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I. INTRODUCTION

Our paper is motivated by the examination of work published in the domain of fluid flow analysis. There, effects like turbidity and vorticity are oftentimes mathematically acurately described and visualized by applying the derived equations on a unit surface. Deformations over time are shown as snapshots or keyframes. In the simplest case, only the change in edge outline of the surface is recognizable. 3d shading effects may add more insight on local curvatures, but a mental mapping of each surface spot at a time instant t i to its counterpart at t 0 remains still ambiguous. In our concrete example ( [START_REF] Resseguier | Mixing and fluid dynamics under location uncertainty[END_REF] -Fig. 9.1) that we use for motivation, the authors want to visualize the deformation effects that an air layer undergoes in the atmosphere within 36 hours time. They chose to texture the unit surface with a black-white checkerboard to visually aid the positioning of keypoints (in their case, the checkerboard corners between neighboring cells). As time evolves, the surface gets increasingly distorted -and is distorted beyond reasonable recognition at t 36hours . The human observer is still able to pinpoint the checkerboard corners at t 6hours , and arguably at t 12hours , by visually counting each checkerboard cell from the surface edges to the desired corner point. After that time instant, any visual approach to identifying the checkerboard corner points becomes unfeasible and the imaged surface resembles an arbitrary oscillation of black and white patches. If the authors were to employ color means to pinpoint surface features while maintaining the high contrast benefits of a checkerboard, a human observer would be able to discriminate the subparts of the surface as it undergoes the deformation over time.We argue, that by combining the features of a perceptually linear color space, such as CIEL*a*b* [START_REF]on Illumination[END_REF], with the high contrast traits of a checkerboard, we are able to provide a solution to the described problem. To our knowledge K Berger is with Caltech M A Kastner is with Nagoya University. Manuscript received June 1, 2017. no algorithm to generate such a checkerboard in a perceptually optimal way has been described yet. We recognize, that in computer graphics hands-on approaches may exist, that assign a color to the black checkerboard cells and another color to the white checkerboard cells, e.g. to test the graphics cards texture shader. However, we argue, that those approaches do not derive a formulation that allows the calculation of the perceptually optimal color values for the checkerboard in question.

The reminder of our paper is structured as follows: In Section II we revisit related work relevant to our contribution. Then, we formulate the design contraints for the checkerboard in Section III. From that we define the color function for each checkerboard cell in Section IV. In Sections V and VI we formulate the cost functions to ensure maximum cell color contrast and linearity along the edges. We detail about our implementation in Mathematica in Section . Finally, we discuss the outcome in Section VIII before we conclude in Section IX.

II. RELATED WORK

We evaluate current and prior work that is relevant in the scope of the design of checkerboards, of considering color spaces in which to implement the generation of the checkerboard and, more specifically in the context of our motivation example, the use of checkerboards for visualization of curved surfaces with checkerboards.

Checkerboard designs

Berger et al. [START_REF] Berger | Markerless motion capture using multiple color-depth sensors[END_REF] use a combination of white diffuse paper and reflective mirroring foil for their checkerboard. The purpose of that checkerboard is to simultaneously calibrate RGBcameras and Infrared sensors. Diaz and Sigmund [START_REF] Diaz | Checkerboard patterns in layout optimization[END_REF] describe checkerboard patterns for structural optimization of strong and weak materials. Ramachandran et al. [START_REF] Ramachandran | On the perception of illusory contours[END_REF] describe the perceptual efffects of checkerboard patterns as textures on twodimensional geometrical shapes.

