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Observability of a 1D Schrodinger equation with time-varying
boundaries

Duc-Trung Hoang *

Abstract

We discuss the observability of a one-dimensional Schriédinger equation on certain
time dependent domain. In linear moving case, we give the exact boundary and pointwise
internal observability for arbitrary time. For the general moving, we provide exact bound-
ary observability when the curve satisfies some certain conditions . By duality theory, we
establish the controllability of adjoint system.

Keywords: Observability, controllability, Schrédinger equation, moving domain, non-
autonomous evolution equation.
Mathematics Subject Classification (2010): 93B07, 93C05, 35R37.

1 Introduction

Let 7 > 0, and £(t) : [0,7] — Ry a strictly positive C?>—function satisfying £(0) = 1 and
% € L. We consider the following system as a initial boundary value problem in a time
dependent domain.

% 4 Tu— z € [0,0()]
(Smoving) u(0,t) = u(é(t),t) =0 t>0
u(x,0) = ug x € [0,1]

For Neumann boundary observations we obtain estimates like

o(7) lluoll 0.1y < /0 e (0, 1) + [ua (€(t), 6)|* dt < C(7) [luollzy o,1);

see Theorems 2.1, 2.2 and 2.3. We refer to the first estimate as observability estimate
and to the second as admissibility estimate. The two first mentioned results rely on a
transformation of (Smoving) t0 @ non-autonomous equation on the fixed domain [0, 1]:
the change of variables y = JT) and new function w(y,t) := u(z,t) gives an equivalent
differential equation for w, namely

- _ 2 ~Z/ t i

Z%} = z(t)lz %y%’ +1 e((t))y%—‘;’,
(Sﬁxed) U](O,t) = W(l,t) =0

wy(0,t) = £(t)u,(0,t) and

wy(1,t) = L(t)ug (0(t),t)

which can easily obtained by the chain rule.
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To obtain Theorems 2.1 and 2.2 we apply the 'multiplier technique’: This powerful
method has been developped by Morawetz [26] and was later extended by Ho [11] and
Lions [17]. We extend a version of Machtyngier [18] to time-dependend multipliers. The
observability estimate relies then on the “uniqueness-compacity” lemma 3.5. The pitfall
of this proof strategy is that it only proves existence of some positive constant, without
explicit estimates. This is in contrast with Theorem 2.3 which is as specific result for
the boundary curve £(t) = 1+et. In this linear moving wall case, we mimic a successful
approach for a one-dimensional wave-equation obtained by Haak and the author in [9] and
develop the solution of (Smoving) into a series of eigenfunctions. This allows to use results
from Fourier analysis; the obtained admissibility estimates are sharper than those obtained
in the previous results, and the observation estimate is provided with explicit constants.
Moreover, we obtain in this case admissibility and exact observability of internal point
observations:

k()lluollZ,0,1) S/O lu(a, t)* dt < K (7)[[uollZ, (0,1,

see Theorem 2.5. It is remakable that the lower estimte cannot be true when € = 0 on any
rational point a ; the fact that the considered domains extend however, seem to 'middle
out’ this obstacle. Closely related to this observation are works of Castro and Khapalov
[6, 14, 13] where on a fixed domain Q a moving point observer is considered, with similar
conclusions. We also mention results from Moyano [28, 29] where in a two-dimensional
circle the radius £(t) is used as a control parameter.

An additional result on L,-admissibility and observability of point observations are
presented as well, see Theorem 2.7.

It is well-known that exact observability for an (autonomous) wave equation implies
observability for the associates Schrodinger equation, see e.g. [41, Chapter 6.7 ff.]. An
inspection of the proof gives several obstacles when one passes to non-autonomous prob-
lems, and we were not able to use this approach to directly infer our results from those
for the wave equation in [9]. We mention that some results on the so-called Hautus-test
will be subject of an independent publication [10].

2 Main Results

Before giving precise formulations of the aforementioned results, let us start by proving
that the Schrodinger equation (Spxea) admits a solution: to this end, we reformulate it as
an abstract non-autonomous Cauchy problem in the following way: let X = L2(0,1) and
the family of operators {A(t)} be defined as

(2.1) Alt)yw = ﬁwyy + g((f))ywy

wich natural domain D(A(t)) = H?(0,1) N H(0,1) =: D. Moreover, by assumption, the
map t — A(t)u is continuously differentiable for all w € D. Let w > 0. Then integration
by parts gives

1
((A(t) + whw,w) = /0 (ﬁwyyﬁ—i— %ywyﬁ + w|w|2> dy

1 1 1
(2.2) — e [ Py 58 [pwwdy o [ uPdy
0 0 0

1 1 1
—1 ZI .
= e(t>2/0 [y | dy — Ty ; (|W|2+ywwy)dy+w/0 w|? dy



Taking real parts and observing that

Re(/olywwydy> Re(a(t))/ ywyﬁdy) RG(L))/ |w|2dy)

we obtain
(2.3) Re({(A(1) +whw,w)) = (w— &) /\w|2dy

For w > ||§—;H o the left hand side of (2.3) becomes positive, and the Lumer-Philips
theorem asserts that w + A(t) generates a contraction semigroup, i.e.

