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Small-time global stabilization of the viscous Burgers equation
with three scalar controls

Jean-Michel Coron? Shengquan Xiang'

Abstract

We construct explicit time-varying feedback laws leading to the global (null) stabilization
in small time of the viscous Burgers equation with three scalar controls. Our feedback
laws use first the quadratic transport term to achieve the small-time global approximate
stabilization and then the linear viscous term to get the small-time local stabilization.

Keywords. Burgers equations, time-varying feedback laws, small-time global stabilization,
controllability, backstepping.
AMS Subject Classification. 93D15, 93D20, 35K55.

1 Introduction

A very classical problem for controllable system is the asymptotic stabilization issue. Let us first
recall some results concerning systems in finite dimension. It was first pointed out in [63] that a
system which is globally controllable may not be globally asymptotically stabilizable by means of
continuous stationary feedback laws. In [10] a necessary condition for asymptotic stabilizability
by means of continuous stationary feedback laws is established. See also [17]. There are
controllable systems which do not satisfy this necessary condition. In order to overcome this
problem two main strategies have been introduced, namely the use of discontinuous stationary
feedback laws and the use of continuous (with respect to the state) time-varying feedback laws.
For the first strategy, let us mention in particular [63] and [16]. Concerning the second strategy,
which was introduced in [62] and [(1], it is proved in [1&] that many powerful sufficient conditions
for small-time local controllability imply the existence of feedback laws which stabilize locally
the system in small time.

Concerning control systems modelled by means of partial differential equations much less
is known. The classical approach for local results is to first consider the linearized control
system around the equilibrium of interest. If this linear system can be asymptotically stabilized
by a linear feedback law one may expect that the same feedback law is going to stabilize
asymptotically the initial nonlinear control system. This approach has been successfully applied
to many control systems. Let us, for example, mention [3, 4, 5, 6, 7, 59, 60], which are dealing
with the stabilization of the Navier-Stokes equations of incompressible fluids, equations which
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are close to the one we study here, i.e. the viscous Burgers equation. However this strategy
does not work in two important cases, namely the case where the linearized system is not
asymptotically stabilizable and the case where one is looking for a global result. In both cases
one expects that the construction of (globally or locally) asymptotically stabilizing feedback
laws heavily depends on the methods allowing to use the nonlinearity in order to prove the
associated controllability property (global or local controllability). For the local controllability
one of this method is the “power series expansion” method. See in particular [I 1, 12, 27] where
an expansion to the order 2 and 3 is used in order to prove the local controllability of Korteweg-
de Vries equations. This method can be indeed adapted to construct stabilizing feedback laws:
see [33] for control systems in finite dimension and [34] for a Korteweg-de Vries control system
and [15] for a Navier-Stokes equation.

Concerning the second case (global stabilization), even less is known. It is natural to expect
that the construction of globally asymptotically stabilizable feedback laws depends strongly
on the arguments allowing to prove this controllability. One of these arguments is the use of
the return method together with scaling arguments (and, in some cases, a local controllability
result) as introduced in [19, 20]. These arguments have been used to get global controllability
results for

e The Euler equations of incompressible fluids in [20, 41],

e The Navier-Stokes equations of incompressible fluids in [14, 19, 28, 30, 40],
e Burgers equations in [13, 57],

e The Vlasov-Poisson system in [12, 16].

In some of these cases the “phantom tracking” method gives a possibility to get global stabiliza-
tion. This method was introduced in [21] for the asymptotic stabilization of the Euler systems,
then it has been used in various models [9, 43]. One can find a tutorial introduction to this
method in [21]. However, it is not clear how to get finite-time stabilization with this method.

Concerning the stabilization in small time or even in finite time of partial differential equa-
tions very little is known. Let us mention

e The use of Krstic’s backstepping method [51] to get stabilization in finite time of linear
hyperbolic systems; see in particular [2, 29, 35, 36, 19],

e The small-time stabilization of 1 — D parabolic equations [31],
e The small-time local stabilization of Korteweg-de Vries equations [65].

In this paper, we give the first small-time global stabilization result in a case where the global
null controllability is achieved by using the return method together with scaling arguments and
a local controllability result. We investigate the Burgers equation

Yt = Yoz + yye = a(l), y(t,0) = wi(t), y(t, 1) = ua(t), (1.1)

where, at time ¢, the state is y(¢, -) and the controls are a(t) € R, u;(t) € R, and us(t) € R. The
Burgers equation has been very much studied for its important similarities with the Navier-
Stokes equation as the appearance of boundary layers and the balance between the linear viscous
term and the quadratic transport term.

Let us briefly recall some controllability results on the Burgers control system (1.1). When
a = 0 and u; = 0, the small-time local null controllability is proved in [39] . When a = 0, it



is proved in [17] that the small-time global null controllability does not hold. Before and after
this, many related results were given in [1, 23, 37, 38, 44, 48, 58]. In [13] the return method
and scaling arguments are used as in [19, 28] to prove that (1.1) is globally null controllable.
The global null controllability in small time also holds if ug = 0 as proved in [57], even if in this
case boundary layers appear when applying the return method. Moreover, it is proved in [50]
that the small-time local controllability fails when u; = uy = 0.

This article is dealing with the small-time global stabilization of (1.1). To overcome some
regularity issues we add an integration on the control variable a : now a; = «(t) and a(t) is
part of the state. In other words, we consider a dynamical extension of (1.1) -see for example
[22, p. 292]- with an extension with a variable of dimension only 1. Dynamical extensions are
usually considered to handle output regulations. It can also be used to handle obstructions to
full state stabilization for nonlinear systems even in finite dimension: see [32, Proposition 1].
In this paper, we therefore consider the following viscous Burgers controlled system:

Yt — Yoz + YYo = a(t) for ( ) S (S +OO) X (07 1)’

y(t,0) = uy(t) for t € (s,+00), (1.2)
y(t, 1) = ua(t) for t € (s,+00),
a; = a(t) for t € (s, +00),

where, at time ¢, the state is (y(t, ), a(t)) € L?(0,1) x R , and the control is (a(t),u1(t), ua(t)) €
R x R x R. (We could have considered a; = 3(t) where (¢) is a new control; however it turns
out that one can just take B(t) = a(t).)

Before stating our results on stabilization, let us introduce the notion of feedback law, closed-
loop system, proper feedback law, and flow associated to a proper feedback law. A feedback
law is an application F'

{F:D(F)CRXLZ(O,I)XR — R xR xR (1.3)
(t;y,a) = F(ty,a) = (At y,a), Uit y, a), Us(t; y, a)). ’
The closed-loop system associated to such a feedback law F' is the evolution equation
Yt — Yoz + Yy = A(t; y, a) for (t,x) € (s,-+00) x (0, 1),
y(tv 0) = Ul(tvyu CL) for ¢ € (Sa +OO)7 (1 4)
y(t,1) = Ua(t;y, a) for ¢ € (s,+00), '
ar = A(t;y, a) for t € (s,+00)

The feedback law F' is called proper if the Cauchy problem associated to the closed-loop system
(1.4) is well posed for every s € R and for every initial data (yo,ap) € L?(0,1) x R at time
s; see Definition 16 for the precise definition of a solution to this Cauchy problem and see
Definition 17 for the precise definition of proper. For a proper feedback law, one can define
the flow ® : A x (L?(0,1) x R) — (L?(0,1) x R), with A := {(¢,s); t > s} associated to this
feedback law: ®(¢, s; 4o, ag) is the value at ¢ > s of the solution (y, a) to the closed-loop system
(1.4) which is equal to (yp,ag) at time s.
Let

V= L%(0,1) x R with ||(y, a)llv:= ||y 2 +]al. (1.5)

Our main result is the following small-time global stabilization result.
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Figure 1: Small-time global stabilization of (y, a).
Theorem 1. Let T > 0. There exists a proper 2T -periodic time-varying feedback law for system
(1.2) such that
(i) ®(4T +t,t;y0,a0) =0, Vt €R, Vyo € L?(0,1), Va € R.
(i) (Uniform stability property.) For every é > 0, there exists n > 0 such that

(Iyos ao)llv< m) = (@ (¢, 550, a0)llv< 6, V' €R, VEe (¢, +00)).  (16)

Our strategy to prove Theorem 1 is to decompose the small-time global stabilization into
two stages:

e Stage 1: Global “approximate stabilization”, i.e., the feedback law steers the control
system in a small neighborhood of the origin,

e Stage 2: Small-time local stabilization.
In the remaining part of this introduction, we heuristically describe these two stages (see

Figure 1).

1.1 Global approximate stabilization

In this part we use the transport term yy, and the “phantom tracking” strategy to get global
approximate stabilization in small time, i.e. to get, for a given € > 0, |ly(t)||r2+]a(t)] < e for ¢
larger than a given time. For this issue, let us perform the following change of variable

z:=y—a. (1.7)



Then (1.2) becomes

2t — Zga + 22z +a(t)z, =0 for (t,z) € (s,400) x (0,1),

2(t,0) = uy(t) — a(t) for t € (s,+00), (1.8)
2(t, 1) = ua(t) — a(t) for t € (s,+00), '
a; = a(t) for t € (s,+00).
In this stage, we will always set
Ul(t; Y, (Z) = UQ(t;y>a) = a. (19)
Then the energy (i.e. the square of the L?-norm) is dissipating:
d
ZllzIz<o0. (1.10)

As we know, the “transport term” a(t)z, can lead to a small value for ||z(T)| 2. For example
letting a(t) = C|z||12, one can expect that ||z(T)||;2< € for T' > 0 given, whatever the initial
data is. However |a(t)| can become larger. Thanks to the control of a(t) (see (1.8)) and the
dissipation of z (see (1.10)), a, as we will see, can be stabilized later on. In order to stabilize z
only, we will try to find suitable feedback laws for system (1.8).

Using this strategy, we will get the following theorem, the proof of which is given in Section 3.

Theorem 2. Let T > 0,e > 0. There exists
A:Rx L%0,1) xR =R, (ty,a) — A(t;y,a), (1.11)

such that the associated feedback law Fy (see (1.3) and (1.9)) is proper for system (1.2) and
such that the following properties hold, where ®1 denotes the flow associated to F1,

(Q1) The feedback law A is T-periodic with respect to time:

Alt;y,a) = A(T + t;y,a), Y(t,y,a) € R x L*(0,1) x R, (1.12)
(Q2) There exists a stationary feedback law Ag : L?(0,1) x R = R, (y,a) — Ao(y,a), such that
A(tyy,a) = Ao(y,a), Vte€]0,T7/2), Y(y,a) € D(Ay), (1.13)
(Qs) There exists a stationary feedback law Ay : R — R, a +— Aj(a), such that
A(tyy,a) = Ai(a), Y(tiy,a) € [T/2,T) x L*(0,1) x R, (1.14)
(Q4) (Local uniform stability property.) For every 6 > 0, there exists n > 0 such that
(I yo, ao)llv< m) = ([1@1(t, 590, a0)[[v< 6, YOS <t <T), (1.15)
(Qs) For every yo in L?(0,1) and for every ag € R,
®1(T, 0590, a0) = (y(T), 0) with |[y(T)llL2(0,1)< &- (1.16)

Theorem 2 is not a stabilization result, since we only get that y(7") is “close to 0”. For this
reason we name this stage “global approximate stabilization”.



