterion for NHOHNNSs

without delay in the leakage term. This criterion is based on the
Schur complement and has been presented for the Lyapunov
stability of a special class of NHOHNNS in [69]. The impact
of this criterion on the conservatism with respect to the delays
will be illustrated in Example

Corollary 4.5. Under the assumptions and notations of Theo-
rem[d.1} System (1)) with 6 = 0 is FTB w.r.t. (c1,¢2,T,R) if the
following conditions hold:

—Ilpn  —Ilp 0 0 —Ilg —Ily9
* —II33 0 0 —IIzg  —Il39
_ * * —H44 0 —H48 0
A= * * * —I17; 0 0 >0
* * * * —Ilgg 0
* * * * —Ilyg
27
and
2 e*OLT \/a
>0 28
i ) @
where
P=R PRI,
_ Amin(P -
1= C(:':’Zl((f_’)) [2;Lmax (P) + hzfmax (Q6) + T2Afmax<T22)

2 6
Vo(t,2(1)) = Y Vi(t,2(0) + Y Vilt, z(0)) (29)
i=1 =
where
Vi (t,2(t) = 2(t)" P(1),
B, 20) = [ T ()06x(s)ds,

O I e R

v a0 = [ [ 6Tt

J—=T

Ve(t, 2(1)) = ,:2’1 a5k, /: kj(u) /tiugﬁ(Zj(S))ds du.

By using the LKF (29) and similar arguments to the ones of
Theorem [4.1] we obtain

Vo(r,2()) < =& (1,2(1)) Ao (1, 2(1)) + Vo (1, 2(1))

where

Co(r,2()) = {ZT(& (1), & (1= h(r)), " (= 2(1)), &" (1)),

T
t

&=, (

J—oo

T
K= 5)e(c)ds }

and
[Ali A Az —Iy —II; —ILig —Iy9|
* =Tl Il 0 0 —Ilg —Ily9
* * —H33 0 0 —H3g —H39
A= % * * —IIy4 0 —Ilyg 0
* * * * —I17; 0 0
* * * * * —Igg 0
K * * * * *  —Ilgg |
with
A =PC+CP+UIE1+aP, App=0,C
A3 =—PD—CQYD
Clearly, if
A>0 (30)
then we have
Vo(t,2(1)) < aVo(t,z(t)). (31
By using Schur complements, can be expressed as
cR—-T>0 (32)
where
Axn 1:\23 0 0 Asg /:\29
x Az O 0 Ass Az
R— * x Ay O Ag O
- * * * .7\77 0 0
* * * * /V\gg 0
* * * * * [v\99
with
c>0, 0;,>0,i=1,2,57 U >0, U,>0,
01=c01, Or=c0, Qs=c0s, Q¢=c0g
07=c07, U=cl, Uy=cl,, Ty =cly,
Tin=cTin, To=chy, Ap=-1n—06+01+0],

Ayy=-0\D-05D, Aywy=-01A, Ay =-0B,
A33=06(1—h*)+D" 0,D+D"OID, Azs=-D" 04,
A3o=DT(0sB, Ays=—tThy +Tio +T5 + 0%y,

Ay =—-Uh%s, App=-0sk+Uy, Asg=U», Agy=0s.



and

r= Y A A Ty~ Ty Ty~

Since A1 > 0 then it leads to I' > 0 and consequently R >
1A > 0 from condition 7). Therefore (3] is satisfied by tak-

ing ¢ > %. Thus, condition implies that Vo (,z(¢)) <

aVy(t,z(t)) and consequently V (z,z(t)) < e*TV (z(0)).
Furthermore, we have

Therefore
V(0) < yer (33)

where

 Amax(P)
Y= Fin(P)

n oo
+ Y gjk;max M / k(). (34)
j=1 J 0

|2 (P) + e (Q5) + T Ao (T2)

and

xT (1)Rx(1) < (t)Px(r) < V(t,x()).

1
)Lmin (P )

So conditions and imply that x” (t)Rx(t) < c» which
achieves the proof. g

T
Anin(P)"

Remark 4.4. In [70], the problem of FTB for Markovian jump-
ing NNs with time-varying delays is studied by using the recip-
rocally convex combination technique where a double integral
term appears in the LKF. Very recently, the authors of [71] have
used the same approach where a triple integral term is added
in the LKF. However, these novel LKFs also lead to a greater
complexity in terms of inequalities and variables to be calcu-
lated and this complexity can cause numerical problems with
a large number of neurons ([33]]). In our article we use a well
know LKF (8], but based on the Jensen’s integral inequality the
upper bound of the LKF is estimated more tightly and then the
conservatism with respect to the delays is reduced (see Example

B-1).

