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Résumé — The purpose of this note is to describe and compare some extended finite element ap-
proximations and their convergence for crack rubber-like materials. The analysis is based on the finite
plane deformation visco-hyperelasticity theory for an incompressible Mooney-Rivlin material. Nume-
rical examples show that for well chosen enrichment strategies, the finite element converges with the
expected convergence order. Finally we discuss the numerical results we obtain.
Mots clés — extended finite element method, non-linear visco-elasticity, fracture mechanics, incompres-
sible, Cut-off.

1 Introduction

There exist several numerical methods to overcome problems dealing with linear fracture mechanics,
but very few tools exist to solve large deformations fracture mechanics problems. This work proposes a
numerical analysis of viscoelastic strain and displacement fields in the vertex of a crack-tip in large strain
fracture mechanics using eXtended Finite Element Method [1]. A major issue in fracture mechanics is
the prediction of crack kinking, and this is a open question in this framework. Let us recall that XFEM
is a way to introduce the discontinuity across the crack and the asymptotic displacement into the finite
element space. It has been initially developed for plane elasticity problems and is now the subject of a
large literature. Concerning the specific XFEM enrichment, a "jump function" (or Heaviside function)
is used in order to represent the discontinuity due to the crack. Following the ideas already presented in
[5], we propose two strategies for the crack tip enrichment. In both of them, an enrichment area of fixed
size is defined, centered on the crack tip. In the first strategy, each node contained in the enrichment area
has all its degrees of freedom enriched with the crack tip asymptotic bending. For the second strategy,
the asymptotic planar displacements are introduced in a global way, using a cut-off function. Along
this paper, it will be underlined that our XFEM formulation presents a sense of optimality, both about
accuracy and computational cost, since they are nearly equal to those of a classical finite element method
on a regular non-cracked problem. Analysis of convergence are performed for nonlinear constitutive law :
short and long memory visco-hyperelastic Mooney-Rivlin model.

2 Short and long memory visco-hyperelastic laws

We consider a finite plane deformation problem in an incompressible isotropic visco-hyperelastic
media, Ω. We assume that Ω is a two-dimentional-lipschitz-crack-bounded-domain, and we asume the
following decomposition of the boundary :

∂Ω := ΓN ∪ΓD∪Γ
+
C ∪Γ

−
C ,

where meas(ΓD) 6= 0, and Γ
+
C , Γ

−
C are not empty (Fig. 1).

The crack ΓC is represented by its lips Γ
+
C , Γ

−
C , and these curves are considered free from any soli-

citations. The crack tip is given by the intersection Γ
+
C ∩Γ

−
C . We assume that ∂Ω\ΓC is partitioned into

two sets : ΓN where a Neumann force g : [0,T ]→ L2(ΓN) is applied, and ΓD where a Dirichlet condition
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Fig. 1 – Example of intial crack domain.

u = 0 is prescribed. Let f : [0,T ]→ L2(Ω) be the body force applied on Ω. In the following x ∈ Ω is
the space variable, t ∈ [0,T ] is the time variable, and d(?)/dt = ˙(?) refers the time derivative of (?). The
geometry transformation subjected to the incompressibility which maps Ω on to a domain constraint is
given by :

det(F) = J = 1. (1)

The classical 3D strain energy of the Mooney-Rivlin hyperelastic form :

Wiso =C1(Ī1−3)+C2(Ī2−3); (2)

is often employed in the description of the stactic behavior of isotropic rubber-like materials. Using the
strain invariants

Ī1 = tr(C̄), Ī2 =
1
2
(tr(C̄)− tr((C̄)2)),

with u the displacement, the right Cauchy-Green tensor

C = FtF = J2/3C̄,

and the material deformation gradient

F = I+∇u = J1/3F̄.

The asymptotic functions obtained for a notch vertex in the case of hyperelastic Mooney-Rivlin
model can be restricted to the crack-tip case, and are given by [2] :

y1(r,θ) = rsin2(θ/2), y2(r,θ) =
√

rsin(θ/2). (3)

Where y1,y2 are the components of the cartesian position in the euler configuration, r, θ are the radial
coordinates of material point. More precisely for β-short memory Kelving model, we assume that the se-
cond Piola-Kirchhoff stress tensor S = Svol +Siso is given by Mooney-Rivlin potential Wiso in following
form

Siso = 2
∂Wiso(C̄)

∂C̄
+β

∂Ẇiso(C̄)

∂C̄
. (4)

For long memory generalised Maxwell model, we assume that S is obtained by Prony series :

S = Siso +
m

∑
α=1

βαQα (5)

where Siso := 2 ∂Wiso(C̄)

