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A MICROSCOPIC MODEL FOR A ONE PARAMETER CLASS OF FRACTIONAL
LAPLACIANS WITH DIRICHLET BOUNDARY CONDITIONS

C.BERNARDIN, PR GONCALVES, AND B. JIMENEZ OVIEDO

ABSTRACT. We prove the hydrodynamic limit for the symmetric exclusion process with
long jumps given by a mean zero probability transition rate with infinite variance and
in contact with infinitely many reservoirs with density a at the left of the system and
B at the right of the system. The strength of the reservoirs is ruled by xN~% > 0.
Here N is the size of the system, k > 0 and 6 € R. Our results are valid for 8 < 0.
For & = 0, we obtain a collection of fractional reaction-diffusion equations indexed by
the parameter x and with Dirichlet boundary conditions. Their solutions also depend
on k. For 6 < 0, the hydrodynamic equation corresponds to a reaction equation with
Dirichlet boundary conditions. The case 6 > 0 is still open. For that reason we also
analyze the convergence of the unique weak solution of the equation in the case 6 =0
when we send the parameter x to zero. Indeed, we conjecture that the limiting profile
when k — 0 is the one that we should obtain when taking small values of 6 > 0.

1. INTRODUCTION

Normal (diffusive) transport phenomena are described by standard random walk
models. Anomalous transport, in particular transport phenomena giving rise to su-
perdiffusion, are nowadays encapsulated in the Lévy flights or Lévy walks framework
[7, 6] and appear in physics, finance, biology ... The term "Lévy flight" was coined
by Mandelbrot and is nothing but a random walk in which the step-lengths have a
probability distribution that is heavy tailed. A (one-dimensional) Lévy walker moves
with a constant velocity v for a heavy-tailed random time 7 on a distance x = v7 in
either direction with equal probability and then chooses a new direction and moves
again. One then easily shows that for Lévy flights or Lévy walks, the space-time scaling
limit P(x,t) of the probability distribution of the particle position x(t) is solution of
the fractional diffusion equation

9,P = —c(—A)?p (1.1

where c is a constant and y € (1, 2). In physics, the description of anomalous transport
phenomena by Lévy walks instead of Lévy flights is sometimes preferred despite the
two models have the same scaling limit form provided by (1.1) because the first ones
have a finite propagation of speed (see [6] for more details).

While Lévy walks and Lévy flights are today well known and popular models to
describe superdiffusion in infinite systems in various application fields, there has been
recently several physical studies pointing out that it would be desirable to have a better
understanding of Lévy walks in bounded domains. For bounded domains, boundary
conditions and exchange with reservoirs or environment have to be taken into account.

Date: March 1, 2018.
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A particular interest for this problem is related to the description of anomalous diffu-
sion of energy in low-dimensional lattices [8, 17] in contact with reservoirs [9, 10, 18].
It is for example argued in [ 18] that the density profiles of Lévy walkers in a finite box
with absorbtion-reflection-creation well reproduces the temperature profile of some
chains of harmonic oscillators with conservative momentum-energy noise and ther-
mostat boundaries. It is well established that superdiffusive systems are much more
sensitive to the reservoirs and boundaries than diffusive systems but quantitative in-
formations, like the form of the singularities of the profiles at the boundaries, are still
missing.

In this work, motivated by these studies, we propose a simple interacting particle
system which may be considered as a substitute to Lévy flights in bounded domains
with reservoirs when Lévy flights are moreover interacting. Indeed, the previous stud-
ies consider only non-interacting cases. The system considered here is composed of
interacting Lévy flights on a one-dimensional lattice. More exactly, the system is an
exclusion process on a finite lattice of size N with jumps having a distribution in the
form p(z) ~ |z|~(*1), 1 < y < 2, and which in contact with some reservoirs at density
a (resp. ) at its left (resp. right boundary). The reservoirs coupling is modulated by
a prefactor kN =%, k > 0, 6 € R. In this work we focus on the case 8 < 0 and the case
6 > 0 remains open.

