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Continuum electromechanical theory for nematic continua with appli-
cation to Freedericksz instability
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Résumé— In this communication we present the work by Pampolini and Triantafyllidis [1], in which

an electro-mechanical theory for nematic continua is proposed. The theory is based on a variational ap-
proach and the equilibrium relations plus the Maxwell's equations are obtained as the Euler-Lagrange
eqguations of a specific potential energy. The variational formulation is applied to the study of a 2D boun-
dary value problem, termed in the literatureRasedericksz transition, where a nematic liquid crystal
layer is confined between two plates and an electric field is applied perpendicular to the plates. This
boundary value problem is treated as a bifurcation problem and an asymptotic analysis of the bifurcated
equilibrium path is carried out.

Mots clés— nematic continua, electromechanical theory, variational approach, Freedericksz transition,
asymptotic analysis

1 Introduction

Nematicelastomers are rubber-like solids formed by crosslinking polymeric chains that include li-
quid crystal molecules. In a simple description they consist of a network of polymeric strands connecting
liquid crystal compartments of the size of some micrometers. The interaction between rubber elasticity
of the network and the alignment of liquid crystal molecules leads to peculiar mechanical-optical [2] and
electro-mechanical effects [3, 4].

One simple way to describe nematic ordering effects within a continuum theory is to represent the
local molecular orientation through a unit vector, called the director. This idea was introduced by Oseen
[5] and Zocher [6], further developed by Frank [7] and re-organized by Ericksen [8]. Terentjev [9] used
the director description to model electro-mechanical effects in nematic elastomers by considering a total
energy composed of three terms : the Frank-Oseen energy characteristic of liquid crystals, the energy of
the electric field and an elastic term that models the resistance that the rubber network opposes to director
rotation. Eringen [10] presented a thermo-electro-magnetic theory for liquid crystal polymers where
stretching of liquid crystal molecules are taken into account by considering directors whose magnitudes
change with motion. In the works by DeSimone et al. [11, 12, 13] the electro-mechanical coupling effects
of nematic elastomers were studied in the context of phase transforming materials by assuming a non-
convex strain energy density with multiple natural configurations .

This communication is based on the work by Pampolini and Triantafyllidis [1], in which an elec-
tromechanical theory for nematic continua is presented. Since the theory is based on recent variational
formulations for electro-elastic solids [14, 15], it is suitable to deal with bifurcation problems and sta-
bility analysis of quasi-static evolutions. The outline of the present communication is as follows : in
Section 2 we briefly describe the electromechanical theory. The Frank-Oseen director representation is
adopted and a potential energy depending on four independent variables (the displacement, director,
specific polarization and perturbed electric displacement potential) is constructed. The equilibrium plus
the Maxwell’s equations are thus obtained as the Euler-Lagrange equations of the potential energy. The
theory can be used for both nematic elastomers and nematic liquid crystals depending on the choice of
the free energy density.

In Section 3 a specific free energy of a nematic liquid crystal is considered and the variational for-
mulation is applied to the analysis of a classical boundary value problem leading to a bifurcation. A



infinite 2D layer of a nematic liquid crystal is confined between two parallel platesauthjected to an
electric field perpendicular to the plates. At the boundaries, the director lay parallel to the external plates.
The remarkable behavior of liquid crystals originates from the competition between the alignment of the
director prescribed at the boundary and the orientation favored by the electric field. For small electric
fields, the director orientation is not influenced by the electric field. As the magnitude of the electric
field overcomes a certain threshold value, the nematic begins to adjust its director orientation forwards
the applied external electric field. This problem, known in the literatusgpkes/ Freedericksz transition,

plays a basic role in determining the elastic properties of liquid crystals and it has many electro-optic
applications [16].

2 Electromechanical theory for nematic continua

In this Section, we briefly present the electromechanical theory for nematic continua proposed in [1].
Following the Frank-Oseen model[5, 7], nematic ordering effects are described by using a unihyector
called the director, that represents the local molecular orientation. The specific (i.e. per unit mass) free
energyW of the nematic continuum is taken to be function of the deformation gra#iethie director
n, its gradientno andp the polarization per current volumeThe specific form ot depends on the
application at hand.

