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HOMOGENIZATION FOR A MULTI-SCALE MODEL OF
MAGNETORHEOLOGICAL SUSPENSION

GRIGOR NIKA AND BOGDAN VERNESCU

ABSTRACT. Using the homogenization method we obtain a model describing the behavior
of the suspension of solid magnetizable particles in a viscous non-conducting fluid in the
presence of an externally applied magnetic field. We use the quasi-static Maxwell equations
coupled with the Stokes equations to capture the magnetorheological (MR) effect. The model
generalizes the one introduced by Neuringer and Rosensweig [14], for quasistatic phenomena.
The macroscopic constitutive properties are given explicitly in terms of the solutions of the
local problems. We determine the homogenized constitutive parameters for an aqueous MR
fluid with magnetite particles using the finite element method. The Poiseuille flow, for the
solution of our homogenized coupled system, approaches the Bingham flow profile for large
values of the magnetic field. The stress—strain curves obtained for the Couette flow exhibit
a yield stress close to the one determined experimentally.

INTRODUCTION

Magneto-rhelogical (MR) fluids are a suspension of non-colloidal, ferromagnetic particles
in a non-magnetizable carrier fluid. The particles are often of micron size ranging anywhere
from 0.05 — 10 um with particle volume fraction from 10 — 40 %. They were discovered by
J. Rabinow in 1948 [I6]. Around the same time W. Winslow discovered electrorheological
(ER) fluids, a closely related counterpart.

MR fluids respond to an external magnetic field by a rapid, reversible change in their
properties. They can transform from a liquid to a semi solid state in a matter of milliseconds.
Upon the application of a magnetic field, the dipole interaction of adjacent particles aligns
the particles in the direction of the magnetic field lines. Namely particles attract one another
along the magnetic field lines and repel one another in the direction perpendicular to them.
This leads to the formation of aggregate structures. Once these aggregate structures are
formed, the MR fluid exhibits a yield stress that is dependent and controlled by the applied
external magnetic field [11], [5].

The formation of these aggregates means that the behavior of the fluid is non-Newtonian.
In many works, the Bingham constitutive law is used an an approximation to model the
response of the MR and ER fluids, particularly in shear experiments [15], [4], [6]. Although
the Bingham model has proven itself useful in characterizing the behavior of MR fluids, it is
not always sufficient. Recent experimental data show that true MR fluids exhibit departures
from the Bingham model [22], [6].

Another member of the magnetic suspensions family are ferrofluids. Ferrofluids are stable
colloidal suspensions of nanoparticles in a non-magnetizable carrier fluid. The initiation into
the hydrodynamics of ferrofluids began with Neuringer and Rosensweig in 1964 [14] and by
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a series of works by Rosensweig and co-workers summarized in [I7]. The model introduced
in [14] assumes that the magnetization is collinear with the magnetic field and has been very
useful in describing quasi-stationary phenomena. This work was extended by Shliomis [20]
by avoiding the collinearity assumption of the magnetization and the magnetic field and by
considering the rotation of the nanoparticles with respect to the fluid they are suspended in.

The models mentioned above have all been derived phenomenologically. The first attempt
to use homogenization mechanics to describe the behavior of MR \ ER fluids was carried
out in [§], [9] and [15]. In the works [8], [9] the influence of the external magnetic field is
introduced as a volumic density force acting on each particle and as a surface density force
acting on the boundary of each particle. The authors in [15] extend the work in [9], for
ER fluids, by presenting a more complete model that couples the conservation of mass and
momentum equations with Maxwell’s equations through the Maxwell stress tensor. As an
application they consider a uniform shearing of the ER fluid submitted to a uniform electric
field boundary conditions in a two dimensional slab and they recover that the stress tensor
at the macroscopic scale has exactly the form of the Bingham constitutive equation.

The authors in [15], [I8], [I7] use models that decouple the conservation of mass and mo-
mentum equations from the Maxwell equations. Thus in principle one can solve the Maxwell
equations and use the resulting magnetic or electric field as a force in the conservation of
mass and momentum equations.

The present work focuses on a suspension of rigid magnetizable particles in a Newtonian
viscous fluid with an applied external magnetic field. We assume the fluid to be electrically
non-conducting. Thus, we use the quasi-static Maxwell equations coupled with the Stokes
equations through Ohm’s law to capture the magnetorheological effect. In doing so we extend
the model of [I5]. Thus the Maxwell and the balance of mass and momentum equations must
be simultaneously solved.