Our main result is the derivation of the hydrodynamic limit for the density of parti-
cles for this system. The limiting PDE depends ' on the value of x and takes the form
of a fractional heat equation with a singular reaction term, see (2.10). The singular
reaction term fixes the density on the left to be a and on the right to be 3. In our opin-
ion this singular reaction term, which is due to the presence of the reservoirs, should
be more considered as a boundary condition than as a reaction term. We obtain in
this way a new family of regional fractional Laplacians on [0, 1] with zero Dirichlet
boundary conditions indexed by k and taking the form

L,=L-xV;, Vi(W=cy 'w’+1-u)), (1.2)

where c, is a constant depending on y. These operators are symmetric non-positive
when restricted to the set of smooth functions compactly supported in (0,1). For x =1,
we recover the so-called restricted fractional Laplacian while in the limit k — 0 we get
the so-called regional fractional Laplacian. We recall that since the fractional Laplacian
is a non-local operator, the definition of a fractional Laplacian with Dirichlet boundary
conditions is not obvious from a modeling point of view. In the PDE’s literature several
candidates have been proposed, for instance, "restricted fractional Laplacian", "spec-
tral fractional Laplacian", "Neumann Fractional Laplacian " [1, 21], but often with-
out a clear physical interpretation. A probabilistic interpretation of these operators is
sometimes possible and may enlighten their meaning. The restricted fractional Lapla-
cian (k = 1) corresponds to the generator of a y-Lévy stable process killed outside of
(0, 1), while the regional fractional Laplacian (k = 0) corresponds to the generator of
a censored y-Lévy stable process on (0,1) [4, 14]. For k # 0,1 we could rely on the
Feynman-Kac formula but we do not pursue this issue here. As mentioned above our
reservoirs are regulated by the parameters kN %, k¥ > 0 and in this work we focus on
the case 6 < 0. The case 6 > 0 is quite interesting and we conjecture that for small
values of 8 > 0 it is given by (2.10) for the choice x = 0. To support this conjecture, in

In the diffusive case y > 2 the limiting PDE is given by the heat equation with Dirichlet boundary conditions
[3]. It does nod depend of .



Theorem 2.13, we analyse the convergence of the profile that we obtained for 6 = 0
and which is indexed in k, when ¥ — 0 (we also analyse the case k — oo confirm-
ing the behaviour obtained from the microscopic system when 6 < 0) and indeed, we
obtain that the limiting profiles are weak solution of the conjectured equation. We
remark that the main problem in analysing the behavior of the microscopic system in
this case is at the level of the derivation of the Dirichlet boundary conditions, since
the two-blocks estimate does not work. We leave this open problem for a future work.
After having obtained the hydrodynamic limits, we have studied their stationary solu-
tions p*, which are not explicit apart from the case k = 1 and the case k = o0, i.e.
p%®° = lim,_,, p*. These profiles coincide with the profiles of the microscopic system
in their non-equilibrium stationary states (see [2] for the k = 1 case). The bounded
continuous function p* has a and 8 as boundary conditions and is such that it solves
in a distributional sense the equation

L.p" =—xVy, Vo) =c,y (au"+p(1—-w)™). (1.3)

There are many recent studies focusing on the regularization properties of fractional
operators in bounded domains. Even in this one dimensional setup, the question is in
general non trivial. For k = 1, p* can be computed explicitly and it appears that it
is smooth in the interior of [0, 1] but has only Holder regularity equal to y/2 at the
boundaries. For x # 1, it should be possible to prove the interior regularity of p* by
some existing methods ([20]) but the boundary regularity that numerical simulations
seem to indicate to depend on k is much more challenging and seems to be open. We
prove that as k — 0, 5* — 5° in a suitable topology and that 5° is a weakly harmonic
function of the regional fractional Laplacian L, i.e. we can take k = 0 in (1.3). We
left these interesting questions for future works.

The paper is organized as follows. In Section 2 we introduce the model and we
present all the PDE’s that will be related to its hydrodynamic limit. We also present
the main results of this work, namely the hydrodynamic limit stated in Theorem 2.12,
the convergence, when x — 0 and when x — o0, of the hydrodynamical profile in
Theorem 2.13 and of the stationary profile in Theorem 2.15. Section 3 is devoted to
the proof of Theorem 2.12 while Sections 4 and 5 are dedicated, respectively, to the
convergence of the hydrodynamical profile and of the stationary profile. Finally, in
Section 6 we prove the uniqueness of all the weak solutions that we consider in this
work.

2. STATEMENT OF RESULTS

2.1. The model. For N > 2 let Ay = {1,...,N — 1}. The boundary driven exclusion
process with long jumps is a Markov process that we denote by {n(t)},>, with state
space Qy := {0,1}"*" and is defined as follows. The configurations of the state space
Qy are denoted by 7, so that for x € Ay, 1, = 0 means that the site x is vacant while
1, = 1 means that the site x is occupied. Fix v € (1,2). Let p : Z — [0,1] be a
translation invariant transition probability defined by

Hé
{z#0}
p(z)=c, |Z|§+1 (2.1)

where c, is a normalizing constant. Since y € (1,2), we know that p has infinite
variance but finite mean.