Colorspace considerations

Commonplace colorspaces such as RGB [START_REF] Commission | Multimedia systems and equipment-colour measurement and management-part 2-1: Colour management-default rgb colour space-srgb[END_REF], YUV [START_REF] Devereux | Limiting of yuv digital video signals[END_REF], or HSV [START_REF] Smith | Color gamut transform pairs[END_REF] have their own advantages, but they are not perceptually metric. Bratkova et al. [START_REF] Bratkova | orgb: a practical opponent color space for computer graphics[END_REF] elaborate on an alternative color space to L*a*b that is perceptually metric but allows intuitive color manipulation. Their mapping function however is non-smooth and relies on case distictions. Leon et al. [START_REF] Leon | Color measurement in l*a*b* units from rgb digital images[END_REF] describe distance measurements for digital RGB-images using L*a*b* units. Seve [START_REF] Séve | New formula for the computation of cie 1976 hue difference[END_REF] addresses the Hue difference in the CIEL*a*b* [START_REF]on Illumination[END_REF] and provides a new computation formula. Emerging Color Spaces and Distance Calculations: Sharma et al. [START_REF] Sharma | The ciede2000 color-difference formula: Implementation notes, supplementary test data, and mathematical observations[END_REF], Luo et al. [START_REF] Luo | Uniform colour spaces based on ciecam02 colour appearance model[END_REF] Checkerboards for curved surface visualization Ito and Ishii [START_REF] Ito | A three-level checkerboard pattern (tcp) projection method for curved surface measurement[END_REF] describe a three-level projection method to measure curved surfaces. After revision of the state of the art we recognize that up to this point there has been no scientific consideration of incorporating color gradients in checkerboard patterns. We strive to overcome this shortcoming and present an analytic approach to a perceptionally balanced color checkerboard. The benefit of the design that we seek to introduce is, that it will help human observers draw conclusions about the location and rotation of any partially visible patch within the whole checkerboard.

III. DESIGN CONSTRAINTS

We seek to satisfy the following constraints for the color checkerboard C1 Each edge is assigned a primary color C2 The color gradient from one edge to the opposite edge should reflect the distance in checkerboard cells from the edge linearly C3 Each cell is assigned a constant color C4 The cell colors allow for an easy subdivision of the checkerboard into 3⇥3 quadrants that facilitate the visual location of a cell within a potentially large or distorted checkerboard C5 The color distance between neighboring cells is maximised In order to address these constraints we define the color checkerboard to A1 Have a shade of red and green as well as yellow and blue on each opposite edge respectively A2 Be constructed with colors in L*a*b* color space A3 Interpolate the colors in discrete steps for each cell accordingly A4 Decrease the saturation of the colors towards the center and increase it towards the edges A5 Maximise an appropriate color distance functional

IV. DEFINITION OF CELL COLOR AND GENERATION OF

CHECKERBOARD

We implement constraints A1 and A2 by introducing

C rbg = LABColor(f rbg ).
(1) C bwy = LABColor(f bwy ).

(

) 2 
with rbg denoting a gradient from red to black to green and bwy denoting a gradient from blue to white to yellow. We implement the constraints A3 and VI as follows:

f rbg (t 1 , l 1 , l 2 ) = H( t 1 + 0.5) • (2t • {0, 0, 0} + (1 2t 1 ) • {l 1 , 1, 1}) + H(t 1 0.5) • ((2t 1 1) • {l 2 , 1, 1} + (2 2t 1 ) • {0, 0, 0}) (3) f bwy (t 2 , l 3 , l 4 ) = H( t 2 + 0.5) • (2 ⇤ t 2 ⇤ {1, 0, 0} + (1 2 ⇤ t 2 ) ⇤ {l 3 , 0, 1}) + H(t 2 0.5) • ((2 ⇤ t 2 1) ⇤ {l 4 , 0, 1} + (2 2 ⇤ t 2 ) ⇤ {1, 0, 0}) (4) 
where H is the Heaviside theta function. The cell colors are defined as variables of three parameters (l 1 , l 3 2 [0, 1], the start luminance, l 2 , l 4 2 [0, 1] the end luminance and t 1 , t 2 2 [0, 1] the interpolation parameter.