In Section 1. we introduce the problem in the periodic homogenization framework. The
particles are periodically distributed and the size of the period is of the same order as the
characteristic length of the particles. We assume the fluid velocity is continuous across the
particle interface and that the particles are in equilibrium in the presence of the magnetic
field.

The two scale expansion is carried out in Section 2. where we obtain a decoupled set of
problems at order O(e™1).

In Section 3. and in Section 4. we study the local problems that arise from the contribution
of the bulk magnetic field as well as the bulk velocity and provide new constitutive laws for
Maxwell’s equations.

In Section 5. we provide the governing effective equations of the MR fluid which include, in
addition to the viscous stresses, a “Maxwell type” stress. Furthermore, we provide formulas
for the effective viscosity and effective magnetic permeabilities for the Maxwell type stress
that generalize those in [9].

Section 6. is devoted to comparing the results of the proposed model against experimental
data. We compute the constitutive coefficients for an aqueous MR fluid with magnetite
particles using the finite element method, we obtain the velocity profiles of both Poiseuille
and Couette flows for this MR fluid and plot the stress vs shear rate curve for different values
of the applied magnetic field, that exhibit a yield stress comparable to the one obtained in
experiments (e.g. [22])



Notation. Throughout the paper we are going to be using the following notation: [ in-
dicates the n X n identity matrix, e(u) will indicate the strain rate tensor defined by,

1
e(u) = 3 (Vu + VuT), where often times we will use subscript to indicate the variable of dif-

ferentiation. The inner product between matrices is denoted by A:B =tr(ATB) =Y. i @ij bji
and throughout the paper we employ the Einstein summation notation for repeated indices.

1. PROBLEM STATEMENT

For the homogenization setting of the suspension problem we define 2 C R", n = 2,3, to
1 1\"

be a bounded open set with sufficiently smooth boundary 0f2, Y = (—5, 5) be the unit
cube in R™, and Z" is the set of all n—dimensional vectors with integer components. For
every positive €, let N¢ be the set of all points ¢ € Z" such that e(¢ +Y') is strictly included
in 2 and denote by |N¢| their total number. Let 7" be the closure of an open connected set
with sufficiently smooth boundary, compactly included in Y. For every e > 0 and ¢ € N°¢
we consider the set Ty CC €({ +Y), where T} = ¢(¢ + T'). The set T} represents one of the
rigid particles suspended in the fluid, and S§ = 0T denotes its surface (see FIG. . We
now define the following subsets of :

In what follows 7 will represent the magnetizable rigid particles, £2;. is the domain occupied
by the rigid particles and {25, the domain occupied by the surrounding fluid of viscosity v.
By n we indicate the unit normal on the particle surface pointing outwards and by [-] we
indicate the jump discontinuity between the fluid and the rigid part.

}/'€€

FIGURE 1. Schematic of the periodic suspension of rigid magnetizable parti-
cles in non-magnetizable fluid

The description of the problem is,

a €
p all; +p -V —div o =pf, where 0° =2ve(v) — pI in Qy, (1.1a)
divv*=0, divB =0, curl H =0 in Qy, (1.1b)
e(v’) =0, divB°=0, curl H =nv°x B° in Q, (1.1¢c)
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where B¢ = ;1 H® with boundary conditions on the surface of each particle 77,
[v] =0, [B°n]=0, [pnxH]=0 onlSj, (1.2)
and outer boundary conditions
v“°=0, H°=b on 09, (1.3)

where p is the density of the fluid, v represents the velocity field, p¢ the pressure, e(v°)
the strain rate, f the body forces, n the exterior normal to the particles, H¢ the magnetic
field, p€ is the magnetic permeability of the material, p(x) = py if £ € Oy and p(x) = po
if x € Qq., n the electric conductivity of the rigid particles, and b is an applied constant
magnetic field on the exterior boundary of the domain €2. When the MR fluid is submitted
to a magnetic field, the rigid particles are subjected to a force that makes them behave like
a dipole aligned in the direction of the magnetic field. This force can be written in the form,

1
Fe = _5 ‘HG’Q V,Ue,

where | - | represents the standard Euclidean norm. The force can be written in terms of
the Maxwell stress 75, = p© Hf HS — 3 pu° H, Hf 6;; as F© = div 7 + B x curl H®. Since the
magnetic permeability is considered constant in each phase, it follows that the force is zero
in each phase. Therefore, we deduce that

if Q
div 7€ = 0 1 T € Yo (1.4)
—B¢ x curl H¢ if x € Q..

