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Ergodic Capacity for Fading Channels in Cognitive
Radio Networks

Raouia Masmoudi
Gaspard Monge Computer Laboratory (LIGM)
University Paris-Est Marne-la-Vallée, France
Email: raouia.masmoudi @u-pem.fr

Abstract—In this paper, we consider a Cognitive Radio (CR)
system where two type of users try to access to the primary
spectrum : a primary user (PU) owning the spectrum license and
a secondary user (SU) who does not own the spectrum license.
However, the secondary communication is allowed to coexist
with the primary communication as long as the interference
caused by SU to PU is below a tolerable threshold. We study
the optimization problem which maximizes the SU’s achievable
ergodic capacity under different types of power constraints and
for different fading channel models. Our goal is to calculate
the optimal power allocation strategies for these optimization
problems. We show that modelling with Rayleigh fading for the
channel between SU transmitter and PU receiver is an advanta-
geous way to ameliorate the SU ergodic capacity. Furthermore,
we consider four combinations of power constraints, since the
interference power constraint and the transmit power constraint
can be restricted by a peak or an average threshold. We also
show that the SU ergodic capacity under average transmit
power constraint and average interference power constraint
outperforms the one with peak power constraints. In this case,
we propose a novel decoupling method. Our method reduces the
complexity of the initial problem and makes our initial problem
easier to solve.

Index Terms—Cognitive radio, fading channels, power allo-
cation, ergodic capacity, interference and transmit power con-
straints.

I. INTRODUCTION AND RELATED WORKS

Recently, in the litterature, a promising and intelligent
technology, called Cognitive Radio (CR), have been developed
[2], [3] in order to solve the spectrum under-utilization issue
[1]. In this context, one can consider two type of users: primary
users (PUs) who own the spectrum liscence and secondary
users (SUs) who coexist in the primary spectrum with an op-
portunistic spectrum access manner. These unliscenced users,
SUs, are allowed to access to PU’s spectrum when it is not
used by any PU. However, it is not easy to detect [4] precisely
and accurately the PUs vacant bands. Thus, the CR network
can allow a simultanoeus SU and PU transmissions provided
that SU does not interfere too much with the PU. This SU’s
transmission strategy is called spectrum sharing [5]-[8].

In the CR context, the power allocation problem should
consider the interference caused to the PU by the SU in order

This work is funded by Gaspard-Monge Computer Science Laboratory
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of Paris-Est Marne-la-Valle (UPEM), France.

to protect the PU’s quality of service (QoS). For fading chan-
nels, the study of the power allocation problem in CR networks
subject to an average or/and a peak interference power con-
straint at the PU receiver without considering a transmit power
constraint, are made [6], [9]-[11]. In spectrum sharing CR
scenarios, the optimal power allocation strategies are studied
under both transmit and interference power constraints in [12],
[13] and [14]. In [12], the authors focus on an energy-efficient
optimal power allocation for fading channels. They studied
the ergodic capacity, the outage capacity, and the minimum-
rate capacity subject to constraints on the average interference
power, and the peak/average transmit power constraint. We
illustrate that the SU’s energy efficiency outperforms under
the average transmit power constraint compared to the peak
transmit power one. In [14], the authors consider the spec-
trum sharing context, and study the achievable SU’s ergodic
capacity and the outage SU’s capacity under the peak/average
transmit and the peak/average interference power constraints.
However, they do not give a rigorous proof for the case where
averaged constraints are simultaneously considered. In [19],
we study the SU ergodic capacity under both average transmit
power constraint and average interference power constraint
for different fading channel models. We provide a decoupling
method, in order to compute the optimal power allocation
policies in our optimization problem. Our method gives an
optimal solution and reduces the complexity of the initial
problem using Lagrangian tools.

In this paper, we study the SU ergodic capacity, for several
fading CR channel models under four various combinations
of peak/average transmit and peak/average interference power
constraints. This work is an extension to our work in [19]. Our
contributions are met: First, we compute the optimal power
allocation policy in each optimization problem in order to
achieve the maximum SU’s capacity. Both, the interference
power constraint to protect PU [15]-[17] and the transmit
power constraint of SU transmitter are considered. Further-
more, we study the ergodic capacity under several fading
CR channel models such that: Rayleigh fading, Log-normal
fading and Nakagami fading [18]. Moreover, we consider four
combinations of power constraints: peak/average interference
power constraint with peak/average transmit power constraint.
When the average transmit power constraint and the average
interference power constraint are considered, we propose our



novel decoupling method which reduces the complexity of the
initial problem and makes it easier to solve.

