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A MICROSCOPIC MODEL FOR A ONE PARAMETER CLASS OF FRACTIONAL
LAPLACIANS WITH DIRICHLET BOUNDARY CONDITIONS

C.BERNARDIN, PR GONCALVES, AND B. JIMENEZ OVIEDO

ABSTRACT. We prove the hydrodynamic limit for the symmetric exclusion process with
long jumps given by a mean zero probability transition rate with infinite variance and
in contact with infinitely many reservoirs with density a at the left of the system and
B at the right of the system. The strength of the reservoirs is ruled by kN—® > 0.
Here N is the size of the system, k > 0 and 6 € R. Our results are valid for 8 < 0.
For 6 = 0, we obtain a collection of fractional reaction-diffusion equations indexed by
the parameter k and with Dirichlet boundary conditions. Their solutions also depend
on k. For 6 < 0, the hydrodynamic equation corresponds to a reaction equation with
Dirichlet boundary conditions. The case 8 > 0 is still open. For that reason we also
analyze the convergence of the unique weak solution of the equation in the case 6 =0
when we send the parameter k to zero. Indeed, we conjecture that the limiting profile
when k — 0 is the one that we should obtain when taking small values of 6 > 0.

1. INTRODUCTION

Normal (diffusive) transport phenomena are described by standard random walk
models. Anomalous transport, in particular transport phenomena giving rise to su-
perdiffusion, are nowadays encapsulated in the Lévy flights or Lévy walks framework
[8, 7] and appear in physics, finance, biology ... The term "Lévy flight" was coined by
Mandelbrot and is nothing but a random walk in which the step-lengths have a proba-
bility distribution that is heavy tailed. A (one-dimensional) Lévy walker moves with a
constant velocity v for a heavy-tailed random time 7 on a distance x = v7 in either di-
rection with equal probability and then chooses a new direction and moves again. One
then easily shows that for Lévy flights or Lévy walks, the space-time scaling limit P(x, t)
of the probability distribution of the particle position x(t) is solution of the fractional
diffusion equation

3,P = —c(—A)"?p (1.1)
where c is a constant and y € (1,2). In physics, the description of anomalous transport
phenomena by Lévy walks instead of Lévy flights is sometimes preferred despite the
two models having the same scaling limit form provided by (1.1) because the first ones
have a finite speed of propagation (see [7] for more details).

While Lévy walks and Lévy flights are today well known and popular models to de-
scribe superdiffusion in infinite systems in various application fields, there has been
recently several physical studies pointing out that it would be desirable to have a better
understanding of Lévy walks in bounded domains. For bounded domains, boundary
conditions and exchange with reservoirs or environment have to be taken into account.
A particular interest for this problem is related to the description of anomalous diffusion
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of energy in low-dimensional lattices [9, 19] in contact with reservoirs [10, 11, 20, 18].
It is for example argued in [20] that the density profiles of Lévy walkers in a finite box
with absorbtion-reflection-creation well reproduces the temperature profile of some
chains of harmonic oscillators with conservative momentum-energy noise and ther-
mostat boundaries. It is well established that superdiffusive systems are much more
sensitive to the reservoirs and boundaries than diffusive systems but quantitative in-
formations, like the form of the singularities of the profiles at the boundaries, are still
missing.

In this work, motivated by these studies, we propose a simple interacting particle
system which may be considered as a substitute to Lévy flights in bounded domains
with reservoirs when Lévy flights are moreover interacting. Indeed, the previous stud-
ies consider only non-interacting cases. The system considered here is composed of
interacting Lévy flights on a one-dimensional lattice. More exactly, the system is an ex-
clusion process on a finite lattice of size N with jumps having a distribution in the form
p(z) ~ |z|~0*) with y > 0, and in contact with some reservoirs at density a (resp. f3)
at its left (resp. right boundary). The reservoirs’ coupling is modulated by a prefactor
kN~ x>0, 0 € R. In this work we focus on the case y € (1,2) (the case y > 2 was
solved in [4]) and we also restrict to the case 8 < 0. The cases 6 > 0, y € (0,1] and
y = 2 remain open.

Our main result is the derivation of the hydrodynamic limit for the density of parti-
cles for this system. The limiting PDE depends ' on the value of x and takes the form
of a fractional heat equation with a singular reaction term, see (2.10). The singular re-
action term fixes the density on the left to be a and on the right to be . In our opinion
this singular reaction term, which is due to the presence of the reservoirs, should be
considered more as a boundary condition than as a reaction term. We obtain in this way
a new family of regional fractional Laplacians on [0, 1] with zero Dirichlet boundary
conditions indexed by x and taking the form

L.=L—«xV;, Vi(w)=r"(u)+r*(uw), (1.2)

where
r(w)= cry_lu_y and rt(w)= cy)/_l(l —u)

and c, is a constant depending on y. These operators are symmetric non-positive when
restricted to the set of smooth functions compactly supported in (0,1). For k = 1, we
recover the so-called restricted fractional Laplacian while in the limit k — 0 we get the
so-called regional fractional Laplacian. We recall that since the fractional Laplacian is
a non-local operator, the definition of a fractional Laplacian with Dirichlet boundary
conditions is not obvious from a modeling point of view. In the PDE’s literature several
candidates have been proposed, for instance, "restricted fractional Laplacian", "spectral
fractional Laplacian", "Neumann Fractional Laplacian " [2, 23], but often without a clear
physical interpretation. A probabilistic interpretation of these operators is sometimes
possible and may enlighten their meaning. The restricted fractional Laplacian (x = 1)
corresponds to the generator of a y-Lévy stable process killed outside of (0, 1), while
the regional fractional Laplacian (x = 0) corresponds to the generator of a censored
y-Lévy stable process on (0,1) [5, 15]. For x # 0,1 we could rely on the Feynman-
Kac formula but we do not pursue this issue here. As mentioned above our reservoirs
are regulated by the parameters kN, xk > 0 and in this work we focus on the case

In the diffusive case y > 2 the limiting PDE is given by the heat equation with Dirichlet boundary conditions
[4]. It does not depend on k.



0 < 0. The case 6 > 0 is quite interesting and we conjecture that for small values
of 8 > 0 it is given by (2.10) for the choice k = 0. To support this conjecture, in
Theorem 2.13, we analyse the convergence of the profile that we obtained for 6 = 0
and which is indexed in xk, when k — 0 (we also analyse the case k — o0 confirming the
behaviour obtained from the microscopic system when 6 < 0) and indeed, we obtain
that the limiting profiles are weak solution of the conjectured equation. We remark
that the main problem in analysing the behavior of the microscopic system in this case
is at the level of the derivation of the Dirichlet boundary conditions, since the two-
blocks estimate does not work. We leave this open problem for a future work. After
having obtained the hydrodynamic limits, we have studied their stationary solutions
p*, which are not explicit apart from the case k = 1 and the case k = 00, i.e. p° =
lim,_, o, 0. These profiles coincide with the profiles of the microscopic system in their
non-equilibrium stationary states (see [3] for the x = 1 case). The bounded continuous
function o~ has a and 3 as boundary conditions and solves in a distributional sense
the equation

L.o" =—kVy, Vo(u)=ar (u)+pr(w). (1.3)
There are many recent studies focusing on the regularization properties of fractional
operators in bounded domains. Even in this one dimensional setup, the question is in
general non trivial. For k = 1, p* can be computed explicitly and it appears that it
is smooth in the interior of [0, 1] but has only Holder regularity equal to y/2 at the
boundaries. For k # 1, it should be possible to prove the interior regularity of p* by
some existing methods ([22]) but the boundary regularity that numerical simulations
seem to indicate depends on « is much more challenging and seems to be open. We
prove that as k — 0, 5* — 5° in a suitable topology and that 5° is a weakly harmonic
function of the regional fractional Laplacian L, i.e. we can take x = 0 in (1.3). We
left these interesting questions for future works.

The paper is organized as follows. In Section 2 we introduce the model and we
present all the PDE’s that will be related to its hydrodynamic limit. We also present
the main results of this work, namely the hydrodynamic limit stated in Theorem 2.12,
the convergence, when k — 0 and when k — o0, of the hydrodynamical profile in
Theorem 2.13 and of the stationary profile in Theorem 2.15. Section 3 is devoted to
the proof of Theorem 2.12 while Sections 4 and 5 are dedicated, respectively, to the
convergence of the hydrodynamical profile and of the stationary profile. Finally, in
Section 6 we prove the uniqueness of all the weak solutions that we consider in this
work.

2. STATEMENT OF RESULTS

2.1. The model. For N > 2 let Ay = {1,...,N — 1}, which we refer to as the bulk.
The boundary driven exclusion process with long jumps is a Markov process that we
denote by {n(t)},s, with state space Qy := {0,1}*¥ and it is defined as follows. The
configurations of the state space 2 are denoted by 7, so that for x € Ay, 1, = 0 means
that the site x is vacant while 1, = 1 means that the site x is occupied. Fix y € (1, 2).
Let p : Z — [0, 1] be a translation invariant transition probability defined by

1zz0)
T |z[r+1

p(z)=c 2.1

where ¢, > 0 is a normalizing constant. Since y € (1,2), we know that p has infinite
variance but finite mean.
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We consider the process in contact with infinitely many stochastic reservoirs at the
left and right of Ay. We fix the parameters a, § € (0,1), k > 0 and 6 < 0. Particles can
be injected into any site z of the bulk from: the left of 0 at rate akN~?p(z) or from the
right of N at rate kN ~?p(z). Particles can be removed from any site of the bulk to:
the left of 0 at rate (1 —a)kN~?p(z) and to the right of N at rate (1— 3)xN~?p(z). To
properly describe the dynamics, at each pair of sites of the bulk {x, y} we associate a
Poisson process of intensity one and Poisson processes associated with different bonds
are independent. Whenever a clock associated with a bond {x, y} rings, the values
of n, and n, are exchanged with rate p(y — x)/2. At the boundary the dynamics is
described as follows. To each pair of sites {x, y} with x € Ay and y <0 (resp. y = N
) we associate a Poisson process of intensity one and of them are independent. If the
clock associated with the bond {x, y} rings, the value of 1, changes to 1—m, with rate
kN~?p(x—y)[(1—a)n, +a(l—n,)] @esp. kN~p(x —y)[(1—B)In, +B(1—n)D.
The dynamics is illustrated in the figure below.

agsp() (1—B)p()

p(y —x)

[ [9 | [o[o/o (oo [o[eo (9o | [ [9
0 y

X

............................... > (.
Left reservoir Right reservoir

The process is characterized by its infinitesimal generator
Ly =L +xN°L{L +kN7L], (2.2)
which acts on functions f : Qy — R as

1

LM =5 2, ple=yf (@™ n)—fm)].
X,YEAN
LEHM =D, plx—ydex(n; )l f (o n) — F ()],
X€AN (2.3)
¥<0
LM =D, plx—y)ex(n; B (*n) — £ (n)]
S
where
N, i 2#x,y, .
(™), =1{mn,, ifz=x, , (o*n),= { e %f EE X,
. 1-mn,, ifz=x,
Ny, fz=y

and for a function ¢ : [0,1] — R and for x € Ay we used the notation

M) =[N (1—¢(F)+ 1@ —n)p(X)]. (2.4)
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We consider the Markov process speeded up in the subdiffusive time scale t®(N) and
we use the notation nltv := n(tO(N)), so that nf’ has infinitesimal generator ©(N )Ly .
Although n’tv depends on a, 3 6 and k, we shall omit these indexes in order to simplify
notation.