1.2 Small-time local stabilization

Thanks to the first stage we now only need to get the small-time local stabilization. Since
we already have ®1(T,0;y0,a0) = (y(T),0) with ||y(T)| 12< €, we can set a = 0. Inspired by
the piecewise backstepping approach introduced in [31], we also set u; = 0. Hence the system
becomes

Yt — Yoz +YYz =0 for (t7l‘) € (S, +OO) X (07 1)7

y(t,0) =0 for t € (s, +00), (1.17)
y(t,1) = ua(t) for t € (s,+00).
We do not care about a since it does not change. In [31] the authors get small-time semi-global

stabilization for the heat equation. Since we only need small-time local stabilization, the non-
linear term yy, could naturally be regarded as a small perturbation. However, by classical
Lions-Magenes method, in order to have a C°([0,77]; L?(0,1)) solution (to the system (1.17)),
a HY 4(0,T) regularity of the control term is needed. For the control problem with the open-
loop systems, the regularity condition on the control term is not a big obstacle. But when we
consider the closed-loop system, it is hard to expect our feedback law will lead to a control in
HY 4(0,T), especially when the feedback laws are given by some unbounded operators. Actually
this problem also appears for the KdV system [65], where based on the special structure of KAV
(leading to the Kato hidden regularity of y,.(¢,0)), the “adding an integrator” method (i.e. the
control is no longer us but g in the framework of (1.17)) solved this problem. Nevertheless,
this idea does not work for our case, since there is no such hidden regularity.

However, instead of the hidden regularity, we have now the maximum principle. With this
principle we get that a control in C°([0,77]) leads to a solution in C°([0, T]; L?(0,1)). Hence we
get a solution in C°([0, T]; L%(0, 1)) for the closed-loop system. We look for Us : Rx L?(0,1) — R
satisfying the following properties

(P1) The feedback law Us is T-periodic with respect to time:

Ua(tyy) = U2(T + t3y), (1.18)

(P2) There exists an increasing sequence {ty, }nen of real numbers such that

to =0, (1.19)
lim t, =T, (1.20)
n—-4o0o
Us is of class C! in [t,, tny1) x L*(0,1), (1.21)

(P3) The feedback law U vanishes on R x {0} and there exists a continuous function M :
[0,T) — [0, 4+00) such that, for every (¢,y1,y2) € [0,T) x L*(0,1) x L?(0,1),

Ut 51) = Ut y2)] < M) (lyr — v2llz2), (1.22)
(P4) For every (t,y) € R x L?(0,1), we have
Ut y)| < min{1, V/llyll 2}, (1.23)

(Ps) If |lyll20,1y= 1, then, for every t € R, U(t;y) = 0,
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and leading to the small-time local stability for the y variable if the feedback law F = Fy is
defined by

Fy(t;y,a) = (0,0, Ua(t, ). (1.24)
More precisely, one has the following theorem.
Theorem 3. Let T > 0. There exists € > 0 and U : R x L?(0,1) — R satisfying properties

(P1)-(Ps), such that the feedback law F» defined by (1.24) is proper and, if the flow for the
closed-loop system is denoted by P,

(i) For every yo € L*(0,1) and for every ap € R,
®2(T,0; 90, a0) = (0,a0) if [lyol[z2< €, (1.25)
(ii) (Local uniform stability property.) For every § > 0, there exists n > 0 such that

(I(wo, ao)llv< m) = (I1®2(t,t's 50, a0)[v< 6, YOSt <t <T). (1.26)

This paper is organized as follows. Section 2 is dealing with the well-posedness of various
Cauchy problems and the definition of proper feedback laws. Section 3 and Section 4 are on
the global approximate stabilization and the small-time local stabilization. Then we define our
time-varying feedback laws in Section 5. These feedbacks law lead to Theorem 1, which will be
proved in Section 6. In the appendices, we prove some well-posedness results (for both open-
loop systems and closed-loop systems), namely Proposition 7, Proposition 10, Theorem 24,
Lemma 12, Lemma 27, and Lemma 29.

2 Well-posedness of the open-loop system (1.2) and proper feed-
back laws

In this section we briefly review results on the well-posedness of the open-loop system (1.2).

Then we establish our new estimates which will be used for the well-posedness of the closed-loop

systems. Finally we define proper feedback laws, i.e. feedback laws such that the closed-loop
systems are well-posed in the context of our notion of solutions to (1.2).

Let us start with the linear Cauchy problem:

ye(t,x) — yuu(t, x) = f(t, ) for (t,x) € (t1,t2) x (0,1),

y(t,0) = 5(t) for t € (t1,t2), (2.1)
y(t,1) = ~(t) for t € (t1,t9),

y(t1,+) = yo.

We use the following definition of solutions to the Cauchy problem (2.1) (solution in a trans-
position sense; see [22, 31, H4]).

Definition 4. Let t; € R and to € R be such that t; < to. Let yo € H1(0,1),8 and v €
L3(t1,t9), and f € LY(t1,t2; H-1(0,1)). A solution to the Cauchy problem (2.1) is a function



y in CO([t1,ta); H-1(0,1)) such that
— ot sy oo Vg + [ 20t 1)
t1

— ts B(t)ug(t,0)dt — /S<f(t,x), u(t,z)) g1 gadt =0, (2.2)

t1
for every s € [t1,ta], for every u € L%(t1,t2; H?(0,1)) N H(t1,t2; HY(0,1)) such that
ug(t, ) + e (t, ) = 0 in L?((t1,t2) x (0,1)). (2.3)

This definition ensures the uniqueness (there exists at most one solution), but is not sufficient
to get the existence of solutions. Concerning this existence of solutions, and therefore the well-
posedness of the Cauchy problem (2.1), one has the following proposition.

Proposition 5. Let t; € R and ta € R be given such that t1 < to <t; + 1.

(1) If f =0, B =~ =0, then, for every yo in H-'(0,1)), the Cauchy problem (2.1) has a
unique solution y € C°([t1,t2]; H-1(0,1)). Moreover, when yo € L?(0,1), this solution is
in

CO([t1,t2]; L*(0,1)) N L2(ty, ta; Hy (0,1)), (2.4)
and satisfies
lyllcor2< llyollrz and ||yl L2 < [[yoll z2- (2.5)

(2) Ifyo = 0,8 = 7 = 0, and f € LM(t1,t2;L2(0,1)) U L2(t1, to; H-1(0,1)), the Cauchy
problem (2.1) has a unique solution y. Moreover

[yllcor2< [[fllz1z2 and |yl g2y < [l r2 (2.6)

and there exists C1 > 1 (which is independent of 0 < ty —t; < 1) such that
lyllcorznpzm < Cull fll 21 (2.7)

(3) If yo = 0, f =0, B, and v € L?(t1,t2), the Cauchy problem (2.1) has a unique solution
y. If in addition B and v € H3/*(t,ts), this solution is also in COH' N L2H?,

In this proposition and in the following, in order to simplify the notations, when there is no
possible misunderstanding on the the time interval, C°L? denotes the space C°([t1, t2]; L*(0,1)),
L?L*> denotes the space L?(ty,ts; L%(0,1)) etc.

Properties (1) and (3) follow from classical arguments; see, for example, [22, Sections 2.3.1
and 2.7.1], [17, 57]. Property (2) follows from direct calculations and one can find similar results
in [15]. Since we want to investigate the well-posedness of closed-loop systems, (3) is difficult
to use. For that reason, we investigate the well-posedness with lower regularities on § and ~.
For the heat equation, we have the maximum principle:

Lemma 6 (Maximum principle: linear case). Let t; € R and to € R be given such that t; < ts.
Let yo € H™', B € L*(t1,ta), v € L?(t1,t2), and [ € L*(t1,to; H™'). Let y € C°([0,T]; H')
be the solution of the Cauchy problem

yt(tvx) - y:m:(t?x) = f fOT (t7$) € (tl,t2) X (O> 1)a

y(t,0) = B(t) for t € (t1,t2), (2.8)
y(t,1) = (¢) for t € (t1,t2),
y(t1,+) = Yo



If
y0>07f>07/8>07 and7>o7 (29)

then
y(t,") 20, Vte[ti,ta]. (2.10)

Thanks to the maximum principle, we get a new version of the well-posedness of system
(2.1), the proof of which is given in Appendix A.

Proposition 7. Let t1 € R and to € R be given such that t1 < to. If f = 0,y90 = 0, 8 and
v € L*®(ty,t2), the unique solution y of the Cauchy problem (2.1) is in L>(t1,t2; L*(0,1)) N
L2(t1,t9; L>=(0,1)) and this solution is also in C°([t1,ts]; L?(0,1)) provided that 3 and ~y are in
CO([t1,t2]). Moreover, for every Ty > 0, and for every > 0, there exists a constant Cr,, > 0
such that, for every t; € R and for every to € R such that t; < ta < t1 + Ty, for every 8 and
for every v € L>®(t1,t2), and for every t € (t1,t2],

HyHLOO(tl,t;LQ)mLQ(tl,t;Loo)g (n+ CTo,n(t - t1)1/2) (Hﬁ”Loo(tl,t)‘i‘H’YHLO@(tl,t)) . (2.11)

Let us now turn to the nonlinear Cauchy problem

Y (t, ) — Yuu(t, ) + yyo = f for (t,z) € (t1,t2) x (0,1),

y(t,0) = B(t) for t € (t1,t2), (2.12)
y(t, 1) = (1) for t € (t1,t2),
y(t1,-) = vo.

The idea is to regard, in (2.12), —yy, = —(y?)/2 as a force term. Hence we adopt the following
definition.

Definition 8. Let yo € H (0,1), B and v € L%(t1,t2), and f € L'(t1,t2; H(0,1)). A
solution to the Cauchy problem (2.12) is a function

y € L™ (t1,t9; L*(0,1)) N L%(t1, ta; L°°(0, 1)) (2.13)
which, in the sense of Definition 4, is a solution of (2.1) with

fi=—(")a/2+ [ € L'(tr, t2; H1(0,1)). (2.14)

Remark 9. Let us point out that it would be better to write in (2.12) (y?)./2 instead of yys.
However, for the sake of better readability, we keep yy. instead of (y*)./2 here and in the
following. ).

For this nonlinear system, thanks to Proposition 7, the classical well-posedness results,
stability results, and the maximum principle on the Cauchy problem (2.12) can be modified
into the following ones, which are more suitable for the stabilization problem and which are
also proved in Appendix A.

Proposition 10. Let t; € R and ty € R be given such that t; < to. Let yo € L*(0,1), B and
v € L®(ty,t2). If B and v are piecewise continuous the Cauchy problem (2.12) with f =0 has
one and only one solution. This solution is in C°([t1,t2]; L2(0,1)).



Moreover, for every R > 0, r > 0, and € > 0, there exists Té,r > 0 such that, for every
t1 € R and ty € R such that t1 <ty <t1+T}, and for every yo € L*(0,1), B and v € L>(t1,t2)
(not necessary to be piecewise continuous) such that

9ol z2< B and || B[ oo +[1v[l Lo < 7, (2.15)

the Cauchy problem (2.12) with f =0 has one and only one solution and this solution satisfies
9l Loo (11, 42522(0,1)) < 2R, (2.16)

||Z/HL2(t1,t2;Loo(o,1))< eR. (2.17)

Remark 11. The conditions on 8 and 7 are for the existence of solutions: one can get the
uniqueness of the solution with less reqularity on 8 and ~y.