Fix 0 < a < 8 < 1. We consider the process in contact with infinitely many sto-
chastic reservoirs with density a at all the negative integer sites and with density f at
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all the integer sites z > N. The intensity of the reservoirs is regulated by a parameter
kN ~% where k > 0 and 6 <0.
The process is characterized by its infinitesimal generator

Ly=L%+xN7LL +xN7OLL, (2.2)
which acts on functions f : Qy — R as

1

LN =5 Y plx=y)fF(@™n) = f(n)],
X,YEAN

(e =D plx = yee(n; @)L f (o) — f(n)],

= (2.3)

y=0

(LM =, plx = ¥)ex(n; BILf (0*n) — £ ()]

XEAN
y=N
where
, if X, ¥, .
. e Z2F X,y ) ., ifzdx,
(e m),=4n,, ifz=x, , (oc'n)= .
. 1—-1n,, ifz=x,
Ny fz=Yy
and for a function ¢ : [0,1] — R and for x € Ay we used the notation
(s 9() = [ (1= 9(2)) + (1 =n)e(2)] - (2.4)
We consider the Markov process speeded up in the subdiffusive time scale tO(N)
and we use the notation 0¥ := n(t®(N)), so that n) has infinitesimal generator

O(N)Ly. Although njtv depends on a, f 0 and x, we shall omit these indexes in
order to simplify notation.

2.2. Hydrodynamic equations. From now on up to the rest of this article we fix a
finite time horizon [0, T]. To properly state the hydrodynamic limit, we need to intro-
duce some notations and definitions, which we present as follows: first we abbreviate
the Hilbert space L([0,1],h(u)du) by L? and we denote its inner product by (-,-),
and the corresponding norm by || - ||,. When h = 1 we simply write L2, (-,-) and || - ||.
For an interval I in R and integers m and n, we denote by C™"([0,T] x I) the set
of functions defined on [0, T] x I that are m times differentiable on the first variable
and n times differentiable on the second variable. We denote by C°(I) the set of all
smooth real-valued functions defined in I with compact support included in I. The
supremum norm is denoted by || - ||,. We also consider the set Ccl’oo([O, T] x I) of
functions G € CH*®([0, T] x I) such that G(t,-) € CX(I) forall t € [0, T]. An index on
a function will always denote a variable, not a derivative. For example, G,(u) means
G(t,u). The derivative of G € C™"([0, T] x I) will be denoted by J,G (first variable)
and J,G (second variable).

The fractional Laplacian —(—A)"/? of exponent /2 is defined on the set of functions

G : R — R such that “
|G(u)] i 2.5)
m—(1+|u|)1” u< oo .

by
. o0 G(v)—G(u)
_ (_A)Y/ZG (u) = CY lll')r(l)f H‘|u—V|Z€ W

—0o0

(2.6)
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provided the limit exists (which is the case, for example, if G is in the Schwartz space)
and where c, is set in (2.1). Up to a multiplicative constant, —(=A)"/? is the generator
of a y-Lévy stable process.

We define the operator L by its action on functions G € C*((0, 1)), by

(! G(v) - G(u)
Vue(0,1), (LG)(u)= Cy llir(l) . Hélu—v\Zs W v

The operator L is called the regional fractional Laplacian on (0,1). The semi inner-
product (-,-),, is defined on the set C*((0,1)) by

c (H(u) —H)(G(u) - G(v))
(G,H), = —Yff o dudy. 2.7)
2 ) Jioap lu—v|
The corresponding semi-norm is denoted by || - [|,/,. Observe that for any G,H €

C>((0,1)) we have that
<G; _LH) = <_ILG: H) = <G: H)y/Z’
Recall (1.2). We introduced a family of operators indexed by x and taking the form
]LK. =L- KVl .

Acting on C°((0, 1)) these operators are symmetric and non-positive. For k = 1, we
recover the so-called restricted fractional Laplacian (see [21]):