4.2. Finite time Boundedness stabilization

In this section, sufficient conditions are given for solving
the FTB-stabilization problem of a general class of NHOHNNSs

with time delay in the leakage term and mixed time delays of
the form

60 = el —0)+ ¥ af (s~ #())
5 k(= 50) £ (e 7(0)
+él bij [ kj(t —s)fj (x;(s)) ds (35)
+j§1d,;,-xj(t—h(t)) +u, t>0,i=1,...,n

x(s)  =9(s), se(=e, 0]

where u is the control variable. The following state feedback
control is considered

u(x(t)) = Kax(7) (36)

where K> is to be determined. The corresponding closed-loop
z—system is given by

(t) =—Cz(t—0o)+Ag(z(t —t(t)) +TTT*g (z(t — 7(1)))
+B 'K (1 —5)g (2(s)) ds+ Dz (t — h(t)) Kaz(t)
Z(S) = ¢(S) —-x", s€ (_°°, 0]
(37)

We now introduce the definition of finite time bounded sta-
bilization.

Definition 4.6. ([48]) The NNs described by System is said
to be FTB-stabilizable w.r.t. (c1,c2,R,T) if there exists a con-
troller u(z(t)) of the form (BO) such that the corresponding
closed-loop z—System is FTB with respect to (c1,c2,R,T).

We can now state the main result of this section.
Theorem 4.7. Under the assumptions and notations of Theo-

rem System is FTB-stabilizable w.rt. (ci,c2,R,T) if
the following conditions hold:

Yy Y Y 0 ILs ¥ I ILig I
x Iy Iz 0 TIhs O 0 Thg Ty
* x Iz 0 Il Il 0 Ilig Ilx
* * * H44 0 0 0 H48 H49
Y= x * * *  IlIss 0O 0 0 0|<0
* * * * * H66 0 H68 H69
* * * * * * 1177 0 0
* * * * * * * Tlgg 0
L * * * * * * * ITgy |
(38)
and
—aT
e A/
11 >0 39)
\/C1 (O
where
C=C-K>,

W) = —PC—CP+PKy+Ki P+Q3+06°Q4 —U|Z| — 0P,
Yio=-01Ky, Y3 :PD+DTQ2K27 lI"m:CP(?‘FGCP,



PROOF. According to Definition[4.6] if we apply Theorem [4.1]
to the closed-loop System then we can easily obtain the
result. The details of the proof is left to the reader. ]

When ¢ = 0, Theorem [4.7] cannot be directly used to de-
sign a feedback control of the form of (36). To overcome this
obstacle, the following proposition is established.

Proposition 4.8. Under assumptions (H,) — (H3), System
without leakage delay is FTB- stabilizable w.r.t. (c1,c2,T,R) if
there exist a positive scalar o, three n x n matrices Q1, 0a, Y,
five n x n positive diagonal matrices X, Uy, Us, Qs, Q¢ and a
2n X 2n matrix

~ T Tn
= 0
0 { R
such that the following conditions hold:
[E11 Z E3 Zu Ei5 Eie Zi7]
¥  Hp Expn 0 0 Ex Ex
* * 333 0 0 336 337
Ei=| % * *  Egqe 0 EHEye 0| <0 (40
* * * * Hss 0 0
* * * * *  Hge O
* * * * * By
and
e T /¢
[ 2 Vill >0 41)
\/C1 ()
where
Bl =—-CX—-XC+Y+YT —0,%, —aX,
B, =XC+Y, E3=D+D'CXx+D"y,
Ey=Th, B15 =02y, E16 = AX, E17 = BX,
Exp=1tTn+0—2I, 253 =XD+D"X, ,
o6 = XA, E97 = XB, E33 = —Q4(1 — ") —2D" D,
E36=—XD'A, E37 = —XD'B,
B = 1T —Tio — T}h — 0%y, Eg6 = UnXs,
Ess = 0sk — U, E¢6 = —U», g7 = —0s.
and
_ 1 -
@ = 5= [2Aman (X 1) + s (06
Ry () (Pomen X)W Q)
n 00
2 - 2
o (B2) + 19y 00 g [ k]
=
with

Os =diag(gr,---,4n), X = diag(py,...,p.), X=R? X~'R?.