YVt >0 He_SA(t)H < e¥*

This ensures in particular that the family (A(t))co,-) satisfies the Kato stability condition.
We apply [30, Theorem V.4.8 pp.145] to conclude that (A(t)) generates a unique evolution
family {U (¢, s) }o<s<i<- on X satisfying w(t) = U (¢, 0)wp. From this we infer a solution to
(Smoving) as well, by transforming the fixed domain back to the time-dependent domain.

Suppose that we are given observation operators C(t) : D — Y where Y is another
Hilbert space. Define the output function y(¢t) = C(t)w(t). The operator C(t) is called
(Y, Z)-admissible if there exist v > 0 such that:

/0 lC@w®)|2dt < ~ Jwoll3.

We say that the system (Sgxed) is exactly (Y, Z)-observable in time 7 > 0 if there exist
6 > 0 such that:

/ [C(tyw(t)|)2dt > 6 fwol|%-

If the spaces Y, Z are fixed, we simply speak of admissibility and exact observability. Exact
observation in time 7 > 0 means that the knowledge of y|o , allows to recover the initial
value wy. It is well known that exact observability is equivalent to exact controllability
of the retrograde adjoint system:

Z(t)=—A)*2(t) — C(t)"w(t)  with  2(1)=0
Moreover, it is easy to see that admissibility or observability of (Sgxed) is equivalent to

those of (Smoving)-

Results on Neumann observations

Theorem 2.1. Let 7 > 0 and £ : [0,7] — R be a strictly positive, twice continuously

differentiable function satisfying % € Lo and £(0) = 1. Then there exists a constants
C(7) such that the following admissibility inequalities hold:

| s 0.0F + e o @ < C) ol

An explicit estimate of constant C(1) is given in the proof, see (3.8).

Concerning observability, we will have the following result. Let 7 > 0 and ¢ : [0, 7] —
R% be a strictly positive, twice continuously differentiable function satisfying:

(2.4) O() >0, £0)=1 and E’(t)f(t)<% vt € (0,7)



Integrating for 0 to 7 of the second condition, we have 27 + m(1 — £(7)?) > 0. From the

condition (2.4), £(t) is an increasing function, and then ¢'(t) < 1. It follows that % <1

and so the condition % € L, guaranteeing admissibility is satisfied.

Theorem 2.2. For all T satisfying (2.4), the following observability inequality holds:

ool < [ (0,08 + uale0). 0P

Here ¢(7) is some positive constant depending on T.

A direct application of theorem 2.2 can be used for periodic moving boundary £(t) =

1 + esin(wt) where € € (0,1) and w € (0, m) For all 7 € (0, %), we have

V'(t) = ewcos(wt) >0 since wt € (0, g) VO<t<rT

20)=1 and /' (t)l(t) = ewcos(wt)(l+ esin(wt)) < ew(l+¢) < %

Hence, ((t) satisfies the condition (2.4), so the curve is admissible. The problem of
particles moving inside one dimensional square-well of oscillating width was proposed by
Fermi and Ulam [19] in order to explain the mechanism of particles containing high ener-
gies. This model that plays an important role on theory of quantum chaos and it seems
difficult to give an exact solution formula. Glasser [8] investigated the behavior of wave
functions and energy in a given instantaneous eigenstate by assumptions on the smooth-
ness of boundary. As far as we know, there are no results in the literature concerning
observability and controllability with periodic boundary functions.

In the case that ((t) = 1+4et, the condition (2.4) is ensured when € € (0,2) and
0<t< l(l ) We have the following exact analytic solution for Spoving, due to

E\NET

Doescher and Rice [7]

+o0 i(ﬁ_nzsz)
(2.5) u(e,t) = 3 any [ sin(282) 0T
n=1

where the coefficients (a,,) are defined by the sine-series development of the initial value
ug. A similar exact solution in the case of two-variable moving wall can be found in [42]
where the author uses the fundamental transformation to change the moving boundary
problem into a solvable one side fixed boundary problem.

Based on formula (2.5) we obtain a first result on Neumann observability at the bound-
ary {(x,t) : € {0,£4(t)}}. Compared to Theorem 2.2 the admissibility constant is sharper.
In contrast with Theorem 2.2, where we can only prove existence of some positive con-
stant ¢(7), we obtain now an explicit estimate for the observability constant. The proof
is presented in section 3.

Theorem 2.3. For every T > 0 there exist explicit constants c(,€), C(1,€) such that:

T 2 2
26 ctmlunligoy < [ Tua0.0 + st 0 at < CNunliy

In particular, the Neumann observation at the boundary of the system (Smoving) 15 ezact
observable in any time T > 0. Moreover, the observability coefficient ¢(7,e) decays ~

exp(%’fz) where k > %
Remark 2.4. By Dirichlet condition u(€(t),t) = 0 for all t. Differentiating yields

O (t)ug (€(t),t) + u(£(t),t) = 0, and so ug(£(t),t) = Ztuy(L(t),t). As a result, observ-
ing ur(0(t),t) or u(€(t),t) is, up to a constant, the same.