A checkerboard can then be generated as follows. Suppose the edge length defined by the two nonnegative natural numbers w cb and h cb denoting the number of (quadratic) cells per edge. A cell at position 0 < i < w cb and 0 < j < h cb is generated by evaluating

C cb (i, j) = LABColor(Mod(i + j, 2) • (f rbg (i/w cb , l 1 , l 2 ) + (1 Mod(i + j, 2)) • f bwy (j/h cb , l 3 , l 4 )) (5)
An output of the generation function for w cb = h cb = 21 is shown in Fig. 1. The nine quadrants that are addressed by constraint VI are annotated in the Figure, as well. E.g., quadrant A denotes the checkerboard subpattern that only consists of shades of green and blue, while quadrant E denotes the checkerboard subpattern that only consists of shades of black and white and quadrant I denotes the checkerboard subpattern that only consists of shades of red and yellow.

V. DERIVATION OF THE COLOR DISTANCE COST FUNCTION -REWARDING HIGH COLOR DISTANCE BETWEEN NEIGHBOR CELLS

A discrete color distance between neighboring cells at position (i, j) of the checkerboard can be defined as

Ĉdist (i, j) = C dist CIE76 ((Mod(i + j, 2) • (f rbg (i/w cb , l 1 , l 2 ) + (1 Mod(i + j, 2)) • f bwy (j/h cb , l 3 , l 4 )), (Mod(i + j + 1, 2) • (f rbg (i/w cb + 1/w cb , l 1 , l 2 ) + (1 Mod(i + j + 1, 2)) • f bwy (j/h cb , l 3 , l 4 )) (6) 
Recall from constraint address A5 that the overall goal is to maximize the color distance between neighboring cells throughout the whole checkerboard

w cb X i=0 h cb X j=0 Ĉdist(i, j) (7) 
The color distance Cdist CIE76 (•, •) is defined as the Euclidean Distance between two 3-Element vectors defined in the L*a*b-Colorspace:

Cdist CIE76 (c 1 , c 2 ) = p (c 1 [1] c 2 [1]) 2 + (c 1 [2] c 2 [2]) 2 + (c 1 [3] c 2 [3]) 2 (8)
If the cell colors are defined as variables of three parameters (l 1 2 [0, 1], the start luminance, l 2 2 [0, 1] the end luminance and t 1 2 [0, 1] the interpolation parameter), then the optimisation problem becomes a function of six variables.

An evaluation of the double sum becomes costly for large checkerboard sizes. On the other hand we recognize that a large checkerboard size will provide a close approximation of a continuous distance functional if such a continuous definition exists. An exemplaric evaluation of the double sum is plotted in Fig. 2.

We prefer to arrive at a continuous definition of the distance functional, as it allows for a purely analytical solution. For that we assume that the number of cells per edge approaches infinity, while the size of the cell approaches zero. The edge length is assumed to remain constant with length 1.

As we decrease the cell size to an infinetesimally small width, the color distance between neighboring cells at a real location (t 1 ,t 2 2 [0, 1]) essentially becomes the distance between f rbg at t 1 and f bwy at t 2 (see Appendix A for reasoning). Further, the discrete summation over the cell grid becomes an integral of a continuous function

Z 1 t1=0 Z 1 t2=0 Cdist CIE76 (f rbg (t 1 , l 1 , l 2 ), f bwy (t 2 , l 3 , l 4 ))dt 1 dt 2 (9)
While an analytic solution to Eqn. 9 is expensive to calculate, a solution to the integral of the squared color distance can be easily found: 

Z 1 t1=0 Z 1 t2=0 (Cdist CIE76 (•, •)) 2 dt 1 dt 2 = 4/3 +
We plot the solution to the integral from Eqn. 10 in Fig. 3 for fixed l 2 , l 4 and varying l 1 , l 3 .