∂C̄ , βα > 0 is the viscosity parameter, the relaxation time is τα > 0, and Qα verifies
the evolution equation :

Q̇α +
Qα

τα

= βαSiso. (6)

Note that Svol = 0 because the incompressibily assumption (1).
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The variationnal formulation, corresponding to the quasi-static equilibrium in the plane domain Ω,
reads like this : 

Find (u, p) : [0,T ]→ (V×Q) such that :∫
Ω

FS : ∇vdΩ−
∫

Ω

pdivvdΩ =
∫

ΓN

gvdΓ +
∫

Ω

f vdΩ,∀v ∈ V,∫
Ω

qdivudΩ = 0,∀q ∈Q,

(7)

where V is the vector space of the kinematically admissible displacement fields :

V=
{

u ∈H1(Ω) |u = 0 on Γ2
}
, Q= L2(Ω). (8)

Discretization of the elasticity problem follows the usual steps. Let us consider an affine mesh of the non
cracked domain Ω̄. We approximate (u, p) by (uh, ph) : [0,T ]→ (Vh×Qh). The subspaces Vh and Qh are
finite dimensional spaces that will be defined later. The existence of a stable finite element approximate
solution (uh, ph) depends on choosing a pair of spaces Vh and Qh such that the an "inf-sup-type" condi-
tion holds. The satisfaction of this condition for a couple (Vh×Qh) is very difficult to prove in practical
situations. To obtain solutions of (7) for long memory viscohyperelastic model, a incremental process
of Newton’s type is applied, which solves a sequence of linearized problems. Then the total discretized
problem associeted to (7) with short memory viscohyperelastic model (4) is :

for (uh
1, ph

1) given ,∀n≥ 1, find (uh
n+1, ph

n+1) ∈ Vh×Qh, such that∫
Ω

(I+∇uh
n+1)

(
(4t +β)Sisoh

n+1−βSisoh
n
)

: ∇vhdΩ−
∫

Ω

ph
n+1vhdΩ =

4t
(∫

ΓN

gh
n+1vhdΓ+

∫
Ω

f h
n+1vhdΩ

)
, ∀vh ∈ Vh,

∫
Ω

qh divuh
n+1 dΩ = 0,∀qh ∈Qh,

(9)

Concerning the long memory viscohyperelastic (5) model the total discretized problem to solve is :

for (uh
1, ph

1) given ,∀n≥ 1, find (uh
n+1, ph

n+1) ∈ Vh×Qh

m

∑
α=1

∫
Ω

(I+∇uh
n+1)

(
(1+βα exp(−4t

τα

))Sisoh
n+1 : ∇vh

)
dΩ

−
m

∑
α=1

∫
Ω

(
(I+∇uh

n+1)H
h,α
n : ∇vh

)
dΩ

−
∫

Ω

ph
n+1 divvhdΩ =

∫
ΓN

gh
n+1vhdΓ+

∫
Ω

f h
n+1vhdΩ, ∀vh ∈ Vh,

∫
Ω

qh divuh
n+1 dΩ = 0,∀qh ∈Qh,

(10)

with Pn = (I− 1
3 C̄h,−1

n ⊗ C̄h
n), Hh,α

n = exp(−4t
τα
)Pn :

(
exp(−4t

τα
)Qh,α

n −βαSisoh
n
)

and

Qh,α
n+1 = βα exp(−4t

τα

))Sisoh
n+1 +Hh,α

n .

3 XFEM enrichments

Classically the displacement discontinuity across the crack is represented using a Heaviside-like
function, which is multiplied by the finite element shape functions. An enrichment area of fixed size is
defined and some nonsmooth functions are added inside this area.

We perform a convergence analysis for (9) and (10) of two variant of eXtended finite element me-
thods. The first one is a standard X-FEM with a fixed enriched zone [1], the second one is an X-FEM
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Fig. 2 – Example of cut-off exponential function.

with a Cut-off function (Fig. 2) to ensure a smooth transition between enriched zone and non enriched
zone [4]. Unless the X-FEM with a fixed enriched zone increase the computational cost, the X-FEM with
cut-off function method gives optimal convergence results without increasing significantly the computa-
tional cost and without degrading the condition number of the tangent matrix. The finite element method
is defined independently from the crack on a mesh of the non-cracked domain Ω. At the nodes whose
corresponding shape function support is cut by the crack, an enrichment function of Heaviside type is
considered :

H(x) =
{

+1, if (x− x∗).n≤ 0,
−1, elsewhere,

(11)

where x∗ denotes the crack tip and n is a given normal to the crack. Moreover, the nodes of the triangle
containing the crack tip are enriched with the following singular functions given in polar coordinates :