The rest of the paper is organized as follows: In section
II, we describe the system model and presents several fading
channel models. In section III, we consider the different
transmit and interference power constraints that are consid-
ered in this paper. Then, in section IV, we study the SU’s
ergodic capacity under different constraints sets combining the
peak/average transmit power constraint with the peak/average
interference power constraint. We integrate in this section the
discussion of some interesting simulation results. Finally, we
conclude this paper in section V.

II. SYSTEM AND CHANNEL MODELS

As illustrated in Fig. 1, we consider a CR system model in
which a secondary user (SU) is allowed to use the spectrum
licensed to a primary user (PU), as the amount of interference
power imposed on the PU receiver is within tolerable con-
straints on the average and peak powers. | We assume that the

Fig. 1. A spectrum sharing system model in a cognitive radio network.

link between SU transmitter (ST) and PU receiver (PR) is a
flat fading channel with the instantaneous channel power gain
gsp[n]. The SU direct link between ST and SU receiver (SR)
is also a flat fading channel characterized by the instantaneous
channel power gain g,4[n]. At the SR, the received signal y;[n]
depends on the SU transmitted signal zs[n] and can be written
as follows:

ys[n] = V/gss[nlzs[n] + 25[n], (1

where n indicates the time index, z,[n] represents the additive
white Gaussian noise (AWGN). The noise z, is assumed to be
independent random variables with the circularly symmetric
complex Gaussian distribution with mean zero and variance
Np. > We also assume that the power gains g,; and Gsp
are independent and identically distributed (i.i.d.) with the
probability density function f(gss), and f(gsp), respectively.
We assume a perfect channel state informations (CSI) on the
power gains gss and g, at the ST level. Furthermore, we
assume that the interference from PT to SR, denoted here by
9ps» can be ignored or considered in the AWGN at SR.

In the following, we study three fading channel models [19]
such that: Rayleigh fading, Log-Normal fading and Nakagami
fading. In each model, we give the expression of the proba-
bility density function of the power gain (gss, gsp):

'We refer by the subscripts s and p to SU, and PU, respectively.
2Hereafter, we skip the time index n to simplify the following formulas.

« Rayleigh fading (02)

2
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ITI. POWER CONSTRAINTS

From the SU perspective, we can consider either a a peak,
or an average transmit power constraint at the ST.

In practice, the peak power limitation is caused by to the
non-linearity of the power amplifiers, while the average power
is restricted below a certain threshold to maintain a long-term
power level.

Let P(gss, gsp) represents the instantaneous transmit power
at the ST for the channel power gain pair (gss, gsp) and Py
represents the peak transmit power threshold, thus, the peak
transmit power constraint is given by:

P(gss7gsp) < Ppk~ (5)

Also, let P,, denotes the average transmit power threshold,
thus, the average transmit power constraint can be represented
by the following inequality: 3

E[P(gssvgsp)} < Py (6)

From the PU perspective, we impose either a peak or an
average received power constraint at the PR since the SU
transmission should not harm the PU’s quality of service. We
denote by (), the peak received interference power at the PR.
Then, the peak interference power constraint is given by:

gx"‘pP(gssaQSp) < Qpk- @)

And, let Q),, denotes the average received interference thresh-
old at PR, thus, we obtain the following average interference
power constraint:

E[gépp(9367g6p)] S QG’U' (8)

In the following, by combining these previous power con-
straints, we obtain the following four constraints sets:

F1 2 {P(gsss gsp) 1 5), (D},
Fo 2 {P(gss, gsp) 1 (5),(8)},
T3 2 {P(gss, gsp) 1 (6), (D},
Fu 2 {P(gss, gsp) 1 (6),(8)}.

3We denote by E[.] = E(g,.,g0p) "] the expectation taken over (gss, gsp)-



IV. THE POWER ALLOCATION PROBLEMS FORMULATION

Recently, from a cognitive radio point of view, the SU’s
channel capacity has attracted a lot of attention. For CR fading
channels, ergodic capacity is defined [14] as “the maximum
achievable rate averaged over all the fading blocks”. Then,
we obtain the SU ergodic capacity by solving the following
optimization problem:

gssp(gssvgszJ)
C., = max E {lo 14—
P(gss,909) 20 { &2 ( No
subject to  P(gss, gsp) € {F1, Fa, F3, Fu}.