Yue(0,1), —(—=A)"2Gu)=(LG)(u) - Vi(W)G(u) := (L,G)(w), (2.8)

while in the limit ¥ — O we get the regional fractional Laplacian.
We rewrite V(1) = r~(u)+r*(u) and Vy(u) = ar~(u)+ Br+(u) where the functions
r%:(0,1) — (0,00) are defined by

r=cry u, rrW=cy'Q-w7. (2.9)
Definition 2.1. The Sobolev space 77/ := s#7/2([0,1]) consists of all square integrable

functions g : (0,1) — R such that ||g||,/» < oo. This is a Hilbert space for the norm
Il - l sprr2 defined by

g1,z == lgl® + gl -
Its elements elements coincide a.e. with continuous functions. The completion of C2°((0,1))
for this norm is denoted by 3200” 2= %’{/ %([0,1]). This is a Hilbert space whose elements
coincide a.e. with continuous functions vanishing at 0 and 1. On 32‘6” % the two norms
Il || sr2 and || - ||,/ are equivalent.
The space L%(0, T; #7/2) is the set of measurable functions f : [0, T] — 57/ such
that

T
f 112, dt < oo.
0

The spaces L*(0,T; %ﬂz) and L%(0, T; L,%) are defined similarly.

We now extend the definition of the regional fractional Laplacian on (0, 1), which
has been defined on C*®((0, 1)), to the space s#7/2.

Definition 2.2. For p € #"/? we define the distribution Lp by
(Lp,G) = (p,LG), G eC>((0,1))
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Let us check that Lp is indeed a well defined distribution. Consider a sequence
{Gp}n>1 € C((0,1)) converging to 0 in the usual topology of the test functions. By
the integration by parts formula for the regional fractional Laplacian (see Theorem 3.3
in [14]) we have for any p € #"/? that (Lp, G,) = {p, Gp)y/2- Now using the Cauchy-
Schwarz’s inequality and the mean value Theorem, we get that (Lp, G,) is bounded
from above by a constant times

ol 211Gl 2 S llelly21IGHIIE, ff lu—v|'""dudvy

(0,112

which goes to 0 as n — oo since y € (1,2). Therefore Lp is a well defined distribution.

Above (and hereinafter) we write f(u) < g(u) if there exists a constant C indepen-
dent of u such that f(u) < Cg(u) for every u. We will also write f (u) = O(g(w)) if the
condition |f (u)| < |g(u)] is satisfied. Sometimes, in order to stress the dependence of
a constant C on some parameter a, we write C(a).

2.3. Hydrodynamic equations. Now, for the following definitions recall the defini-
tion of IL,. given in (1.2) and V;, from (1.3).

Definition 2.3. Let & > 0 be some parameter and let g : [0,1] — [0,1] be a mea-
surable function. We say that p* : [0,T] x [0,1] — [0,1] is a weak solution of the
non-homogeneous regional fractional reaction-diffusion equation with Dirichlet bound-
ary conditions given by

dpf(w) = Lepf(w) +&Vo(w), (t,u)€[0,T]x(0,1),
pf@=a, pf(1)=p4, te[0,T], (2.10)
pi(w)=g), ue(0,1),

if :
) p” GLZ(O T; 527/2).
a— u 2 - Rll 2 ~ - o
i) [, fo {er 4 PP gy ar < oo for & > 0; p(0) = o, pF(1) = B for
almost every t € [0,T], fork =0.
iii) For all t € [0, T] and all functions G € CC1’°°([0, T1 % (0,1)) we have that

t t

FDir(t’pR’G:g) = <pf:Gt>_<g:G0>_J <p§: (55+L1%)Gs>ds_kf <Gs:V0> dS=0
0 0

(2.11)

Remark 2.4. Note that item ii) is different for & > 0 and & = 0. We can see that the
condition for k = 0 is weaker than the condition for & > 0. In fact, item i) and item ii) for
K > 0 of the previous definition imply that p’f(O) = a and p’f(l) = B, for almost every
t in [0, T]. Indeed, first note that by item i) we know that p, is %-Hﬁlderfor almost
every t in [0, T] (see Theorem 8.2 of [13] ). Then, we note that

I3 2 T 1 I3 02
f i), _ f _— f CAORI
0 & €

By summing and subtracting pf (u) inside the square in the expression on the right hand
side in the previous equality and using the inequality (a + b)? < 2a? + 2b? we get that



the right hand side of the previous equality is bounded from above by
() Ry 2 R(u a 2
zf %rlf(ﬂ()p())dm+zf mylf(p(> ¢
£

Since p, is %I-H()'lder for almost every t in [0, T] the term on the left hand side in

the previous expression vanishes. Now, the term on the right hand side in the previous
expression is bounded from above by

T prl I3 N2
21limer! f f Mdudt
£—0 o Jo uvr

which vanishes as a consequence of item ii). Thus, we have that

f (pf(0)—a) a)z

>

whence we get that p; X(0) = a for almost every t in [0, T]. Showing that ol X(1) = B for
almost every t in [0, T] is completely analogous.