We consider a nematic continuum of dengtgccupying a volum& and subjected to an externally
applied electrical fieley and to general mechanical loadings. The applied electric field is perturbed by
the presence of the nematic continuum. To take into account this aspect, we define the total electric field
e and the electric displacememtas follows (see [17]) :

~

e=e+8  d=dg+d, do=¢g0ey, d=¢gg6+p, xeV, d=gg, xR}V, (1)

wheregg is the electric permittivity of free spacp,is the polarization per current volume aad are
the perturbed electric field and the perturbed electric displacement, respectively. Due to the absence of
free electric chargesl, can be represented in terms of a poterdial

d=0xA2a. 2)

Assuming isothermal, quasistatic and non dissipative processes, the total stored energy of the system
is the sum of the strain energy stored in the nematic continuum plus the electric energy stored in the
entire space, namely

_ £ aea
éa_/vptp dv+/Rs 2(eoe)dv. 3)

Note that writing the electric energy in Eq.(3), we can take only the contribution due to the perturbed
electric field, see [1] for justification. The potential of the externally applied loads is

W:_/\/[p(fou+gon)+eoop] dv— /av(t°u+“n)da’ (4)

wheref, g are respectively the body force and the body couple, both per unit magsy amd respectively
the surface traction and the surface moment, both per unit current area da. By using Es.tlig—
potential energy of the systes? = & + # takes the form

P = / [P(W—feu—gen) —epep] dv—/ (teu+ren) da+ i(D xa—p)e(oxa—p)dv. (5)
v v R3 2€0
As it will be clear later, the electric field energy will give a Maxwell stress contribution to the total
stress tensor in the mechanical equilibrium equations. To take into account for the Maxwell stress non
linear dependence on electric field quantities, a Lagrangian formulation is necessary. For this purpose,
we introduce the reference configuration electric displacement perturkfatimvector potentiaﬁ and
the per unit mass polarizatidhas follows :

D=JFted, D=0OxA, P=p/p, (6)

1. These quantities are function of the current posikoim particular,F = xOJ with 0 = 0/0X is the gradient operator in
the reference configuration white= 0/0x s the gradient operator in the current configuration
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whereJ = det(F). By using Egs. () and (6) the perturbed electric field is written as functioradnd
P:

é:%l\](F.(DxK)—pOP) (7)

wherepy is the reference mass density defined on the entire sRéce.g.po(X) # 0 for X € V while
po(X) = 0 for X € R®\ V. The system’s potential energy, in reference configuration field quantities, takes
the form

@Z/Do(w—f-U—gon—eooP)dV— (Teu+Ren) dA
\% ov

~|—/ﬂ§32810\](Fo(D x A)—poP)e(Fe(OxA)—poP)dV (8)
whereT, R are the reference counterparts of the tractiand moment, respectively’.

The potential energy in (8) depends on four independent variables : the displacement X, the
directorn, the specific polarizatio® and the electric displacement perturbation potenﬁiaVariations
of &7 with respect to each one of these independent variables lead to the governing Euler-Lagrange
equations and associated boundary/interface conditions. In particular, variatighwath respectn
gives the director equilibrium and the corresponding interface condition, namely

o\ oy
D.<a(nD)> *ain+g—0, XEV,

N'Ha&wm)ﬂ:R’ X eV,

whereN is the outward normal téV 2 R
When £ is extremized with respect #, the Euler-Lagrange equations give the Faraday’s law and
the associated interface condition

(9)

OxE=0, X € R3,
N x [E] =0, X oV, (10)

~ 1 ~ N
=3 (Fe(DxA)—poP)eF —eeF,
The derivation of &7 with respect to the specific polarizatidhresults in the electric part of the

constitutive equation

oy
aip - ea (11)
andthe derivation with respect to the displacemeryelds
- N B P\’
IT=TIs+ Iy, IIs=po <6F> ;
~ 1 ~ ~ 1 ~ 2 1
Ty = EO—J[(DXA)Q@ (F.(DxA)—pOP) —5) Fo(DxA)—pOPH F ] ,
OeIl+po (f+ Pe(eol)eF 1) =0, X € R®, (12)
N.Hﬁﬂ:T, X € oV,

Note that the perturbed stress tenEbis the sum of the nematic constitutive p&Et and the perturbed
Maxwell stresd1Iy. Equilibrium equations that involve only mechanical body forces are obtained when
ITis replaced by a total stress tensor, defined as the sum dIdlaend a total Maxwell stress, see [1] for
details.