Lemma 12 (Maximum principle: nonlinear case). Let t; € R and to € R be given such that
t1 < ty. Let yéﬁ € L*(0,1), BT € L™®(t1,t3) be piecewise continuous, and yv= € L>®(ty,t3) be
piecewise continuous. Let y= € CO([t1,ta]; H1(0,1))NCO([ty, ta]; L2(0,1)) N L2 (¢, to; L>(0,1))
be solutions to the Cauchy problem

y; (t,) —ym( z)+yFyy =0 for (t,x) € (t1,t2) x (0,1),
V(60 = 420 for 1 € (ta,12) 218
yE(t, 1) = 7= (t) for t € (t1,t2),
yi(tlv ) (]i
If
Yo <ui, B <BY, andyT <A, (2.19)
then
y(t,) <yT(t,-), VtE [t1,ta]. (2.20)

Lemma 13. For every R > 0, r > 0, and 7 > 0, there exists C(R,r,7) > 0 such that, for every
t1 € R and ts € R such that t; < ty < t1 + 7, and for every y(j)[ € L?(0,1), BT € L>®(ty,ts)
piecewise continuous, and y* € L™ (t1,t3) piecewise continuous such that

lyg 1l22< B and || 8% || poe Iy | < 1, (2.21)

the solution to the Cauchy problem (2.12) with f = 0 satisfies

1™ =y sty tosr201) < C(R, 7, 1) (g — wo ez BT = B e +lIvT =7 llze) -
(2.22)

Let us now come back to system (1.2). We start with the definition of a solution to the
Cauchy problem associated to (1.2).

Definition 14. Let t; € R and ta € R be given such that t; < ta. Let yo € L?(0,1), ap € R,

a € LY(t1,ts), uy and ug € L®(t1,t2). A solution (y,a) to (1.2) with initial data (yo,ao) at
time t1 is a (y,a) satisfying

y € CO([t1, t2]; L*(0,1)) N L*(t1,t2; L>(0,1)), (2.23)

a € C%[ty,ta)), ar = o in the distribution sense, and a(ty) = ag, (2.24)

(2.1) holds in the sense of Definition 4, with f = (—yyz) + a(t), B := w1, v :=uz. (2.25)
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Remark 15. Let us point out that, with Definition 1/, Proposition 10 does not imply the
existence of a solution to the Cauchy problem (1.2) since, in Definition 1/, u; and ug are
assumed to be only in L>®(t1,t2) and not necessarily in C°([t1,t2]). However this proposition
implies this existence if u; and us are only piecewise continuous. We choose L* condition for
u1 and ug precisely to cover this case, which will be useful in the framework of the well-posedness
of the closed-loop systems that we are going to consider.

Definition 14 allows to define the notion of solution to the Cauchy problem associated to
the closed-loop system (1.4) as follows.

Definition 16. Let s; € R and s3 € R be given such that s1 < so. Let
F:[s1,82] x L2(0,1) x R — R xR xR
(t;y,a) = F(ty,a) = (A(t;y,a), Ui(ty, 0), Ua(t;y, a)).
Let t1 € [s1,89], ta € (t1,82], ap € R, and yo € L%(0,1). A solution on [t1,t3] to the Cauchy
problem associated to the the closed-loop system (1.4) with initial data (yo,ao) at time t; is a
couple (y,a) : [t1,t2] — L*°(0,1) x R such that
t € (ti,t2) = alt) := At y(t. ), a(t)) € L' (t, 1), (
t € (t1,t2) = wa(t) == Ur(t;y(t,-), a(t)) € L™(t1, t2), (227
t € (t1,t2) = ua(t) == Ua(t;y(t, ), a(t)) € L™(t1, t2), (
(y,a) is a solution (see Definition 1/) of (1.2) with initial data (yo,ao) at time t1.  (2.29

We can now define feedback laws such that the closed-loop system has a unique solution in
the sense of Definition 14. These feedback laws are called proper and are defined as follows.

Definition 17. Let s1 € R and s2 € R be given such that s1 < so. A proper feedback law on
[s1, s2] is an application
F :[s1,89] x L?(0,1) x R — RxR xR

(t;y.a) = F(tiy,a) = (A(tiy,a),Ui(ty, a), Ua(t; y, a))
such that, for every t; € [si1,s2|, for every ta € (t1,s2], for every ag € R, and for every
yo € L%(0,1), there exists a unique solution on [t1,ts] to the Cauchy problem associated to the
the closed-loop system (1.4) with initial data (yo,ap) at time t1 (see Definition 16).

A proper feedback law is an application F
F:(—o00,00) x L?(0,1) x R — R xR xR

(t;y.a) = F(t;y,a) = (At y, ), Ui(tyy, a), Uzt y, a))
such that, for every s1 € R and for every ss € R such that s1 < sa, the feedback law restricted
to [s1,s2] x L%(0,1) x R is a proper feedback law on [s1, sa].

3 Global approximate stabilization

Let T' > 0 be given. As explained in Section 1.1, throughout this section we work with (z,a)
instead of (y,a), where z is defined by (1.7). The equation satisfied by (z,a) is

2t — Zgx + 22z +a(t)z, =0 for (t,z) € (0,T) x (0,1),

Z(t,O) =0 for t € (O,T), (3 1)
2(t,1) =0 for t € (0,T), ‘
ar = ot) for t € (0,T).
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The idea is to use the “transport term” a(t)z,. Following the idea of backstepping (see e.g.[22,
Section 12.5]), we first regard the term a(t) as a control term: we consider the system

2t — Zgw + 22z +a(t)z, =0 for (¢t,x) € (0,7) x (0,1),
z(t,0) =0 for t € (0,7), (3.2)
z(t,1) =0 for t € (0,7),

where, at time ¢ € [0, 7], the state is z(¢,-) € L?(0,1) and the control is a(t) € R. Inequality
(1.10) shows that the L% norm of the state decays whatever is the control. However it does not
provide any information on the decay rate of this L?-norm. In order to get information on this
decay rate, we consider the weighted energy (see e.g. [3, Chapter 2], [20])

1
Vi(z) = / 22e " dx. (3.3)
0
With a slight abuse of notations, let Vi(t) := Vi(2(t)). Then, at least if
2 € CH([0,T]; H71(0,1)) N C*([0,T]; Hy(0,1)) and a € C°([0, 7)), (3:4)
Vi € CY([0,T]) and

5 Vi =z, 2z ") g1

= (2pe — (2%/2) — a(t) 2, ze” ) g1 m)

——/1226‘%[1:4— L_a V(z)—l/lzgexd:v (3.5)
T 2 2) ! 3 Jo ‘ ‘

In fact, as one easily sees, (3.5) holds in the distribution sense in L(0,T) if
z€ HY0,T; H(0,1)) N L*(0,T; Hy(0,1)) and a € L>=(0,T). (3.6)

From now on we assume that (3.6) holds. Since

1 1/2
el 2 ([ tevan) 5.7)
0
(3.5) leads to
d 1
%Vl < —/ 22e %z + V4 (1 — a)V1. (3.8)
0
We choose a := (k + 1)Vi, then
d 2
—Vi <Vi —kVE (3.9)

dt

The positive “equilibrium” point (of ;) of the right hand side of (3.9) is 1/k. Hence if k large
enough we have

Vi(T) < 2/VE, (3.10)

whatever is the initial data as shown by the following lemma.
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Lemma 18. Let T > 0. There exists kr € N such that, for every k > kr and for every
Vi € C%[0,TY; [0, +00)) satisfying (3.9) in the distribution sense in (0,T),

Vi(T) < 2/VE. (3.11)

Proof of Lemma 18. Tt is easy to observe that, if for some time to € [0, 7], Vi(to) < 2/Vk, then
Vi(t) < 2/Vk, for every t € [tg, T]. So, arguing by contradiction, we may assume that

Vi(t) > 2/Vk, Vtel0,T). (3.12)
Then .
Vi(t) < =5 V() (3.13)
which implies that
-y < KT (3.14)

From (3.12) and (3.14), we get

1 _Vk
~T < < -, 3.15
Vi S 2 (3.15)
which implies that
VET < 1. (3.16)
O

3.1 Construction of feedback laws
3.1.1 Phantom tracking stage

Let us come back to the system (3.1). For any T given, we consider the following Lyapunov
function generated from the phantom tracking idea:

Va(z,a) == Vi(2) + (a — A\Vi(2))?, (3.17)

with A to be chosen later. The idea is to penalize a # AV1(2); see [24]. Again, with a slight abuse
of notations, we define Va(t) := Va(z(t),a(t)). Then, at least if z is in C1([0,T]; H~1(0,1)) N
C%([0,T); HY(0,1)) and a € C1([0,T7), V4 is of class C! and

d d d

il 2a — _

72 = V1t 2(a = AN(E))(a = A1)
! 2 —x 2 2 d Vi

< — [ zie Tdx+ Vi 4+ Vi = AV +2(a — AVi(2)) a—)\dtvl—? .
0
We choose
d i 1
o —Adtm+—1—4(a—w1( 2))3

=\(— 12’2671 x —a z 2 123671 hot a—
—)\< 2/0 se%dr+ (1 —a)Vi(z) 3/0 d)—i— 5 )\( AVi(2))3. (3.18)
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Then, at least if z is in C1([0,T]; H~1(0,1)) N C°([0,T]; H}(0,1)) and a € C°([0,T])

d
— Vo < VZ+V1 = AVZ = Aa — AV (2))?

dt
<v -2 o) s
<V — A;VQ?. (3.19)
In fact, as one easily sees, (3.19) holds in the distribution sense in L*(0,T) if
z€ HY(0,T; H1(0,1)) N L*(0, T; H3(0,1)) and o € L>(0,T). (3.20)

Let ¢ > 0. Using Lemma 18 and (3.19), one gets the existence of Ao > 1, independent of (z, a)
satisfying (3.20), such that, for every A € [Ag, +00),

3
Vi—1
Meanwhile, there exists a constant C. such that |a(7/2)| < C-.

We denote this stationary feedback law by Ay, i.e., Ag: L*°(0,1) x R — RU{—00} is defined
by

V2(T/2)] < <e. (3.21)

Ap(y,a) = o with « given in (3.18), where z is defined by (1.7), (3.22)

with the natural convention that Ag(y,a) = —oo if y € H'(0,1). This convention is justified
by the fact that, by (3.7), there exists C' > 0

1
‘/ e dx
0

Remark 19. Let us point out that Ay is an unbounded operator on the state space, which is
L?(0,1) x R. The set where it takes finite value is H'(0,1) x R & L?(0,1) x R. However, as
we will see in Subsection 3.2, the feedback law

3 1
el lelfe< 3 [ e wdo+Clllls, Ve YO, (323)

F(t;y,a) := (Ao(y,a),a,a), ¥(t,y,a) € D(F):=Rx H'(0,1) xR (3.24)
1S proper.

From (3.21) we see that V1(77/2) is small thanks to A\. However, at the same time, because
of A\, a will approach to AV1(T'/2). This is bounded by some constant, and unfortunately we
can not expect more precise uniform bounds than the above one. To solve this problem, in the
next phase we construct a (stationary) feedback law which makes a decay to 0, but keeps V;
small.