Moreover, the existence and uniqueness of a weak solution to the equation above, for
K > 0 does not require the strong form of ii). Nevertheless, in order to prove Theorem
2.13 we need to impose that condition.

Remark 2.5. Observe that in the case & = 1, since L; = —(—A)"/? we obtain in Defi-
nition 2.3 the fractional heat equation with reaction and Dirichlet boundary conditions,
ie.

op W) =L1p{(W+Vow), (t,u)€[0,T]x(0,1),

Pl =a, pl(1)=p, telo,T],

pow) = gw), ue(0,1)

by (2.8) and (1.2) the notion of item iii) is reduced to

t t
FDir(t’p1>G’g) = <p[1’Gt>_<g’G0>_f <psl’ (as_(_A)Y/Z)Gs>ds_f <Gs5VO>dS:O:
0 0

forall t € [0, T] and all functions G € Ccl’oo([O, T]x(0,1)).

Definition 2.6. Let & > 0 be some parameter and let g : [0,1] — [0,1] be a mea-
surable function. We say that p* : [0,T] x [0,1] — [0,1] is a weak solution of the
non-homogeneous reaction equation with Dirichlet boundary conditions given by

8,0 (W) = —RpF WV, (W) + ’RVo(w), (t,u) € [0,T] % (0,1),
pf(0)=a, pf(1)=p, te[0,T], (2.12)
pew)=gw), ue(0,1),

if:

I3 2 2
)f f {(a pF) (ﬁ(ﬁ;)) }dudt<oo
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ii) Forall t € [0, T] and all functions G € Ccl’oo([O, T1 % (0,1)) we have
t

FReac(tﬂOf(’G, g):= <p§: Gt> - (g, Go) _J <pf,8sGs> ds
; (2.13)

t t
+f <pf,Gs>Vl ds —f (G,, Vo) ds = 0.
0 0

Remark 2.7. Note that the explicit solution of (2.12) is given by

p2w) + (g(w) — po(u))e "),

Vo(u)
Vi(u)
proof of our main results, namely, Theorems 2.13 and 2.15.

where p*(u) = As we will see, the function p™ plays an important role in the

Lemma 2.8. The weak solutions of (2.10) and (2.12) are unique.

Aiming to concentrate in the main facts, the proof of previous lemma is postponed
to Section 6.

Definition 2.9. Let & > 0 be some parameter. We say that 5% : [0,1] — [0,1] is a
weak solution of the stationary regional fractional reaction-diffusion equation with non-
homogeneous Dirichlet boundary conditions given by

Lip*(w)+xVo(w) =0, ue(0,1),
, N 2.14
{ F0)=a, p1)=p, (214
) pre s/

i [, {(a_ﬁk(u)) + CZ) gy < o0 if & > 0 and p5(0) = a, p¥(1) = B if R =0.

u’

iii) For any function G € C°((0,1)) we have
Fpir (55, G) := (p*,1iG) +& (G, V) =0.

Remark 2.10. We observe that 5° is a weak harmonic function for 1. and the interior
regularity of this solution is studied in [20], but the regularity at the boundary is un-
known.

In Section 6 we will prove the following lemma.
Lemma 2.11. There exists a unique weak solution of (2.14).

2.4. Statement of results. First we want to state the hydrodynamic limit of the pro-
cess {n} },», with state space Qy and with infinitesimal generator ©(N)Ly defined in
(2.2).

Let .# ™" be the space of positive measures on [0, 1] with total mass bounded by
1 equipped with the weak topology. For any configuration nn € Qy we define the
empirical measure 7™ (1, du) := n™*(n,du) in Qy by

1
(. du) = —— D, 0.6 (du), (2.15)

X€Ay

where &, is a Dirac mass at a € [0,1] and 7t} (1, du) := 7" (0}, duw).
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Let g : [0,1] — [0, 1] be a measurable function. We say that a sequence of probabil-
ity measures {uy}y>1 in Qy is associated to the profile g if for any continuous function
G:[0,1] - R and every 6 >0

>0 ) =0.

We denote by P, the probability measure in the Skorohod space 2([0,T],Qy)
induced by the Markov process 'r)]tv and the measure uy in Qy and we denote by E,,  the
expectation with respect to P, . Let {Qy}y> be the sequence of probability measures
on the Skorohod space 2([0, T], #*) induced by the Markov process {77:1:’ }:>0 and by
P

1

1
N Z G (Ji\l) Nx _J G(u)g(u)du
0

XEAN

N

lim uy (n eQy:
—00

[
. . . . . N
At this point we are ready to state the hydrodynamic limit of the process 7, .