VI. DERIVATION OF THE EDGE COLOR COST FUNCTION -PENALIZING DISCREPANCIES BETWEEN EDGE COLOR DISTANCES

Adhering to A3 and we want the gradients formulated for f rbg and f bwy to be smooth and linear. This is guaranteed by interpolating in L*a*b-space. Further, the color distance from the start color of both gradients to the center should be numerically close to the color distance from their end color to the center. Also, the combined color distance between both edges and the center should be equal for f rbg and f bwy . If the checkerboard is rectangular, the combined color distance should reflect the discrepancy between w cb and h cb . We address this by evaluating the ratios f rbg (0, l 1 , l 2 )/f rbg (1, l 1 , l 2 ), f bwy (0, l 3 , l 4 )/f bwy (1, l 3 , l 4 ) etc. In order to be indiscriminant about wether the numerator or the denominator deviates from the ideal ratio 1, we formulate three cost functions as follows

l 1 , l 2 , l 3 , l 4 : min l1,l2,l3,l4 (| log(f rbg (0, l 1 , l 2 )/f rbg (1, l 1 , l 2 ))|) (12) min l1,l2,l3,l4 (| log(f bwy (0, l 3 , l 4 )/f bwy (1, l 3 , l 4 ))|) (13) min l1,l2,l3,l4 (| log ✓ (f rbg (0, l 1 , l 2 ) + f rbg (1, l 1 , l 2 )) (f bwy (0, l 3 , l 4 ) + f bwy (1, l 3 , l 4 )) ◆ |) (14)
The logarithm formulation not only penalizes noticeable deviations from the ideal ratio significantly but it also builds the foundation to be indiscriminant about wether the numerator or the denominator deviates, as the same deviation results in the same logarithmic value except that it is either a positive or a negative real. number. Taking the absolute value of the logarithm will then result in the desired indiscriminancy. In case of a generalized rectangular checkerboard, the side lengths have to be taken into consideration for the penalty function as well. The cost function then reads as follows:

l 1 , l 2 , l 3 , l 4 : min l1,l2,l3,l4 (| log ✓ (f rbg (0, l 1 , l 2 ) + f rbg (1, l 1 , l 2 )) (f bwy (0, l 3 , l 4 ) + f bwy (1, l 3 , l 4 )) • h cb w cb ◆ |) (15)
assuming that f rbg is associated with the side that has length w cb and f bwy is associated with the side that has length h cb . We plot the penalty values from Eqns. 12-15 in Fig. 4 for varying pairs of l 1 , l 2 and l 3 , l 4 .

VII. IMPLEMENTATION CONSIDERATIONS The described checkerboard has been implemented in Mathematica 11.0.1.0 and rendered on a Macbook Pro with 2.8 GHz Intel Core i7 processor and NVIDIA GeForce GT 650M 1024 MB graphics. The monitor was Retina, 15-inch. The generation code is listed below:

In [ 

Mod[i + j, 2])⇤ BlueWhiteYellowListadjustPiecewise4 [ tbwyStart + ( j /nTilesPerSideA) ⇤(tbwyEnd tbwyStart), lbwyStart , lbwyEnd], {i , 1, nTilesPerSideB }, {j , 1, nTilesPerSideA }]], ColorSpace > "LAB", ImageSize > {imgsize, imgsize}];
The first module produces a rasterized image with nT ilesP erSideA ⇥ nT ilesP erSideB tiles, which is resized to imgsize pixels. The variables lbwyStart, lbwyEnd, lrbgStart, lrbgEnd for the luminances are parameters to the checkerboard and should be set to the optimal solution of Eqns. 12-15. To render the full checkerboard color pattern, the varibles tbwyStart, lrbgStart should be set to 0 and tbwyEnd, lrbgEnd should be set to one.