2.2. Hydrodynamic equations. From now on up to the rest of this article we fix a finite
time window [0, T]. To properly state the hydrodynamic limit, we need to introduce
some notations and definitions, which we present as follows: first we abbreviate the
Hilbert space L2([0,1],h(u)du) by Li and we denote its inner product by (-,-);, and
the corresponding norm by || - ||,. When h = 1 we simply write L2, (-,-) and || - ||.
For an interval I in R and integers m and n, we denote by C™"([0, T] x I) the set of
functions defined on [0, T] x I that are m times differentiable on the first variable and
n times differentiable on the second variable, with continuous derivatives. We denote
by C>°(I) the set of all smooth real-valued functions defined in I with compact support
included in I. The supremum norm is denoted by || - ||oc. We also consider the set
Ccl’°°([0, T] x I) of functions G € C>*°([0, T] x I) such that G(t,-) € C>°(I) for all
t € [0, T]. An index on a function will always denote a variable, not a derivative. For
example, G,(u) means G(t,u). The derivative of G € C™"([0, T] x I') will be denoted
by 9,G (first variable) and d,G (second variable).

The fractional Laplacian —(—A)"/2 of exponent y/2 is defined on the set of functions
G : R — R such that

R e((n] i 05
N Tra i U< oo (2.5)
by
(7~ G(v)—G(w)
_ (—A)Y/ZG (w) = Cy ll_)r% J;oo ﬂ|u—v|2£ de (2.6)

provided the limit exists (which is the case, for example, if G is in the Schwartz space)
and where c, is set in (2.1). Up to a multiplicative constant, —(—A)"’? is the generator
of a y-Lévy stable process.

We define the operator L by its action on functions G € C>°((0, 1)), by

(! G(») = G(u)
Vue (0,1), (LG)(u)=c, lim . Ljy—y|>e v

The operator L is called the regional fractional Laplacian on (0,1). The semi inner-
product (:,-),, is defined on the set C>°((0,1)) by

c (H(w)—HO)(G(u)—G(v)
<G:H>y/2 = _Yff 1 dudv. (27)
2 ) Jioar |lu—v|1+r
The corresponding semi-norm is denoted by || - ||,/,. Observe that for any G,H €
C2((0,1)) we have that

(G,—LH) = (-LG,H) = (G, H), 5.
Recall (1.2). We introduced a family of operators indexed by k and taking the form
L,=L—xV,,

where V; was defined in 1.2. Acting on C>°((0, 1)) these operators are symmetric and
non-positive. For k = 1, we recover the so-called restricted fractional Laplacian (see
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Yue(0,1), —(—=A)"2G (u)=(LG)(u)— Vi(w)G(w) := (L,G)(u), (2.8)

while in the limit k — 0 we get the regional fractional Laplacian.
We rewrite V;(u) = r~(u) + r*(u) and Vy(u) = ar~(u) + fr*(u) where the functions
r*:(0,1) — (0, 00) are defined by

r (W)= cyy_lu_”, rt(w) = cy)/_l(l —u)7. 2.9

Definition 2.1. The Sobolev space #7/% := #7/2([0,1]) consists of all square integrable
functions g E (0,1) — R such that ||g|l,/, < oo. This is a Hilbert space for the norm
Il - 1522 defined by

181132 = llgl® +11glI3 -

Its elements coincide a.e. with continuous functions. The completion of C>°((0,1)) for
this norm is denoted by %6”2 = 3%007/2([0, 1]). This is a Hilbert space whose elements
coincide a.e. with continuous functions vanishing at 0 and 1. On 3%7/ % the two norms
Il | ¢v2 and || - ||, are equivalent.

The space L%(0, T; #7/2) is the set of measurable functions f : [0,T] — /2 such
that

T
f Ifell3.dt < 00.
0

The spaces L*(0, T; %y/z) and L*(0, T; Li) are defined similarly.

We now extend the definition of the regional fractional Laplacian on (0, 1), which
has been defined on C°°((0, 1)), to the space #7/2.

Definition 2.2. For p € #"/? we define the distribution Lp by
(Lp,G) =(p,LG), GeCXZ((0,1)).

Let us check that Lp is indeed a well defined distribution. Consider a sequence
{Gp}n1 € €°((0,1)) converging to 0 in the usual topology of the test functions. By
the integration by parts formula for the regional fractional Laplacian (see Theorem 3.3
in [15]) we have for any p € #"/? that (Lp,G,) = (p, Gp)y/2- Now using the Cauchy-
Schwarz’s inequality and the mean value Theorem, we get that (Lp,G,) is bounded
from above by a constant times

ol /2l1Gally /2 Sllplly2M18,Gall2, fJ lu—v[*"dudv
[0.1]2

which goes to 0 as n — oo since y € (1,2). Therefore Lp is a well defined distribution.

Above (and hereinafter) we write f(u) < g(u) if there exists a constant C indepen-
dent of u such that f(u) < Cg(u) for every u. We will also write f (u) = O(g(u)) if the
condition |f (u)| S |g(u)] is satisfied. Sometimes, in order to stress the dependence of
a constant C on some parameter a, we write C(a).

2.3. Hydrodynamic equations. Now, for the following definitions recall the definition
of L,. given in (1.2) and V; from (1.3).

Definition 2.3. Let & > 0 be some parameter and let g : [0,1] — [0,1] be a mea-
surable function. We say that p* : [0,T] x [0,1] — [0,1] is a weak solution of the
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non-homogeneous regional fractional reaction-diffusion equation with Dirichlet boundary
conditions given by

0,pf(u) = Lepf () + RVp(w), (t,u) €[0,T]x(0,1),
Pl =0, pi()=p, te[0T] (2.10)
polw)=g), ue(0,1),
if :
i) p*eL?0,T;#7/%).
ii) fo fo {(a ’;‘Y(u)) (ﬂ(_lp_f:;)) }dudt < oo for & > 0; pf(O) = q, p’f(l) = B for
almost every t € [0, T, for k =0.
iii) For all t € [0, T] and all functions G € Ccl’°°([0, T1] x (0,1)) we have that

t t

FDir(t’pk: G:g) 3=<Pf: Gt>_ (g;GO> _f <psf<7 (as +L1%)Gs>ds_’%f <Gs: VO) dS = 0
0 0

(2.11)

Remark 2.4. Note that item ii) is different for K > 0 and k& = 0. We can see that the
condition for k = 0 is weaker than the condition for & > 0. In fact, item i) and item ii) for
K > 0 of the previous definition imply that p’f(O) = a and pf(l) = f3, for almost every t
in [0, T]. Indeed, first note that by item i) we know that p, is Yz;l-H()'lderfor almost every
t in [0, T] (see Theorem 8.2 of [14] ). Then, we note that

f (P -a)® Ot)2 f J (pK(O) Ot)2
€—>O

By summing and subtracting p’f(u) inside the square in the expression on the right hand
side in the previous equality and using the inequality (a+ b)? < 2a®+2b? we get that the
right hand side of the previous equality is bounded from above by

2[ lime?! Md dt+2f lmgy—J (pf(u) a)z

£—0 ur £—0

Since p, is YT_I-H()'lder for almost every t in [0, T] the first term in the previous expression
vanishes. Now, the term on the right hand side in the previous expression is bounded from

above by
T 1 i 2
(ptW)—a)
21im &7~ f J WAWTY G,
e—0 0 0 uvy
which vanishes as a consequence of item ii). Thus, we have that

J (p;(0)—a)? a)2

>

whence we get that p’f(O) = a for almost every t in [0, T]. Showing that pf(l) = f3 for
almost every t in [0, T] is completely analogous.

Moreover, the existence and uniqueness of a weak solution to the equation above, for
K > 0 does not require the strong form of ii). Nevertheless, in order to prove Theorem 2.13
we need to impose that condition.
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Remark 2.5. Observe that in the case & = 1, since L., = —(—A)"/? we obtain in Definition
2.3 the fractional heat equation with reaction and Dirichlet boundary conditions, i.e.

0.p;W) =L1p W+ Vo), (t,u)€[0,T]x(0,1),
pi@=a, p/1)=p, te[0,T]
pow)=g), ue(o,1),

by (2.8) and (1.2) the notion of item iii) is reduced to

t

FDir(t’ Pl: G’ g) = <pt1: Gt>_<g’ G0>_J <p517 (as _(_A)Y/Z)Gs>ds_f (Gs’ VO) ds=0
0

0
forall t € [0, T] and all functions G € CC1’°°([O, T]x(0,1)).

Definition 2.6. Let & > O be some parameter and let g : [0,1] — [0,1] be a mea-
surable function. We say that p* : [0,T] x [0,1] — [0,1] is a weak solution of the
non-homogeneous reaction equation with Dirichlet boundary conditions given by

3pf(u) =—Rkpf Vi (W) + kVp(u), (t,u) €[0,T]1x(0,1),
pf)=a, pf(1)=p, tel0,T], (2.12)
ps)=g(w), ue(0,1),
I;f.
D[] [y {Le | ER Y gy ¢ < co.
ii) Forall t € [0,T] and all functions G € Ccl’°°([0, T] % (0,1)) we have

t
FReac(t,pf(:G’ g) ::<pf:Gt>_ (g, GO) _J <p5f<’asGs>d5
0

t t
+J <ps, > ds—xf (G,,Vp)ds =0
0 0
Remark 2.7. Note that the explicit solution of (2.12) is given by
£ ) + (g(w) = p° (w))e ™M),

As we will see, the function 5°° plays an important role in the

(2.13)

Vo(u)

Vi(w)
proof of our main results, namely, Theorems 2.13 and 2.15.

where p*°(u) =

Lemma 2.8. The weak solutions of (2.10) and (2.12) are unique.

Aiming to concentrate on the main facts, the proof of previous lemma is postponed
to Section 6.

> 0 be some parameter. We say that p* : [0,1] — [0,1] is a
weak solution of the stationary regional fractional reaction-diffusion equation with non-
homogeneous Dirichlet boundary conditions given by

{ L¢p*(w) + RVy(w) =0, ue(0,1),

Definition 2.9. Let k& >

N X 2.14
p*(0)=a, p"(1)=4, @19

) pre s/
ii) fol{(“_’f,i(“)) 4 (o) }du< oo if &> 0 and p*(0) = a, p¥(1) =B if & = 0.




iii) For any function G € C°((0,1)) we have
Fpi(p%,G) = (p*, LiG) + & (G, Vo) = 0.

Remark 2.10. We observe that p° is a weak harmonic function for L and the interior
regularity of this solution is studied in [22], but the regularity at the boundary is unknown.

In Section 6 we will prove the following lemma.
Lemma 2.11. There exists a unique weak solution of (2.14).

2.4. Statement of results. First we want to state the hydrodynamic limit of the process
{nltv }¢>0 With state space £y and with infinitesimal generator ©(N)Ly defined in (2.2).