Theorem 2.12. (Hydrodynamic limit) Let g : [0,1] — [0, 1] be a measurable function
and let {uy}ys1 be a sequence of probability measures in Qo associated to g. Then, for

any0<t<T,
>5) =0,

where the time scale is given by ©(N) = N"* and Py is the unique weak solution of:

o (2.12)withk =k, if0 <O0;
e (2.10) withk =k, if 0 = 0.

1
% 2.6(%) 'nx(tN*)—J Gwp;Wdu
0

XEAN

lim P, (n?v € 9([0,T], )

Once the hydrodynamic limit is obtained, we would like to know how the weak
solution p; and the stationary solution o* behave as k goes to 0 or co and this is the
purpose of Theorem 2.13 and 2.15 stated below. This limiting profile will give us an
idea of what to expect at the hydrodynamics level when we consider our microscopic
dynamics in contact with reservoirs whose strength is regulated by k/N? and when
0 # 0 as in [3]. As mentioned in the introduction we do not analyze the system in this
regime but we conjecture that for small positive values of 6 > 0 (that corresponds to
slow reservoirs) the hydrodynamic limit should be given by the weak solution of (2.10)
with k = 0 while for the case 6 < 0 (that corresponds to fast reservoirs) it should be
given by the weak solution of (2.12).

Theorem 2.13. Let p, : [0,1] — [0,1] be a measurable function. Further, let p* be
the weak solution of (2.10), with initial condition p, which is independent of k and let
oy = p’:/K, forall t € [0,T]. Then
i) p* converges strongly to p° in L?(0, T; #7/?) as k goes to 0, where p° is the weak
solution of (2.10) with k = 0 and initial condition p,.
ii) If po — p® € #7/? then p* converges strongly to p™ in L*(0, T; Lal) as x goes to
00, where p® is the weak solution of (2.12).
Remark 2.14. The convergence in Theorem 2.13 is also true in L%(0, T;L?). In fact, we
will see that a crucial step in the proof of the theorem is to show that p* converges strongly
in L2(0,T; L?). Convergence in i) is also true in L*(0, T; L‘z,l) and it is a consequence of
the fractional Hardy’s inequality (see e.g. [11]).

Theorem 2.15. Let p* be the weak solution of (2.14). Then,
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i) p* converges strongly to p° in #"/? as K goes to 0, where p° is the weak solution of
(2.14) with k = 0.

ii) p" converges strongly to p* in L‘z/1 as k goes to 0o, where p* is given in Remark
2.7.

3. PrROOF OF THEOREM 2.12: HYDRODYNAMIC LIMIT

The proof of this theorem follows the usual approach of convergence in distribution
of stochastic processes: we prove tightness of the sequence {Qy}y>; and then we
prove uniqueness of the limiting point, which we denote by Q. These two results
combined give the convergence of {Qy}y>; to @, as N — co. In order to characterize
the limiting point @, we prove that all limiting points of the sequence {Qy}y>; are
concentrated on trajectories of measures that are absolutely continuous with respect
to the Lebesgue measure and whose density p} is a weak solution of the hydrodynamic
equation as given in Definition 2.3. From the uniqueness of the weak solutions of this
equation, namely Lemma 2.11, we conclude that {Qy}y>; has a unique limit point Q.

First, in following subsection we explain how the item iii) in Definition 2.3 appears.
In Subsection 3.2 we prove that {Qy}y>; is tight, then in Subsection 3.3 we obtain
energy estimates which are crucial to ensure the uniqueness of the limiting point. We
conclude this section with the characterization of the limiting point (in Subsection
3.4).

3.1. Heuristics for the hydrodynamic equations. In order to make the presentation
simple, let us fix a function G : [0,1] — R which does not depend on time and has
compact support included in (0, 1).

By Dynkin’s formula (see Lemma A.5.1 in [15]) we have that

MYN(G) = (n),G) —(n}),G) — f@(N)LNmf’,G)ds, (3.1)
0

is a martingale with respect to the natural filtration {Z,},5q where Z, := o ({n(s)};<,)
forall t €[0,T].

Above, for an integrable function G : [0,1] — R, we used the notation (nfl ,G) to
represent the integral of G with respect the measure 7TN :

(n)'.6) == 2. 6 (5) me(tov)).

xeN

In the previous expression, we are using a measure 7t} and a function G, therefore,
this notation should not be mistaken with the one used for the inner product in L.
Note that Lyn, is equal to

Zp(x—y)[ny—nx]+ 5 2 = Yla=n+ 5 > plx - V)6~ .