Lastly, we remark that unlike the viscous stress o€, the Maxwell stress is present in the entire
domain €2. Hence, we can write the balance of forces and torques in each particle as,

d €
/ p ¢ dx—/ (c'n+ [7°n])ds +
o dt s;

B XcurlHed:I:—i-/ pfdx,

T3 T3

| ra—at)x Grae = [ nt [ x @ —at)ds (15)

+/ (B¢ x curl H) x (x—xﬁ)dx—ir/ pf x (z—2')dz,
T Ty

where z¢ is the center of mass of the rigid particle 7.

1.1. Dimensional Analysis. Before we proceed further we non-dimensionalize the prob-
* * * * * 2

lem. Denote by t* = t/é, x*=x/L, v =v/V, p* = p/y%, H"=H/H, f* = f/VT, and

pu = p/ug. Here L is a characteristic length, V' is a characteristic velocity, p is a character-

istic pressure, f is a characteristic force and H is a characteristic unit of the magnetic field.

Substituting the above expressions into (1.1)) as well as in the balance of forces and torques,

and using the fact that the flow is assumed to be at low Reynolds numbers, we obtain

dv*
Re ( é?vt + (v - V)’ue*) —div "o = Re f*, where 0 =2e(v™) —p™I  in Q.

div *o* =0, div*B" =0, curl " H" =0 in Qy,,
() =0, div*B" =0, curl H" = R, v x B in Q,
4



where B = p H and with boundary conditions on the surface of each particle T},
[v*] =0, [B"n][=0, [nxH"]=0 on S¢,
v =0, H”=b" on 0N.

together with the balance of forces and torques,

due*
Re/ de* = / o nds*+a [ [tn] ds*+a | B xcurl H*dz* + Re | f"dx",
TE dt* SE SE TE TE
£ 4 14 4 4

du** * *
Re/ (x* —x%) x de* = / ocn x (2" —2¢)ds* +a [ [r%n] x (" —2) ds*
TE dt* SE SE
I3 14 14

+ a/ (B x curl H) x (x* —2')dz* + Re | f*x (x* —z'") dzx,
i

i

ILLQHQL
v

where Re = is the Alfven number, and R,, =

is the Reynolds number, o =

v

np1 L'V is the magnetic Reynolds number.

In what follows we drop the star for simplicity. Moreover, for low Reynolds numbers the
preceding equations become,

—div ¢¢ =0, where 0 = 2¢(v°) — pI in Q, (1.6a)
dive =0, divH =0, curl H*=0 in Q, (1.6b)
e() =0, divH =0, curl H =R, v x B¢ in Q, (1.6¢)
with boundary conditions
[v]=0, [B°-n]=0, [pnxH]=0 on Sy, )
v°'=0, H°=b on 0L,
together with the balance of forces and torques,
0= / o'nds+ « / [t°n] ds + o / B¢ x curl H dz,
5 S T;
0= / on x (x—x')ds +a [7°n] x (x —2°) ds (1.8)
S S

+ / (B x curl HY) x (x — z') d.
T3

In the next section we will use a two scale expansion on the velocity, pressure and the
magnetic field.

2. TWO SCALE EXPANSIONS

We assume the particles are periodically distributed in {2 and thus consider the two scale
expansion on v¢, H¢ and p°,

—+00 “+00 400
v(z) :Zelvz(x,y), He(a:):Ze’H(a:,y), p (x):Ze p'(z,y) with y = o
i=0 i=0 i=0
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where £ € Q and y € R”. One can show that v° is independent of y and can thus obtain the

following problem at order e !,

0c?.

——2=0 in Y;, 2.1a
ayj f ( )
oy = =1 0ij + 20 (€450 (v°) + eijy (v1)) (2.1b)
oY ot
v L %% inY, 2.1
8xj * 8yj mn I ( C)
eije(V°) + €5, (v") = 0 in T, (2.1d)
0B OHY

L =0, ejp—e—" =0where B) = uH? inY, 2.1e
(9yj Ik 83/] ( )

with boundary conditions
['] =0, [B’-n]=0, [nxH]=0 ons.

1

0 . (2.2)
v, H" areY — periodic.