Point observations

We now focus on point observations v — wu(a,t) in the case of a linearly moving wall
£(t) = 1+€t. Observe that in the “degenerate” case that is, € = 0, the (then) autonomous
Schrédinger equation has the well-known solution

—+oo

u(z,t) = Z ane T sin(nmx).

n=1

Clearly, there is no reasonable observability possible at rationals points x since infinitely
many terms in the sum vanish, independently of the leading coefficient a,,. This changes
when € > 0 : from (2.5) we obtain

400
2 ? ) 3 nma
u(aa t) = Z an(%) eXp(ZE((l) — Z?’L%‘ljﬁ) Sln(ﬁ)
n=1
and so
! 2 i = 7i7r2n2L 2
(2.7) / |u(a, t)|” dt :/ %’Z ape 170) sin(%) dt.
0 0

n=1

Based on a remarkable result of Tenenbaum and Tucsnak we obtain the following result
in section 3.

Theorem 2.5. Assume £(t) = 1+¢ct. Then, for every T > 0, we have:

(2.8) E(m)lluolZ, 00 2 /0 (@, t)]*dt 2= k(7)]uoll7,0,1)
More precisely, k(1) ~ Me™7 where T = ﬁ - ﬁ and M, c are some positive constants

that appear in to proof.

Corollary 2.6. For all a € (0,1) the point observation C' = 0, for the system (Smoving)
is exactly observable in arbitrary short time.

L,-estimates of point observations

Finally we have to following L, admissibility and observability estimates.

Theorem 2.7. Let {(t) = 1+et. We assume that ug € H}(0,1). For 0 < p < 2 and
a € (0,1), we have

1-2 /v 1—2
ke () o 177 0,1y ol 73 0y < / |uat|”dt < Ky (7)ol 72 0.1 loll 73

where ky(T), are constants depending on T and p.

The upper estimate is a direct consequence of (2.8). Indeed, by the continuity of the
embeddings H} < Ly — L, and the boundedness of £(¢) to obtain:

from(2.8) 2/ 1-2/,
lu(a, )|z, Sllu(e, e, < luolle, S lluollLy o1 luollgon)

Hence, it serves only to show that the lower estimate is of the right order.



3 Proof of the main results

3.1 The multiplier Lemma

We follow E. Machtyngier [18, Lemma 2.2] by using multiplier method for (Sgxed): Let w
be a solution to (Shxed) and ¢ € C?%([0,1] x [0, 7]) be a real valued function. Then, due to
the differential equation (Sfxed),

(3.1) Re(/oT /Ol(qu+ 1wqy) (iwy + ﬁwyy - zi((tt))ywy) dy dt) =0

We separate the left hand side of (3.1) into three parts and simplify each of them.
Lemma 3.1. The following identities hold.

T 1

Re(//(q@—k 1wqy )iw, dy dt)
(3.2 0 o .
[ _, ) = bre( |
0
o1

= Re(
Re( 0/ 0/ Ié]ty;; (q@+§wqy)dydt)

T

1waq Wy dy dt)

o _
o _

o~

(3.3) Re(/ s 1Dy (L 0P — q(0,8) w, (0, D)) dt)

T

“ ! "

T 1

e / / W (qw + Y, dy )

T 1 T 1
iyl (¢) iy _
_ 4%(// T q|wy|2dydt) fRe( 1 g wywqydydt>
00 00
Proof. To prove (3.2), we use integration by parts. Using w(0,t) = w(1,¢) = 0, we have:
T 1 T y=1 1
iRel(i ‘ww,dydt) = iR / w —/-* Wwy, ) dy) dt
TR I (o oty R Na——
T 1
_ %Re(z’/ / q(Wywy + Wwyy) dydt)
o Jo
Therefore, the left hand side of (3.2) equals
T 1 1 T
Re(/o / (quy + %@qy)iwt dy dt) = JRe z/ / (wy - q@—q@wty)dydt)
1
= %Re(i/ / w(qeWy + qwyy dt) dy iRe / / qiwwyy,) dy dt)
0 0
1 1 T
. o l . _
Re(z/o [ } dy 3 (/0 /0 MWWy, dydt

T

1
2 _ WyW
0 0

N[



Here, we already use the fact that

_Re(/o1 /Oriquty) = Re(/o1 /OTiqutydtdy>.