Remark 20. Similar a priori estimates could be obtained for LP-norm cases. Even more, one
could further get L™ type estimates by using the technique introduced in [S, Chapter 4] and

[29].
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3.1.2 Small-time global stabilization of the variable «

In this section we construct the stationary feedback law A; (see (Q3)). Since L?-norm of z
decays whatever is the control «, we only need to find a feedback law which stabilizes “a”. In

[1P=)

this section, we give a feedback law which stabilizes “a” in small time. For that it sufﬁces to
define A; by

Ai(a) = —p(a® + /]a]) - sgn(a (3.25)

Indeed, with this Aj, one can easily verify that there exists up > 0 such that, whatever is
a(T/2), a(T) =0 if p > pr and @ = A (a).

Remark 21. The feedback law A1 is continuous but not Lipschitz. However, for every t; € R,
for every tg € [t1,+00), and for every ag € R, the ordinary differential equation a; = Ai(a) has
a unique solution on [t1,ts] such that a(t1) = ayp.

Remark 22. For our Burgers equation, thanks to the energy dissipation (1.10), we do not need
to care of z during the interval of time [T'/2,T]. For some other partial differential equations,
such decay phenomenon may not hold. However, the same strategy would also work. Indeed,
we can stabilize a in very small time so that the change of z keeps small.

Remark 23. Another idea to stabilize a in finite time is to design a time-varying feedback
law of the form Ai(a) = —pna for t € [ty,tny1). However, if for every solution of @ = Ai(a)
on [T/2,T], one has a(T) = 0 whatever is a(T/2), this feedback law has to be unbounded on
[T/2,T) x (—=9,09) for every § > 0, which is not the case of Ay defined by (3.25).

In this section, our feedback law F' = F7 is defined by (9;), (1.9), (1.14), (3.22), and (3.25).
Let us point out that it satisfies (Q2)—(Q3).

3.2 Well-posedness and properties of the flow

This part is devoted to the properness of the feedback law Fj. From the definition of F}(¢;y, a)
for t € [T/2,T] (see (1.9), (1.14), and (3.25)), it follows from Proposition 10 that Fj is proper
on the interval of time [T'/2,T1.

By the T-periodicity of F} it just remains to prove the properness of F on the interval of
time [0,7/2]. This properness is a consequence of the following lemma, the proof of which is
given in Appendix B

Lemma 24. For every T € (0,+00), every zo € L?(0,1), and every ag € R, there exists one
and only one (z,a) satisfying

z € L*(0,T; HA(0,1)), (3.26)

such that (y,a) := (z+a, a) is a solution to (1.2) (see Definition 14) with initial data (z9+ag, ao)
at time 0 with

a(t) := Ao(y(t), a(t)), for almost everyt € (0,T), (3.27)
B(t) = a(t),y(t) = a(t), Vte€[0,T]. (3.28)

At a first sight it seems that (3.26) is too strong compared to what is imposed by (2.26) for
the properness of Fy. Indeed, (2.26) just impose that z € L(0,T; H(0,1)). However, it follows
from (1) and (2) of Proposition 5 that, if (y, a) is as in Lemma 24 with y € L'(0,T; H'(0,1)),
then z :=y —a € L2(0,T; H'(0,1)).

15



3.3 Proof of Theorem 2

It only remains to give the proof of Properties (Q4) and (Qs) of Theorem 2.
We first look at (Qs). Let (yo,a0) € L?*(0,1) x R. Note that (3.20) holds, and therefore
(3.21) also holds:

3
[Va(2(T/2),a(T/2))| < . <e. (3.29)
From (3.29) one gets the existence of A > 0 independent of (yo,a0) € L?(0,1) x R such that
12(T/2) | 12(0,1) +(a(T/2) = AVA(2(T/2)))* < ¢ (3.30)

when \ > \.

Then the next stage (i.e. the evolution during the interval of time [T/2,T]; see Section 3.1.2)

gives
12(T) I 2(0,1)< € and a(T') = 0, (3.31)
which concludes the proof of (Q5).

It only remains to prove Property (Q4). If T/2 <t < T, this property clearly holds, since
both [|z]|z2 and |a| decay as time is increasing. If 0 < ¢ < T'/2, we only need to care about
the case where 0 < ¢ < t < T/2, thanks to the first case. Since (3.20) holds, (3.19) holds in
LY(¢',t). This shows that

Vo < Vi on [t 1] (3.32)
if A\ is larger than 1. Then, using (3.17),

(Vi(z() + (at) = AVi(2(1)))?) = Va(t)
<PVt = T2 (Vi(z(t) + (a(t') — AWVA(2(1)))?), (3.33)
which concludes the proof of Property (Qy).

4 Small-time local stabilization

The aim of this section is to get the small-time local stabilization (for the y variable). The
small-time local (and even semi-global) stabilization of the heat equation is given in [31]. Here
we follow [31] and regard yy, term as a small force term (as in [65] for a KdV equation).
Throughout this section we define o := 0 and u; := 0 in (1.2), hence it is sufficient to consider

Yt — Yoz T YYz =0 for (t *73) (8 +OO) X (07 1))

y(t,0) =0 for t € (s,+00), (4.1)
y(t, 1) = ua(t) for t € (s,+00).
We construct a time-varying feedback law satisfying (P;)—(Ps) leading to the small-time local

stabilization of system (4.1).

4.1 Local rapid stabilization

At first, let us briefly recall (see [55], [51, Chapter 4] or [31]) how the backstepping approach is
used to get rapid stabilization for the following heat equation:

Yt — Yoz = 0 for (t,x) € (s,+00) x (0,1),
y(t,0) =0 for t € (s,+00), (4.2)
y(t,1) = ug(t) for t € (s,+00).
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Let A > 1 given. Since Volterra type transformations will be considered, let us define
D :={(z,v) € [0,1)%v < x}. (4.3)
We define the feedback law by

1
ws(t) = Koy = [ Ia(1, o)yt o), (4.4)
0
where the kernel function k) is the unique solution of

kyw — koo — Ak =0 in D,
k(z,0) =0 in [0, 1], (4.5)

k(z,z) = — 2% in [0,1].

Let us perform the following transformation II, : L2(0,1) — L?(0,1), y + z,
x
+(a) = I (y@) i= y(e) = [ Rala,o)y(o)de, (1.6)
0
The kernel function ky is of class C? in D and satisfies the following estimate (see [31, Lemma
1]).
Lemma 25. There exists a constant C1 which is independent of A > 1, such that
[kalle2(m < 1V, (4.7)

Remark 26. In fact [71, Lemma 1] is dealing with the H'-norm (for more general equations).
Howewver, the proof can easily be adapted to get Lemma 25. Moreover in the case of (4.2), the
kernel can be expressed in terms of the Bessel function:

I A(x? —v?)
K(z,v) =—v i ( D) >, (4.8)

where Iy is the first order modified Bessel function of the first kind; see [50, (4.33)]. This explicit
formula allows also to prove Lemma 25. Inequality (4.7) is related to the estimate given in [52,
Proposition 1] by Lebeau and Robbiano. See also [55]. With no difficulty, the C*-estimate can
be generalized to C™-estimates, n > 3, and one can prove the analyticity of the solution, which

also follows from (4.8). For similar estimates for a Korteweg-de Vries equation, see [05, Lemma
2] and [0/, Lemma 3J.

In particular the transformation ITy : L?(0,1) — L?(0,1) is a bounded linear operator. This
operator is also invertible. The inverse transformation, IT" : L#(0,1) — L?(0,1), is given by

) =0 (a(a)) = 2(0) + [ (o 0)z(0) (4.9)
0
with the kernel [, satisfies

low —lyw + AN =0 in D,
[(x,0) =0 in [0, 1], (4.10)
lz,2) = —22 in [0, 1].
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The same estimate as (4.7) holds for [,
N s (4.11)

In fact one can even get better estimates than (4.11) (see [31, Corollary 2]). Let us denote
z := Iy by z to simplify the notations. From (4.6) and (4.9), we know that

Iyl 2 < €29z > and ||2]|2< €22y 2, (4.12)

[yl < Nzl +Cll2l 2 and 2]l gy < [yl +Cllyll 2 (4.13)

Then, following (4.2), (4.4), and (4.6), the solution y of (4.2) with (4.4), is transformed (via
IT,) into a solution of

2t — Zge + Az =0 for (t,z) € (s,+00) x (0,1),
2(t,0) =0 for t € (s, +00), (4.14)
z(t,1) =0 for t € (s,+00),

from which we get exponential decay of the energy of z with an exponential decay rate at least
equal to 2.

Let us now consider the local rapid stabilization of the Burgers equation (4.1). The idea
is to construct a stationary continuous locally supported feedback law which is given by (4.4)
near the equilibrium point.

Suppose that y is a solution of (4.1) with feedback law (4.4), i.e. y is a solution of the
Cauchy problem

Yt — Yoz + YYz =0 for (t,z) € (s,+00) x (0,1),
y(t,0) =0 for ¢ € (s,+00), (4.15)
y(t,1) = Ky = fol Ex(1,v)y(t,v)dv for t € (s,+00), '
y(07 ) = Yo,
with yo € L?(0,1). Then z := II,(y) satisfies
2t — Zgx + A2 =1 for (t,z) € (s,+00) x (0,1),
z(t,0) =0 for t € (s,+00), (4.16)
2(t,1) =0 for t € (s,+00),
2(0,-) = zo,
with
zZ0 - — H)\(y), (4.17)
I:= —H)_\l(z) (H;l(z))m +/0 Ex(z,v)(yyz)(v)dv. (4.18)

For the Cauchy problem (4.15) and (4.16), we have the following lemma, whose proof is
given in Appendix D.
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Lemma 27. Let A > 1, R > 0, and s € R. There exists 0 < Tlt{ < 1 such that, for every
yo € L%(0,1) such that
lyollz2< R, (4.19)

the Cauchy problem (4.15) has one and only one solution. This solution is also in C°([s,s +
T, L2(0,1)) N L2 (s, s + T4 HY(0,1)). Moreover, this solution satisfies
Hy||COL2ﬂL2H1< 36301\/XR. (420)

By Lemma 27, for any zg € L?(0, 1) there exists 7 > 0 such that, the Cauchy problem
(4.16) has a unique solution on ¢[s, s + 7] and this solution is also in CO([S s+T];L%(0,1)) N
L%(s,s +T; H}(0,1)).