PROOF. Let Q1 = 0y =1. Now, we make some transformations
for the above inequalities (40)-(@T). Pre and post-multiplying
@0) by diag(X~',1,1,X~',... X1 and letting

X=P', Y=KX, Qs=P QP!

O =P 'UP ", O=P 'U,P ", Tn=P 'TinP"". (42

10

we obtain A > 0. That is, (40) implies Condition (27). Then, by
replacing (@2)) in Condition (#I]) we obtain easily (28). There-
fore, the conditions of Corollary@]are obtained which achieves
the proof. O

Remark 4.5. Based on the inequality S~! > 2E1 — E2S (S be-
ing a non-singular matrix), the following LMI conditions

{411 I

N _X; <0, Xi<),21,

Os <281 &Ml

|:—(253[— é%lg)ﬂ']t‘zeiaT +c [2)«1 +illﬁ + ’5217] \/Clr311:| <0
* —23.

where 1} = Ayin(R™1), 3= ¥ kjmaxMJZ- Jo uk;(u)du, &, &
=1

are adjustable parameters and A;, i = 1,2,3,6,7 are unknown
positive scalars, ensure Condition @T]) [48]].

When o # 0, the following proposition can be applied di-
rectly to design a feedback control which is able to FTB-stabilize
the NHOHNNS.

Proposition 4.9. Under the assumptions (H1) — (H2) — (H3),
if there exist a positive scalar , three positive symmetric defi-
nite matrices P, O3, Qy, five n x n diagonal matrices X, Uy >
0, Uy >0, Os >0, Q¢ >0, and a 2n x 2n matrix

hy T
= >0
07 { s Ty
such that the following conditions hold:
M X ILis 0 IIis O IIi; ILis Il
x  Opn B3 0 6Oy 0 0 O3 Oy
* * @33 0 0 H36 0 0 0
* * * T144 0 0 0 Iltg TIlyo
O=| * * * * Ils5 0 0 0 01|<0
* * * * * H(,(, 0 H(,g H(,g
* * * * * * 117 0 0
* * * * * * * Igg 0
L * * * * * * * * TIgo |
(43)
and
—oT
Cc) e c
2 Vil >0 (44)
\/C1 0)1
where
0 = —PC—CP+Q3+GZQ4—U]Z] —aP+2X, g =CPC+ aCP—CX,

022 =TT + Q6 — 2P, @33 = PD, @25 = —PC, O3 = PA, @ = PB,
O33 = —Qg(1 —1")

and other parameters are the same as in Theorem then
the feedback control u (x(t)) = P~'Xx(t) FTB-stabilize System
B5) w.rt. (c1,¢2,R,T).

PROOF. Let Q; = P and Q> = 0. The proof of Proposition[4.9]
is similar to the one of Theorem[4.7] so it is omitted here. O

Remark 4.6. In the results presented in[47, 48142163, 164], the
feedback control given for ensuring the FTB-stabilization of the
NNs cannot be designed with a leakage delay. When o # 0,
the conditions established in these works are not LMI condi-
tions which renders the control algorithm more complicated.



To overcome these difficulties, the matrix gain should be of the
following form K = P~'X. In this case, it is possible to find
LMI conditions ensuring the FTB-stabilization of NNs of the
above mentioned works, even if there is a leakage delay.

5. Numerical examples

In this section, three numerical examples are presented to
show the effectiveness of the results.

5.1. Example 1
Consider System (T)) with n = 2 and

f1(s) = fa(s) =tanh(s), () =0.2—0.1cost,
h(t)=0=0.1, ki(s)=ky(s)=e*, J=(1,2)T,

and parameters C, A, T1, 1>, B and D given as follows:

4 0 0.1 018 02 007
€= [o 4}’ A= Lo.s 70.93}’ 1= {0.03 0.01}’

0.1 0.05 0.7 -0.2 0.1 0
= [0.04 0.02]’ B= Lo.z 0.5 } » D= {0 0.1}
Itleadst01:0.3,h*:0,M]f:O,M;f:l,kalforj:L2.
Note that '
3.2 -0.38
AN R
C-A*M-B'K M{_l 2.57]

is a M-matrix. By using Theorem[3.1} we know that System (T])
has an equilibrium point.