To prove (3.3) we have

Wyy
Re // 2qu dydt Re(/ / dy| y\ %( )zqdydt)

Re( [ gy L Oy (LOF = a(0.0lu, (0.0 )

*Re(/ / 20(1 2Qy‘wy| dydt)

since we use Re(wy, W) = Re(W,,w,). Again, integration by parts shows

(//%yy wqydydt Re//% 5 Wayd wy)dt>
U<u WML?@ e g+ st

Therefore we have:

Re / / Lyy 5 (quy + wqy)dydt)
:Re(/o 2@()((”) 2(1.1) — g(0, )u(0,1)) dt) Re// sl Pay dy dt)

T 1 _—

U]yw
- Dy dy dt
Re(/o /0 20(ty2 v Y )

Hence, part (3.3) is proved. The last part is obvious. O

Now summing up the three parts and using (3.1) yields

Proposition 3.2. For any real valued function ¢ € C*([0,1] x [0,7]) and a solution w to
(Sfizea) we have

1
Re(/o %qu . Re / / zwthydydt

+Re( %é 1tWM10\*ﬂQQWAQQWdQ

1
_Re(// Q\wu|2qydydt // quydydt)
0 0
/ g/
— Re //zyﬁ |wy|2dydt //%y wywqydydt>

3.2 Energy estimates

o\

For a solution w to (Sgxeq) we define the first and second energy as

1 1
=%A|m%m%y and F@:%A|%@¢W@

respectively.



Lemma 3.3. We have {(7)E(7) = E(0).

Proof. Taking the derivative respected to t and using Sfhxed, we have

1
lw(y,t)|*dy = l/ (wyw + wwy)dy
dt dt2/ 2 K

_ (t) 2(t)
= 5/0 (22 wyy +5 e(t) Yywy )W + w( gy Wyy + F7 YWy)

1
i e 4 —
=1 /0 (777 (wyy@ — Tyyw) + %y(wyw + wyw))dy

Now integration by parts gives

1 1 1

whereas

1 1 1
¢ o o), 4 —
/0 Z((tt))y(wyw +wyw) dy = i Z((tt)) ywd(w) — /0 Z((tt)) ywd(w)

’ y=1 ’ 1 ’ y=1 ’ 1
= [Fvow|_ 53 [ @+ ywwdy+ [ 5Gvoe] G [ g, wdy
y=0 0 0

1
OFdy~ [ i ytw,m -+ wyu) dy.
0

Therefore,

1
/[((tt)y(wyﬁ—i—wy = L](t)/ lw(y,t)*dy,
0

so that

1
d 4 4
20— 4 [ BluutPdy = 4B EC).

Lemma 3.4. For allT >0 and 7 € (0 = ), we have:

' 2w

S E(0) < F(r) < Ur)F(0)

Proof. Concerning F' we have

1
|wy (y,t l/(w Wy + Wy Wyz ) dt
dt dt2/ Wy\Y, 2 o Yty Y™y

= 5/0 (z(t)z Wyy + z(() ywy) wy + wy(@(t)z Wyy + z(( )) ywy)y

1
. ¢ __
= w? /0 (Wyyy Wy — Wyyywy) dy + 22((?) /0 ((ywy)ywy + wy (ywy)y) dy.

The first term on the right hand side simplifies as

1
2€(Zt)2 /0 (WyyyWy — Wyyywy) dy



1 1
= 25(7%)2/0 Wy d(wyy) — W/o wy d(Wyy)

. y=1 X 1 9 . y=1 : ! 2
J— (3 ol 7 2 T K3
= 2002 [wywyy} T 202 lwyy|” dy — 20(0)2 [wyywy} o lwyy|” dy
y=0 0 y=0 0
’ y=1

_ v=1 — (), ¢
= Bwy(wt z((f))ywy)} y:0+ [%wy(wt - %ywy)} y=0_ —%\wy(l,t)P

0

whereas the second term simplifies as follows.

1 1
4 _— 4 __ S —
25((?) ; ((ywy)ywy + wy(ywy)y) dy = gg((?) ; (wy + Ywyy )Wy + wy(wy + ywyy) dy

1
= 25((?)/ 2|wy |* + y(wy, Ty + wywyy) dy

1
ol dy+ 51t |yl )
¢
= 2Z(t / |wy|? dy + 22(?)|wy(1 1.

We add both parts to obtain

dF(t
LAV O / (s O dt — 3, (1, )28

= S8(F©) - 3w, (1,0F),

By Variation of constants, we get an explicit solution:

t)

(3.5) F(t) = £()F(0) - £(t) / 2L, (1, 5)[ ds

One easily obtains an upper bound, namely F(t) < F(0){(t). For the lower bound, we
use the Poincaré (or Wirtinger) inequality on [0, 1] to obtain,

(3.6) /|wyy, Py > /|wy, )2 dy = 5 E(0)

3.3 Admissibility of Neumann observations at the boundary

Proof of Theorem 2.2. We take the function ¢(y,t) = q(y)£(t) on (0, 1) satisfying ¢(1) =0
and ¢(0) = 1. By Proposition 3.2, we have

1

T t=r1
2 1- _
Re(/o 213(t)2q(0 t)|wy (0,1)] dt) Re(/ {QZqZ(t)wwa:Udy)
—Re//w \wy|2qydydt Re//%()qyydydt)
— Re / / iyﬂ’(t)q\wy|2dydt —Re / / %iyﬁ'(t)wyﬁqydydt)
0o Jo
% //zwqﬁ wydydt)



Therefore, we have
T
/ ——|w,(0,t)?dt < A+ B+C+D+FE+F,
o 20(t)

where we estimate all five terms separately. Concerning A, we separate the products in
the real part by ab < %(a2 +b?), then use Lemmata 3.3 and 3.4 to obtain

- [satmse]

Ll 2o ( / )y, I + [w(y, 0)2 + ) |wy (y, I + wy (y, )| dy)

IA

1

= Hlallzon / 2w (y, O + (14 £(r)?) |y (4,0 dy )
1

< 2o ( / (272 + 1+ £(7)2) [y (3, 0) * dy ).