Since
lw? (172 2= llw* |l oo < HwllFoe o wllf2poe < ClwlZopallwll e, (4.21)
we know form direct calculations that I € L?(s,s +T; H~'(0,1)) and that

I'= _5((1_[)_\1(2))2) - ;/Ox k)\,v(l',’l))y2(’l)>d’l) — %yQ(x). (4.22)

Note that, since z € CO([s, s+T7; L*(0, 1))NL3(s, s+T; H(0,1)) and I € L*(s, s+T; H~(0,1)),

we have
—1 2 o ] 2
<Z, ((H)\ (Z)) >I>H6,H1 = <zza (H,\ (Z)) >L2,L2’ (423)
and
d 1 )
@HZH%F —2/ 22(x)de — 2\ 2)|224+2(2, I) 2 12 in L'(s,s + T). (4.24)
0

Thanks to (4.7), (4.22) and (4.23), there exists Cyp > 1, Co > 2C; and C3 > Cy, independent of
A > 1 and z, such that

2(z, 1) 12 2] < llzall 22| (T3 (2)) 2l 12 +Coe®CY A |y 122 |2l 24+ Coe?C Y yl1 22 |12 oo
<OV 1z 2 (121122 + 121124)

< Nlzall22 SV ([12132+121152) (4.25)
Here, we used the estimate

lzallc2llzl7a < N2zl 2 ll2l 2 |2l 2o < ll2all 2 < JlzalZ2+Cll] 72 (4.26)

Therefore p
7||Z||L2\ —2A|l 2|2V (2|2 ot 12]|2) in L(s, s+ T). (4.27)

If the initial energy ||zo|z2 is smaller than e=CaVA (this is not a sharp bound), we then have an
exponential decay of the energy

A(t—

|lz()||2< e , Vtels,s+T). (4.28)

Since the energy of z decays, we can continue to use Lemma 27 in order to get that the solution
z of (4.16) is in C°([s, s + 277]; L?(0,1)) N L?(s,s + 275 H}(0,1)), and that

(t—s) ~
20| 2< e 7 |20l 2, VE € [, 5+ 2T). (4.29)
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We continue such procedure as time goes to infinity to get that the unique solution z satisfies

z € C%s, +00); L*(0,1)) N LE ([s, +00); H}(0,1)), (4.30)

A(t—s)
2Ol 2< e 7 |l20llp2, Vi€ [s,+00). (4.31)

This solves the local rapid stabilization problem. More precisely, we have the following
theorem.

Theorem 28. Let A > 1 and s € R. For every yo € L*(0,1) such that
lyoll 2 < €722, (4.32)

the Cauchy problem (4.15) has one and only one solution.
This solution is also in C°([s,+00); L2(0,1)) N L2 ([s,+00); HY(0,1)). Moreover, this solution
satisfies

7 A(t—s)
ly(t — 5)||2< 3277 |lyol| 2 (4.33)

However, one also needs the feedback law to be proper. As it will be seen later on, it
suffices to multiply the former feedback law by a suitable cut-off function (see, in particular,
Lemma 29).

4.2 Construction of feedback laws: piecewise backstepping

Inspired by [31], we construct a piecewise continuous feedback law on [0, T") such that properties
(732)*(775) hold.
Let us choose
2

no =1+ [ﬁ]’ (4.34)
tn :=0,\,:=0forne{0,1,...,n9— 1}, (4.35)
tn =T —1/n% N, := 2n8 for n € {ng,n0 +1,...}. (4.36)
It is tempting to define Us : (—o0, +00) x L?(0,1) by
Us(t;y) = Ky, (t,y), n € {ng — 1,n0,...}, t € [tn, tns1), y € L*(0,1), (4.37)
Us(t +T;y) = Us(t;y), t €R, y € L*(0,1). (4.38)

However with this definition Us is not locally bounded in a neighborhood of [0,T") x {0}, which
is a drawback for robustness issue with respect to measurement errors. In order to handle this
problem, we introduce a Lipschitz cutoff function ¢y : Rt — RT :
1, ifazel0,eCsV/5),
pa(z) = { 2 — 5eCsVag, if w e (emP3VA/5, 2 CsVAJB), (4.39)
0, ifze [26_03\&/5,4-00),

and replace (4.37) by

Us(t,y) = Ka, (t,y), n € {ng — 1,n0,...}, t € [tn,tnr1), y € L*(0,1), (4.40)
where, for A € (1,+00), Ky : L2(0,1) — L?(0,1) is defined by
Ka(y) = ea(llyllL2) Kxy, y € L*(0,1). (4.41)
From (4.7), (4.4), (4.39), (4.40), and (4.41), one can easily verify that
Us(t,y)| < min{1,\/|[yl[z2}, t € [0,T], y € L*(0,1). (4.42)

In particular (P4) holds.
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4.3 Proof of Theorem 3

Let us start this proof by stating a lemma, whose proof is given in Appendix C, giving a
properness result on stationary feedback laws.

Lemma 29. Let M > 0 and G : L?(0,1) — R be a (stationary) feedback law satisfying

IG(y) — G(2)] < Mly — 2|l 1201y, Yy € L*(0,1), ¥z € L*(0,1) and G(0) =0, (4.43)
IG(y)| < M, VyeL*0,1). (4.44)

Then, for every y° € L%(0,1) and for every T > 0, the Cauchy problem

(t, ) = Yo (t, ) + yyz = 0 for (t,x) € (0,T) x (0,1),

Yi

y(t,0) =0 for t € (0,7T), (4.45)
y(t7 1) = G(y(tv )) Jor t € <O7T)7

y(()’ ) = Yo

has a unique solution (in the sense of Definition 16 with A =0 and ap =a =0).

Similar to Lemma 13, we also have the following stability result, whose proof is omitted
since it is quite similar to the proof of Lemma 13.

Lemma 30. Let R > 0, M > 0, and T > 0. There exists Cs(R, M, T) such that, for every
G : L?(0,1) = R a (stationary) feedback law satisfying
G(y) = G(2)| < Mlly = 2llz20,1), ¥y € L*(0,1), Vz € L*(0,1) and G(0) =0,  (4.46)
IG(y)| < M, Vye L*0,1), (4.47)
for every yi € L*(0,1) satisfying
||y(j)[||L2(0,1)< R, (4.48)
the solutions y* to the Cauchy problem (4.45) satisfy

1y =y ooty t0:02(0,1)) < Cs (R ML) lyg™ — 4 || £2(0,1)- (4.49)

Until the end of the proof of Theorem 3 our feedback law F' is defined by A := 0, U; := 0,
and (4.38)-(4.40). Let us recall that the time-varying feedback law in Section 4.2 is piecewisely
(with respect to time) given by the stationary feedback laws (4.41), where K is designed in
Section 4.1. Let us point out that, for every A € [1,400),

IKx(y)| <1, Vy € L*0,1), and K£x(0) =0 (4.50)
and there exists My > 0 such that
Ka(y") — Ka(w?)| < Mally" = vPll1200,1), V(' 97) € L?(0,1) x L*(0,1). (4.51)

Hence, by Lemma 29, these stationary feedback laws are proper on (—oo, +00). In particular,
the time-varying feedback law F' is proper on [0, s3] for every so € (0,7). Hence, for every
(y0,a0) € L*(0,1) x R and t; € [0,T) we get the existence and the uniqueness of y : [t1,T) —
L%(0,1) and a : [t1,T) — R such that, for every t5 € (t1,T) the restriction of (y,a) to [t1,t2] is
the solution on [t1, t2] to the Cauchy problem of the closed-loop system (1.4) with initial data
(Yo, a0) at time ¢; (in the sense of Definition 16).
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In order to get the properness of the feedback law Fy (defined in (1.24)), it suffices to show
that

lim y(t) exists in L(0,1). (4.52)
t—T—

In order to prove (4.52), we check that {y(¢)}(t — T~) is a Cauchy sequence in L?(0,1). Let
us point out that

y € L®(ty, T; L*(0,1)) N L2(ty, T; L>=(0,1)). (4.53)

Indeed, (4.53) follows from the maximum principle (Lemma 12), Proposition 10 (applied with
f=0,8=0,v==1), and (4.42). Let

f==1/2)1)e. (4.54)

By (4.53) and (4.54),
feL?t,T; H1(0,1)). (4.55)

Let to € (t1,T). Let yf'; be the solutions of

(y?;)t - (yi)mm = f for (tv .%') € (t27T) X (07 1))
+
t,0) = for t € (to, T
(yii)( ) ) or t € ( 2 )’ (456)
(yg,)(t, 1) = 1 for t € (t2,7),
(425 (t2,) = y(t2)
Let us define wy, := (y1,)T — (y1,) . Then
(wiy)t — (Wey )z = 0 for (t,z) € (t2,T) x (0,1),
t,0) =0 for t € (to, T
(’U}t2)< ? ) or € ( 2 )7 (457)
(wey)(t,1) =2 for t € (t2,T),
(wi,)(t2,-) =0
Let € > 0. From Proposition 7, (4.54), and (4.57), there exists to € (¢1,7") such that
[wey leo((e2,17:22(0,1)) < €/4- (4.58)

Moreover, from the maximum principle in the linear case (see Proposition 6), (4.42), (4.45),
and (4.56), we know that
U (t) < y(t) <y (1), VEE [t2,T), (4.59)

which, together with (4.58), implies that
IIy,ﬁ; - Z/HCO([tz,T];L2(o,1)< /4. (4.60)
Since y;! is in CO([ta, T); L*(0,1)), there exists t5 € [t2,T) such that
e (8) = i (T) || 2 < /4, Vit € [t2, ). (4.61)

From (4.60) and (4.61),
ly(t) = y(t)ll2< e, Vit 1 € [t,T). (4.62)

22



This implies (4.52) and concludes the proof of the properness of the feedback law Fb.

Now we are ready to prove Theorem 3. Since “a” does not change (see (1.24)), it suffices
to only consider y. About property (i), as we saw in Section 4.1, ||y(t)||2 decays rapidly on
[tn,tn+1) provided that y(t,) is small enough in L?(0,1). Our idea is to set ||y(0)| 12 sufficiently
small so that the flow will decay exponentially (in L?(0,1)) with rate A\g/2 on [tg,t1); then at
time t1, the energy y(t¢1) is already small enough to have an exponential decay with rate \;/2
on [t1,t2). Continuing this way one may expect that, at the end, y(7') = 0. In order to have
an exponential decay with rate A, /2 on [t,, tn41), it is sufficient to have

ly(tn) | g2 < e72C8VAn, (4.63)

These exponential decay rates on [t,,t,+1) for every n € N can be achieved for ||y(0)z2
sufficiently small if there exists ¢ > 0 such that

n—1
C’HAnHH;:’ H <|H>\kHH;klle_(t’““_tk))"“/Q) < e 207" for alln € N. (4.64)
k=ng

Hence, it suffices to find ¢ > 0 such that

n—1 n
c H e H e3CTE | < e720n" [olds for every n € N. (4.65)

k=ng k=ng

Such ¢ obviously exist, and one can find similar computations in [65].
Actually, the above proof also shows the following lemma.

Lemma 31. Let e > 0. Let 0 < Ty < T'. There exists a constant n > 0 such that
(o, ao)llv< 1) = ([1@2(t, 590, a0)[lv< e, YO <t <t <Tp). (4.66)
The second part, (ii), of Theorem 3 is then a consequence of the following lemma.
Lemma 32. Let e > 0. There exists 0 < T1 < T such that
(llyo, a0)llv< €) = ([|®2(t,t; 5o, a0)[v< 26, VI <t <t <T). (4.67)
Property (4.67) is a consequence of Proposition 10 and (4.42). This completes the proof of
Theorem 3.
5 Proper feedback laws for system (1.2)

Finally, we are now in position to define our proper feedback law F' = (A, U, Us) for system
(1.2). We define a 2T -periodic feedback law which leads to the approximate stabilization in the
first stage ([0,77]) and then “stabilizes” (y,a) to 0 in the second stage ([T,27)). Our feedback
law F' is defined as follows.