Let 4™ be the space of positive measures on [0, 1] with total mass bounded by 1
equipped with the weak topology. For any configuration n € Qy we define the empirical
measure 7tV (0, du) := n™"*(n,du) in Qy by

1
N = —— X
(0, du) = —— D 1.6 (du), (2.15)
xX€Ay
where &, is a Dirac mass at a € [0,1] and 7 (n, du) := 7 (1, du).

Let g : [0,1] — [0, 1] be a measurable function. We say that a sequence of probabil-
ity measures {uy}y>1 in Qy is associated to the profile g if for any continuous function
G:[0,1] > R and every 6 > 0

>5)=Q

1
1
< 2, G(F)n— f G(u)g(w)du
XEAN 0

We denote by P, ~the probability measure in the Skorohod space 2([0, T ],2y) in-
duced by the Markov process nf’ and the initial measure uy in Q5 and we denote
by E, the expectation with respect to P, . Let {Qy}y>; be the sequence of proba-
bility measures on the Skorohod space 2([0, T], .# ") induced by the Markov process
{n)} 0 and by P, .

At this point we are ready to state the hydrodynamic limit of the process nltv .

lim uy (n €0y :
N—oo

Theorem 2.12. (Hydrodynamic limit) Let g : [0,1] — [0, 1] be a measurable function
and let {uy}y>1 be a sequence of probability measures in Qy associated to g. Then, for

any0<t<T,
>5)=

and pf is the unique weak solution of:

1
= > G(3)ncom) - f Guw)pf (w)du
0

XEAN

Jim P, (nfv € 2([0,T1, )

where the time scale is given by ©(N) = N"+?

o (2.12)withk =k, if 6 <O0;
e (2.10) withk =xk, if 6 =0.

Once the hydrodynamic limit is obtained, we would like to know how the weak
solution p} and the stationary solution p* behave as x goes to 0 or oo and this is the
purpose of Theorems 2.13 and 2.15 stated below. This limiting profile will give us an
idea of what to expect at the hydrodynamics level when we consider our microscopic
dynamics in contact with reservoirs whose strength is regulated by x/N? and when
6 > 0 as in [4]. As mentioned in the introduction we do not analyze the system in this
regime but we conjecture that for small positive values of 6 > 0 (that corresponds to
slow reservoirs) the hydrodynamic limit should be given by the weak solution of (2.10)
with € = 0.

(=]
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Theorem 2.13. Let p, : [0,1] — [0, 1] be a measurable function. Further, let p* be the
weak solution of (2.10) with k = x and with initial condition p, which is independent of
k and let pf := pt"/K, forall t €[0,T]. Then
i) p* converges strongly to p° in L?(0, T; #7/?) as k goes to 0, where p° is the weak
solution of (2.10) with k = 0 and initial condition p,.
ii) If po—p° € A7/ then p* converges strongly to p° in L*(0, T; L} ) as K goes to
oo, where p®° is the weak solution of (2.12) with & =1 and initial condition p.

Remark 2.14. The convergence in Theorem 2.13 is also true in L*(0, T;L?). In fact, we
will see that a crucial step in the proof of the theorem is to show that p* converges strongly
in L%(0, T; L?). Convergence in i) is also true in L*(0, T; L‘Z,l) and it is a consequence of
the fractional Hardy’s inequality (see e.g. [12]).

Theorem 2.15. Let p* be the weak solution of (2.14). Then,

i) p* converges strongly to p° in #7/? as k goes to 0, where p° is the weak solution of
(2.14) with k = 0.

ii) p* converges strongly to p°° in L‘Z/1 as k goes to oo, where p°° is given in Remark
2.7.

3. PROOF OF THEOREM 2.12: HYDRODYNAMIC LIMIT

The proof of this theorem follows the usual approach of convergence in distribution
of stochastic processes: we prove tightness of the sequence {Qy } y>; and then we prove
uniqueness of the limiting point, which we denote by Q. These two results combined
give the convergence of {Qy }y>; to @, as N — oco. In order to characterize the limiting
point Q, we prove that all limiting points of the sequence {Qy}y>; are concentrated
on trajectories of measures that are absolutely continuous with respect to the Lebesgue
measure and whose density py is a weak solution of the hydrodynamic equation as
given in Definition 2.3. From the uniqueness of the weak solutions of this equation,
namely Lemma 2.11, we conclude that {Qy }y>; has a unique limit point Q.

First, in the following subsection we explain how the item iii) in Definition 2.3 ap-
pears. In Subsection 3.2 we prove that {Qy}y>; is tight, then in Subsection 3.3 we ob-
tain energy estimates which are crucial to ensure the uniqueness of the limiting point.
We conclude this section with the characterization of the limiting point (in Subsection
3.4).

3.1. Heuristics for the hydrodynamic equations. In order to make the presentation
simple, let us fix a function G : [0,1] — R which does not depend on time and has
compact support included in (0, 1).
By Dynkin’s formula (see Lemma A.5.1 in [16]) we have that
t
MN(G) = (n),G)—(n,G) —f O(N)Ly(nY,G)ds, (3.1)
0
is a martingale with respect to the natural filtration {Z,},5, where &, := o({n(s)};<;)
forall t €[0,T].
Above, for an integrable function G : [0,1] — R, we used the notation (ﬂ:f’ ,G) to
represent the integral of G with respect the measure 77:];’ :

(7,6)= === 3. 6 (§)n.com).

XEAN
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In the previous expression, we are using a measure “va and a function G, therefore, this
notation should not be mistaken with the one used for the inner product in L2. Note
that Lyn, is equal to

2 P =y, =+ 5 > o ple—ya—nd+ w5 > ple =)=l

YEAN y=<0 y=N

Therefore, a simple computation shows that

O(N
O(N)Ly((1",G)) =J% PHCAEIR

XEAy (3 2)
KkO(N) p s :
e 2 S (e + (B =),

where, we denote by %G the continuous function on [0, 1] which is defined as the
linear interpolation of the function

(&) =D, ply—0[6()-G6(H)], (3.3)
YEAN
for all x € Ay with (£yG)(0) = (£yG)(1) = 0. We also define the functions ry :

[0,1] — R as the linear interpolation of the function

NE)=>1p(), HE)= > p), (3.4)

y=x y<x—N

for all x € Ay with r$(0) = ri(%) and r (1) = rf(%*). By Lemma 3.3 in [3] we have
that

Jim NT(ry)) =r"(w), lim N7 (r)(w) =r"(u) (3.5)
uniformly in [a,1—a] for a € (0,1) and we also can deduce from that lemma that

lim N7(£,6)) = (LG)(w) (3.6)

uniformly in [a, 1 —a], for all functions G with compact support included in [a,1—a].

Now, we are going to analyse all the terms in (3.2) for 6 < 0. Thus, we will be able
to see how the different boundary conditions appear on the hydrodynamic equations
given in Subsection 2.3 from the underlying particle system.

3.1.1. The case 6 < 0. Inthis regime we take ©(N) = N"*% and a function G € c>(0,1).
By using (3.6) we have that the first term on the right hand side of (3.2) vanishes
since 8 < 0. Now, the second term on the right hand side in (3.2) is equal to x{a —
¥ ,NYGry) + k(B — Y ,N"Gry\). By (3.5) the previous expression converges, as N
goes to 00, to

1 1
Kf (a—pr(W)GW)r~ (wdu + Kf (B —p;f WG (wWdu
0 0
1

1
= —KJ‘ ey WGV (w)du + Kf G(W)Vy(uw)du.
0 0
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3.1.2. The case & = 0. In this regime we take N and a function G € C>°(0,1). The
first term on the right hand side in (3.2) can be replaced, thanks to (3.6) by

1
(nl,LG) — f (L) (Wpk(Wduy,
0

as N goes to co. Similarly, the second term on the right hand side of (3.2) is equal to

k{a—nY,NYGry) + k(B — ¥ ,N"Gry) which converges, as N goes to 0o, to

1 1
Kf (a—prW)GW)r~ (wdu + KJ (B —pf WG (wWdu
0 0
1

1
= —KJ‘ ey WGV (w)du + Kf G(W)Vp(uw)du.
0 0
This intuitive argument is rigorously proved in Subsection 3.4.

3.2. Tightness. In this subsection we prove that the sequence {Qy}y>; is tight. We

use the usual approach (see, for example, Proposition 4.1.6 and 4.1.7 in [16]), which

says that is enough to show that, for all € >0
imlimsup sup PHN[an € 2([0,T1,2y) : [(n

1 i
+ b
6-0 Nooo redy,7<6 e

G)—(nY,G)|>¢e]=0, 3.7
for any function G belonging to C([0,1]) . Above Z; is the set of stopping times
bounded by T and we implicitly assume that all the stopping times are bounded by
T, thus, T + 7 should be read as (7 + T) A T. Indeed, we prove below that (3.7) is true

for any function G in CCZ((O, 1)), by using an L' approximation procedure(a similar ar-
gument as done in [4]), we can extend this class of functions to functions G € C([0, 1]).

Proposition 3.1. The sequence of measures {Qy }y> is tight with respect to the Skorohod
topology of 2([0,T], #™").

Proof. Note that, we are going to prove (3.7) for functions G in C CZ((O, 1)). Recall from
(3.1) that M gv (G) is a martingale with respect to the natural filtration {Z, } . In order
to prove (3.7) it is enough to show that

T+7T
limlimsup sup E, [ J O(N)Ly(nY,G)ds ] =0 (3.8)
60 Nooo 1e7;,7<6 v -
and )
limlimsup sup E, I:(Miv(G) -MY () ] =0. (3.9

6—-0 Nooo 1e7;,7<6

By using (3.5), (3.6) and the fact that G € Ccz((O, 1)) we can bound the expression in
(3.2) by a constant. By using the fact that |n1;’ (s)]<1and

DB +rv(E)) < o0 (3.10)
x=1
(since y > 1), we can bound from above the second term at the right hand side in (3.2)
by a constant times ©(N)N ™79, Considering the different values of 6 we see that such
term is bounded from above by a constant. Then we have that
o)Ly (], G)I $1 (3.11)
for any s < T, which trivially implies (3.8).



13
In order to prove (3.9), by Dynkin’s formula (see Appendix 1 in [16]) we know that
t
(MY (@) - f O(N)[Ly(ny, G —2(n), G)Ly(r’, G) ] ds,
0

is a martingale with respect to the natural filtration {Z,},5,. By Lemma A.1 we get
that the term inside the time integral in the previous expression is equal to

—(1\(?(_1\[1))2 > (6(£)=6(3)) plx = y)(1, (5OM)) — 1, (sON)))>
x<y€Ay
+% D (6(£)) A—2n (0N (E)a—n 0N (3.12)

X€AN

K@S\Zve D (6(3)) (=20, 0y (B — n.(ON))).
XEAyN

Since the first derivative of G is bounded it is easy to see that the absolute value of
(3.12) is bounded from above by a constant times

OW) KO(N) )
mx,yzeiN(x_y)ZP(x_y)_‘_(N 1)2N6 x; (GG (RGO +rG).

(3.13)

Note that (x — y)?p(x — y) <1 because y > 1, so that

o) L )
mx’;\N(X—J’)ZP(X—y) <SO(N)N2=o(N"2).

By (3.10), the remaining terms in (3.13) are @(©(N)N~972) so that (3.13) is O(N72).
Thus, since 7 is a stopping time and y < 2 we have that

limlimsup sup E,w [(MNG—MNG)Z]

+
60 N—oo T€Tr,T<6 o

-0 Nooo re;,i<s

= 0.