€))
Hereafter, we will study four problems, where each opti-
mization problem is a maximization of the ergodic capacity
defined in (9) under the peak/peak set Fi, the peak/average
set Fo, the average/peak set F3 or the average/average set JFy,
respectively.
At the optimum, the maximum achievable capacity can be

given by:
SSP* 881 IS
C’eT:IE{logQ (1+g (g gp))}:
No

Gss 1«
/ / log, (1 + P (gssa 93[))) f(QSS)f(gsP)dgssdgspa
gss/ gsp No

where the probability density function over power gains de-

pends on the fading channel model defined in (2),(3) and (4).
To calculate this maximum achievable capacity, we will give

either an analytical or a numerical optimal power solution

P (9587 gsp)~

A. Peak transmit and peak interference power constraints

In this case, the set of constraints in (9) becomes JFj.
By combing the two constraints in J;, we can compute the
optimal allocation policy as P*(gss, gsp) < min{ Py, Cj:: .
Thus, the ergodic capacity in this case is maximized by

transmitting at the following optimal power allocation policy:

* Ppka if Ysp < %pky
P (gssr950) = | Qe otherwise " (10)
gsp ' :

From equation (10), we can sge that, when the power gain g,
is lower than the ratio between both peak thresholds (%Zf ),
the ST can transmit at its maximum power, Py, since this
peak transmit power threshold satisfies the interference power
constraint at PR. However, when g, becomes larger than this
ratio between both peak thresholds (ka ), the ST transmits

Ppk
with decreasing power values 9ok which are inversely pro-

portional to the power gain gs,. Thus, we illustrate that it is
beneficial to consider a severe fading channel between the ST
and the PR in order to protect PR from SU interference and
to maximize also the SU’s capacity.

In Fig. 2, we represent the ergodic capacity under peak
transmit and peak interference power constraints for a fixed
Qpr = —5 dB. We observe that when F,, = 0, the
ergodic capacities for the four curves plotted in this figure
are almost the same . Obviously, this illustrate that the peak

4For Rayleigh fading channels, the power gains gss and gsp are exponen-
tially distributed with a unit mean o2 = 1. For AWGN channels, the power
gains gss and gsp follows a normal distribution law ~ A(0, 1).
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Fig. 2. The SU ergodic capacity vs the peak transmit power P, where
Qpr = —5dB for various combination (gss, gsp) of AWGN and Rayleigh
channels.

transmit power threshold P, limits the performance of the CR
network. However, when this peak transmit power threshold
P, is sufficiently high compared to the peak interference
power threshold @, then the SU ergodic capacities vary.
In this case, when the power gains g,, and g,, model the
AWGN channels, the SU capacity is lower than when g
models the AWGN channel and g,, models the Rayleigh
fading channel. However, when the power gains gss and g,
model the Rayleigh fading channels, the capacity for SU link
is higher than when g,s models the Rayleigh fading channel
and g5, models the AWGN channel. Thus, modelling with
Rayleigh fading for the channel between the ST and the PR
is an advantageous way in order to maximize the SU ergodic
capacity.

Hereafter, we model both power gains g, and g, by the
same channel model.
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Fig. 3. The SU ergodic capacity vs the peak transmit power Py, where
Qpk = —5dB for Fading CR channels.



In Fig. 3, we represent the ergodic capacity versus Py
under peak transmit and peak interference power constraints
for different channel models *>. We remark that the curve
for Rayleigh fading channel outperforms the AWGN channel
curve and outperforms also the Log-normal fading channel
curve.

B. Peak transmit and average interference power constraints

In this case, the set of constraints in (9) becomes JFo.
The optimal power allocation is given by the following:

pP* (9537 gsp) =

1 Kgss
0, if gep > No
K No 1 Kgss K
HGsp gss if nNo > Gsp =~ H(PpkﬂL;VTg) (11
P, if < K
pk> Jsp = (Pt NO)

9ss
where K = log,(e) and p is the non-negative Lagrange multi-
plier associated with the average interference power constraint
(8) in F2. In order to compute g at the optimum, there is two
cases:

« If the average interference power constraint (8) in F3 is
satisfied with strict inequality : E[gspP(gss, 9sp)] < Qav>
then p must be equal to zero.

o Otherwise, ;1 can be obtained by substituting (11) into
the constraint with equality: E[gspP(9ss, 9sp)] = Qav-

Obviously, from (11) we can remark that the optimal power
depends on the power gains g, and gg,;,. In the middle interval,

; Kgss
Le., when = > gg > PPyt ) we can see that the
optimal power allocation policy represents a water filling type

of solution depending on both power gains g,s and ggy,.
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Fig. 4. The SU ergodic capacity vs the average interference power Qg
where Py = 5 dB for Fading CR channels.