Here Y; and T' denote the fluid, respectively the particle part of Y'; and S denotes the surface
of T. At order of €* and €* we obtain from (1.8) the balance of forces and torques for the
particle T respectively,

Oz/aonds—l—a/ [[Ton]])ds—a/BoxcurlyHody,
s s T

O:/yxaonds—i—oz /yx [[Ton]] ds — « /yx (B0 Xcurly(Ho)) dy,
s s T

where by 77

(2.3)

1
7y = wH} H} — 5 p H H 635, (2.4)

we denote the Maxwell stress. We remark that since from (2.1€]) curl,(H") = 0 in Y, the
balance of forces and torques simplify to the following,

0:/00n+a/[[70n]] ds andO:/yxaonds+a/yx [7°n] ds. (2.5)
s s s s

Remark 1. At first order, in the problem — the Stokes and Maxwell equations are
decoupled. Hence, in principle one could solve the Mazwell equations and once a
solution 1s obtained then solve the Stokes problem -, albeit with an extra known
force added to the balance of forces and torques ([2.5).

3. CONSTITUTIVE RELATIONS FOR MAXWELL’S EQUATIONS

3.1. Study of the local problem. Using the results from the two scale expansions, ([2.1€]),
we can see that curl,(H") =0 in Y and thus there exists a function ¢ = ¢ (z,y) with average

1 = 0 such that

o — @Y | fogg) (3.1)

’ 0y
6



where ~ = / dy. Using the fact divyB® = 0 in Y, BY = pH? and the boundary

conditions we have,
8 8'¢ 770 .
_ _ H =0 Y
Dy (M ( Y " l)) m

v is Y — periodic, {/; = 0.

Introducing the space of periodic functions, with zero average
Wyer (V) = {w € HL, (V) | @ =0},
then the variational formulation of ( . is
Find ¢ € W, (Y) such that

oy ov .~ / ov (3.3)
o 90 00 dy = H; Yp, 5 dy for any v € Wy, (Y).

Since we have imposed that ¢ has zero average over the unit cell Y, the solution to (3.3))
can be determined uniquely by a simple application of the Lax-Milgram lemma.
Let ¢* be the unique solution of

Find ¢* ¢ Wer(Y') such that
OB o / (3.4)

%

dy for any v € W, (V).

Plot of ¢! Plot of ¢?

FIGURE 2. Plot of the solution ¢* in (3.4) for magnetite nanoparticles of
volume fraction ¢ = 0.14 with magnetic permeability u = 8.41946 x 1075 N/A?

using FreeFem++.

By virtue of linearity of (3.3]) we can write
ble,y) = ¢ (y) Hi@) + C(o).
7



In principle, once I:T,g is known, we can determine v up to an additive function of x.
Hence, combining (3.1)) and the above relationship between 1) and ¢* we obtain the following
constitutive law between the magnetic induction and the magnetic field,

0 k

One can show (see [19]) that the homogenized magnetic permeability tensor is symmetric,
Wik = lg;- Moreover, if we denote by Ay (y) = (—%y(_y) + (Sig) one can see from (3.1]) that

H? = Ay H? and thus the Maxwell stress (2.4) takes the following form,

EZQ = Wik ﬁ;?, where pu;, = /
Y

o 1 o~ e
Ty = 1 Aie Aj HY Hy, — B 1t Ak Agi 035 HY, HY = 1 A7 HY) HY.
Here AZ‘LZ = % (Aig Ajr + Ajp Ay — Apui, Ar; 6;5) and has the following symmetry, A?}g =
A;?}" = Af]m Recall that the div 7¢ = 0 in s, and div 7¢ = —B¢ x curl H¢ in Q.. From the
two scale expansion, at order ¢! from equation (1.4)) we obtain,

div, 7" =0in Y. (3.6)
4. FLUID VELOCITY AND PRESSURE

4.1. Study of the local problems. Problem ([2.1)-(2.2)), (2.5)) is an elliptic problem in the

variable y € Y with forcing terms v°(z) and H (z) at the macroscale. We can decouple the

contributions of v°(x) and H (z) and split »! and p° in two parts: a part that is driven by
the bulk velocity, and a part that comes from the bulk magnetic field.

vE(@,y) = X7 (Y) eme(@°) + €7 (y) HY HY + Ap(z), (4.1)
P(@,y) = P (Y) eme(v”) + 7™ (y) HY, HY + 1 (), (4.2)
where /Yf p™(y)dy = 0 and /Yf ™ (y) dy = 0.