Ao(y,a), iftel0,T/2),
A(t;y,a) == { Ai(a), ifte[T/2,T), (5.1)
0, it t e [T,27),
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)

, ift €0,7/2),
Ui(t;y,a) == { a, ifte[T/2,T), (5.2)
0, ifte[T,2T),

a, if ¢ € [0,7/2),
Us(t;y,a) == { a, ift € [T/2,T), (5.3)
IC,\n(y), ift e [T+tn,T+tn+1),

where A\, and t,, are defined in (4.35) and (4.36), KCy is defined in (4.41), A is defined in (3.22),
and A; is defined in (3.25).

Thanks to Section 3.2 and Section 4.3, the feedback law (5.2)—(5.1) is proper (in the sense
of Definition 17).

6 Small-time global stabilization

The small-time global stabilization (Theorem 1) contains two parts, (i) and (i7). Let us first
consider (7). Let us denote by ® the flow associated to the feedback law F. From (1.16) and
(1.25) we get that

®(2T,0;y,a) = (0,0). (6.1)

Let t € [0,27"). Then
O(4T,t;y,a) = ®(4T, 2T ®(2T, t;y,a)) = (0,0), (6.2)

which shows that (i) holds. Property (i) follows directly from (1.15), (1.26), and (6.1). This
completes the proof of Theorem 1.
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A Appendix: Proofs of Proposition 7, of Proposition 10, of
Lemma 12, and of Lemma 13

This appendix is devoted to the proof of two propositions and of two lemma that we stated in
Section 2: Proposition 7, Proposition 10, Lemma 12, and Lemma 13.

Let us start with the proof of Proposition 7. Without loss of generality we may assume that
t1 =0. Let Ty > 0 and let to =T < Ty. We consider the Cauchy problem

yr(t, ) — yuu(t, ) = for (t,z) € (0,T) x (0,1),

y(t,0) =0 for t € (0,7), (A1)
y(t,1) = ~(¢) for t € (0,7),

y(07 ) =0

If v € L*>(0,T), then the solution is in C°([0,7]; H~1(0,1)). By the maximum principle
(Lemma 6), one knows that y is also in L®(0,7; L?(0,1)) N L?*(0,T; L>=(0,1)). Let us now
assume that v € C1. Then that solution is in C°([0, T]; L%(0,1)) N L?(0,T; H'(0,1)). In order
to give estimates on y in that space, let us define

z:=y—a"y withn € N\ {0,1} to be chosen later. (A.2)
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Hence

2% — Zge = —2"y +n(n — 1)z" 2y for (t,z) € (0,T) x (0,1),
t,0) =0 for te (0, T
2(t,0) or t € (0,T), (A.3)
2(t,1) =0 for t € (0,T),
2(0,-) = —z"~(0)
Then, by Proposition 5, we have
Izl corznrzms < 2C1|1=2"ye +n(n — 1)z 25| 12 +2]7(0)|[|2"| 2
< 2C1 (el +21y (O D2 2 +n(n = DIyl 272 2) - (A.4)
For iy € H'(0,1) such that y(0) = 0, let us define the H(0,1)-norm of y by
191l 110,1):= 119l 2(0,1)- (A.5)
By direct calculations, we know that
2"Vl copanpz i < 12|z 1Vl co+rlla” | L2 7] 22 (A.6)

Let n € (0,1/2). Taking n large enough, we get the existence of C,, > 0, which is independent
of T'< Ty and of ~, such that

1Yllcor2nrepn < nlllvell i +lvllco) + Collvll e- (A7)

Now, suppose that v € L>®. Let us consider the solution y* of

yt — y;tz =0 for (t,z) € (0,T) x (0,1),

0 for ¢ 0,T
( ) ) or 6 ( 9 )’ (A8)
yt(t,1) = v for t € (0,7),
y=(0,-) =0,
with v := ||y||z~€ [0, +00). Thanks to (A.7), we have
™l cor2npzn < o+ CyTY 20 = (4 CyTV?) |1y . (A.9)

By direct computations, there exists C' > 0 such that, for every ¢ € H*(0,1) with ¢(0) = 0,

1/2 1/2
el o (0.1 < ClIellagg 1y 0ot 1y (A.10)

Actually, since ¢(0) = 0, we have

P ) =2 /0 " o(s)¢/ (s)ds (A11)

which leads to inequality (A.10). It is also a simple case of Gagliardo—Nirenberg interpolation
inequality. From (A.10) one gets that, for every 7' > 0 and for every ¢ € L*(0,T} L2(0,1)) N
L?(0,T; H'(0,1)) such that ¢(-,0) = 0 € L%*(0,7),

T4 ||/ 1/2 (A.12)

||<10HL2(0,T;L°°(0,1))< C H‘PHLoo (0,T;L2(0,1 )||(10HL2 (0,T;H1(0,1))"
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Hence we have,

ly=llco2< (n+ CyT ) ] poe, (A.13)
ly* |l 2o < CTY (0 + Cy Ty poe (A.14)
Since —v < v < +v, by the maximum principle (Lemma 6), we have
y~ <y <y, foraltel0,T], (A.15)
which, together with (A.13) and (A.14), implies that
1)l oo £2< 200 + Cy T2 | (A.16)
Iyll 2o < 2CTY (1 + CyT'2) 7| - (A.17)

Let us now prove that if v € C°([0,T]) then the solution y is in C°([0,T]; L?(0,1)) N
L%(0,T; L>(0,1)). Suppose that v € C°([0, 7)) is given, then there exists

{¥n}nen, a sequence of C'([0,T]) functions which uniformly converges to . (A.18)

Let us denote by {yy}nen the sequence of solutions of (A.1) with controls given by {7y }nen.
Thanks to (A.18), for any £ > 0, there exists N such that when m,n > N, we have

[vm = Yalloo o < & (A.19)
Hence, by (A.16) and (A.17),
lym = ynll 2 Lo 2 < O+ CyTY )y — ol Lo (A.20)
Since 7, € C*([0,T]), from Proposition 5 we have y,, € C°([0,T]; L?(0,1)). Hence
lym = ull2onco12< O + CoT ) = Yl o=, (A21)
which means that {y, }nen is a Cauchy sequence in C°([0, T]; L?(0,1)). Hence
y € C°([0,T]; L*(0,1)) N L*(0, T L*(0, 1)) (A.22)

Letting also n to infinity in (A.16) and (A.17) for y, and ~,, we get again (A.16) and (A.17).
Let us finally consider the case where v € L*°(0,7T"). Then there exists a sequence {7y, }nen-
of functions in C°([0,77]) such that

[vallzoe 0,0y < N1Vl oo 0,7), ¥ € N7, (A.23)
lir}g Yn(t) = y(t) for almost every t € (0,7). (A.24)
n—-+0oo
One can, for example, take
1 t
Tn(t) = / v(s)ds. (A.25)
T Jmax(0,t—(1/n))

Let us denote by {yy tnen+ the sequence of solutions of (A.1) with control given by {7y }nen+.
Then {y,}nen+ is bounded in L2((0,7) x (0,1)). Then there exists a subsequence of the
{4n }nen+, that one also denotes by {y, }nen+, and y € L2((0,T) x (0,1) such that

Yn — y weakly in L?((0,T) x (0,1)). (A.26)

Then one easily checks that y is a solution of (A.1) with control given by v and that y satisfies
(A.16) and (A.17).

All these calculations are based on the assumption 8 = 0. If v = 0 and 8 # 0, similar
estimates hold. By linearity, one then gets Proposition 7.
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Remark 33. One can also get the continuity of y : [0, T] — L%(0,1) when v is in BV ([0,1]) N
L*>(0,T). The idea is to use directly (A.7).

Remark 34. Multiplying (A.1) by (1—x)y and integration by parts show that (1—x)y2 € L' L}
if 6=0.

We are now ready to prove Proposition 10 and Lemma 12, the proof is given by 4 steps.
Step 1. Local existence and uniqueness of the solution,
Step 2. Continuity of the solution with respect to the initial data and the boundary conditions,
Step 3. Maximum principle (Lemma 12),
Step 4. Global existence of the solution.

Step 1. Local existence and uniqueness of the solution. In this step we prove the second
part of the statement of Proposition 10. Again, for simplicity we only treat the case where
B = 0. To simplify the notations we let t; = 0 and T := to, i.e. we consider the Cauchy
problem

ye(t, ) — Yoz (t, ) + Yy (6, 2) =0 for (¢t,z) € (0,T) x (0,1),

y(t,0) =0 for t € (0,7), (A.27)
y(t, 1) = ~(¢) for t € (0,7),
y(O, ) = Yo-

We use the standard Banach fixed point theorem to get the local existence and uniqueness. We
consider the space
X := L°(0,T;L*(0,1)) N L*(0, T; L>(0,1)) (A.28)

with the norm, adapted to deal with (2.16) and (2.17),
1
lyllx,:= HyHme‘i‘;”yHL?Lw, (A.29)
with g > 0 to be chosen later. We denote by X, the space X with the norm |[|-||x,, which is a
Banach space. The choice of the norm ||-||x, is based on the observation that ||y||;2z can be
sufficiently small once we set time small enough.

We consider the following map I' : X, — X,,, where I'(y) is the unique solution of

2t(t, ) — 2ge(t, ) = —%(yQ)x(t, x) for (t,z) € (0,T) x (0,1),

2(t,0) =0 for t € (0,7), (A.30)
2(t,1) = ~(t) for t € (0,T),
2(07 ) = ¥Yo-

This map is well defined thanks to Proposition 5, (A.16) and (A.17). A function y is solution
to (A.27) if and only if it is a fixed point of I'. The function I'(y) can be decomposed as follows

D(y) =2 + 22 4 23, (A.31)
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where 2!, 22, and 23 are the solutions to the following Cauchy problems

Zt1<t7x) - le(t,ili‘) =0 for (t,.%') S (Oa T) X (07 1)7

24(t,0) =0 for t € (0,7),

2Ht,1) =0 for ¢t € (0,7),

21(07 ) = Yo
2t x) — 22, (t ) = —5(y?)a(t, 2) for (t,z) € (0,T) x (0,1),
22(t,0) =0 for t € (0,T),
22(t,1) =0 for t € (0,T),
z%(0,-) =0,

2(t,x) — 22, (t,x) =0 for (¢,x) € (0,7) x (0,1),

23(t,0) =0 for t € (0,7),

23(,1) = (1) for t € (0,T),

23(07 ) =0

From Proposition 5, (A.16), and (A.17), one gets
124 oo L2 < llyollze and |24 2 s < llwoll 2
Cq Cq
12l co L2122l 2 < Cullyyell o< 7Hy2HL2L2< 5 [9llz2rlylloe L2,

123 oo 22 < 2(n + CoTY2) ||| e,
12%]] L2 Lo < 20T (0 + CuTY?) ||| poe.