In Fig. 4, we represent the ergodic capacity versus Qg
under peak transmit and average interference power constraints

SFor Log-Normal fading channels, the power gains gss and g, are assumed
to be null mean 8 = 0 and unit variance o2 = 1.

for different channel models *3°. We remark that the curve for
Rayleigh fading channel outperforms all the others curves: for
the AWGN channel, for the Log-normal fading channel and for
the Nakagami fading channel. As we can see, the Log Normal
fading curve is close to the Rayleigh fading curve when Q.
is small (Qqv << Ppr).

C. Average transmit and peak interference power constraints

In this case, the set of constraints in (9) becomes Fj.
The optimal power allocation is given by the following:

p* (gssa gsp) =

0, if  ge, < 220

K N, : AN Qpk

N gTZ if Jss > K07gsp < (§+p;v70) (12)
Qpk : AN, Qurc

ot if  ges > 22, gop > @

where K = log,(e) and A is the non-negative Lagrange mul-
tiplier associated with the average transmit power constraint
(6) in F3. In order to compute A at the optimum, we obtain
the following cases:

o If the average transmit power constraint (6) in F3 is
satisfied with strict inequality: E[P(gss, gsp)] < Py, then
A must be equal to zero.

o Otherwise, A can be obtained by substituting (12) into
the average transmit power constraint with equality:
E[P(gss: gsp)] = Pav-

From (12) we can remark that, in the middle interval,

i.e., when gss > %798}7 < (KQ'i"’fVo), the optimal power
allocation policy represents a Wz;tergﬁfilling type of solution

depending only on the SU channel power gain gg,.
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Fig. 5. The SU ergodic capacity vs the average transmit power Pg, where
Qpk = 5 dB for Fading CR channels.

In Fig. 5, we represent the ergodic capacity versus P,
under average transmit and peak interference power constraints
for different channel models. We remark that the curve for

%For Nakagami fading channels, the channel power gains are assumed to
be distributed with parameters w = 1, m = 2, and I'(2) = 1.



Rayleigh fading channel outperforms the AWGN channel, the
Log-normal fading channel and the Nakagami fading channel.
As we can see, the Log Normal fading curve is close to the
Rayleigh fading curve when P, is small (Fy, << Qpk).
However, the Nakagami fading curve is close to the Rayleigh
fading curve when P, is high (P, >> Qpi).

For the previous problems, we remark that in practise
the Rayleigh fading channels outperforms always the others
types of fading channels: including Log-Normal fading and
Nakagami fading models. Therefore, we will consider in the
following problem only the Rayleigh fading channel model.

D. Average transmit and average interference power con-
straints

In this case, the set of constraints in (9) becomes F,. This
case was studied in details in [19]. Using the Lagrangian
method [20] and since the problem is strictly concave, by
applying the Karush Kuhn Tucker (KKT) conditions, we get

the optimal power: ’
K Np ) +

P*(gsmgsp) = (>\+M9 g
sp EE]

where A and p represent the non negative Lagrangian mul-
tipliers associated to the average transmit power constraint
and the average interference power constraint, respectively.
Since it is difficult to solve analytically the non-negative
Lagrange multipliers A and p where both average transmit
power and average interference power constraints must be
satisfied with equalities, then we use a decoupling method
where we decouple the original problem (9) subject to the set
constraint F, into two sub-problems, which are easily solved
individually [19].

e Sub-Problem 1:
SSP S8y S
max E [log2 <1 + g(ggp)ﬂ
Ny

P(gss,9sp)>0
E [P(gss: gsp)] < Pav.

(13)

(SPy)

s.t.
This problem is equivalent to the problem in section VI.C
with no peak interference power constraint i.e., Qpr, —
400 . Similar to (12), the optimal power solution for
(SPy), denoted by P (g, gsp), is given by:

(1) _ (KN
P (gss, gsp) = (/\ gss> :

where A satisfy the average transmit power constraint
with equality : E[P(") (g4, gsp)] = Pav. Therefore, we
obtain the non-negative Lagrange multiplier A as follows:

(14)

K
=—Fx" (15)
P(M) + TQZ
o Sub-Problem 2:

gssP(gssagsp)

E |1 14 ==
(SP2) S Plarrgu)>0 [ng ( TN
s.t. E[gspp(g(‘zs’gsp)} < Qav-

This problem is equivalent to the problem in section VI.B
with no peak transmit power constraint i.e., Py, — -+00.