{Fj}1≤ j≤2×m = {√r sin(kθ/2),
√

r cos(kθ/2)}1≤k≤m (12)

In the proposed variant of XFEM, we intend to enrich a whole area around the crack tip by using a
cut-off function denoted χ. Let us recall that the discretized displacement using χ can be decomposed
as :

uh = ∑
i

aiφi +∑
i

biHφi ++∑
j

c jFjχ (13)

Where φi is the classic FE basis, H Heaviside step up function (11), Fj fonctions taking account sin-
gularities (12). Since the mesh is independent of the crack geometry, the Heaviside function represents
the discontinuity of the displacement field along the crack and the singular functions allow to take into
account the asymptotic displacement at the crack tip. Such a method enables to discretize the domain
without explicitly meshing the crack surfaces, and hence the crack propagation simulations can be done
without remeshing. For the model problem, we consider a Lagrange finite element method of second
order defined on a regular triangulation of the non-cracked domain Ω. Then Vh is defined by piecewise
P2 basis functions, denoted φi (P2 is the set of second degree polynomials).

We use a mixed finite element method to prevent the locking of the finite element approximation
in the incompressible limit (1). To interpolate the pressure with Qh, we use a Lagrange finite element
method of firt order. The main focus in this contribution is to compare various approaches for the nume-
rical evaluation of stress field, and displacement. These approaches have been proposed in the context
of both classical and enriched finite elements for linear material [6]. However, their convergence and the
robustness have not yet been extended to hyper-viscoelastic material, which are the goals of this study.
The convergence results are obtained with tests in the following cracked specimen (Fig. 3).

3.1 Singular functions relatively to the crack tip

On supposing that the global notch problem of the Mooney Rivlin hyperelastostatic admits a solution,
the asymptotic analysis of displacement field near the crack tip give a r−singularity of order 1/2. Then
for model (4) and (5) the displacement and the pressure field near the crack tip are of order 1/2.
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3.2 Enrichments strategy

We perform a convergence analysis for two variant of extended finite element methods. The first
one is a standard X-FEM with a fixed enriched zone [1], [3], adding degrees of freedom on each node,
for plane elasticity problems. The second one is an X-FEM with a Cut-off function to ensure a smooth
transition between enriched zone and non enriched zone [4]. This second strategy is inspired by the so
called "XFEM dof gathering with pointwise matching", introduced in [5]. The idea of such method is
to reduce the number of degrees of freedom that are introduced in the finite element basis. For this, the
support of the nonsmooth added functions is the whole enrichment area and they are not multiplied by
the finite element basis functions. We introduce the boundary of the enrichment area, say Γe. It cuts into
two sub-domains : the enrichment area, say Ω1, and the rest of Ω, say Ω2. The unknowns defined on each
domain Ωi are denoted by uh

i and their expressions read
uh

1 = ∑
i∈N1

aiφi + ∑
i∈J1

biHφi +∑
j

c jFjχ

uh
2 = ∑

i∈N2

aiφi + ∑
i∈J2

biHφi

(14)

where Ni are the sets of degrees of freedom that are located in Ωi, (N1 ∩N2 is not empty : it cor-
responds to the set of nodes that are on the boundary Γe). In a same way, Ji are the sets of degrees of
freedom of Γe that are located in Ωi (J1 ∩ J2 is not empty for the same reason). Naturally, a matching
condition is needed at the interface between the enrichment area and the rest of the domain, in order to
insure the continuity of the function and its derivatives.

4 Numerical experiments : Test problems

The numerical experiments presented in this section were performed with the open-source finite
element library Getfem++ developped by our team. We test the previous methods on two benchmark
problems of a rubber like material with a straight through crack. The elastic structure is occupying a
bounded rectangular domain Ω = [−7,+7]× [−25,+25], and the material is assumed to be isotropic.
In the experiments, the Mooney Rivlin constantes are taken as C10 = 0.57559, and C01 = 0.07585. The
enrichment area diameter is 0.30. The specimen is subjected to a sudden strain that is kept constant over
the duration of the test, and the stress decrease is recorded over prolonged period. The initial stress is due
to the elastic response of the material. Then, the stress relaxes over time due to the viscous effects in the
material (Fig. 4).

viscosity relaxation time
β1 = 0.112 τ1 = 0.2
β2 = 0.692 τ2 = 2
β3 = 0.123 τ3 = 20
β4 = 0.0832 τ4 = 200
β5 = 0.0416 τ5 = 1779

Parameters of the long memory viscohyperelastic model
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Fig. 3 – Displacement field for the opening mode using a cut- off function.
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Fig. 4 – Stress relaxation of reference solution.
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