For ¢; = 0.35, T =5 and R = I, solving (6)-(7) with the
Matlab LMI toolbox [72] with & = 0.02 leads to the following
solutions

p_ [128.0037 19.7975 _ [10.08 3.3704]
= 197975 62.5951]° 2= (33704 6.3560]
0, — [16:7695 1.7013] ) [220.9824  57.9710
717013 7.4374]0 %07 | 57.9710  131.3136
_ [7.3255 12523 _ [110.8764 0
Q4= 112523 5.1806)° S| o 65.8265|
_[20464 0 ] [232.5544 0
%=1 0 osss2]" "] o0 156.5080
U, [658755 0 _ 1121715 54.9582
270 589563] M T | 549582 85.9251
;o [45.4573 203443] . [19.7736  8.8448
1271203443 31.9253)7 "2 | 8.8448 13.8120

The minimum value of ¢, satisfies minc,; > 1.8157 for @ =
0.02. Theorem [4.1]leads to the FTB of the considered system
w.rt. (0.35,3,7,5). Time history of x7 (t)x(t) is illustrated on

Fig[l}

Moreover, we see on Figure 2] that the considered system is not
FTB w.r.t. (0.35,0.9,1,100).

— o |

xT(x(t)
o o
s &

=}
»
T

o
w

o
o

i i i i I i
0 1 2 3 4 5
Time (s)

Figure 1: Time history of x” (t)x(¢) with initial condition (0.305,0.5)7
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o =]
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o
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T
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o
N

i i i i i i7
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Time (s)

Figure 2: Time history of x” (t)x(¢) with initial condition (0.305, 0.5)7 for
T =100

Now, we fix o = 0.02 and plot on Figure 3 the different values
of the maximum of ¢; with respect to the parameters 7and ¢,
for having the FTB.

max C1

40 0

2 Time (s)

Figure 3: max ¢; with respect to (7, ¢;)

Finally for @ = 0.01, Figure ] shows the minimum of ¢, with
respect to (7, ¢;) for having the FTB.



min ¢,

200
180
160
140
120
100
80
60
40
20
60 0

40

1 Time (s)

Figure 4: minc, with respect to (T, ¢1)

] h*=0and o =0 ‘

Methods Tinax
[[73] 0.87
[15] 0.3527
[75]] 04
Corollary4.5[ [ 1.123

Table 1: The maximum allowable bounds Ty, for A* =0and 0 =0

When ¢ = 0, the upper bound of the delay 7 for which LMIs
() of Theorem .1 remain feasible is Tmax = 1.088. However,
we obtain Tyax = 1.123 if we use the simplified criterion given
in Corollary [4.3]

Remark 5.1. The stability criterion given in [15} [73} [74} [75]]
fails for small delays (Tmax < 0.87) and becomes infeasible when
a leakage delay o extends beyond 0.15. The method proposed
in our work overcomes these difficulties by proving sufficient
conditions that are able to ensure the FTB and even the asymp-
totic stability for a delay larger than the one given in [[15} [73}
75). Table [I] and Table 2] compare the maximum allowable
bounds Tpax of T(¢) derived from Theorem Corollary
and [L5L 73, (750 [74].

Remark 5.2. The method used in our article improves and ex-
tends the results given in [[15, [74] by reducing the conservatism
with respect to the delays and by simplifying the calculus si-
multaneously. This improvement is illustrated in Tables BH4]
and [5] by presenting a comparison of the computational load.
Noted that FWM and DV stand respectively for the number of

] =0
Methods Tmax for © = 0.15 | Tpax for o =0.2
[74] Infeasible Infeasible
[Theoremlﬂl] 0.245 0.095

Table 2: The maximum allowable bounds of Ty, for A* =0

12

| 7=0 |

Methods FWM DV Tmax
[13] 2 4n*+4n | 03527
[Corollary 2 [ 3n+4n+1 ] 1.123

Table 3: A comparison of computational load when ¢ =0

] c=0.15
Methods FWM DV Tmax
[74] 2 28n2+16n | Infeasible
[Theorem 4.1 2 8.5n% +4n+1 0.245

Table 4: A comparison of computational load when ¢ = 0.15

free-weight matrices and the number of decision variables used.

5.2. Example 2
Consider System (T) with n = 2,

1 0

C= {0 0.2}
and other parameters similar to Subsection[5.1] By setting ¢; =
6.5, T =5 and R = I, we have that System (]II) is FTB w.r.t.
(6.5,1500,1,5) but is not FTB w.r.t. (6.5,1500,7,10). More-
over, we have |x;| — 4oo, i = 1,2 when ¢ — +oo as shown if
Figure [5] which proves that this system is not asymptotically
stable.