From (A.36), (A.10), and (A.12), we get further
12! 2o < CTY |30l 2,
I22lcoe< ool e ol g
222 < CTY Lyl ool o
Since |lyol|z2< R and ||y]|z< 7, let us choose the ball
Br:={y € X : |lylx,< 2R}
Then, from (A.29) and (A.31)-(A.42), one knows that

C1
||F(y)”LOOL2 < ||y0”L2+7||y”L2LOOHy||LooL2+2(n+CT7T1/2)||’Y||L0<>
<l 20 + 200+ CyT

and

(A.32)

(A.33)

(A.34)

(A.43)

C
ITW) | z2p0 < CT1/4||y0”L2+CT1/4?||y”L2L°° [yl oo L2 +2CTY4 () + C T 2) ||y oo

< CTYH||yo|| L2 +20TYVAC uR? + 20T YA (1) + C, T ?)r-
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Hence
IT(w)llx, < (1+CTY* Ju) R+ 2C1u(1 + CTY* /)R + 2(1+ CTY* /) (n + CyT?)r, (A.45)
and we can successively choose n, i, and T' such that
IT()llx, < (3/2)R. (A.46)

Hence

Let us now prove that I' is a contraction in Bgr. We perform similar computations. Let us
assume that
y1 and y2 € Bp. (A.48)

Then w :=I'(y1) — I'(y2) is the solution of

we(t, &) — Wey(t, x) = —% (¥)e — (W3)z) (t,2) for (¢t,z) € (0,7) x (0,1),
t,0) =0 for t € (0,T
w(t,0) or t€(0,7), (A.49)
w(t,1) =0 for t € (0,7,
w(0,-) =0
Hence, by Proposition 5,
Cy
lwlicoranremy < <5 Iy + vellzzrecllyr — yoll Lo 2
< CiRpllyr — yal poo 2 (A.50)
Thus
lwll g2z < CLCTY* Rullyn — yol| poc g2 (A.51)
When p and T are small enough, we have
IT(y1) — T(y2)llx. < (1/2)]ly1 — vzl x,.- (A.52)

Hence we get the existence of a unique solution in Bgr. Let us now prove the uniqueness
of solution in X,. It suffice to show the uniqueness of solution in X, for small time. Let
llyollL2< R, ||¥||ze< 7. Let y € X, be a solution to (A.27). One can always find 0 < Ty < T
such that
19l oo (0,722 (0,1)) T 1Yl L2 (0,705 (0,1)) < 2R, (A.53)

which implies the uniqueness of the solution in time (0, 7T5).

The above proof gives the local existence and uniqueness of L>°L? N L2L*> solution. When
v € CY Proposition 7 shows that the solution is also in C°L? N L2L>.

Step 2. Continuity of the solution with respect to the data yg, 8 and . More precisely, in
this step, we prove the following lemma.

Lemma 35. For every R > 0, r > 0, and € > 0 such that 4e RCy < 1, there exists 0 < Tfh <
T% . such that, for everyt1 € R andty € R such that t1 <o <t —i—TE,T, for every yac € L%*0,1),
for every BT € L>™(t1,ts), and for every y= € L>®(t1,t2) such that

lyg 122< R and [|6% | oo +lly [z < (A.54)
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the solutions y* to the Cauchy problem

y;t(tv .%') - y;ctz(t>x) +yiy;ct =0 fOT‘ (t>$) € (t17t2) X (07 1)7
yi(tv 1) = 'Y:t(t) fOT te (tlatQ)a
yi(tla ) = Z/oi7
satisfy
I = o szon © 2008 =5 eI = 8w+ I® =27 l) (A5

Proof of Lemma 35. Let us first point out that the existence of y* (on [t1,ts]) follows from
Step 1 and (A.54). We also only treat the case where 8 = 0 in order to simplify the notations.
From Step 1 we also know that

Hy:tHLoo(tl,tQ;L2(0,1))< 2R7 (A57)
HyiHLQ(tl,tg;Lw(O,l))< eR. (A.58)

Let us denote z := y™ — y~ as the solution of

(t,2) — za(t,z) = =5 (T —y7)(y" + yl))x) (t, ) for (t,z) € (0,T) x (0,1),

2t
z(t,0) =0 for t € (0,7),
2(t,1) =~y — 4~ for t € (0,7),
2(0,) =5 — o
(A.59)
Hence by using the same estimates as in Step 1, we get
Izl L2 < Cullz(y™ +y )22+ llyg = vo o2+ + CyT ) IV =7 |l
< 2eC1R| 2| o2+ yd — w0 L2+ + CyTY2) v =7 ||z
<172z ) oo r2+llyd — v 2+ + CyT2) vt =7 ||z, (A.60)
where T := to — t1. Hence
Izl ooz < 2llug = w5 l2+2(m + Co TV =7 ||z
2(Ilyo” — o llz2+v" =7 llz=), (A.61)

by choosing 0 < T]E%,r < T, small enough such that 1 + CH(T§7T)1/ 2 < 1, which concludes the
proof of Lemma 35. 0

Remark 36. We observe from (A.61) that

1y =y~ [lLee 2= O, (A.62)

lyg =g 2= 0, [18T = B[l — 0, and ||y =7 [[Le— 0. (A.63)

Step 3. Maximum principle: nonlinear case (Lemma 12). Let us first point out that
Lemma 12 is a consequence of the following local version of Lemma 12.
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Lemma 37 (Local maximum principle: nonlinear case). Let R > 0, r > 0, and ¢ > 0 be
given such that 4eRC1 < 1. Let t;1 € R and t3 € R be given such that t1 < to < t1 + Tfh.
Let yoi € L?(0,1), BT € L>(t1,t3) be piecewise continuous, and y& € L>®(t1,t3) be piecewise
continuous such that (2.19) holds and

lyg N2 < R and [|5% || o+ {vF |l < 7. (A.64)
Then the solutions y* to the Cauchy problem (A.55) satisfy (2.20).

Indeed, using this lemma and arguing by contradiction, one easily gets that, under the
assumptions of Lemma 12,

max{7 € [0,T); y (¢t,") <y*(t,)), Vt€[0,7]} =T. (A.65)

Proof of Lemma 37. Under the extra assumption that § and v are in H1/4(t1,t2), property
(2.20) follows from [57, Lemma 1]. The general case follows from this special case by us-
ing a density argument and Lemma 35 (or Remark 36). Indeed, using the fact that g+
and v* are piecewise continuous, there are sequences "+ e HY/ 4(ty,t2) N L>®(t1,t2) and
= H1/4(t1,t2) N L>°(t1,t2) such that

B 5 B in L®(t1,t2) and A" — 4T in L®(t1, t2). (A.66)

Moreover, using (2.19) and (A.64), we may also impose that

18" | oo +[IV* |z < 7, Y €N, (A.67)
BT < BT and 4" <", VneN. (A.68)
Let y™* be the solutions to the Cauchy problem (A.55) for BE = g and 4% := v"%. From
[57, Lemma 1]
y () < YTT(E,), VEE [t ). (A.69)
By Lemma 35 and (A.66),
19" — y |l peor2— 0 and [|y"" — y~ || o f2— 0 as n — +o0. (A.70)

Property (2.20) follows from (A.69) and (A.70). This concludes the proof of Lemma 37. O

Step 4. It only remains to prove the global existence of the solution to (2.12) with f = 0.
Let

B = |8l 0,0y 17l oo 0,19 (A.71)
1
Ry = 2”y0HL2+4B7 v = B, ey = m, and Ty := TEIXIIJM. (A72)
Note that
lyoll2< Bl Bl Lo 0.1y 17| oo 0,1 < T (A.73)

By (A.73) and the second part of Proposition 10 (Step 1) the solution y of (A.27) is defined at
least on [0, min{7, T)s}]. Hence we may assume that 7" > T},.
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Let y* : (0,7+) — L2(0,1) be the (maximal) solution to the Cauchy problems

v (t@) =y (t ) + yFys (ha) =0 for (t,z) € (0,72) x (0,1),
£(t,0) = +B for ¢
yE (£, 0) or t € (0,7x), (A.74)
yE(t,1) = £B for t € (0,71),
y*(0,-) = yo
As for y, we have 7+ < T)s. Let 2% : [0, Ty] — L?(0,1) be defined by
2=yt FB. (A.75)
Then z* is a solution of
2E(t, @) — 25, (t,x) & Bzr(t,x) + 2525 (t, ) = 0 for (t,x) € (0,Tp) x (0,1),
£(t,0)=0 for ¢ € (0,Tw),
#(10) or 1 € (0,T) (A.76)
22 (t,1) =0 for t € (0,Tn),
z:t(()? ) =Y + B7
from which we get that
d 1
o (25)%dz < 0 in D'(0, Thy). (A.77)
0
Hence
=t ) z20.0)< ol z2+2B. (A.78)
Moreover, thanks to the maximum principle (Lemma 12), we have
y- <y<yh, Vte[0, Tyl (A.79)
In particular, using (A.78),
1y(Tan)ll 2 < Bars |y~ (Tao)ll 2 < R, and [ly™ (Tar) | 2 < Ras- (A.80)

This allows to redo the above procedure with the initial time T3, and the initial data y(Ths),
y~(Tw), and y*(Thr). Let us emphasize that the initial data for y* at time Ty is not y(Ths)
but 3 (Tys) (which is given by the definition of y* on [0, Ty]). In particular y, y~, and y* are
defined on [0, min{7’,2T/}]. So we may assume that T' > 2T;. Moreover, using once more the
maximum principle,

y~(t) <y(t) <y*(t), Vte [Ty, 2Ty (A.81)

Property (A.77) and therefore also (A.78) hold on [Ty, 2T)s]. Together with (A.81) this implies
that
ly(Tan) < Ras, ly™ (2Tu)llz2< R, and [ly™ (2Tar) || 2 < R (A.82)

We keep going and using an induction argument get that, for every integer n > 0, y is defined
on [0, min{nTys, T}]. This concludes the proof of Proposition 10.
At last, Lemma 13 follows directly from Lemma 35 and Step 4.
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B Appendix: Proof of Lemma 24

Let us start the proof of Lemma 24 by proving the following lemma, which deals with the
well-posedness for small time of the Cauchy problem

2t — Zgg + 22z +a(t)zy =0 for (t,z) € (0,T) x (0,1),
z(t,0) =0 for t € (0,7),
z(t,1) =0 for t € (0,T), (B.1)
a; = Ag(z,q) for t € (0,7),
2(0,-) =29 and a(0) = ao,
with B
Ap(z,a) = Ao(z + a,a). (B.2)

Lemma 38. Let Ao(y, a) be given by (3.22). Let R > 0. There ezists Tr > 0 such that, for every
(2,a) € L?(0,1) x R such that ||(z,a)||v< R, there exists one and only one z : [0,Tr] x (0, L)
such that

z € CY([0, Tl L*(0,1)) N L*(0, Tr; H' (0, 1)), (B.3)
a € C°[0,TR), a; = « in the distribution sense, and a(0) = ag, (B.4)

and such that y := z is a solution on [0,Tg| to the Cauchy problem (2.1), in the sense of
Definition /, for f = —zz; —a(t)zy, :=0, v:= 0, and yp := 2.