The second term is easily estimated by Lemma 3.3:
T 1 T 1
=[Re( [ [ gl Paydya)| < Nl [ [ sl dya
T 1
lalewion [ [ ww0)P dy
o Jo

1
— layllo oy / (3, 0) 2 dy

Part C' is decoupled by Cauchy-Schwarz and then estimated using Lemma 3.4 as follows:

- ‘Re /T /1 ;Ugﬂqyy dydt)‘ < gyl 0.1) (/OT /01 I;véy(g
< laleians( [ ([ 1ot an)” ([ st tn) )
< llayyllzo0,1) (/ PTi0] / wy (y, t)]? dy) dt)
<llawlon ([ 3 )(/ oy 0 )

= laylwion % / (5. 0) dy).

For the forth part, we use Lemma 3.4 to obtain

p=[re( [ [t waluyto 0 ayar)| < laleions [ [ EOh 0P aya
<laleon ([ ¢60 ) /|wy v.0) dy)

= o 5 ([ st 02 )

The estimate for fifth part F is similar to part C":

T 1 T 1
B=[e( [ [ ivt @y, dya)| < oy leon ([ [ 0O, ]y )

10



1

< lanlion ([ 40 [ w2 an) ([ oo ) ar)
O-,— , 0 ) 0
<laliion ([ =52 w0 dy) i)

T 1
< layllzeo,n) (/O mt (;V(t) dt) (/O |wy(y,0)\2dy)

1
= laleon 3R =D ([ 0.0 ay).

Finally, the last part F' is treated like part C' and E:

T 1 T 1
F:%‘Re(/ / iwqﬁ’(t)@dydt)‘S%HQHLOO(OJ)(/ / £ (1), o] dy i)
0 0 0 0
1
<ol T =0 ( [y .0 dy).

Summing up all five estimates, we obtain

T 1 2
(3.7) / i O dt < o) ol .

where the constant Cy(7) is given by

34+ 7)) + 72 —
) = B0
(3.8) o
+ 7||ny||Loc(0,l)

1 0
lallieio + (7 + 2 = 1) lay o)

Replacing wy (0, t) = £(t)us(0,t) in (3.7) yields the admissibility inequality:

/|ux(0,t)|2dt§/ €00) (0, 8)[* dt < 261 () ol 0.
0 0

The second admissibility estimate follows the same lines, using ¢(y,t) = ¢(y)¢(t) on (0,1)
with ¢(0) = 0 and ¢(1) = 1. O

3.3.1 Neumann Observability at the Boundary
Recall the following lemma

Lemma 3.5. Let E1, Fy and E3 be the Hilbert spaces. We consider the continuous linear
operators T : By — FEs, K : By — E3 and L : E1 — E; such that K is compact, L 1is
bounded below and:

(3.9) [Lulle, = [[Tulle, + ([ Kull e
Then the kernel of A has finite dimension and | Lu| g, = |Tu| g,

Proof. A similar proof can be found in [38, Lemma 1 pp.1] where we just replace u by
Lu. O

Proof of Theorem 2.2. For all 7 satisfying 27 + m(1 — £(7)?) > 0, we choose two positive
constants 7(7) and 0(7) such that:

(3.10) n(r) +0(r) < ik (7 = 3Er)? - 1))

11



We choose ¢q(y) = (1 — y)£(t) where y € (0,1). Proposition 3.2 is then equivalent to:
(3.11)

/2€ ‘wyOt‘dt //é lwy|? dy dt — Re// i(l—vy wywdydt)
0
t=1
+Re(/ [2 (1 — y)l(t)wyw } dy JrRe / / Liyl'( )wywdydt)
0

Taking the three last formula of the right hand side to the left, then taking the absolute
to get:

/ / \wy|2 dydt < /OT 50 )|wy(0 0l 2dt + ‘Re(/l [%z(l - y)é(t)@w] Z;dy)’

‘Re / / si(l—y wywdydt)‘
+‘Re / / %z’yﬁ'(t)wyﬁdydt)‘
o Jo

The sum of third and fourth terms in the right hand side of above formula can be estimated

as:
//% wywdydt> —i—‘Re // Tiyl'( )wywdydt)‘
/ / t)|wyw| dy dt + 3 / / t)|wyw| dy dt
1/2 1/2
E’(t)/ wl? dy /|w 2 dy dt
[ e e an) ([ )
T 1
g/ WE’(t)(/ |wy|2dy>dt
0 0
Due to the energy estimate in lemma 3.3 and 3.4, we have the upper bound for the second
term:
‘Re(/1 [li(l - y)E(t)Ww} = dy)‘
0 2 Y t=0
1 2 2
0 | lw(y,7)
<l/ v, + + (1) |wy, (y,0)|? + n(T)(1)?|w, (y, 7)|? ) dy
<i [ (M PR ey . OFF + n(r)r) (5. 7))