YEAN ¥=<0 y=N

Therefore, a simple computation shows that

O(N)Ly((n",G) Z ENMQEIUR
o0y ;EA” (3.2)
K
T 2 GG (G =) + i GO(E — ).

XEAN
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where, we denote by ¥y G the continuous function on [0, 1] which is defined as the
linear interpolation of the function

(&G(E)= D ply—x) [G(E)-G(E)], (3.3)

YEAN

for all x € Ay with (£yG)(0) = (£yG)(1) = 0. We also define the functions rﬁ :
[0,1] — R as the linear interpolation of the function

n(E)=Yp(), )= > p(), (3.4)

y=x y<x—-N

for all x € Ay with r5;(0) = rﬁ(%) and ry(1) = rﬁ(NTfl). By Lemma 3.3 in [2] we
have that

Jim N7 =@, lim N7(r)(w) = (@) (3.5)
uniformly in [a,1 — a] for a € (0,1) and we also can deduce from that lemma that
A}im N7(%yG)(u) = (LG)(u) (3.6)
—00

uniformly in [a, 1 —a], for all functions G with compact support included in [a,1—a].

Now, we are going to analyse all the terms in (3.2) for 8 < 0. Thus, we will be able
to see how the different boundary conditions appear on the hydrodynamic equations
given in Subsection 2.3 from the underlying particle system.

3.1.1. The case 6 < 0. In this regime we take ©(N) = N"*? and a function G € CcX>(0,1).
By using (3.6) we have that the first term on the right hand side of (3.2) vanishes
since 8 < 0. Now, the second term on the right hand side in (3.2) is equal to
k{a — Y, Gry) + k(B — nY,Gry). By (3.5) the previous expression converges, as
N goes to oo, to

1 1
Kf (@ —pf W)GWr™ (wdu+ Kf (B - py W)Gw)r* (wdu
0 0
1

1
=—KJ pf(u)G(u)Vl(u)du+Kf G(u)Vy(u)du.
0 0

3.1.2. The case 6 = 0. In this regime we take ©(N) = N"*? and a function G € CcX>(0,1).
The first term on the right hand side in (3.2) can be replaced, thanks to (3.6) by

1
(n,LG) — J (LG)wpr (u)du,
0

as N goes to co. Similarly, the second term on the right hand side of (3.2) is equal to
Kk{a— nltv, Gro)+k(B — 77:’;’, Gr*) which converges, as N goes to 0o, to

1 1
Kf (@ = pf W)GWr™ (wdu+ Kf (B - py W)G(w)r™ (w)du
0 0
1

1
:—KJ p’;(u)G(u)Vl(u)du+Kf G(u)Vy(u)du.
0 0

This intuitive argument is rigorously proved in Subsection 3.4.
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3.2. Tightness. In this subsection we prove that the sequence {Qy}y>; is tight. We
use the usual approach (see, for example, Proposition 4.1.6 in [15]), which says that
is enough to show that, for all ¢ > 0

limlimsup sup P, [n € 2([0,T], Q) : |( ., G)— (ﬂ:];’,G){ > 8] =0, (3.7)
-0 N—oco 1€7;,7<6

for any function G belonging to C([0,1]) . Above Z; is the set of stopping times
bounded by T and we implicitly assume that all the stopping times are bounded by
T, thus, 7 + T should be read as (7 + 7) A T. Indeed, we prove below that (3.7)
is true for any function G in Cf((O, 1)), by using an L' approximation procedure(a
similar argument as done in [3]), we can extend this class of functions to functions
G € ¢([0,1]).

Proposition 3.1. The sequence of measures {Qy}y>1 is tight with respect to the Skorohod
topology of 2([0,T], .#™).

Proof. Note that, we are going to prove (3.7) for functions G in Ccz((O, 1)). Recall from
(3.1) that va (G) is a martingale with respect to the natural filtration {Z,};5>o. In
order to prove (3.7) it is enough to show that

T+T
hmhmsup sup E, |:f N'Ly(nN,G)ds :| 0 (3.8)
6—0 Nooo T€Tr,T<0 T
and
N 2
hmhrnsup sup E, [(M (G) - MHT(G)) ]=0. (3.9)

6-0 Noco re7;,7<6

By using (3.5), (3.6) and the fact that G € CCZ((O, 1)) we can bound the expression in
(3.2) by a constant. By using the fact that [n"(s)| < 1 and