T+7T
hrnhmsup sup E,v {f ON) [Ly(nY,G)? —2(nN,G)Ly(nY,G)]ds
T

Therefore, we have proved (3.7) for functions G in C 52((0, 1)) and as we have said
in the beginning of the subsection this is enough to conclude tightness. O

3.3. Energy Estimate. We prove in this subsection that any limit point Q of the se-
quence {Qy}y>; is concentrated on trajectories 7} (u)du with finite energy, i.e., 7~
belongs to L2(0, T; #7/2). Moreover, we prove that 7t} satisfies item ii) in Definition
2.3. The latter is the content of Theorem 3.2 stated below. Fix a limit point Q of the
sequence {Qy}y>; and assume, without of loss of generality, that the sequence Qy
converges to Q as N goes to c0.

Theorem 3.2. The probability measure Q is concentrated on trajectories of measures of
the form i (u)du, such that for any interval I C [0, T ] the density ©* satisfies

D [ de Sk + 1), i 6 0.

K 2 K 2
- JJ {(a my (W) (/5 my (W) }dudt$|I|K+
rJo ur (1—u)

1o <o
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Remark 3.3. It follows from item i) of the previous and from Theorem 8.2 of [ 14] that
7ty is, P almost surely, Y—?—Hélderfor alltel.

By taking I = [0, T] in item i) of Theorem 3.2 we can see that n* € L%(0, T; #"/?).
Moreover, from item ii) of Theorem 3.2, we claim that

Jllﬂf—ﬁmll‘zﬁdtSIII
I

where p°° is given in Remark 2.7. Note that

c oo _ Y —-p® W) (nf (W) —p™ W)
fllln[—p 2 dt=c,y 1£L { - Mhrcyn }dudt.
(3.15)

By summing and subtracting a inside the first square in the expression on the right hand
side in (3.15), B in the second one and using the fact that (a + b)? < 2(a? + b?) we get
that (3.15) is bounded from above by

_ " —a)? (W) —B)?
2¢,y 1£L { " + 0 }dudt

1
_ (a—p=W)*  (B—p>wW)
+2c,7 1J1Jo{ o + a0 }dudt.

Now, by using item ii) of Theorem 3.2 we have that the first term in the previous expression

1
K+l (3.14)

(3.16)

+1

is bounded by constant times |I |K—. Finally, using the definition of p*° (see Remark
K

2.7) the second term in (3.16) is equal to

1
2¢,y 1 (B —a)*1| J W+1Q-w)tdusl.
0

Before we prove Theorem 3.2, we establish some estimates on the Dirichlet form
which are needed in due course.

3.3.1. Estimates on the Dirichlet form. Let h : [0,1] — [0,1] be a function such that
a < h(u) < B, forallu€[0,1], and assume that h(0) = a and h(1) = 8. Let V}IY be the
inhomogeneous Bernoulli product measure on Q2 with marginals given by

Win:n.=1}=h(%).
We denote by Hy (u| v’}:’ ) the relative entropy of a probability measure u on 2, with

respect to the probability measure vg . It is easy to prove the existence of a constant
Cyp, such that

Hy (uy|7y) < CoN. 3.17)
(see for example [4]). We remark here that the restriction a # 0 and 8 # 1 comes from
last estimate since the constant C,, given above is given by C, = —log(a A (1—)). On

the other hand, for a probability measure u on 2, and a density function f : Qy —
[0, oo) with respect to u we introduce

1
DY(Vf,m) =3 >0 ply =)L, (VF.w, (3.18)

x,yE€Ay

DE(VF.w =D > ply =)W F.w = DL gD (V) (3.19)

x€Ay y<0 X€Ay
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and DIQ(\/?, u) is the same as Dﬁ,(\/?, ) but in I;‘(\/?, w) the parameter a is replaced
by 8 and ry is replaced by r;;. Above, we used the following notation

Ly (Vf.m) f (VForm—+/fm) du,

1¢(VF,w) f c(n; o) (Vo m — V() du

where c,(n, a) is given in (2.4) with ¢(-) = a; and If is the same as I when the
parameter a is replaced by f3.
Our goal is to express, for the measure vﬁ] , a relation between the Dirichlet form

defined by (Ly+/f, v/ f ) and the quantity
Dy(Vf, ") = (D% +xNDL +kNIDLWF, v).

More precisely, we have the following result.

Lemma 3.4. For any positive constant B and any density function f with respect to vﬁ ,
there exists a constant C > 0 (independent of f and N) such that

_@]\(]];)(LN\/?,\/?)%VS O, (VF, vy 4+ COI) ST py—(hG) —h()

4NB NB Ay
N )

(3.20)

The proof of this statement is similar to the one in Section 5 of [4] and thus it is
omitted. Moreover, note that as a consequence of the previous lemma, for a function h
such that a < h(u) < f and h Lipschitz we have that

oN o(N _C(kN"9+1
I\(,B)<LN\/-?’ \/?M:S_M(VB)DN(\/T’V}ID_I_@(N)N y%, (3.21)

Lemma 3.5. For any density f with respect to vg , any x € Ay and any positive constant
A,, we have that

[N
The same result holds if a is replaced by .

]‘ a X
< Elx(ﬁ,vg)+Ax+|h(ﬁ)—a{.

The proof of Lemma 3.5 is omitted since is similar to the one of Lemma 5.5 in [4].
Note that in the case a < h < 8 and Lipschitz we get

1 X
- < IV, "W)+A, + =.
‘(nx a>f>v§:" ~4Ax x( fs h)+ x+N

3.3.2. Proof of Theorem 3.2. First item: 1* € L2(0, T; #"/?) Q-almost surely. Recall
that in this case 6 = 0 and the system is speeded up in the sub-diffusive time scale
O(N) =N". Let € > 0 be a small real number. Let F € CCO’°°(I x [0,1]%), where the I is
a subinterval of [0, T]. Observe that by the entropy inequality

E,, fNYl Z F (5, 3)p(y —x)(ny, (¢eN") —n, (¢eN))d t
I

X,yE€Ay
|x—y|=eN
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is bounded from above by

1
+ N ]ogf [eEn[lf,NGN(t,ﬂrm)dfl]]VhN(dn) (3.22)

where
Gy(t,))=N"""" > F(% 30y —x)n, —n,)

x,yEAy
[x—y|=eN

and by Jensen’s inequality we can bound last expression from above by
+ ]%logIEvhN [e'szGN(f’"rN”df']. (3.23)

Since el < eX +e™* and
lim sup ]% log(ay + by) < max {lim sup % log(ay ), lim sup ]% log(bN)},
N—oo N—oo N—oo

we can remove the absolute value from expression (3.23). By Feynman-Kac’s formula
(see Lemma 7.3 in [1]), we finally have that

E,, f NS R(E 3P0 = x)(n, (eNT) = (eNT))de
1

x,yE€Ay
|[x—y|>=eN

SCMJSUP{NH > F(E ey — X)f(ny n)f (m)d vy

1 f x,yE€Ay
[x—y|=eN

(3.24)

+ N7 <LN\/17, \/F>vf’ }dt

where the supremum is taken over all densities f on Qy with respect to vhN . Note that,
by a change of variables, we have that

NS RGE B —x) J (ny —n)f ()}

X,yEAy
|x—y|>eN

=N"T1 > FAE, $p(y — X)J(ny n)f (md vy

X, yEAy
|x—y|=eN

=N > RGP0 - x)fﬁy(f(n) Flo™rn)dvy

x,yE€Ay
|x—y|>eN

+NTT YRGS Py — x)fnxf(n)(e”(n) 1d»

X,YEAyN
|x—y|=eN

(3.25)

dvN (o™ . . . .
where 6%7Y(n) = (;(V,‘f—(mm and F¢ is the antisymmetric part of F, i.e. for all t € I and
h

(u,v)€[0,17?

Fl(u,v)= 1[F (u,v)—F,(v, u)]



17

Observe that F;'(u,u) = 0. By Young’s inequality, the fact that f is a density and |7, | <
1, we have that, for any A > 0, the third term in (3.25) is bounded from above by a
constant times

y—l

A ST () P -0+ e ST b=, (V)
X,YEAyN X,YEAN
|x—y|=eN |x—y|=eN

2

c,A (Fe(% %)) anr

T 0

SNz Z | X — L|1+r + A DN(‘/T’V’IY)'
X, yEAN N N
|x—y|=eN

Since h is Lipschitz we have that sup, ¢ 6% (n)—1| =0 ( lx;,y l ) By Young’s inequal-
ity and the fact that f is a density, for any A > 0, the last term in (3.25) is bounded
from above by

N:\,_l SO(FE(E ) P2 + AN S ply -0 ()

x,yEAy X,yEAy
|x—y|=eN [x—y|=eN

X,YEAN
|[x—y|=eN [x—y|=eN

Recall (3.21), so that by choosing A = 8 and B = 1 and using the two results above we
have just proved that (3.24) is bounded from above by C, plus

2
c,(8+ %) FY(%, %)
oA M+C(K+1)+CAA,

N2 1__|1+ 14
x#yeny 'N
where
" 1 ].
A :=supsup — — < 00
e>0 N=1 N2 x,yze/:\N |% — %!
|x—y|=eN

since y < 2. Therefore, we have proved that there exist constants A" and B' (indepen-
dentof £ >0, N >1, and F € C*(I x [0,1]%)) such that

f N1 F(3, 5py — ) (6)— nN(t))dt]
xyEAN

|x—ylzeN

=E,, U —2c,(m f,gﬁv)dt} (3.26)

(FH(N’ N ) ’
JNZ ERaT ———————dt+ B |I|(x + 1).
X, YyEAN N N

|x—y|zeN
Above the function gV is defined on I x [0, 1] by

1 Fi(u, %)
ORI T

YEAN 2e |y — pA |1+y
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and it is a discretization of the smooth function g defined on (t,u) € I x [0,1] by

! Fl(u,v)
gt(u) = 1{|v u|>£}|u—dv
0

v|1+y

Let Q, = {(u,v) € [0,1]% ; lu—v| > ¢}. Observe first that for symmetry reasons we
have that for any integrable function 7,

1 a
f n-(u)gt(u)du=f S OV LIS
0 Q,

|u V|1+y

By taking the limit as N — oo in (3.26), we conclude that there exist constants
C > 0 independent of F € CCO’°°(I x [0,17?) and € > 0 such that

i, f f (n*;(v)—n*;(u))Fg(u,v)_C(Fg(u,v))2
Q.

|u_v|1+y |u_v|1+y

dudvdt | SII|(x+1).

Using similar arguments as the ones in the proof of Lemma 6.1 of [4] we can insert the
supremum over F inside the expectation above, so that

K K a a 2
Eq sup{ff (R0 = m R wY) _ (R ) dudvdt} <1k +1).
F\JiJJa.

lu—v[i+r [u—v[i+r

Since the function (u,v) € [0,1]*> — 7(v) — n(u) is antisymmetric we may replace F¢
by F in the previous variational formula, i.e.

K _ K 2
E, | sup { f f (R )= mf@F ) (Fi(wv) dudvdt} <D,
F 1JJq,

|u—v|+r lu—v|1+r

3.27)

Consider the Hilbert space L.2([0,1]%,du,) where u, is the measure whose density
with respect to Lebesgue measure is given by (u,v) € [0,1]* - 1}, s [u—v|*7). By
taking

I°: (t;u,v) €1 x[0,1]% - 7¥ (v) — ¥ (w),

the previous formula implies that

EQU “ (11 (u, ) due(u,v)dtj| S|+ 1) (3.28)
I [0,112

Letting € — 0, by the monotone convergence theorem, we conclude that

R (v) — ¥ (w))?
”J = TG v < oo
[0 1]2 |u v|1+Y
Q@ almost surely.