In [START_REF]on Illumination[END_REF]

:= BlueWhiteYellowListadjustPiecewise4 [ t , l , l2 ] := HeavisideTheta[ t + 0.5]⇤ BlueWhiteYellowListadjustFirstHalf [ t , l ] + HeavisideTheta[ t 0.5]⇤ BlueWhiteYellowListadjustSecondHalf[ t , l2 ];
In [START_REF] Berger | Markerless motion capture using multiple color-depth sensors[END_REF]:= BlueWhiteYellowListadjustFirstHalf [ t , l ] := 2⇤t⇤{1, 0, 0} + (1 2⇤t)⇤{l , 0, 1};

In [START_REF] Diaz | Checkerboard patterns in layout optimization[END_REF]:= BlueWhiteYellowListadjustSecondHalf[t , l ] := (2⇤t 1)⇤{l, 0, 1} + (2 2⇤t)⇤{1, 0, 0};

The modules 2-4 generate the LABColor vector for a point on the blue-white-yellow gradient, defined for 0 <= t <= 1.

The luminances l, l2 correspond to lbwyStart, lbwyEnd in the first module. Notice that the HeavisideTheta formulation results in a nonsmooth singularity at t = 0.5.

In[5]:= RedBlackGreenListadjustPiecewise4[ t , l , l2 ] := HeavisideTheta[ t + 0.5]⇤ RedBlackGreenListadjustFirstHalf [ t , l ] + HeavisideTheta[ t 0.5]⇤ RedBlackGreenListadjustSecondHalf[t , l2 ];
In [START_REF] Commission | Multimedia systems and equipment-colour measurement and management-part 2-1: Colour management-default rgb colour space-srgb[END_REF]

:= RedBlackGreenListadjustFirstHalf [ t , l ] := 2⇤t⇤{0, 0, 0} + (1 2⇤t)⇤{l , 1, 1};
In [START_REF] Devereux | Limiting of yuv digital video signals[END_REF]:=RedBlackGreenListadjustSecondHalf[t , l ] := (2⇤t 1)⇤{l, 1, 1} + (2 2⇤t)⇤{0, 0, 0};

The modules 5-7 generate the LABColor vector for a point on the red-black-green gradient, defined for 0 <= t <= 1.

The luminances l, l2 correspond to lrbgStart, lrbgEnd in the first module. Again, the HeavisideTheta formulation results in a nonsmooth singularity at t = 0.5.

We optimize the luminances with Mathematica F indM aximum function

In[8]:=With[{distFun = 10}, FindMaximum[ 1 ColorDistanceList1Integrated4 [w, x, y, z] + 1 Abs[Log[(ColorDistanceList[ BlueWhiteYellowListadjustPiecewise4 [0, w, y ], {1, 0, 0}, distFun ])/( ColorDistanceList [ BlueWhiteYellowListadjustPiecewise4 [1, w, y ], {1, 0, 0}, distFun ])]] Abs[Log[(ColorDistanceList[ RedBlackGreenListadjustPiecewise4 [0, x, z ], {1, 0, 0}, distFun ])/( ColorDistanceList [ RedBlackGreenListadjustPiecewise4 [1, x, z ], {1, 0, 0}, distFun ])]], {w, 0.5}, {x, 0.5}, {y, 0.5}, {z, 0.5}]]
where the integral from Eqn. 10 is implemented as follows and where ColorDistanceList provides a squared solution to the vector-valued input for Mathematicas ColorDistance, thereby circumvening an implicit definition of the vector as a color object.

In[9]:= ColorDistanceList1Integrated4 [ lbwyStart ,

VIII. DISCUSSION

We optimize the cost function, such that the reward from Eqn. 10 is maximized and the penalties from Eqns. 12-15 are minimized. An optimial solution is shown in Fig. 5. The corresponding checkerboard as has not been shown in Fig. 1 already.

The computed choice of goldenrod for the shades of yellow as seen in subquadrants G-I in Fig. 1 appears unintuitive and warrants a closer investigation. Fig. 2 reveals, that the lowest perceived color distances appear along the edge comprised by the shade of yellow. Along the edge, only the center cells (where the yellow shade is most unsaturated) show a higher color distance than a black-white checkerboard (blue plane in the plot) would have. This can be reasoned by the nature of yellow being perceived as an additive color. Thus, if three edges of the board are assigned to shades of a primary color, the fourth edge's colour has to be assigned in between at an optimal color distance. Choosing a more lightly tinted yellow results in an even lower color distance when compared to neighbor cell colors.