! T 3 T !
e (s +1) [ G 0 dy-+ S [y, 0) 2y

| /\

IN

As a result, we combine these estimation and use (3.5) to obtain:
T 1
[ w00 as g (s +1) [ ol d

/ / iy = (1))l (. O dy it — L0t / w0y (3, 0) 2 dy
:(/ (1 — 7l (t)e(t)) dt — m / |w, (y,0)]? dy)

0

_ /07(1_774'(75)5@))/0 20, (1, )| ds dt
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5 1
= (r+ 50— ) - PO ([ 3, 0) )
0
T t
—/ (1—775’(t)€(t))/ 20, (1, ) dis dt
0 0
5 1 T t ‘s
> 0 ([ 0P dy) - [ (=2t 0600) [ 5w, (1.0 dsat

where the last inequality come from (3.10). Therefore, there exist the constants A, and
B, such that:

1 T 1
(3.12) / oy (. 02 dy < A, / (Jwy (0.6) + [wy (1,£)?) dt + B, / w(y, 0) dy
0 0 0

It is sufficient to prove that there exist a constant K > 0 such that

(3.13) / ol 0 dy < K [ 0B dr+ [ .08 ar)

Let us denote the operator T from H}(0,7) to La(0,7) x L2(0,7) and the operator K
from H3(0,1) to L2(0,1) that maps:

(3.14) (Tw)(t) = (wy(0,t),wy(1,1))

(3.15) (Kw)(y) = w(y,0)

From admissibility and (3.12), we have:
(3.16) ar|Tw|Z, +b- | Kwli, < |lwoll7p < Arl|ITwlZ, + Br | Kwli,

It is easy to see that K is compact operator due to Rellich’s embedding lemma. In order
to use the unique-compactness lemma 3.5 for L = K, we need to check that T is injective.
Observe that Tw = 0 means that w satisfies (Sfixed) with Dirichlet conditions and zero
Neumann derivative. It is well known that w vanishes in this case, see for example [39,
Theorem 3] or [12, Corollary 6.1]. As a consequence,

cr[[Twlz, < llwollzy < C-lITwlE,

for some constants ¢(7), C(7) > 0.

3.4 Results for linear moving walls

Recall the Doescher-Rice representation formula (2.5) that yields for ¢ =0

N iex?
(3.17) u(z,0) = \/iz ane 4 sin(nrmz),
n=1
and denote by
Up(x,t) = ﬁsin(%).

For all fixed t > 0, the functions (u,(-,t))n,>1 form an orthonormal basis in L (0, £(t)),
since the change of variable y = ﬁ reduces u, (-, t) to the standard trigonometric system

on Ls([0,1]).
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Lemma 3.6. For all finitely supported sequences (a,) we have the following relation
between (a,) and the norms of the initial data ug.

+oo 400
e, 02,00 = 3 lanl? e, 0% 01y ~ D laa|*n?
n=1 n=1

Proof. Observe that

’LEZL’

v @00 = @0 =2 [ 3 ansinns) do

n=1

1. N 2 00
= 2/ 'Z ansin(nﬂ'x)‘ dz = Z|an|2.
0 n=1

n=1

Since (ay) is a finite sequence we may interchange differentiation and summation and

obtain
N
’LE’I‘

Lu(z) = \fZane 4 (ix§ sin(nmx) 4+ nm cos(nmw))

n=1

so that, squaring real and imaginary parts, we find
2

1, N 9 1 N
|lu(z) ”?{3(071) = 2/0 ‘Z annT cos(mm:)‘ dz + 2/0 ‘Z ans sin(nmx)
n=1 n=1

N 1 N 2
=72 Z lan|?n2 + 2/ ’Z anrs Sin(mm:)’
0 h=1

N 52 1 N 2
<72 Z lan|?n? + 5/0 ’Z an sin(mrx)’
—w22|an|2n2+ Z|0Ln|2 < Cle Z|an|2 2 O

n=1

—'7r272L
then the functions b, (t) = e " " 1)

Lemma 3.7. Lete € (0,%) and 7 = eI

form > 1 form an orthonormal system in Ly(0, 7).

T— 267

Proaf Note that ( Z(t))/ = %@i’“) = ﬁ. Therefore, the obvious change of variable
x = m reduces f, to a standard trigonometric function on [0, o] )] Observe that 5 =
77—225 (1+ 73525)71 = % Now orthonormality easily follows. O

Observe that the above sequence {b, (t)},>1 is not an orthonormal basis. Indeed, with

f(t) = f\z/f(t) ¥ 7T | we have (f(t),bn(t)) =0 for all n € N.