Here, x™ satisfies

0

J
5’;?5 = —pmz(sij +2 (Oijm€ + €ijy (sz))
X" -

[[xmg]] =0 onS,
Cijme + €izy(X™) =0 in T,
x™ is Y — periodic, X™ =01inY,

together with the balance of forces and torques,
/szenj ds = 0 and / €ijk Yj ezgnp ds =0, (4.4)
S S

1 1
where Cjjpe = 5(5im6jé + 0it0jm) — 552‘3‘ Ome-
8



The variational formulation problem of (4.3))-(4.4)) is
Find x™ € U such that

4.5
/Y 2 €45y (X™) €1y (¢ — X™) dy = 0, for all @ € Uy, (45)
s

where U is the closed, convex, non-empty subset of H! (V)" defined by

per

U={uecH,, (Y)"|dive=0inY}, ej,(u) = —Cijmein T, [ul =0on S, u=0in Y}
We remark that if we define B,ij = %(yZ Ok +y; i) — %yk d;j, then e;; (Bmz) = Cjjme- Existence
and uniqueness of a solution follows from classical theory of variational inequalities [7].

In similar fashion we can derive the local problem for &™,

0

meé __ :
_a_ijij =0 inYy,
ZZLZ = —szél-j + 2 €ijy(€m€>
g
——— =0 inYy,
9y d (4.6)
H£m£H =0 onS,
eijy(fmg) =0 inT s
~ml
€™ is Y —periodic, & =0.
Using (3.6)) the balance of forces reduces to
/S X7 n;ds =0, (4.7)
together with the balance of torques
/ €ijk Yj (ZZ;K + [[MAZ;DE ) n,ds = 0. (4.8)
S
We can formulate (4.6)—(4.8)) variationally as
Find €™ ¢ Vier (Y) such that
(4.9)

/ 2 eijy(gmf) eijy(d)) d’y + / A;?e eijy(¢) dy = O, for all ¢ < ‘/ZDGT(Y)7
Yy Y

where
Vioer V) ={ve H, (V)" |divo=0in Y}, ejy(w) =0in T, [p] =0on S, 9 =0in Y},

is a closed subspace of H,,,.(Y)". Existence and uniqueness follows from an application of

the Lax-Milgram lemma. Below we plot the streamlines of the solutions x™¢ of (4.5)) and

& of (@),

9
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Streamline of £1! Streamline for £'2 Streamline of £%2

FIGURE 3. On the top are the streamlines of the solution x™* in and on
the bottom are the corresponding streamlines of the solution £™ in for
spherical magnetite nanoparticles of volume fraction ¢ = 0.14 generated using
FreeFem++.

Remark 2. From the second line of the plots above, we can observe that the only driving
force that makes the solution €™ non zero in (4.9)) are the rotations induced by the magnetic
field through the fourth order tensor A?jw.

5. HOMOGENIZED EQUATIONS OF THE MAGNETO-RHEOLOGICAL FLUID

At the € order we obtain the following problems,

—div ;0% —div ,o!' =0 in Yy, (5.1a)
div ;o' +div v* =0 in Yy, (5.1b)
div ,B° +div ,B' =0 inY, (5.1c)
curl ,H® + curl ,H' =0 in Yy, (5.1d)
curl ,H° + curl ,H' = R,,v" x B’ in T, (5.1e)
with boundary conditions
[0 =0, [B'-n]=0 [nxH]=0 ons,
2 (5.2)

v?, H'are Y — periodic.
10



In each period, we consider a Taylor expansion, around the center of mass of the rigid
particle, both of the viscous stress and the Maxwell stress of the form (see [10]),

a 0fl a 1/l
o() = (e g) + 22 Fe W (1t Yot (@hy) e O (o —at )t
0x, ’ 0x, ’
a 0/t a 1/ 7
@) = aly) + T ot ) er ) e T gt

where the expansion of the Maxwell stress occurs both inside the rigid particle and the fluid.
Using this method we can expand the balance of forces, (1.8)), and obtain at order €?,

o= [ (Fonr ) mara [[(Gime) o] o
= ij nj S « nj S
—« /(B0 x (curl ,H® + curl ,H")); dy.
T
Integrate (5.1a)) over Y; and add to (5.3) obtain the following,