2. Henceforth quantities associated with the reference configuratioreamgediby capital symbols to distinguish them
from their current configuration counterparts
3. N the outward normal toV is not to be confused with the nematic direatdK).
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3 The 2D boundary value problem - The Freedericksz transition

3.1 Material selection

To represent an incompressible nematic liquid crystal, the free egeiggiaken to be the sum of two
contributions : the Frank-Oseen energfy © characteristic of nematiésand a polarization energy”

pY(n,no,P) = pyF~(n,no) + pyP(n,P),

1 1 1 1
F-O 2 24 ? ’
oW ékl(D’n) + ékz(no(D X n)) §k3||n x (oxn)||“+ écl(n°n 1)7, (13)

2
pyP = 2%0 (X tPoP+(Xn ' — X 1) (Pen)?) ,

whereks, ko andksz are positive constants, called in the literature spéay, twist and bend constants,
respectively. The inextensibility of the directois taken into account by the penalization tefman — 1)2
multiplied by a large constart. In (13) x andx, are the electric susceptibility constants when the
electric field and the directar are perpendicular or parallel, respectively.

3.2 Problem description and bifurcation analysis

Consider a two-dimensional infinite layer of a nematic liquid crystal confined between two parallel
plates at distancke An electric fieldey is applied perpendicular to the plates. The direot® anchored
parallel to the plates at the extremities, so the essential boundary conditions are

nl(Xl,:H/Z):l, nz(Xl,:H/Z):O. (14)

For every value of the applied electric field the equilibrium configuration can be found by extremizing
the potential energy?,
PyWV)ov=0, v=(nPa). (15)

Note that we neglect the variation with respectifoecause the liquid crystal is incompressible and there
is not interest in computing forc@sOne obvious solution to equation (15) is thencipal solution,
which corresponds to constant director orientation, namely

n=(1,0),
= plg: (0, Xsoeo) : (16)
14X
a=o0.

. g . 0 . . .
At small values of the applied electric field, the principal solutois stable. Asey increases, it
reaches a valuef where the principal solution is no longer a minimizer of the potential energy, but

where the energy vanishes along a particular dire&lmlled the critical mode, which satisfies the
condition : .
<@,W (3(e3),e3) \1/) V=0, V= (rll, P,&). 17

: o . . : 1

Eq. (17) can be transformed in a system of three partial differential equations in terms O]il,rllz)
1 "

anda, with the natural boundary conditions

G 2(xe, 1 /2) =0. (18)

These natural boundary conditions are compatible with a fixed voltage at the end plates, as discussed in
[1].

4. Thesaddle splaytermof the Frank-Oseen energy is here omitted since it does not contribute to the bulk energy, see [18]
for details.
5. We takeF =1
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Fig. 1 — Principal solution foey < € (left) and bifurcated solution fag > € (right).

The symmetries in the problem allow for the following Fourier decomposition with respect the
o " 1
x1—direction of the critical mode,

1 . 1
N1 = N1(x2) sin(wiXq) , N1 = N1 (X2) cos(wxy),

I = —np(X2) cog WXy ) Ay = N2 (X2) sin(wyxq) (19)
o= a(X2) sin(wixy), G = —0(X2) cos(wxa),

where the symbols”! and.7* denote the symmetric and antisymmetric parts of the mode. By assuming
the director to be inextensible, one obtams= 0, and the following expressions fag(x2) anda(xy)

(see[1)):
Ny =V, coshnxp) Nz = Vhsinh(opxz),
S { o? { (20)

a = Vg sinh(upxz), o = Vg coshpxa) ,

where the symbols”? and.c7? denote the symmetric and antisymmetric parts with respect to the coor-
diantex,. The constantey, V,, andV, entering (20) are related by

Q(wr, w)eV =0, (21)
_ [l@(wl)z—kl(wz)z—ﬁo)?(eg)z )(eng ] V= {V”}
CA wri (@)% — g (@U)?] - el

with X = (xn — X)/[(14+ %) (1+Xn)] andwy, is the solution of the bi-quadratic :

det(Q(wy, w2)) = 0. (22)

It is possible to show that the boundary conditions (14) and (18) enfosc® be a pure imaginary
number with values

F2:ap=i(2m-1)1/l, % wp=i2mmyl. (23)

A detailed derivation of this result is given in [1].