2500 F

X (OX(t)

2000 -

1500 -

xT(t)x(t)

1000

500

T i7
0 2 4 6 8 10
Time (s)

Figure 5: The history of x” (¢)x(¢) for System (I} in Exemple 2 with initial
condition (0.1, 0.1)7

] c=02
Methods FWM DV Tmax
[74] 2 28n2+16n | Infeasible
[Theorem 4. 1] 2 8.5n% +4n+1 0.095

Table 5: The maximum allowable bounds of 7(r) when ¢ = 0.2



So, we have shown that FTB and Lyapunov asymptotic stability
are two independent concepts.

Now we consider the controlled System (33) with the above
numerical values. In order to FTB-stabilize System (33), we
consider the feedback control according to the method proposed
in Theorem The feedback control is given by u (x(t)) =

Kix(t), with K} = [_0'1 0

0 0.042] . From Theorem .7} we de-

duce that System (33)) is FTB stabilizable w.r.t. (6.5, 1500, 1, 10).

Figure [6] shows the history of x” ()x(z).

1500

X (Ox(t)

1000 -

X (Ox(t)

500

10
Time (s)

Figure 6: The history of x7(¢)x(¢) for System (33) with initial condition
(0.1, 0.1)7 under controller 36) with K = K;

The state feedback control u (x(¢)) = Kpx(¢) with

0
-0.9

FTB-stabilize the system but it also asymptotically stabilize the
system if we consider an infinite time evolution. The history of
xT (1)x(t) is then illustrated in Figure[7]

—0.1

k=

X (Ox()

X (Ox(t)

i i i
10 15 20
Time (s)

Figure 7: The history of x7(¢)x(¢) for System (37) with initial condition
(0.1, 0.1)T under controller (36) with K = K>
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5.3. Example 3
Consider System (T) with n = 2,

0.01 0
€= [ 0.01}

0
and other parameters similar to Subsection[5.1} From condition
(#@4), we have that minc; = 11.6515. We choose ¢; = 0.35,
T =10 and ¢, = 12 and we see on Figure §] that the open-loop
System (1) is not FTB w.r.t. (¢1,¢2,1,T).

©
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10
Time (s)

Figure 8: The history of x7 (r)x(¢) for System without controller (36)

In order to FTB stabilize System (33) with the above numeri-
cal values, we build the following control U (x(¢)) = P~'Xx(t)
according to the strategy given in Subsection [#.2} Proposition
A-9implies that the closed-loop System is FTB-stabilizable
w.r.t. (c1,c2,T,1) for o = 0.02, with the following solutions

p [65871 0 7, [03573  —0.1380

Tl 0 43602)7 %7 [-0.1380 02511
0y | 48974 —0.5024 _[61356 0
705024 45153 [P T 00 3.5997
0o [05134 0 _[12.0818 0

671 0 0343477 | 0 72642
y, — [11:2816 0 46319 0.5660
271 0 87200 "' T 05660 3.5918
. [40306  1.0331 _ [3.7924  1.3756
27 11,0331 3.1048]" "2 |1.3756  2.8913
g [147082 0

1o ~5.5260

and the controller u (x(¢)) = P~!Xx(t) with

0

—1
PX 71.2674} '

—2.2329
0

The history of x” (¢)Rx(t) with the previous controller u (x(t))
P~'Xx(¢) is illustrated on Figure
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Figure 9: The history of x7 (t)x(¢) for System (37)under controller P~ Xx(z).

Now, if the time-varying delay 7(¢) defined by the non-differentiable

function is as follows:

T(I){Oﬁ—o.lsint if t€3=Uso2kn,(2k+ 1)7);

0 if reRM\J.

(45)

System (33)) stays FTB-stabilizable w.r.t. (cy,c2,7,1) which is
illustrated in Figure [T0]
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Figure 10: The history of x7 (t)x(¢) for System (37) under time-varying delay

@3).

Remark 5.3. It should be pointed out that the results in [47,
48] 1421 163] [64] fail for System (T)) with the time-varying delay
(@3) even without leakage delay because (@3] is not differen-
tiable. This proves the advantage of the proposed approach in
our article.