1 K 2 K 2
Second item: ff {(a ; (1)) + (f — m W) }du dt < oo @ almost surely.
! ur (1—u)

Now we have to prove that the function (t,u) — 7}(u) — a is in the space L2(I x
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(0,1),dt ® du), where u is the measure whose density with respect to the Lebesgue
measure is given by

1

ue(0,1) - —.

uy
A similar argument to the one used in the first item shows that the function (t,u) —
7y (u)— B belongs to L2([0,T]x(0,1),dt®du’), where u’ is the measure whose density
with respect to the Lebesgue measure is given by

1

€[0,1] - a—uy

Let vhN be the Bernoulli product measure corresponding to a profile h which is Lips-
chitz such that h(0) = a < h(u) < f =h(1) forallu € [0,1]. Let G € C°(I x[0,1]). As
in the beginning of the proof of Theorem 3.2, using the entropy and Jensen’s inequali-
ties we get that

f N2 Gorg(£) (. (t0(N)) — a)d e
1

XEAy

< PM 41 logE,_ {eN i N7 ey Gm(%)(nx(re(zv))—a)dn} .

Now, using (3.17) and Feynman-Kac’s formula (see Lemma 7.3 of [1]) we obtain that

E,, j N G (£) (. (t0(N)) — a)d e

XEAy

<Cy+ Jsup {NV ! Z(G rN)(IiV)( —a, f)w +6(N)N*1<LN\/f, \/'?>VhN

XEAy

(3.29)

where the supremun is taken over all the densities f on 2, with respect to v’}:’ . Using
(3.21) with B =1 we can bound from above the second term on the right hand side of
(3.29) by

o)
4N

and from Lemma 3.5 with A, = %Gt (Iiv) the first term on the right side of (3.29) is
bounded from above by

-1
CA;]: Z rfg(liv) (Gr(%))z +C(x+1).

XEAy

——=Dy(v/f, ")+ CONIN (kN0 + 1),

Taking N — oo we can conclude that there exists a constant C’ > 0 independent of G
and of t such that

1 K _ 1 G2
. J f ((nf(u) ?Gr(u) c G())dudt CTEN
rJo lul Kl
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From Lemma 6.1 in [4] we can insert the supremum over G inside the expectation
above, and we get

! (mf(W) —a)G, (W) ¢’ G2 (u)
EQ[sgp{fIL ( i <l )d dt}:| Sl(x+1). (3.30)

The previous formula implies that

1 K 02
ff (W =a) < oo
1 Jo |ulr

Q almost surely. Similarly, we get
¥ (u 2
RGAQR ————dudt < o0
Sl

Conclusion. By Definition 2.3, the two steps above allow us to show that Q is
concentrated on trajectories of measures whose density is a weak solution of the cor-
responding hydrodynamic equation (see Proposition 3.6). By uniqueness of the weak
solution (see Lemma 2.8) we get that Q is unique. Indeed, we have that Q = 6 (,x(u)qu)
(Dirac mass). Then, by using the latter, we compute the expectation in (3.28) and
(3.30) and we are done.

@ almost surely.

O

3.4. Characterization of limit points. In the present subsection we characterize all
limit points Q of the sequence {Qy}y>1, Which we know that exist from the results of
Subsection 3.2. Let us assume without loss of generality, that {Qy }y>; converges to Q.
Since there is at most one particle per site, it is easy to show that Q is concentrated on
trajectories of measures absolutely continuous with respect to the Lebesgue measure,
i.e. mf(du) = pf(u)du. Indeed, for any t € [0, T] and for any function G : [0,1] —» R
we have that
(Y, G)l Z G(Z)].

XEAN
Also, we know that for any continuous function G the functional 7w € .#£* — (7, G) is
continuous. Then, taking N — oo, we obtain that

1
[{m,, G)| SJ |G(w)|du.
0

which implies that 7, is absolutely continuous with respect to the Lebesgue measure.

In Proposition 3.6 below we prove, for each range of 0, that Q is concentrated
on trajectories of measures whose density satisfies a weak form of the correspond-
ing hydrodynamic equation. Moreover, we have seen in Theorem 3.2 that Q is con-
centrated on trajectories of measures whose density satisfies the energy estimate, i.e.
p* e L?(0, T;%”Y/z) when 6 =0 and

(a—pt (u))2 (/3—P’f(u))2
d—u)y dudt < oo,

for any 6 < 0. Slnce a weak solution of the hydrodynamic equation (2.10) is unique
we have that Q is unique and takes the form of a Dirac mass.
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Proposition 3.6. If Q is a limit point of {Qy}y>1 then
1. if6 <O0:

Q7. : Freae(t,p*,G,8)=0,Yt €[0,T], ¥G € C*([0,T] x[0,1])) = 1.
2. if6=0:

Q(m. : Fpir(t,0%,G,g)=0,Yt €[0,T], VG € CF*([0,T] x [0,1])) = 1.

Proof. Note that in order to prove the proposition, it is enough to verify, for § > 0 and
G in the corresponding space of test functions, that

o(r €9l sup IFo(tp%,G,)1> 5 ) =0,
0<t<T

for each 6, where Fy stands for Fg,, if 8 <0 and Fp,, if 6 = 0. Indeed, we have that

t
FQ(ter)G) g) =<p;;<!Gt>_ <g1 GO) _J‘ <p:! (as + 1{9:0}]]-‘)Gs>d8
0 (3.31)

t

t
‘Hl{eso}Kf (pF, Gs>vl ds — ﬂ{eso}KJ (G, Vp) ds=0.
0 0
From here on, in order to simplify notation, we will erase 7. from the sets that we
have to look at.

By definition of F, above we can bound from above the previous probability by the
sum of

5
Q( sup |Fo(t,p"~,G,po)l > —) (3.32)
0<t<T 2

and
Q(|<Po_8’Go)| > g)

We note that last probability is equal to zero since Q is a limit point of {Qy }y>; and Qy
is induced by uy which is associated to g. Now we deal with (3.32). Since for 6 < 0
the function G, has compact support included in (0, 1) the singularities of V, and V; are
not present, thus from Proposition A.3 of [ 13], the set inside the probability in (3.32)
is an open set in the Skorohod topology. Therefore, from Portmanteau’s Theorem we
bound (3.32) from above by

o
hmianN( sup [Fo(t, p%, G, po)] > —).
N—oo 0<t<T 2

t

Summing and subtracting f O(N)Ly (nf , G,)ds to the term inside the previous abso-

0
lute value, recalling (3.1) and the definition of Qy, we can bound the previous proba-
bility from above by the sum of the next two terms

P, ( sup [MY(G)|> g)

0<t<T
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and
t

t
f @(N)LN(niv,Gs)ds—f (N, 19—} LG,) ds
0 0
5)
>— 1.
4

T
P,, (sup |MY(G)| > )SéE“N U) @(N)[LN(n?’,G)z—Z(nf,G)LN(nf,G)]ds}.

P, ( sup
0<t<T
. (3.33)

t
+ﬂ{9$0}’<f (ps’Gs>Vl ds _ﬂ{GSO}Kj (GS’V0> ds
0 0

By Doob’s inequality we have that

0<t<T
In the proof of Proposition 3.1 we have proved that the term inside the time integral in
the previous expression is @¢(N772). Then, using the fact that y < 2 we have that last
probability vanishes as N — oo. It remains to prove that (3.33) vanishes as N — oo.
For that purpose, we recall (3.2) and we bound (3.33) from above by the sum of the
following terms

o
P, ( sup > —
0<t<T

24
(3.34)

o) N ow
JO N Z LG (3)n, (s)ds—f (ns » Tip=0y LG ) ds

xeAN

J {1% 2 GG a =)
0

XEAN

1
—Llig<o)¥ f (Gr7)(w)(a— pf(u))du} ds
0

o

| ke .
f {NQ(N 1)2(@ B —nY ()

XEAy

IPMN ( sup
0<t<T

1
_ﬂ{9<o}’<f (GrDW(B —pf(u))du} ds
0

o
> E) . (3.36)

For 6 = 0 from (3.6) we have that (3.34) goes to 0 as N — oo. For 6 < 0 we have
that from (3.6) and 3.5 the boundary terms (3.35) and (3.36) go to 0 as N — oo. This
finishes the proof Proposition 3.6. (]

4. PROOF OF THEOREM 2.13

For easy understanding of the proof of items i) and ii) of Theorem 2.13, we first
establish some notation and prove some lemmata.
Recall the function p*° introduced in Remark 2.7 which can be rewritten as

Sooy — PUHa(l—uy
R G

It is easy to see that 5°°(0) = a and p°°(1) = 8. Moreover, it is not difficult to see that
5 € CcY([0,1]) and that

lim (5 (Y7 = lim (5™ W)Y (1 —w)?*7 =0,
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and from Lemma 7.2 of [15] we conclude that

16>°l,)2 < oo. (4.1

By the fractional Hardy’s inequality (see e.g. [12]) and the fact that Vl(%) < Vi(u)
for all u € (0,1) we know that

gl Sliglly, Slglly/2 (4.2)

forany g € 3%7/ % and where || glly, is defined in the beginning of Section 2.3.

In order to prove items i) and ii) of Theorem 2.13 we first guarantee the existence
of weak solutions of equation (2.10) with k = 0 and (2.12), (see Lemma 4.1 and 4.3
below), then we establish the convergence in L%(0,T;L?) (see Lemma 4.2 and 4.4)
which will allow us to conclude.

Lemma 4.1. Let p,: [0,1] — [0, 1] be a measurable function. Then, there exists a weak
solution of (2.10) with k = 0 and initial condition py.

Proof. The strategy of the proof is to construct the solution as the limit of p*, as x — 0,
where pk is the weak solution of (2.10) with initial condition p, and k = k.
By item i) in Theorem 3.2, for any x > 0 we know that

Jllpflli/zdt S(x+1) (4.3)
1

for any interval I C [0, T]. We define
Vte€[0,T], Yuel0,1], ¢;(u):=pfu)—p>=w). 4.4)

Since we are interested in small values of «, say k¥ < 1, from (4.3), (4.1) and the fact
(a+ b)? < 2a? + 2b?, it is not difficult to see that

f leFI2 ,de S 11, (4.5)
1

thus we have that p* € L2(0, T; 3%7/ ?). It is also easy to see that ¢* satisfies

t t

(@F, Gs)Vlds_f (p°°,LG,)ds =0

(¢F,G)—(wos Go>_f (r, (L+2)G;) d3+’<f
0 0 (4.6)

0

for all t € [0,T], for any function G € C3’°°([O,T] x (0,1)) and where @,(u) =
po(u)—p°(u). From (4.5) we conclude that there exists a subsequence of (¢*),.<(0.1)

converging weakly to some element ¢° € L2(0, T;%Y/ *) as k — 0. We claim that

p%:=p° + ¢ is the desired solution. Indeed, first note that since the norm || - Il,/2 is

weakly lower-semicontinuous we have that

f 1211 dt < 111, 4.7)
I

By using (a + b)? < 2a® + 2b? we have that

ﬁ P12 pdt <2 f 1512 it +2 f 16012 pde S 1l
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Taking I = [0, T], we have that p° satisfies item i) of Definition 2.3. Since ¢° €
L?(0, T;%g/z), it is easy to see that p?(0) = 5*°(0) = @ and p?(1) = 5*°(1) = f for
almost every t € [0, T]. Then, item ii) for & = 0 in Definition 2.3 is satisfied. In order
to verify that p° satisfies item iii) in Definition 2.3 we first integrate (4.6) over [0, t].
Thus we have that

f(wf, ,)ds — t{po, Go) fj (%, (L+8,)G,) drds

J‘ J‘ gor,G)Vdrds—f J(p ,LG,)drds =0

for any function G € Ccl’°°([0, T1x (0,1)). Taking k¥ — 0, by weak convergence and
Lebesgue’s dominated convergence theorem we get from the previous equality that

J(ws, Vds — t(pg, Go) — ff (0%, (L+3)G,) — (p*>°,LG,)drds = 0.