The critical electric fields§ is then found as the minimum value ef that satisfies (22). By using
(23) in (22), one shows that the lowetcorrespond tay = 0, w, = iTt/l (i.e.m= 1), and it takes the
value

L1

- k]_ 1/2
%‘|“+”(&mm—m) . (24)

Thetotal critical electric field in the;—directione® is the sum of the externally applied fie$f plus
the perturbed electric fielé® = —e§x/(1+X), and by using (24) we haw = (1/1)[ky/€0(Xn — X)]*/?
which is exactly the value stated in [18] in his Eq.(3.208).



Finally in view of w; = 0 anduwy, = iT7/l, the critical modell takes the form

A = (0, cos(Tixe/1)) |

1

<k
Il

e
jv)

= ((kugo (xn— X))/ coslroe/1)., 0) (25)

1/2

& =1 (kaeo (¢~ X)) sin(roxe 1)

3.3 LSK asymptotic analysis

It is typical of most boundary value problems exhibiting bifurcations that a post-bifurcated solution
has no easily obtainable analytic solution. To remedy this situation, an asymptotic analysis of the problem
is possible that provides the initial dependence of the critical load and corresponding eigenmode on the
bifurcation amplitude.

This asymptotic technique, termed “Lyapunov - Schmidt - Kbitegthod (LSK) is applied here to
determine the bifurcated equilibrium solution near the critical point and check its stability. According to
the general theory presented in [19], the asymptotic expansion for the applied electrep Beld the
bifurcated equilibrium solutiom about the critical poingj are given by

c E.z 3 0 ¢ Ll 622 3
e =e§+ieh+ 5 §+0(E), v=V(e)+Ev+ V0, (26)

with & the“bifurcation amplitude parametémdefined as the projection of the bifurcated solution on the
eigenmodel/, namely

EE(V—\(},\l/)—‘i|/A<ni—(r)1i)rllidA,. 27)

where|A| denotes the area of the dom#nA remark is in order at this point to justify the choice of the
norm used in Eq. (27). Usually in the literature, the bifurcated solution is computed by introducing the
director distortion angl®, see Fig.1. The chosen norm gives a direct relation between the amplitude of

the mode and the director distortion angbe e.g.§ = sinB(0). The norm of the eigenmoofeis assumed
to be unity and the expressions in (25) reflect this assumption.

The bifurcation point o&f is a simple one, since the eigenmoldim (25) is unique (up to an ampli-
tude), see [19] for details. Moreover the bifurcation is a symmetric one since
111
P oWV = 0. (28)

Consequently in (Zﬁ)e% = 0, the first term in the asymptotic expansion of the applied electric field

vanishes and the calculation ef requires the calculation of the second order term in the expansion
(26),, which is obtained by the solution of the following variational equation

2 1) 1 . 1
<L@7\°Nv + (g’f,wv> v) ov=0, with (dv,v) =0. (29)
Making use of (25), it can be shown that the solution of the equation (29) results in the following expres-
sion for? : ,
N = (—cos (1x/l), 0),
T (o i[k €0 (Xn— X)]¥? cog (Tix /|)> (30)
&=o0.




Tableau 1 — Coefficients of a typical nematic liquid crystal used in the numerical calculédemEL8])

ka [N] ks [N] X Xn
6.2x 10 12 8.2x10 12 6 175
& 2.5
€
ot
1.51
1_,
0.5
0 ! !
-1 -05 0 0.5 1
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Fig. 2 — Graph of external electric field versus the amplit§def the bifurcated mode for the exact
solution (full line) and for the asymptotic solution (dotted line).

The first non zero coefficient in the asymptotic expansiogyafan now be calculated from the general
theory [19] usingZ/ in (30) from the following expression

o (((@WW) &) &)ma((@;wﬁ) &); .

° ((@75,/0e0)°7 )

The stability of the bifurcated equilibrium path in the neighborhood§aiepends on the sign eﬁ; if

€% > 0 the bifurcated path is stable, it minimizes the potential engfgy a neighborhood of the critical
point, while fore% < 0 it is unstable near the critical point. Upon using relations (25) and (30) into (31),
the coefficient} is found to be :

& 3ki(Xn—X) +ks(1+X) Tt
2(kigo (Xn—x))"? |

The stability of the bifurcated path neeg follows, since a bifurcated solution exists only when> X.

The details of these asymptotic calculations are given in [1]. In Fig.2 the asymptotic solution id compared
with the exact bifurcated solution, given in the literature [18], for a typical nematic liquid crystal with
material parameters given in Table 1.

>0 (32)
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