3.4.1 Neumann observation at the Boundary

Proof of Theorem 2.3. We start considering only the first term at = 0. As in the proof
of Lemma 3.6 we consider for a moment only initial data associated with finitely supported
sequences (ay,). Differentiating the representation formula (2.5) u term by term yields

= 12 —im?n?
w0, = 3 an () e 0 g

n=1
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and therefore

dt.

= 2,2 2

—i t
g nape " " EH
n=1

Using the monotonicity of £(¢) in [0, 7], we have Z J < us(0, )HL2(0 n < 272.J where

:/OT

This allows to focus only on the integral J where we abbreviate b, = nane*”%ﬂ/ € and

make a change of variable £ = Z(tl) + 7( 70 )—1—5(7)) Letting T = ﬁ — ﬁ, the above

T on?
2 _
||uz(07t)||L2(o,r)*/0 0(t)3

—+oo

2
z na e —T ’I’L Z(t)

UGN

double inequality rewrites as

2
d¢ ~  ua(0,)]1%,0.0)

+T/2 +oo
[T/2 Z

n=1

222
bpe =8

The sequence \,, = mn® gatisfies the hypotheses of [40, Theorem 3.1 and Corollary 3.3]
so that, for all k > 272 and r = ¢/
+oo

+7T/2 2,2
[, [ e
—T/2

On the other hand side, if T € [m£,(m+1)£), we have by periodicity and Parseval’s

2 “+o0o +oo
2k 2k
dg> e > bt = e Y [nanl®.
n=1

n=1

identity
47/2 | 400 e 2 (m+1)& |+o0 2 o>
/ aneim 3 d¢ < / bneim 2 ¢ — (m+1) Z |bn| .
=T/2 |21 —(m+D) < =1 n=1

We conclude by Lemma 3.6 that
e(@)uols o) < Nue0.012500 < CEluoly -

This inequality being true for all ug leading to finitely supported sequences (a,,), it is true
for any ug € H}(0,1) by density.

For second term at @ = £(t), we see for finitely supported sequences (a,,) that

+oo
1/2 —inZn? nw i
wa(E(E),) = 3 (1) an () Ve T g 510

n=1

Taking the Lo-norm, one get the equivalent between ||u, (4(t),1)]| L, and ||ux(0,1)| L,

2
T |+oo
9 1/2 —in2n? nm z t
e (), D117 0.7y = / D (-1)"0n (i) e 0 g 540 a
" o2 — n —in*n® gl i dt
- J, |3 (om0
Clearly, the rest proof follows the lines above. O
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3.4.2 Internal Point Observability
Proof of Theorem 2.5. Since £(t) > 1 for all ¢,

[ o [ o[

By definition, sm(—)) = - (exp(i% G )) - exp(fi%)). Therefore,

t .2
Z7l' TL Yy . —1
Z ane £(t) sm(—’l}(’;a)

n=1

177271 1 = —iﬂanL inTa _inwa
E ane e(t sm((—‘)l) =5 E ane £(t) (e w —e £<t))
7
n=1
]. = _,L-7r2n2l 71,7\' n + i 2"271”77“1
= — ane € (e e€(t) f(t) — e et 70t) )
21
n=1

For n € Z, we extend the series by a, = a_,, and A\, = =2 (n)nma. The sequence

€

Ap = @ is regular and satisfies the hypotheses of [40, Theorem 3.1] with » = 5 and
C = am. We follow the lines of the proof of Theorem 2.3: changing the variable £ = ﬁ

i i i -1 1
gives with the notation T = 70y ~ W)

2 T
n 1 + /2 —in2n2 i
[ e e st o= L[S e
3 —T/2
nez
—in2n?
we write b, = e~ = a, and use [40, Corollary 3.3] with & > 32—
1 T —in2n2 . 2 2k in2n2 |2 2k = 2
7/ Zane e de > e_ﬁz ape” ¢ 26_ﬁ2|an| . O
€J-r nez nez n=1

For the upper estimate, we use similar method as in theorem (2.3). More precisely,

2

T +oo 5 +o0
(o0l < 5[ me S| dr S m )Y Jaol?
0 n=1

where m be the integer number such that 7% € [m,m + 1] with T' = Tlo) — ﬁ.

3.4.3 L,-admissibility and observability

Proof of Theorem 2.7. The upper estimate yielding K,(7) is obtained by interpolation
of the two upper estimates in Theorem 2.3. We are left with the lower estimate. Since
u € Hi, (nay,) € la, and so (a,) € £1 by the Cauchy-Schwarz inequality. Let p € (0,2)
and let 0 = ﬁ € (0,1) which is chosen to satisfy pf+4(1—60) = 2. By Holder’s inequality

we then have
/‘uat dt = /‘uat‘p ’4(1 Q)dt

/O|u(a,t)‘pdt ./O|u(a,t)‘ dt o

.9
1eQ _
From trivial argument on boundedness of sm(’;(”‘)’) and e 3@ """ UD) .