We conducted all generative computations in L*a*b* color space [START_REF]on Illumination[END_REF], because the perceived color distance for any pair of neighbor cells throughout the checkerboard would be most linear (as apposed to commonplace color spaces such as RGB [START_REF] Commission | Multimedia systems and equipment-colour measurement and management-part 2-1: Colour management-default rgb colour space-srgb[END_REF], YUV [START_REF] Devereux | Limiting of yuv digital video signals[END_REF], or HSV [START_REF] Smith | Color gamut transform pairs[END_REF]). However, a comparison to a similarly designed color space such as oRGB [START_REF] Bratkova | orgb: a practical opponent color space for computer graphics[END_REF], reveals, that the integrated perceived color distance over the checkerboard space is noticably lower for oRGB [START_REF] Bratkova | orgb: a practical opponent color space for computer graphics[END_REF] than for L*a*b*.

IX. CONCLUSION

We have introduced the concept of a color checkerboard that is perceptually balanced in the realm of the L*a*b* color space. The reasoning behind the introduction of the checker board lies in allowing to discriminate subparts or deformed parts of the board from other subparts or deformed parts. This is particularly helpful in surface deformation analysis and visualization. We have derived the cost function that is comprised by a reward function -for high color distance between neighboring cells of the checkerboard -and by a penalty function that penalizes discrepancies in color distance between opposite edges. We have discussed the appearance of the generated checkerboard and the choice of the color space. For reproducibility we have provided an implementation of the generation functions in Mathematica. Fig. 3. While we seek to assign primary colors (reed, blue, green) to each edge, we recognize that the luminance is a design parameter. The optimal luminance for red/green and blue/yellow should minimise the checkerboard area in which the perceived contrast between neighboring cells is less than the contrast from a black/white checkerboard while generally maximising the perceived contrast between neighbor cells. The optimal luminance configuration (black dot) is shown in this plot.

Fig. 4. We penalize discrepancies in the perceived color distance between the edges and the center of the checkerboard. The yellow surface shows the absolute logarithm for the ratio yellow to white vs. blue to white. The blue surface shows the absolute logarithm for the ratio red to white vs. green to white. The green surface absolute logarithm for the ratio red to white plus green to white vs. yellow to white plus blue to white. and

W = w cb • 1/w cb ! 1, H = h cb • 1/h cb ! 1 (17) 
at any real point (i, j) 2 [0, 1] the Modulus of 2 is evaluated by

Mod(bi ⇤ w cb + j ⇤ h cb c, 2) 6 = Mod(bi ⇤ w cb + j ⇤ h cb c + 1, 2) (18 
) As w cb , h cb ! 1, it is guaranteed that both moduli evaluate to different values, either 1 and 0 or vice versa. Further, f rbg (i, l 1 , l 2 ) and f bwy (j, l 3 , l 4 ) will remain unchanged, as w cb , h cb ! 1, as long as i, j 2 [0, 1] and subsequently l 1 , l 2 , l 3 , l 4 2 [0, 1] But f rbg (i + 1/w cb , l 1 , l 2 ) ! f rbg (i, l 1 , l 2 ), as w cb , h cb ! 1 (19) with this in mind, the distance functional can be reformulated as Ĉdist (i, j) = C dist CIE76 ((Mod((bi ⇤ w cb + j ⇤ h cb c, 2)

• (f rbg (i, l 1 , l 2 )

+ (1 Mod((bi ⇤ w cb + j ⇤ h cb c, 2))