Now, taking the derivative with respect to t in the previous equality we get that °
satisfies

(90?5(;{)_((100’(;0)_[ (QOS’(L—F@S)GS) ds—f (poo:]LGs>ds:0’ (48)
0 0

for all t € [0, T]. Then, item iii) with k = 0 in Definition 2.3 follows from (4.8), the
definition of p° and p*° |

Lemma 4.2. Let p, : [0,1] — [0,1] be a measurable function. Let p* be the weak
solution of (2.10) with initial condition p, and k = k. Then, p* converges strongly to p°
in L2(0,T;L?) as k goes to 0, where p° is the weak solution of (2.10) with & = 0 and
initial condition py,.

Proof Note that is enough to show that

t
f los —p{II? ds S 2K,
0

for all t € [0, T]. By Lemma 4.1 we know that p® = 5°° + ¢°. Then, last inequality is
equivalent to

t
f lloX — 217 ds S t3k. (4.9)
0

By subtracting (4.8) from (4.6) and calling 5’: = — cp? we obtain that

t

(6%,G,) —f (6%,(L+3,)G,)ds = —Kf (¢F, Gy, ds (4.10)
0

0
for any function G € Ccl’°°([0, T]1x(0,1)). Let {H}},>; be a sequence of functions
in CC1’°°([O, T] x (0,1)) converging to 6 as n — oo with respect to the norm of
L%*(0,T; 36%”2) and for n > 1, let G¥(s,u) = fst HX(r,u)dr. We claim that by plugging
G, into (4.10) and taking n — oo we get that

t 2 t t
f oyds =—KJ <<,0;<,J 5fdr> ds. (4.11)
0 5 0 s v

‘ 1
||5§||2ds +=
. 2

v/
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We leave the justification of the equality above to the end of the proof. Now, by using
successively the Cauchy-Schwarz’s inequality we have that

f ||5'<||2ds+— f ords f g Iy, f ordr| ds
0
t t t
Sk f xR, ds L f 5rdr

In the last inequality of the previous expression we used (4.2). By the triangular in-

2
ds.
Y/2

equality we have that % fot

2
f st o fdrH /zds is bounded from above by
Y

t t 2 t
J fo U ||6:||Y/zdr) dssJ f f ||5K||2/2drds<\J f (lxI? , + 00112, ) dr.

(4.13)

In the first inequality in the previous display we used the Cauchy-Schwarz’s inequality

and in the second inequality we used the Minkowski’s inequality and the inequality

(a+ b)? < 2(a®+ b?). Using (4.5) and (4.7), we get from (4.12) and (4.13) the result.
We conclude this proof justifying (4.11). Note that it is enough to show

t
) limJ (5%, (8,G%)(s, ) f 16%|12ds.
t
i) lim f (85, LG (s, s =— 5’<dsH
n—00 Y/2

t
iii) limJ. (¢*,G5(s,7), dszf <(pf,J. 6rdr> ds.
n—oo 0 1 0 s Vl

For i) we rewrite fot(('if,(ang)(s, -))ds as

t t t
—J (5§,H§(s,-))ds=—J (5§,H;;(s,-)—5;<)ds—f 16¥]1% ds.
0 0 0

Observe then that by the Cauchy-Schwarz’s inequality we have

T
f (5%, HY(s,)— &%) ds
0

T T
< f 6% 11> ds J IHx (s, ) —6¥*ds
0 0

which goes to 0 as n — 00 since HX — 6* in LZ(O,T;%Y/Z). For ii), since G, has
compact support included in (0, 1), we can use the integration by parts formula for the
regional fractional Laplacian (see Theorem 3.3 in [ 15]) which permits to write

f(5:,IL,G:f(s,-))ds f (5%, 62, )>
0 0 r/2

T
< f 65 IMIH (s,-) — 671l ds
0
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Then we have

J (57,626, )) B =f <5;<,f 5r’<dr>y ds+f (5%.Gx(s,)— J srdr ) s
0
:ff (65, 6%),2dsdr +J J (HK(r - 5K)dr> ds

0<s<r<t

ffo t]? K Y/z dsdr + J 7J‘ HK(r,')—Ef)dr>Y/2 ds

t
:EMO 55ds Y/2+ fo <55,£ (Hn(r,-)—ér)dr>r/2ds.

To conclude the proof of ii) it is sufficient to show that the term at the right hand side

of last expression vanishes as n goes to oo. This is a consequence of a successive use
of Cauchy-Schwarz’s inequalities:

t t t t
K H* N _ SK < K H* N\ _ SK
J:)<5s,£ () —67)dr) ds _JO e » f (H; ()= 8y)dr | ds
t t t
SJ oy n(r,-)—6% drdsgf oy n(r,-)—6% drds
/2 /2 0 /2 /2
t
H*(r,-)— &% dr
-(J,I=1.. )(L -]
\j JJ ‘HK(r )— 6’< dr — 0.
7/2 y/2 n—o0
(4.149)

To prove iii) we rewrite fot (X, Gr(s,))y,ds as

t t t t
f <<,0:,J (Hg(r,-)—é'f)dr> ds+f <cpf,f 5fdr> ds
0 s v 0 s v

and, to conclude the proof it is sufficient to show that the term at the left hand side of
last expression vanishes as n — oo. This is a consequence of a successive use of the
Cauchy-Schwarz’s inequality as in (4.14), with || - ||, replaced by || - ||, and Hardy’s
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inequality:
t t t t
J(@,J {HX(r,)—8%}dr ) ds sf o f(HZ(r-)—Ef)dr ds
0 s Vi 0 Vi s 4
t t t t
Sf N f H!(r,-)— 0% drdsSf @ f Hi(r,-)—06r|| drds
0 iiJs Vi 0 i Jo Vi
t t
= (J oy ds) (J HM(r,-)—0or dr)
0 " 0 Vi
2 t 2
<ey[ | [ex, @ f ey ar
0 Vi 0 Vi
t 2 t 2
<Ct f )go;‘ ds J ‘Hg(r,-)—5r’< dr — 0
0 v/2 0 v/2 n—00

where in the last inequality we used the fractional Hardy’s inequality (see (4.2)).
O

Lemma 4.3. Let p, : [0,1] — [0,1] be a measurable function. Consider the function
P =pP +(po—p™)e M. If g := py— p> € #7?, then

i) p® eL?0,T;#7?).
i) p°° is a weak solution of (2.12) with initial condition p,.

Proof For i) note that by using the inequality (a + b)? < 2a? + 2b? we get that

T T
2 59|12 -ty ||
L ||pf°||y/2dtS2T||Poo||y/z+2J:) lg>e™ " 2.

Since [|p*°||,/» < oo (see (4.1)) it is enough to prove that the term on the right hand

side of last expression is finite. Note that ||g°°e_“/1 is equal to

[x
/2

2
c M(u)eftvl(u)_ w(v)eftvl(v)
= (s $ ) dudv
2 J o

lu—v|r+l

dudv.

_ C_Y JJ (gm(u) (eftV1(u) — e*tvl(\/)) +(g%° W) — g% () e,tvl(v))z
2 (0,1}

|u_v|y+1

Using the fact that (a + b)? < 2a® +2b? and that |g° (u)| < 2 for any u € [0, 1] we get
that last expression is less than 8|le”*"1 ||)2//2 +2||g® ||)2,/2. Note that the term 8|le™"1 ||)2,/2
can be written as

u 2
—tV/(w)e~ Vi dy
4c, Jf (fv ! ) dudv
[0,1]2

|u — v|Y+1

dudv.

|u—v|r+l

(fu t (%r‘(w) — ﬁfr(w)) e_”/l(w)dw)2
o
[0,1]2
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Using again (a + b)? < 2a2+2b? and the fact that e™1™) < ¢~7* ™) for any w € [0,1],
we get that last expression is bounded from above by

(f;l %tr‘(w)e_”_(w)dw)2 (f: — tr+(W)e—tr+(W)dW)2
8cY ff +
[0,1

|u_v|y+1 |u_vly+1

Y (et M dw)?
=16c, J.f U, sertoe V) dudv.
[0,1]2

dudv

|u_v|y+l

In the last equality we used a symmetry argument. We can write last expression as

2r-1 2
2-2r fuwyfz(tr’(w)) T et (W)dw)
Ct 7 Jf dudv,
[0,1]?

|u_v|y+1

where C, = 16cy y Y . Since the function E, : [0, 00) — [0, 00) defined as E, (z) =
2y—1

z T e is bounded from above by E ( 7 = ) we can bound last expression from above
by
wr2dw
Ct v E2 2“)“ U. 1) dudv
[0,1]2 |u—v|T+
uY 1_v771 2
=C, t T Ez(z” Dy —2)2 ff 1) dudv,
[0,172 |u_ V|Y+
which is finite from (7.2) in the proof of Lemma 7.2 of [15]. Thus, we have that
2%y
8lle™™ 2, St 7. (4.15)
Therefore, if g € #7/? then we conclude that
’ ) Ty
L oI ,dt S TIBPI2), + Tllg™I, + fo ¢ 7 dt
2y
STUF®I, + TlIg® I3, +T 7

which is finite since y < 2.

For ii), since p° is the solution of (2.12) then it satisfies item ii) of Definition 2.6.
In order to see that p® satisfies item i) of Definition 2.6, note that using (a + b)? <
2a? + 2b? we have that

2
f f (a P (1)) +(/3 P2 W)’ )dudt
(1—wyr

~ 00 2 —~ 00 2 T
< ZTJ ((a_P (u)) + (/5 — P (u)) )du + ﬁJ. ”e—tVl ||‘2/1dt
0 0

ur (1—u)r ¢,

1 T
8
=2T(/3—a)2f (uV+(1—u)V)du+C—Yf lle= 12 de
0 Y JO

T
8

<27(B—a)PT + —Yf e de.
¢ Jo
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For the term on the right hand side of last expression we first see that we can extend
continuously the function et"* in such a way that it vanishes at 0 and at 1. There exists
a constant C, (see 4.2) such that the previous expression is bounded from above by

gycz (T
2?(/5—a)2T+Qf lle= "2 ,dt. (4.16)
¢ Jo ’
Thus, we obtain the desired result by using (4.15). O

Lemma 4.4. Let p, : [0,1] — [0,1] be a measurable function, such that py— p*° €
272, Furthermore, let p* and p°° be the weak solutions of (2.10) and (2.12), respec-
tively, and with the same initial condition p,. Let pf := p’;/K , forall t € [0,T]. Then p*

converges strongly to p® in L?(0, T; L?), as k goes to 00.