7We denote by (x)T = max(0, z).

Similar to (11), the optimal power solution for (SPs),
denoted by P (gss, gsp), is given by:

K No\©
P(Q)(gssagsp):( ) 5

HGsp Jss
where ) satisfy the average interference power constraint
with equality : E[gsp P® (gss, 9sp)] = Qav. Therefore,
we obtain the non-negative Lagrange multiplier p as
follows: K

K= Q + Nogsp -
av Gss

Therefore, we solve the initial problem and calculate
P*(gss, gsp) from the two optimal allocations.

Remark IV.1. 1. We remark that the constraints
E[P®(gss, gsp)] < Paw and E[gs, PP (gss, gsp)] < Quu
can not be simultaneously satisfied.

2. If the optimal power allocation for (SPy) which satisfy
the average transmit power, satisfy also the average
interference power constraint : E[gs, PM (gss, gsp)] <
Qav, then the optimal power allocation for the initial
problem is the optimal solution for (SPy): P*(gss, gsp) =
P(l)(gssvgszo)

3. If the optimal power allocation for (SP,) which satisfy
the average interference power constraint, satisfy also the
average transmit power constraint : E[P?) (g5, gsp)] <
P,,, then the optimal power allocation for the initial
problem is the optimal solution for (SPs): P*(gss, gsp) =
PP (ges, gsp)

4. If remark 2. and 3. are not satisfied then, we use the
Lagrangian method [20] and we give an iterative algo-
rithm based on the sub-gradient method [17]. Thus, we
find X\ and p that satisfy: E[P*(gss, gsp)] = Pav and
]E[gspp*(gssagsp)] = Qqu respectively.

(16)

A7)

Based on these remarks, we can solve the initial problem
using the following algorithm:

Algorithm 1: Our proposed decoupling algorithm

Solve the (SP;) problem and calculate the power
allocation P (g, gsp) in (14).

if E[gsp P (gss, gsp)] < Qav then

P (gssvgsp) = P(l) (gssygsp)

else

Solve (S P,) problem and calculate the power

allocation P (g, gsp) in (16)
if E[P®)(gss, gop)] < Pay then
P (gssa gsp) = P(Q) (gssa gsp)
else
Use sub-gradient method and calculate
P*(gss, gsp) in (13).
end
end

end

end

This decoupling method reduces the complexity of the initial



problem by replacing the study of this general problem to
two equivalent decoupled problems which are more easier to
solve. In practice, we remark that, in most cases W (gss» Gsp)
in (14) or P(?)(gys, gsp) in (16) is the optimal solution for our
initial problem.
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Fig. 6. The maximum achievable capacity of the SU vs average power Pg,
where Qpy and Qav € {—5, 0, 5, 10, 15, 20, +oo} dB for a Rayleigh
Fading channel.

In Fig. 6, we compare the maximum achievable capacity of
the SU in problem VI.D with the one in problem VI.C. We plot
also the curve with no average interference power constraint
Qav = 400 and the curve with no peak interference power
constraint Qpr = +00.

In one hand, we can see that when P, is small (P, << Quv),
the capacities for Q,, € {5, 0, 5, 10, 15, 20, 400} dB do
not vary much. Thus, ),, limits the SU achievable capacity.
However, when P,, is sufficiently high compared to @, (i.e.,
P,y >> Qqv), the capacities become flat. This illustrate that,
in this case, P,, becomes the dominant constraint.

On the other hand, we plot in the same figure the ergodic
capacity under average transmit power and peak interference
power (defined in problem VI.C). We remark that the ergodic
capacity with average interference constraint outperforms the
one with peak interference constraint when P,,, is nearby Q.

V. CONCLUSION

In this paper, a cognitive radio system is considered. In
the spectrum sharing context, the optimal power allocation
strategies to achieve the SU ergodic capacity under different
types of power constraints and fading channel models are
studied. We have shown that modelling with Rayleigh fading
for the ST-PR channel is an advantageous way to ameliorate
the SU ergodic capacity. Furthermore, we have considered
four combinations of power constraints, since the interference
power constraint and the transmit power constraint can be
restricted by a peak or an average threshold. We have also
shown that the SU ergodic capacity under average transmit
power constraint and average interference power constraint
outperforms the one with peak power constraints. In this case,

we have proposed a decoupling method. Our method have
reduced the complexity of the initial problem and made our
initial problem easier to solve. Future works can include the
case where several SUs coexist in the primary networks. We
will provide in the future a joint scheduling spectrum and
power allocation problem similar to [17].
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