0= ”dy+/—ykn]ds+a/[[ ”er i)l ds
y; Oz 0

(5.4)
-« /(BO x (curl ,H® + curl ,H")); dy.
T

At order €” we obtain, div ,7°+div ,7! = 0 in Y} and div ,7°+div , 7' = —B"x (curl ,H+
curl ,H") in T. Combining the aforementioned results and the divergence theorem we can
rewrite ([5.4) the following way,

da?. or, T
0= O de /a—yjnkds—l—a/sﬂ%yjnkﬂ ds—l—a/ B ]dy (5.5)

Using the decomposition of v! and p° in ([4.1)) and we can re-write a and 7

]7

O’% = _ﬁO 0ij + ngemlx(vo) + Egéﬁ% ﬁg’ () AmzHo Hz-

j

Moreover, equations ([2.1b)), (2.4), (4.3)) and (4.6)) allow us to retain the only symmetric part

of .

Hence the homogenized fluid equations (5.5 become,

9 )
0= 2 (05,4 / 2 45y (B™ +x™) dy + / e By ds b ey (0°) (5.6)
an Yf S

+{/ 2 i, (E™) dy+/2;}fB;jnkds—|—oz/ Amedy—l—oz / [[/LA"LZ]] B;jnk} ﬁ&ﬁ?).
Yy s

Furthermore, using (2.1c)—(2.1d)) and the divergence theorem we can obtain the incom-
pressibility condition, div ,v° = 0.

Denote by
Vijme = {/Y 2 eijy(BWZ +x™) dy + /Sagff B;j i ds} ,
f

11



and

Bijme = {/ 2 eijy(fmf) dy + / Ezf B;j n ds + o / Am‘] dy + / [[,uAme]] B” nk}

then the homogenized equation (5.6)) becomes

o I
0=-— <—p0 8ij + Vijme €mez (") + Bijme Hy, Hé’) .

Using local problem (4.3)) we can re-write the v, the following way,

Vijme :/Y 2 epg(B™ + X™) epg(BY + x7) dy. (5.7)
f

In a similar fashion, using local problem (4.6) and the kinematic condition in (4.3)) we can

re-write (3¢ as follows

Bijme = / 2 €pg(E€™)epy (B +x'7) dy + / Amgepq(B” +x7) dy + a / ,uAZFE dy. (5.8)
Yy Yy 1%

It is now clear that v;j,,, possesses the following symmetry, v;jms = Vjime = Vimeij. While
for Bijime, we have Bijme = Bjime = Bijem.-

To obtain the homogenized Maxwell equations, average (5.1¢), (5.1d)), and (5.1€) over Y,
Y, and T respectively and use equation (3.5]) to obtain,

8(/1*]’?]]8) -0 (()ﬁO
(%j ’ ”k al‘]

o k
pii, = /Tu (— 8(3 k) dy (5.9)

ﬁ?:bl-, v) =0 on 0.

The effective coefficients are computed as the angular averaging of the tensors v;j,,, and
Bijme. This is done by introducing the projection on hydrostatic fields, F,, and the projection
on shear fields P, (see [12]). The components of the projections in three dimensional space
are given by:

= R €55 v; ,ukaO in €,

where

with boundary conditions,

1 1 1
(Py)ijke = - 0ij Ones  (Ps)ijke = 3 (03t Oj¢ + 630 0j1;) — - 0ij Oke
Let us make the following notations:
1 1
v =tr(Byv) = n Vppagy Vs = tr(Psv) = (qupq T Vppqq) )

1 1
By =tr(BB) = n Bopaq:  Bs = tr(Ps ) = (ﬁpqm - ﬁﬁppqq> .
Then we can re-write the homogenized coefficients v;;,,,¢ and ;e as follows:

1 1
Vijme = " (Vp — V5)00me + B Vs (0ik0je + 0iedji),

12



1 1
Bigme = — (By = v5)0ij0me + 5 Bs (indje + diedj)-

Gathering all the equations we have that the homogenized equations governing the MR
fluid form the following coupled system between the Stokes equations and the quasistatic
Maxwell equations,

oY
H i .
=0 =0 Q
(91'] (O‘ + T ) ' o, m {2,
1 ~0|2 ~ ~
H | H _ 0 770
O_i’+ ij p61+Vsez + = B_ﬂs 52H’ +BstH
i T T j i@) nf » = Bs) 0 g (5.10)
8(,U/k HO) (‘3H0 .
V) =0, ﬁ? =b; in Q.