• f bwy (j, l 3 , l 4 )), Recalling Eqn. 18, we recognize that Eqn. 21 logically spells out both of the possible cases that the Modulus 2 can take for any given input. Suppose for example that Mod((bi ⇤ w cb + j ⇤ h cb c, 2) evaluates to 1. Subsequently, 1 Mod((bi ⇤ w cb + j ⇤ h cb c, 2) and Mod((bi ⇤ w cb + j ⇤ h cb c + 1, 2) evaluate to zero. This reduces the Eqn. 18 to C dist CIE76 (f rbg (i, l 1 , l 2 ), f bwy (j, l 3 , l 4 )). Vice versa, if Mod((bi ⇤ w cb + j ⇤ h cb c, 2) evaluates to zero, 1 Mod((bi ⇤ w cb + j ⇤ h cb c, 2) and Mod((bi ⇤ w cb + j ⇤ h cb c + 1, 2) evaluate to 1. Eqn. 18 then evaluates to C dist CIE76 (f bwy (i, l 1 , l 2 ), f rbg (j, l 3 , l 4 )). Since the distance function is reciprocal, the function evalutes to the same value as in the other case.

Thus, with the tile number approaching infinity, the color distance functional between neighboring tiles at any real position in the bounded checkerboard area, reduces to the distance function between the red-black-green gradient from and the blue-yellow-white gradient from Eqns. 3 onwards at that very position.

Fig. 1 .

 1 Fig.1. We propose a checkerboard that juxtaposes a vertical and a horizontal color gradient in a way that the perceived contrast between neighboring cells is balanced. Further, the design of the checkerboard allows for an intuitive subdivision into 9 quadrants (A-I) that allow a continued identification of cells even if only subparts of the checkerboard are shown.

Fig. 2 .

 2 Fig. 2. We compute the perceived color distance (CIE76) between neighboring checkerboard cells on the proposed color checkerboard with infenitesimal cell size. The vertical and horizontal gradient are indicated on the first and second plot axes. The resulting distance (yellow) is compared to the distance perceived from a black/white checkerboard (blue).

Fig. 5 .

 5 Fig. 5. When we include the penalties from Fig. ?? into the functional, we arrive at at a perceptionally balanced checkerboard, whose color gradients maximise the neighbor cell color distance while minimising the color distance discrepancies between opposite edges.

(

  Mod((bi⇤ w cb + j ⇤ h cb c + 1, 2) • (f rbg (i + 1/w cb , l 1 , l 2 ) + (1 Mod((bi ⇤ w cb + j ⇤ h cb c + 1, 2)) • f bwy (j, l 3 , l 4 ))(20)and plugging in Eqn. 19 we get:Ĉdist (i, j) = C dist CIE76 ((Mod((bi ⇤ w cb + j ⇤ h cb c, 2) • (f rbg (i, l 1 , l 2 ) + (1 Mod((bi ⇤ w cb + j ⇤ h cb c, 2)) • f bwy (j, l 3 , l 4 )), (Mod((bi ⇤ w cb + j ⇤ h cb c + 1, 2) • (f rbg (i, l 1 , l 2 ) + (1 Mod((bi ⇤ w cb + j ⇤ h cb c + 1, 2))• f bwy (j, l 3 , l 4 ))(21)

  Note, that the solution to the integral is a function of the start luminances and the end luminances for the edge colors f rbg and f bwy only. Finding a color checkerboard with the highest overall color distance between neighboring tile cells then equals finding the maximum point of the solution to Eqn. 10, i.e.

		l 2 1 /6 + l 2 2 /6	l 3 /4 + l 2 3 /6
	+ l 1 (1/6	l 3 /8	l 4 /8) + l 2 (1/6	l 3 /8	l 4 /8)
	l 4 /4 + l 2 4 /6				(10)
	l 1 , l 2 , l 3 , l 4 : max l1,l2,l3,l4 (4/3 + l 2 1 /6
		+ l 2 2 /6		l 3 /4 + l 2 3 /6
		+ l 1 (1/6	l 3 /8	l 4 /8)
		+ l 2 (1/6	l 3 /8	l 4 /8)
			l 4 /4 + l 2 4 /6)
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