Proof. It is enough to show that
t t
J ||l5f—Ps°°||2dS=J 165 — o2 2ds S =, (4.17)
0 0 VK

for all t € [0, T] where ¢¥ = p¥ —5°° and ¢° = (py— p*°)e”"1. It is not difficult to
see that pf satisfies

t t t

1
(@::GS>V1dS_Ef <ﬁ::LGs>dS:0

((15;(: Gt) - (SOO’ GO) - J
’ (4.18)

0

(@f,ﬁsGs)dS+J

0

for all functions G € C*°([0, T] x (0,1)). Then, calling % := $* — ¢°° we have that

t

t t
n Ay ]_ A 1
(6%,G,) —f <5§,(—1L+ as) Gs> ds+f (6%,G,), = —f (pS°,G,)ypds  (4.19)
0 K 0 K)o
for any function G € CC1’°°([O, T]x(0,1)). Let {Flg}nzl, be a sequence of functions in
cl°([0,T1,(0,1)) converging to 5% with respect to the norm of L%(0, T; 3?%7/2). Now,

for n > 1 we define the test function G;f(s,u) = fst H;(r, u)dr. Plugging Gﬁ into (4.19)
and using a similar argument as in proof of Lemma 4.2 we get that
' 1
J 651> ds + —
0 2K

t 2 t 2 t t
N &K 1 =) N
J o.ds J oyds :;J <,oS ,J 5rdr> ds.
0 0 v, 0 s v/2
By neglecting terms we get that

/2
t t t t
AK 00 (12 K12 1 [ &K
f 16X —pI ds=f 1821 dss—f <ps f 5rdr> ds.
0 0 K Jo s /2

Then it is suffices to show that

+ =
2
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To do so, we start by using twice the Cauchy-Schwarz’s inequality we have that the
term at the left hand side of the previous expression is bounded from above by

1 t t t t t
;J o lly 2 J oydr f o2} ,ds f f oxdr
0 s 0 s

Since by hypothesis p, — 6 °° € #7/?> we know from item i) of Lemma 4.3 that p®°
L2(0, T; #7/?). Thus, from the latter and by the triangular inequality, the right hand
side in the previous expression can be bounded from above by a constant times

1 t t 2 1 t 2
- LU ||5f||y/2dr) ds s tUo ||6¢||y/2dr).

By using again the Cauchy-Schwarz’s inequality, the term on the right hand side in the
last expression is bounded from above by

1
\] fua'«umdr:;\ fnpx—pwnm

1
< =4[22 oo
<\ an 12, +llpel ,dr.

In the last inequality we used the Minkowski’s inequality and the fact that (a + b)? <
2a? + 2b%. Now, since fot ||p“f||)2,/2dr <« (this is due to item i) of Theorem 3.2 and a

change of variables) and p® € L2(0, T; #"/%) we can see that

2
ds.
Y/2

ds <
Y/2

Al

Jztz f 5512, + oI dr S < VRFTS =,

and we are done. O

4.1. Proof of item i) of Theorem 2.13. Recall p; defined in (4.4). Note that it is
enough to show (4.9) with || - || replaced with [ -|, /,. From (4.10) we obtain, for ¢ > 0,
that

t+e

t
<6t+g’ [+e>_(5,;:G[>_J‘ <6§:(L+85)Gs>ds Z_Kf (QDSK: G5>V1d5 (420)
t t
for any function G € Ccl’°°([0, T]x[0,1]). Let {H}},>; be a sequence of functions
in ¢*°([0,T],(0,1)) converging to 5% with respect to the norm of L*(0, T;%Y/z)
as n — 00. Now, for n > 1, we define the test function G};(u) = %f:ﬂ H}(r,u)dr.
Plugging Gy, into last equality and taking n — ©0, a similar argument to the one of the

proof of Lemma 4.2 allows to get
2 t+e 1 [
=Kj <<pf,—f 5fdr> ds.
/2 t €Je v

t+e 1 t+e
<5’;+8 Bf,f 5fdr>+e —j ordr
€ t € t

Y
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Integrating last equality over [0, ] we get:

fl t+e t ptte 1 t+e
ef —f ordr :KJJ <cps’(,—f 5fdr> dsdt

o ||€J¢ o Je € J¢ v

1 f t+e
——f < f+€—5f,f 6fdr>dt. (4.21)
€ Jo ¢

Now we use the Cauchy-Schwarz’s inequality, Hardy’s inequality and (4.5) to get that

t ptte 1 t+e t ptte 1 t+e

Kff <<p:,—f 6fdr> dsdtstf [ —f s5dr| dsde

0 Jt € )¢ v 0 Jt € J; o
\Uf X112, dsdt ff 5¢dr dsdt

/2
t+e
SkeVi f —f 55dr dt.
€
0 t /2
(4.22)

Let us estimate the second term on the right hand side (4.21). First note that by chang-
ing variables we have that

1 t t+e
—;J < f+s—5’;,f 5'<dr> ff (5%,5%) drdt——ff 5,65 drdt
0 t
1 1 f+e
=—ff (5f,5f)dtdr——f f (6%,6%)drdt
€ 0 r € £ t—e

(4.23)

The term % fo fr+£ (6F,8%)dtdr can be split as

1 €
—UJ (6%,5%) dtdr+ff (6%,6%) dtdr+fj (6%,5%) dtdr)
€ 0 r

By Fubini’s theorem, we have that the term % f:ﬂ f;_g (6F,8%)drdt which appears in
(4.23) is equal to

e pr+
U f (6%,6%) dtdr+f f (6%,6%) dtdr+f f (5%,5%) dtdr)
0 €

™ | =
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Therefore we can write the second term on the right hand side of (4.21) as

——f J 5K 5K dtdr+ — J J 5K 5K dtdr
f f lorlllloxlldtdr + — f f lorllloxldedr
(f ||5K|dt) (J ||5K|dt)

3

t+e
SJ ||5’:||2dt+f ||5t'(||2dt.

3 0

where in the inequalities above we used the Cauchy-Schwarz’s inequality. Then, using
(4.22) and (4.24) in (4.21) we obtain that
t+e
1
- J oxdr dt
€
t 7/2 (4.25)

t t+e
1
- okdr
o ||€Je '
t+e €
1 K12 1 K12
+ - [|6%]|°dt + = [|6%||°dt.
e |, t € t
3 0

Taking ¢ — 0, using Lebesgue’s differentiation theorem (see Theorem 1.351in[21]) and
the fact that 67 = 0 (since the initial condition for p* and 00 is the same) we get that

f ||5'<||2/2dt<1<\/_\f I8¥112 ,d e + 1155117,

forall f € [0, T]. Integrating last inequality over [0, T ] and using the Cauchy-Schwarz’s
inequality and using (4.9) we conclude that

T pt T pt
[ [(iosasrsary [ [ nsesnrs, w20

in the last inequality we have used (4.9). Then, by a simple computation we have that

T (f
j f ||5f||§/2dtdf <SKT? (4.27)
o Jo

By Fubini’s theorem, we get that

T/2
T
ffn&xnr/zdtdt_f (T - t)||5’(||y/2dt2§f 15¥12,, dt (4.28)
0

The result now follows from (4.27) and (4.28).

(4.24)

™ | =

2 2

i
dt §K\/% J

0

Y/2

O

4.2. Proof of item ii) of Theorem 2.13. Recall ¢} and ¢;° defined in Lemma 4.4. It
is enough to show (4.17) with || - || replaced with || - ||y, :

T
1
AK oo 12
JO loF —o; IIVIdtSﬁ. (4.29)
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From (4.19), we obtain, for £ > 0, that

t+e

A A A 1
<6f+e,cf+e>—<5f,cf>—f (6r.(~L+2)c) ds

t

t+e 1 t+e
+J (0F,Gy)y, ds = EJ (07, Gs)yp2ds  (4.30)
t t

for any function G € CC1’°°([O, T]x[0,1]). Let {H,’f}n21 be a sequence of functions
in Ccl’°°([0, T1,(0,1)) converging to 5% with respect to the norm of L2(0, T; %6”2) as
:+£ H:(r, u)dr.
Plugging G’g into (4.30) and taking n — 00, a similar argument to the one of the proof

of Lemma 4.2 allows to get
t+e
1 A
- f ordr
£ t

1 t+e e
E<5’;+8—5f,£ 5fdr>+;
/2
2

1 [ 1 [ 1 [t
—f oydr :—f <ps°°,—f 5fdr> ds. (4.31)
& K £

t v t t /2

N

£ 2 ~
1 ft+ 5fdr|| ) in (4.31) and then integrating over [0, t]
r/2

eJe

2 1 t ptte 1 t+e
dtS—J. f <ps°°,—J Sfdr> dsdt
v, KJo Jt € J¢ y/2
1 3 . . t+e .
_EL <6’;+€—5’;,£ 5§dr>dt. (4.32)

Now we use twice the Cauchy-Schwarz’s inequality in order to get that the first term
on the right hand side in the previous expression is bounded from above by

t ptte t+e
1 w2 .
- - od
KLJ 1051 J{ rdr

n — o0o. Now, for n > 1 we define the test functions ég(u) = % f

2

+¢

. €
By neglecting the term —
K

we get that

f t+e
1 ~
ef —f ordr
o [|€J¢

dsdt

/2
1 t ptte t ptte 1 t+e 2
SE f f ||psoo||$/2dsdt J J ;J oxdr dsdt (4.33)
0 t 0 t t
/2
1/5 3 t+e 3 1 t+e 2
<= J J lpeell?,dsdt J -J bedr||  de.
K 1/2 £ r
0 t 0 t ,)//2

By a similar argument as the one in the proof of item i) of Theorem 2.13 we have that
the second term on the right hand side in (4.32) is bounded from above by

1 t+e 1 e
- J 185 1Pde + = f [EARTS (4.34)
€ Js €

t 0
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Therefore, by using (4.33) and (4.34) in (4.32) we get that

t 1 t+ t
f —f 5Kdr dt<—J f ||ps‘>°lly/2dsdtf
o ||€Jt 0
1
+—f |I5K|| dt+ — f |I5K|| dt.
€ Ji

Taking € — 0, using Lebesgue’s differentiation theorem (see Theorem 1.35in[21]) and
the fact that 67 = 0 we get that

t
f ||5'<||2dr<—w ||p°°||y/2drw IBEI2 ,d e + 11871,
0

for all f € [0, T]. Integrating the previous expression over [0, T ] and using the Cauchy-
Schwarz’s inequality we get that

T t T
f f ||5K||2dtdt<—Jf f log°112, dtdf\U ||3';||§/2dtdf+f 165 |1*dE
0 0
= s deai+ -
NK\ /2 ,‘/_

1 ’ 1
<=1\ 2T + || dt + —,
K\ fo lo IIY/2 llog IIY/2 NG

1 1
S;\/(K+2)+ﬁ-

2
dt
Y/2

t+e
1 N
- f oxdr
€ t

(4.35)

(4.36)

In the second inequality above we used the fact that p> € L3(0, T; 5£7/2) (see item i)
of Lemma 4.3) and (4.29), while in the third inequality of we used Minkoski’s inequality
and the fact that (a + b)? < 2a? + 2b2. And finally, the last inequality of (4.36) is true
since p®° € L2(0, T; #"/?) and item i) of Theorem 3.2.

Then, by a simple computation we have that

f f ||5’<||2 dtdt S —. (4.37)

By Fubini’s theorem, we have that

T pf T T T/2
f J ||5f||‘2/1dtdf=f (T—t)||5';||§ldtz—f I18¥112 dt. (4.38)
0 0 0 2 0

The result now follows from (4.37) and (4.38).