Remark 3. We should remark here that the effective constitutive properties consist of the
homogenized viscosity, Vijme, and three homogenized magnetic permeabilities, fu;;, p;;, and
Bijme, which all depend on the geometry of the suspension, the volume fraction, and the
magnetic permeability j1. In addition the new coefficient Bijme depends also on the Alfven
number .

6. VELOCITY PROFILE OF THE MAGNETO-RHEOLOGICAL FLUID

In this section we compute the cross sectional velocity profiles of Poiseouille and Couette
flow for spherical suspensions of rigid particles. We denote by v = (vy, v2) the two dimensional
velocity and by H = (Hy, H>) the two dimensional magnetic field. We remark that in two
dimensions the tensors Cjm,, = 0 and B™" = 0. Then due to the linearity of local problem
(4.3) we have x™™ = 0. Thus, Vymi = 0 which implies that v, = 0. Using a similar
argument, we further note that [,,,;; = 0 which implies that 5, = 0. Hence, the two
dimensional stresses of reduce to

ij

1 ~0|2 ~0 ~
0y + Ty = D0+ vse5(0°) — 5 55 0 |H ‘ + B, H Hj

Thus, the two dimensional MR equations in ((5.10)) reduce to the following:

(o) -t (g -m) ) =0 (o
R X R
;’1 (W H) + 81 (4 Hy) = 0, (6.10)

g_lﬁ_g_];;_w (01 Hy — vo Hy),  (6.1d)

g_:; + g—;z =0. (6.1e)
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6.1. Poiseuille flow. We consider the problem of a steady flow due to a pressure gra-
dient between two infinite, parallel, stationary plates that are non-conducting and non-
magnetizable with one plate aligned along the z;—axis while the second plate is of distance
one unit apart. We apply a stationary magnetic field H on the bottom plate. Since we are
dealing with infinite plates, the velocity v depends only on x5. Using we immediately
obtain that vy is constant and since the plates are stationary v, = 0. Since the flow is uni-
directional, we expect that the the magnetic field will depend only on the height x5. Hence,
using we obtain Hs(z) = K, while the component parallel to the flow depends on the
fluid velocity. Therefore the equations in reduce to the following,

l/s 621}1 8H1 677'0
S 9 62
2 8x1 +O K 8@ 0 (6.22)
or® 1  OH?
al’g 2 aZEQ (6 )
8[—[1
Fre =nu’ K. (6.2¢)

Making use of (6.2b]) we obtain that 7%z, z5) + % Bs Hi(z2)? is a function of only z; and
therefore by differentiating the expression with respect to x; we get that %—;rf is a function

only x;. Therefore, on - the left hand side is a function of :UQ and the right hand side
is a function of z7. Thus they have to be constant. Substituting (6.2c]) in - we obtain
the following differential equations,

d2 U1

i3 Mo =C,, (6.3a)
oY
o Cyp, (6.3b)

5110 B,
with A — 21 Bs g

Vs
The general solution of (6.3a)) is

vi(T9) = 1 e} Hege A 4 —2 u)\Q'
Given that v1(0) = v1(1) = 0 we have,
C, (sinh()\ x2) —sinh(A (zg — 1)) 1)
v A2 sinh(\) ‘
Once the velocity vy (zy) is known, we can use to compute H;(z3) with boundary
condition H;(0) = K; and obtain,

C
H — S K p
) =mp v A3 sinh(\)

Remark 4. As K tends to zero, A also tends to zero and we have

(6.4)

U1 (ZEQ) =

(—cosh(Azy) + cosh(A (xzg — 1)) — cosh(A) + 1) + K.

Il(iino v1(zg) = ﬁ xo (x2 — 1),

which 1s precisely the profile of Poiseuille flow with stationary plates at x5 =0 and xo = 1.
14



6.2. Couette flow. The setting and calculations for the unidirectional Couette flow are
the same as Poiseuille flow. In a similar way, we can carry out computations for the plane
Couette flow. For simplicity we assumed the bottom plate is the x; axis and the top plate
is at xo = 1 and the pressure gradient is zero. A shear stress  is applied to the top plate
while the bottom plate remains fixed. Thus, we solve with initial conditions v;(0) = 0
and v](1) = 4 and obtain

o1 (12) = Y v A sinh(Azz) + G, cosh(A (z2 — 1)) G,
n vA2 cosh(\) v A?