Let us define
W= {(z,a) : € C°([0,T]; L*(0,1)) N L*(0,T; Hy (0,1)),a € C°([0,T])}. (B.5)
We introduce the Wy-norm on W by
1z, @)llw,:= |zl corznp2my +nllallco, (B.6)

with 7 < 1. Hence (z,a) is as requested in Lemma 38 if and only if it is a fixed point of
AW =W, (z,a) = W(z,a) =: (w,b) where w is the unique solution to the Cauchy problem
(in the sense of Definition 4)

Wi — Wy = —22, — a(t) 2y for (¢t,x) € (0,T) x (0,1),

w(t,0) =0 for t € (0,7), (B.7)
w(t,1) =0 for t € (0,T),w(0,-) = 29 and b(0) = agp
and .
b(t) = ap + /O Ao(=(r), a(r))dr for t € [0,T]. (B.8)

It follows from Proposition 5 that A is well defined. For ||(zp,a0)|v< R, we try to find a fixed
point of A on )
Br = {(z,a) € W : (2, a)|lw, < 3R}. (B.9)

For every (z,a) € Bg, by Proposition 5 and (A.10)~(A.12), we have
lwllgorenrzmy < 2l220 + azallprr2+2]|20] 22
< CT1/4||Z||2COL20L2H3+2T1/2”CLHCO||Z||L2H3+2R

< 2R+ 9CR*TY* + 9R2T/2 /). (B.10)
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Moreover
Ibllco < lao| + || Ao(z, @)l 11

1 9 [l
<R+ )\||—2/ 22e %dr + (1 — a) Vi(2) — 3/ 23 %dx||
0 0

i 1
+5 = 5Aa = A(2) I
2 2
SR+ 2/\||Z||%zH5+/\THZH?;OL2+AT||CLIICOHZII?;oLﬁ/\Tl/ZIIZIILzHg 12120 12

+ Tll2li0 2 +AT (lallco+ A [0 2)°

< R+ 18AR? + 9NTR? + 2TA\TR? /1 + 2TAT?R® + 9T R? + AT (3R/n + 9IAR?)>.
(B.11)

Hence

[(w,b)|lw, < 2R+ 9CR*TY* + 9R*T? /4 n(R + 18AR?)
+ (9T R? + 27TATR? /n + 2TAT2R3 +- 9T R? +- XT(3R/n + 9AR?)%). (B.12)
We can successively choose 1 and T so that the right hand side of (B.12) is less or equal than

3R, leading to
1(w, b)lw, < 3R, (B.13)

which implies that ) }
A(BRr) C Bg. (B.14)

It remains to get the contraction property. Suppose that (w;, b;) = A((z,a;)) with i € {1,2},
then by using Proposition 5 one gets

Jwi — wallcorznpzm < 2l21(21)e — 22(22)2 + a1(21)2 — a2(22)l 1112
0
<207 (HzlHCOL20L2H§+H22HCOL2OL2H6) 21 — ZQHCOL2mL2H5
+ 2T ||ay — a||col|22| 2 +2T?|ax || eoll21 = 22|24

< (12CRTY* 4+ 12RT'2 /) || (21, 1) = (22, 02) I, (B.15)
and

[b1 — ba2||co < || Ao(21,a1) — Ag(z2, a2)| 11

' - 2 [ _ Vi(z1) — Vi(=
<=2 / (2% = (2)3) e "z — 3 / (5 — el o+ AL NG
0 0

3
+ %All(al — AVi(21))? = (a2 = Vi(22))* [ i +AN (1 = a1) Vi(z1) — (1 — a2) Vi(z2) | s
S12AR|21 — 20 oy +24ARTY? |21 — 20 po s
+T(3R + 6AR)||z1 — 2ol coL2+(2TTR? /n)|[(21, a1) — (22, a2) |,
+ AT (llax — azllco+Allz1 — 22llcor2 |21 + 22llcorz2) - 4(3R/n + AIR?)?
< (12AR + 24\R*TY? 4 3RT + 6ART + 27T R? [ + 36 AT R*(1/n + 6AR)?)
[(21,a1) — (22, a2)[lw,,- (B.16)
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Hence one gets the contraction property of the map A on Bp when n and T are well chosen,
which implies the existence of a unique solution in Bg. Then, proceeding as in the proof of
uniqueness part of Proposition 10, we can further get the uniqueness of solution in W,,. This
completes the proof of Lemma 38.

In order to end the proof of Lemma 24, it only remains to prove the existence of the solution
(z,a) for large time. For this existence in large time, it suffices to check that ||z(t)|| 72 remains
bounded. This can be done by using the maximum principle for the nonlinear Burgers equation
(Lemma 12) as in the proof of Proposition 10 (Step 4).

C Appendix: Proof of Lemma 29

This section is devoted to the proof of Lemma 29. Let us start our proof of this lemma with a
proof of the following lemma.

Lemma 39. Let M > 0 and let G : L*(0,1) — R be a (stationary) feedback law satisfying
(4.43). Let R >0 and e > 0. There exists Tg > 0 such that, for every yo € L*(0,1) satisfying

1yollz2< R, (C.1)
the Cauchy problem (4.45) has a unique solution
y € C°([0,Tg); L*(0,1)) N L*(0, Tg; L°°(0, 1)), (C.2)
and moreover this solution satisfies

lyllcoqo,rg)z201) < 2R, (C.3)
1yl L20,75:0000,1) < R (C4)

This lemma is quite similar to Proposition 10. Therefore we use the same strategy to get
the proof of this lemma. Let us consider the space

Y :=C%([0,T); L*(0,1)) N L*(0,T; L*°(0,1)) (C.5)

and the norm 1
ylly,:= HyHCOL2+;HyHL2L°°a (C.6)

with p1 > 0 to be chosen later. Then we consider the following map I' : Y,, — Y},, where I'(y) is
the unique solution of

2e(t, ) — 2g0(t, @) = —(yyz) (¢, v) for (t,x) € (0,7) x (0,1),

2(t,0) =0 for t € (0,7), 7
2(t,1) = G(y) for ¢t € (0,7),

Z(O7 ) = Yo.

Again, this map is well defined (one only need to notice the L>L? estimate can be replaced by
CYL? estimate since G(y(t)) is continuous). As in the proof of Proposition10, it suffices to find
the unique fixed point in the following ball

Bp={y €Y :|ylv,<2R}. (C.8)
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From (A.31)—(A.41) and (A.43)—(A.44), we get

1
Il cors < llyoll 2+ Nyl 2 poe 1yl oo 2+2(n + C, V)G ()| o
< llyoll2+2C1uR? + 4(n + CyT?) MR, (C.9)

and

Ch
IT@) 225 < CTYHlyoll L24CT Y [yl Lopos |yl oo 2 420T (i + Cy TY?) |G (y) | oo
2
< CTY4||yo|| L2 +20TY*CLuR? + 4CTYA (5 + C, TY?)MR. (C.10)
With a good choice of n, u and T', T is from B}% to B}l%. By using similar estimates (see also the
proofs of (A.50) and (A.51)), we have
Cy
I = T(w2)loore < - llvn + vallzer=lys = v2ll 2 +200 + CyTY?)|IG () = G2l
< CiRpllyr — v2llcorz+2(n + Co )M |lys — 2l o,

and

Ch
IT(y1) — T(y2)ll 2 < CT1/47||ZJ1 + y2ll L2pee lyr — y2ll oo 2
+20TY4(n + C,TV?) |G (1) = G (ya)l| o
< CTY*CrRpllyr — wallcor2+2CT VA (n + C T ?) M |lyr — yallcore.

Hence a good choice of 1, u, and T, makes I a contraction map. This concludes the proof of
Lemma 39.

Remark 40. If we replace CVL? by L™®L?, we get the local well-posedness in L°L? N L?L>.

So far, we get the local existence and uniqueness of the solution of (4.45). In order to get
the global existence statement of Lemma 29 it suffices to control the L2mnorm of y(t). This
control follows from (4.44), which leads to (A.78) with B := M. This concludes the proof of
Lemma 29.

D Appendix: Proof of Lemma 27

The proof is to consider an equation of z(x) := Il (y(z)) instead of equation (4.15) (see (4.16)),
this gives the advantage that z(¢,0) = z(¢,1) = 0. The local existence and uniqueness of the
solution z is given by a standard procedure (by considering the nonlinear term I as a force term
and using Banach fixed point theorem).

Proof of Lemma 27. In this proof, the constant C' may change from line to line, but it is inde-
pendent of 0 <7 < 1 and of R. From (4.16) and (4.18)

I(2) = —yy, +/0 Ex(z,v)(yysz)(v)dv. (D.1)
We notice that
1/2 3/2 1/2 3/2
1200, Cllywolliz< Cllyll=lyallz=< Clyll 2 Iyl < Cllzl 2 l=l55,  (D2)
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and that
[11(21) = I(z2)ll22(0,1) < Cllyr — w2l ly1e + Y2l L2+Cllyr + vl |12 — Y2ul 12
1/2 1/2
< Cllys = wall 2 llyr = well g s + vl
1/2 1/2
+ Cllys + w2l 2l + vl s = w2l
< Cllzs = 2l (Il = 22+l = 220757 ) (21 + 22l s+l + 220l )
0
+ Cllar + 2l (1 + 22l +Hlzn + 2201357) (11 = 22l +l121 = z2llz2)
0
1/2 1/2
< Cllar = 2l 2121 = 2l Nz + 22l
+Cllar + 22l 2Nl + 22 121 — 22l (D.3)
0
Regarding the linear Cauchy problem
2t — Zgx +Az=f for (t,x) € (s,s+1T) x (0,1),

z(t,0) =0 for t € (s,s+7T), (D.4)
z(t,1) =0 for t € (s,s+ 1),
2(0,-) = zp,
similar to Proposition 5, we have
[2llcor2< llzoll 2+ fll rze, (D.5)
12l 22 < lzoll 2+ fll 2 (D.6)

As normal, let us denote the space C([s, s +T]; L?(0,1)) N L?(s, s +T; H}(0,1)) endowed with
norm ||'HCOL2+”'||L2H5 by H (or Hr if necessary).

For yo with ||yo||z2< R given, we have ||zo||12< €321V ||yo |l 12< €3/2C1VAR. Let us define
Bi={zeH:|z||u< 3¢3/2C1VAR). (D.7)
We consider the map I' : H — H, z — w where w is the unique solution of

Wp — Weg + Aw = I(2) for (t,xz) € (s,s+T) x (0,1),

w(t,0) =0 for t € (s,s+ 1), (D.8)
w(t,1) =0 for t e (s,s+ 1), ‘
w(0,-) = 2.
From (4.12), (D.5), and (D.6), we know that
I0() s 26% VAR +201(2) | 10 (D.9)
Hence, for every z € B, by (D.2) we have
I0() e < 26"2CYAR 4 201(2)]| 1,2
3/201vV X\ 1/2y _13/2
<2V O\
< 263/201\5}2 + CT1/4HZ”}J/02L2 ”zHi/le
0
< 2620VAR 4 90T V/ABOVAR?, (D.10)
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For every 21 and zo € B, we have

IT(21) — P(22) [l < 2([1(21) = I(22) [ 112, (D.11)

Above estimate together with (D.3) give

ID(21) = D(z2)lln < Cllzt = 2221 = 22l g5 121 + 22l
+ Cllz1 + 22 1 + 2l 121 — 2l
< CTY 21 — 22| fapallzn — z2”2/22Hé 21 + 22/l 2 m
+ CTY 21 + 2l dapalls + 22ll o ll21 = 22l 2y

< TY43e32CVARC |21 — 2|1 (D.12)

From (D.10) and (D.12), we get the existence of T} which completes the proof. O
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