ﬂl
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5. PROOF OF THEOREM 2.15

In this section we prove items i) and ii) of Theorem 2.15. Now we are interested in
analyzing the convergence of the stationary solution p* as k — 0 and k — oo. From
Definition 2.9, for k > 0, and for p* = p* — 5 °° we have that ¢* 3%’//2 and

(35, —LG) + Kk (3", G)y, =I5 (G), 5.1)

for any test function G of compact support included in (0, 1). Above I : 3?{/ 25 Ris
a linear form defined by I5(G) = (6°°,LG). Moreover, this linear form is continuous.
Indeed, using integration by parts given in Proposition 3.3 in [ 15] we have that

1
1500 (G)| = f P (WLG(u)du
0

_
2

f f (P —=p=MNGCW—-GM) , (5.2)
[0,1]

[u—v|r+l
<=l /2lIGll, 2 < 0.
Above we used the Cauchy-Schwarz’s inequality and the fact that [|0°°||, , is finite (see

(4.1)). Therefore, |1, (G)| S ||G||%0y/z.

Then it is enough to analyze the behavior of ¢*. We claim that we can take G = ¢*
in (5.1). The justification is postponed to the end of the proof. Whence, from (5.2) we
have that

IGXII2 5+ KIG*IE, = 1500 () SNG" Iy /2, (5.3)
from where we conclude that ||¢*||,/, < 00. Plugging this back into (5.3) we get that
¥l 5 — (5.4

1% Vi~ ‘/? .

Now, note that ¢° € %g/z satisfies (¢°, —LG) = I ;e (G), for any function G € C*°((0, 1)).
Then ¢~ — ¢° satisfies

(¢" =% —LG) +x(3",G)y, =0,
for any function G € C>°((0,1)). We claim that we can take G = @*—@ in the previous

equality. The proof is analogous to the one done at the end of this section. Thus, we
get that

16" = @°l17 5 =1 (", 0° — &" )y, <kllG Ny, 16" = G°lly,.-
From (5.4) and fractional Hardy’s inequality given in (4.2) we have that
16" = @°117 5 S VEllg* = &°lly, S Vxllg" —@°lly o,

from where we conclude that [|¢* —¢°|,/» S v/x. Then @* converges to ¢°, as k — 0
in the [ - ||/, norm. So far we proved item i).

Remark 5.1. From fractional Hardy’s inequality (see 4.2) the convergence is also true in
L‘z,1 and since

6% — @°lly, = Vi($Nle" —&°ll

we conclude that the convergence also holds in L2.
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For item ii), by (5.4) we get that ||¢*||,, — 0 and so [|¢*|| — 0 as k — co.

We conclude this proof by showing that we can take G = ¢* in (5.1). Indeed, since
C>((0,1)) is dense in ji%ﬂ 2 there exists a sequence {H *}ns11n C°((0, 1)) converging
to p*, i.e, [[Hy —¢"|l,/» — 0 as n — co. Observe that as a result of the latter and (4.2)
we also have [|[H, — ¢*||y, — 0 as n — oco. Using the Cauchy-Schwarz’s inequality we
have that

(0", Hy — ")y 2 < 110"l 2l Hy — Gl 2,
(¢", Hy —¢")y, < lo"lly, IIH; — ¢"llv,»
Lo (HY = @) < 5= Nl 2 lHy — 2"l 25
all going to 0 as n — o0. Thus, we can rewrite (5.1) as
(¢",—L@") +(p", —L(Hy —¢")) + k((¢", 6" )y, + (6", Hy — ¢")y,)
=150 (@) + I5eo (HY — @¥).
Now it is enough to take n — oo.

6. UNIQUENESS OF WEAK SOLUTIONS

In this section we prove Lemmas 2.8 and 2.11. For Lemma 2.8, we only focus in the
proof of the uniqueness for the weak solutions of (2.10) for Kk = k > 0. The proof of
the uniqueness of the weak solutions of (2.10) for k = 0 and (2.12) is analogous, the
difference is that only the first two items in Lemma 6.1 below are required. Finally, in
Subsection 6.2 we prove Lemma 2.11.

6.1. Proof of Lemma 2.15. Let p*! and p*? two weak solutions of (2.10) with the
same initial condition and let us denote p* = p*:* — p*2. For almost every t € [0, T],
we identify 57 with its continuous representation on [0, 1]. Therefore, by Remark 2.4

we have g¥(0) = g¥(1) = 0. Since %;)7/ % is equal to the set of functions in J#7/2
vanishing at 0 and 1 we have that 5 € %g/ *fora.e. time t € [0, T] and, in fact, g* €

L%(0,T; %g/z). Moreover, for any t € [0, T] and all functions G € CC1’°°([O, T]1x(0,1))
we have

t t
(Br,G) —f (pr.(a+L)G, ) ds+ KJ (5%,G,),, ds=o0. 6.1)
0 0

Note that, it is easy to show that C*°([0,T] x (0,1)) is dense in L*(0, T;Jﬁjﬂz).
Let {H!},>; be a sequence of functions in CCL°°([0, T1]x(0,1)) converging to p* with
respect to the norm of L2(0, T; 3%1/ 2) asn — oo. Forn > 1, we define the test functions
Vt € [0,T], Vu € [0,1], G(t,u) = LT H}(s,u)ds. Plugging G into (6.1) and
letting n — oo we conclude by Lemma 6.1 below that

T 1 T T
J 155 1Pds + | f prds J prds
0 0 0

Recall that (-,-)y, (resp. [|[ly,) is the scalar product (resp. the norm) corresponding to
the Hilbert space L3, .

Then, it follows that for almost every time s € [0, T ] the continuous function g} is
equal to 0 and we conclude the uniqueness of the weak solutions to (2.10).

2
=0. (6.2)

2

2 K
i
y/2 2
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Lemma 6.1. Let {G}},>, be defined as above. We have
T T

D lim f (B2, (3,GY)(s, V) ds = — f TARD
O Or

1

i) nlirgofo (;3;<,JLG;;(5,.))als:_5 L prds
T 1 T

i) nlirgofo <p~f,G§(s,.)>Vlds=§HJ; prds

Proof. The proof of this lemma is quite similar to the proof of items i), ii) and iii) in the
proof of Lemma 4.2. For that reason we just sketch the main steps of the proof and we
leave the details to the reader. For i) we have that

T T
—f (p¥,(8,G%)(s,))ds = f
0

0
and by the Cauchy-Schwarz inequality,
T T T
f (py, HEGs, ) — pr)ds| < J f 15512 ds J f IHs(s, )= prlids  (64)
0 0 0
which goes to 0 as n — 00.

For ii), we first use the integration by parts formula for the regional fractional Lapla-
cian (see Theorem 3.3 in [15]) to get

T T
fo (p*,LGX(s,))ds = —fo (pr.GxGs.) >Y/2 ds,

and as in ii) in the proof of Lemma 4.2 we have that

T 1 T 5 T T
JO (6r.636) ,ds = H L prs|| + fo (p: f (H3(e, )= pt)de) ,ds.
Now, note that the term on the right hand side of last expression vanishes as n — oo
as a consequence of a successive use of Cauchy-Schwarz’s inequalities. The proof of iii)
is similar to the proof of ii) by using the fractional Hardy’s inequality (see (4.2)) and
since C*°((0, 1)) is dense in Hg/z we have that any g € Hg/z is also in the space Lal and
that (4.2) remains valid for g. In particular, we have that the right hand side of iii) is

finite. We have
T 1 T ! !
[ (o) as=g] | aral + [ o G -star), as
0 0 ' 0
s (6.5)

To conclude the proof of iii) it is sufficient to prove that the term on the right hand side
of last expression vanishes as n — oo. But this is a consequence of a successive use of
the Cauchy-Schwarz inequalities and Hardy’s inequality, from which we get

T T
L (,;J (Hy(e )~ pr)de ), ds

SCT\W j/zds\m

2

v/2

< 0Q.

2
2

T
(ﬁ:,H:f(s,-)—ﬁﬂds%—f 16X 117ds, (6.3)
0

2

dt —— 0.
n—.oo

2
AK Hx t,:)— HK
Py n( ) Pt 2
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The proof of the uniqueness of the weak solutions of (2.10) for k = 0 is analogous,
the difference is that only the first two items in Lemma 6.1 above are required. The
uniqueness of the weak solutions of (2.12) is analogous as well, in this case only items
i) and iii) in Lemma 6.1 above are required.

O

6.2. Proof of Lemma 2.11. Recall (5.1). As we will see below, by Lax-Milgram’s The-
orem (see [6]), there exists a unique function ¢* € 3%6” % which is solution of (5.1).
Then, it is not difficult to see that p* := ¢* + p*° is the desired weak solution of
(2.14). For that purpose, let a* : 3%7/ % x 3%7/ %> - R be the bilinear form defined, for
G,Fe %g/ 2 as

a"(F,G) = (F,G), /5 + R(F,G)y,. (6.6)
From Lax-Milgram Theorem, in order to conclude the existence and uniqueness it is
enough to prove that a* is coercive and continuous. For k > 0, we can easily see that

a*(G,6) = min{1,&V,()} (IGI2, + IGII?) = min{1, RV, (DHIGIP ...
0

For & = 0, since on %‘g the norms || - ||/, and [ - || +/2 are equivalent we have that

a’(G,G)=[IGII7 ,  NIGIF,..
Therefore a* is coercive for & > 0. Moreover, by using the Cauchy-Schwarz’s inequality
we obtain that

|a*(F, G| < IIF Il j2lIGlly j2 + RUIF NIy, IGlv,)-

From the fractional Hardy’s inequality (see (4.2)) we have that
la*(F,G)| S &+ DUIFI, 12lIGIl, 2)

and since on %g/ % the norms l-1l,/2 and || - || /2 are equivalent, we conclude that the
bilinear form a* is continuous for & > 0. This end the proof.
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APPENDIX A. COMPUTATIONS INVOLVING THE GENERATOR

Lemma A.1. For any x # y € Ay, we have
0 Ly(neny) =0 Lyny +n, Ly, —p(y —x)(n, — 1),
ll) LIr\T(T’Xny) = nijr\[ny + nyL]’;]nx:

i) Ly (nymy) =0 Lymy +ny L.

Proof. For i) we have, by definition of L]%, that

1 . .
L) =5 D, pG=0)[(@ )@ n), —n,m, ]

X,yEAy

1 o o
ZE Z p(.)_, - )Z') [((O-x’yn)xny - nxny) + ((O-X’yn)ynx - nxny)""

X, yEAN

+Ha ) (0™ m), — (@™ )y — (@ )y + 1.y ]

1 o o
="7ng;le + nyL](\)[nx + E Z p(.)_/ _i‘) I:(O'x’yn)x - nx] I:(O-X)yn)y _n_y]

%.yE€Ay
=n,Lyn, +n,Lyn, —p(y —x)(n, —n,)%

In order to prove ii), note that [(a’_‘n)x —nx] [(a’?n)y —ny] is equal to zero, for all
X € Z. Thus, by definition of L}, we have that

L) = >, pF—2)[n:1—p)+A—n)BI[(c*n)(c"n), —n.n, ]

XEAy,J=N
=M Lyny, +ny Lyt
>0 b =21 =)+ A —n)BI[(eFn). —n.][(0%n), —n,]

XE€Ay, 72N
=N Lyny +nyLyn,.

The proof of the third expression is analogous. (I
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