(6.5)

Remark 5. Again, as before, we note that as K approaches zero, A also approaches zero
and
fim Cpw9® + 2y wovs — 20, 29

A—=0 2

To compute H; we use (6.2¢) to obtain

Cp
v A3 cosh(\)

Cp i)
v A2

Hi(zs) = ————— (cosh(Aan) — 1)+

= 3 cosh(n) (sinh(A (zg—1)) —sinh(A)) —

+ K.

6.3. Magnetite nanoparticles. In this section we consider a suspension of spherical mag-
netite nanoparticles in de-ionized water of viscosity 0.001 Pa with volume fraction ¢ = 0.07.
The electrical conductivity of the nanoparticles is assumed to be 20,000 S/m, while the mag-
netic permeability is 8.41946 x 107 N/A? for the nanoparticles and 1.25662 x 107 N/A? for
the water. Carrying out explicit computations of the effective coefficients in , and
(5.9) we obtain v, = 0.006 Pa, 3, = 2.59 x 107 N/A?, u* = 3.28 x 107" N/A2%. In the case of
Poiseuille flow we can plot the profile of the MR flow, for a constant pressure gradient
and different values of the magnetic field and compare them with the Poiseuille flow profile
in the absence of a magnetic field (FIG. . We can see that the damping force increases
with Bs; the profile is close to flat in the middle region for high B,, but is not parabolic
close to the walls as in the case of Bingham flows.

0.8
0.8

0.6

0.6

04
04

0.2
0.2

S 8 v % % 2 & = g = = & & 8,8 8 §

v~ Vi =

Velocity profile for MR Poisseuille flow Velocity profile for regular Poisseuille flow

FI1GURE 4. The plots on the left represent the velocity profile for By=0.05,
0.02, 0.01, 0.0075, 0.005 T (left to right). The plot on the right is the velocity
profile for Bo=0 T.
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Likewise, in Couette flow regime we can plot and compare the velocity profile of MR
Couette flow against the Couette flow in the absence of a magnetic field, for zero pressure
gradient. The plots in FIG. [5| show that as by increases the flow region is smaller close to
the upper plate. Thus an “apparent” yield stress is present. However, the velocity profile is
not linear like in the case of Bingham fluids.

7

08
08

0e
oe

[
[VA S

03
03

°c b r g - » oy ¥ -
s 2 o A A 4

Vi = » L4

g
s
¢ b 2

Velocity profile for MR Couette flow Velocity profile for plane Couette flow

FI1GURE 5. The plots on the left represent the velocity profile for B,=0.05,
0.02, 0.01, 0.0075, 0.005 T (left to right). The plot on the right is the velocity
profile for Bo=0 T.

Remark 6. For shear experiments, the response of magneto-rheological fluids is often mod-
eled using a Bingham constitutive law [4], [5], [I5]. Although the Bingham constitutive law
measures the response of the magneto-rheological fluid quite reasonably, actual magneto-
rheological fluid behavior exhibits departures from the Bingham model [6], [22]. In Fig.
and FIG[J we see that for low values of the magnetic field, the Bingham constitutive law is
not adequate, however, it appears that for higher values of the magnetic field the flow gets
closer to resembling a Bingham fluid.

The plot in FIG. [6] depicts the stress vs shear rate curve relationship measured at zo = 1.
When K; = 0 there is no yield stress present. However, for very small non-zero values of
K, we obtain the results of [22] for the linear portion of the stress vs shear rate curve at
high shear rates. Additionally, we are able to match their extrapolated Bingham yield stress

values.
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FIGURE 6. The stress versus the shear rate curve for four different magnetic
fields, By = 0.288, 0.230, 0.173, 0.058.

7. CONCLUSIONS

We consider a suspension of rigid magnetizable particles in an non-magnetizable, non-

conducting aqueous viscous fluid. In (3.4), (4.5), (4.9) we derive the local problems that
arise from the Maxwell equations, the bulk velocity and the bulk magnetic field and obtain
new constitutive laws. The effective equations governing the behavior of the MR fluid are
presented in . The proposed model generalizes the one in [14] by coupling the velocity
field with the magnetic field intensity. Moreover, we obtain formulae for the effective coeffi-
cients that can be numerically computed and identify three different magnetic permeabilities
governing the effective behavior. Unidirectional velocity profiles of Poiseuille and Couette
flows are computed for magnetite nanoparticles of volume fraction ¢ = 0.14 to validate
against experimental data for the stress-strain relationship of MR flows.
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