< (Sl

(3.18)

lu(a,t)|” = ‘ g an e“(” —imtn Z(t) sin (

n=1

16



Combining with the estimate (3.18), one get:

(3.19) ‘ATW@%ﬂfdtg(Efk%02(ATW@%ﬂfd@

From inequalities (3.18) and (3.19) and Theorem (2.5) we deduce now

/|m%wﬁﬁz(/|mmnﬁﬁ /1Watﬁﬁ 7
0 0

> ([ tuta.o ar) 9(2|an|)

—+oo
Zk(Z\anP)(Zlnani) " > kljuoll} 0 ol
n=1

n=1

6—1
2

Since % = ”2;27 the result follows. O

4 Boundary controllability of dual problem

Since we have already stated several theorems that can be interpreted as exact observation
we will briefly sketch the duality theory that allows to rephrase these assertions in terms
of exact control, then the solution z to adjoint problem

(4.1) 2 (t) = —A(t)*z(t) —C{t)"C(t)w(t) z(t) =0

satisfies (wo,z(0)) = — [; 4 (w(t), 2 = [, [IC(t)w(t)||? dt by injection of the respec-
tive differential equations of w and z. Hence exact observablhty implies that the Gramian
Q : wo — 2(0) satisfies ||Quol|||woll > (wo, Qwo) > d|jwo|| to the effect that @ has closed
image. Moreover, if Q*wy = 0, taking scalar product with wg reveals wy = 0, so Q* is
injective and hence @ has dense range. By the open mapping theorem, @ is therefore an
isomorphism on X. This means that the adjoint problem (4.1) can be steered to any state
z(0) € X by an appropriate choice of the initial value wg. Indeed, for u,v € D(A(t)) we

have

1 1
. é/ . _ Z/ _
(A(t)u,v)x = <£(;)2uyy + 5((:)) yuy7U>X = /0 707 Uyy 0 Ay +/0 %yuyv dy

1 1
(int. by parts) = — Tz / Uy Uy dy — %/ (yuvy + uv) dy
0 0

1 1
(int. by parts) = 2(2)2 / UDyy dy — %/ (yuvy + uv) dy
0 0

_ <u o Vyy + %yvy> - <” Zz;((tt>)”> - <“ —(A®) + Zfz/<(tt>)>”>

Z(t

It turns out that in our case A(t)* = —A(t) —
equation (Smoving) can be reformulated as exact control for the Schrédinger equation with
zero final time. We turn back to these ideas after stating our first theorem. In the case
of linear moving £(t) = 1+et, let C(t) : D(A(t)) — C be given by C(t)(p) = ¢y(b)
where b € {0,1}. The (lower) estimate in theorems 2.3 and 2.2 then reformulates as
exact observability of C(t) for the non-autonomous Cauchy problem (2.1). Some care
has to be taken since C(t) is unbounded on X. Indeed, C(¢)* : C — D(A(t))’ is given
by C(t)*a = —« d%éy:b, then we obtain exact controllability of (4.1) in a distributional
sense:

. So exact observation of the Schrédinger

zp = ﬁzyy + ZZ((Z)) Yzy + %z + wy (b, t)%éy:b and z(y,7)=0
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Multiplying with a test function n € D((0,1)), and integrating on [0,1] we obtain by
partial integration

1 1
/ zn(y)dy = /0 ( o e + 5 (yz)y)n(y) dy — wy (b, )1’ (b)

0

1
= [ (o @)~ S8 ) o+ (0.~ ,00) )

This is possible for any test function 7 only if the point evaluation vanishes. The dual
statement of the lower estimate in theorems 2.3 and 2.2 is thus exact controllability of a
Schrodinger equation with Dirichlet control on the right boundary,

Cm =t ava T R (9,0 € (0,1) % (0,7)
(4.2) 2(bt) =0 (PHU} = {0.1).12 0

z(b,t) = —il(t)*w,(b,t) t>0

z(y,7) =0 y €[0,1]

We reverse back to the moving boundary problem by taking z = ¢(t)y and h(z,t) = z(y, t).
Then the problem can be written as:

ihy + hay — 158 =0 (z,t) € (0,£(t)) x (0,7)
(4.3) h(e(t),t) =0 t>0
h(0,t) = —il(t)3u.(0,t) t>0
h(z,7) =0 x € 10,4(t)]
ihy + haw — 158 =0 (z,t) € (0,£(t)) x (0,7)
(4.4) h0,t) = t>0
h(e(t),t) = —il(t)3ug(L(t),t) t>0
hz,7) = x € [0,4(t)]

In general situation of £(t) satisfying condition (2.4), one take C(t) : D(A(t)) — C x C be
given by C(t)(¢) = (¢4(0), ¢y (1)). Therefore, the dual operator C(t)* : CxC — D(A(t))’
is given by C(t)*(a, ) = —« d—dyéyzo — Bd%éy:l. Using similar argument, we obtain
exact controllability of a Schrodinger equation with Dirichlet control applied on both of
boundaries

ihe + hoo — 1580 =0 (z,1) € (0,£(t)) x (0,7)
h(0,t) = —il(t)3u,(0,t) t>0
(4.5) , = —il(e)?
(U0 t) = —ib(tua(£(1), 1) £>0
h(z,7) =0 z € 10,£(t)]
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