6. Conclusion

This article deals with the problem of finite time bounded-
ness and finite time boundedness stabilization of a general class
of neutral high-order Hopfield neural networks with time delay
in the leakage term and mixed time delays. By using the topo-
logical degree theory, sufficient conditions are given to prove
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the existence of equilibrium points. The Lyapunov-Krasovskii
functional method and the LMIs technique are used to establish
some sufficient conditions which ensure the finite time bound-
edness and finite time boundedness stabilization of the class of
systems considered in our article. Finally, numerical examples
are presented to show the effectiveness and the interest of our
proposed results.

AppendixA. The calculus of V(1)

System () has an equivalent form given by

—Cz(1) + (A+TTT*)g(z(r — 7(1)))

& {Z(l) —C [ sz(u)du

+B ["  K(t—5)g(z(s))ds + Dz(t — h(t))
z2(s) = 9(s) —x*
Moreover, we have
Vi(t,z(t)) = —C/I: z(u)du —Cz(t)+(A+1"TT*)g(z(t—(r(t)))

D2t —h(1))+B [ K- 5)g(e(s))ds]
T)g(z(r —7(1)))

4277 (1)PB / " K(t—8)g(z(s))ds + 227 (1) PDi(t — h(1)

=-27"(t)PCz(t) + 27" (1)P(A+TT

1277 ( CPC/ wdu—2 [/tioz(u)du] " ePpiti—n(r)

*2{[762(14)5114] CPA+TTT*)g(z(t — ((r)))

f2{/riaz(u)du]TCPB/:wK(tfs)g(z(s))ds (A1)
and
Va(t,2(1)) = 2 (1)Q32(t) — 27 (1 — 0) Q32(t — 0) + 27 (1) Q62(1)
' (t = h(t))Qez(t — h(t)) (1 - h(t))
Z(1)Q32(t) — 2" (1 — 0)032(t — 0) + 2" (1) Q62(1)
(6 = h(1))Qez(t — (1)) (1 — ") (A2)

It follows from Lemma [2.3] that

Va(t,z(t)) = (1)Q4z(1) cr/tt(y u)Quz(u
(00:2(0) {/tta du Q4/ z(u)du]
(A.3)
and
~ (et [T T2 [elele— ()
V“(“(”)—/,f,@{ (s) } { TZZH (s) }‘”
=1(t)7" (t —t(t))Thy2(t — T(1)) + 227 (1) Thz(t — 1(2))

=277 (¢ — (1)) Tihz(r — © (1)) + /t im) T (5)Tapz(s)ds

<2 (e —1(e)[1Th1 — 2Tola(e — 7(1))]

+227 ()Tt — (1)) + HZ'T(S)TzzZ'(S)a’s

(A4)



and
+ u Tzzz(l‘ + u)d
T (s)Toz(s)ds (A.5)

and

= Zn‘,lq./k./ /Omkj(u)(gﬁ(z/(l)) — &5 (zj(t—u)))du
fa

D=L )

x/om K ()3 (2t — w))du

2
Z (/ ki(u)gj(zj t—u))du)

< 8" (2(1)0s K8 (z(

< g (2(1) Qs ks (2(

<g"(2(1))QsKg(2(1))

([ _K=9stelsas) 05 [ KG-9)g(etsas)  a6)
In addition, we note that
0=27 (01 (—2(0) +2(r))
=2 (1)Q12(1) = 22T (1) @1 C2(t — 0) + 227 () QI (A+TT T*)g(2(t — 7(1)))
#2802l —h(0) 28 (0018 [ Klt—s)g(ls))ds A7)
and
O:2ZT(t—h(t))DTQ2(—Dz'(l—h(t))+Dz'(z—h(t)))
h(t))DTQZ(—DZ(t—h(t))+2(t)+Cz(t—0')

B/ K(1 - 9)g(z(5))ds)

= —2:"(t — h(t))DT QDz(t — h(1)) + 22" (t — h(t))DT Q,Dz(t)

+2¢7(t —h(1))DT Q,Cz(1 — 0)

—2:"(t—h(t))D" Q2 (A+T" T
)

=2:T(1—

—(A+TTT"g(z(t — 2t

)g(z(t — (1))

—2:7(t —h(r))DT 0B [ _K(t=5)g(z(s))ds (A.8)

By using (H1), the following inequality holds
0= L’ZZ(()))}T rU*IEI lfl?ﬂ { (Z((t))
ol [ L)

(A.9)

for any n x n diagonal matrices U; > 0, U, > 0. By using

(A7T)-(A29), we finally get
V(1,2(1)) < {7 (1,2(1)) EC(1,2(1)).
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