Z(r&(%)+r§(%)) <00 (3.10)
x>1
(since y > 1), we can bound from above the second term at the right hand side in
(3.2) by a constant times ©(N)N =%, Considering the different values of 6 we see
that such term is bounded from above by a constant. Then we have that
lO(N)Ly ({7, G))I $1 (3.11)

for any s < T, which trivially implies (3.8).
In order to prove (3.9), by Dynkin’s formula (see Appendix 1 in [15]) we know that

(MN(&))* - J ON) [Ly{n¥,G)? - 2(n",G) Ly (", G)] ds,
0

is a martingale with respect to the natural filtration {Z,},5,. By Lemma A.1 we get
that the term inside the time integral in the previous expression is equal to

Uf(_Nl))z S (6(2)=6(2)) plx = )0, 5OMN)) - n, GO
x<y€Ay

©
(:, _(]82 Z (6 (2)) (1 =20, 0WN) (1 (X)(@ = 0 (SOND) + 1 (X)(B — 1 sON)))) -

(3.12)
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Since the first derivative of G is bounded it is easy to see that the absolute value of
(3.12) is bounded from above by a constant times

e(N)
(N_1)4x; (x — y)*p(x — y)+ 1)2 Z (¢(x )) (ry(E)+ (%)),

XEAy
(3.13)

Note that (x — y)?p(x — y) S 1 because y > 1, so that

O(N)

2 2, (= y’p(x—y) SONIN? = o(N""?).

CEP

By (3.10), the remaining terms in (3.13) are @(©(N)N ~9~2) so that (3.13) is G(N"2).
Thus, since 7 is a stopping time and y < 2 we have that

limlimsup sup E,v [(MNG—MTJrT ]

6—0 Nooo TE€ET, TS

T+7T
= limlimsup sup E,n {f O(N) [LN(rcf’,G)z—2(7'5?’,G)LN(7T£V,G)} ds
T

620 N-oo 1€Tr,7<0

= 0.

Therefore, we have proved (3.7) for functions G in C f((O, 1)) and as we have said
in the beginning of the subsection this is enough to conclude tightness. O

3.3. Energy Estimate. We prove in this subsection that any limit point Q of the se-
quence {Qy}y>; is concentrated on trajectories 7j (u)du with finite energy, i.e., 7~
belongs to L2(0, T; #7/?). Moreover, we prove that n* satisfies item ii) in Definition
2.3. The latter is the content of Theorem 3.2 stated below. Fix a limit point Q of the
sequence {Qy}y>; and assume, without of loss of generality, that the sequence Qy
converges to Q as N goes to oo.

Theorem 3.2. The probability measure Q is concentrated on trajectories of measures of
the form i (u)du, such that for any interval I C [0, T] the density ™ satisfies

D ||n-'<||y/2dt SHI(k+1), if 6 =0.

g (a—nfW)* (B —nfw)? K+1
i) J;L { " + a—uy }dudtilll

Remark 3.3. It follows from item i) of the previous and from Theorem 8.2 of [13] that
7y is, P almost surely, %-Hb’lder forallt €l.

By taking I = [0, T] in item i) of Theorem 3.2 we can see that % € L?(0, T; 5£7/?).
Moreover, from item ii) of Theorem 3.2, we claim that

Life<o.

K+1
|k — p®lI3 dt S||—— (3.14)
I ! K

where p* is given in Remark 2.7. Note that

koo _ () - pw))? () — p(u))?
JIHm —p®Iy dt=c,y ILL { " + T }dudt.
(3.15)
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By summing and subtracting a inside the first square in the expression on the right hand
side in (3.15), f3 in the second one and using the fact that (a + b)? < 2(a? + b?) we get
that (3.15) is bounded from above by

_ () —a)? () - B)?
ZCY}flfIJO{ " + Ao }dudt

1 - —
_ (a—p>W)* (B -p W)
+2¢,y 1f1Jo { " + - }dudt.

(3.16)

Now, by using item ii) of Theorem 3.2 we have that the first term in the previous expression

k+1
is bounded by constant times |[|——. Finally, using the definition of p*™ (see Remark
K
2.7) the second term in (3.16) is equal to

1
2¢,y (B - a)zlllf (W +(1—-u)) 'du<l.
0

Before we prove Theorem 3.2, we establish some estimates on the Dirichlet form
which are needed in due course.

3.3.1. Estimates on the Dirichlet form. Let h : [0,1] — [0,1] be a function such that
a < h(u) < B, forall u € [0,1], and assume that h(0) = a and h(1) = 3. Let V,IIV be the
inhomogeneous Bernoulli product measure on Q2 with marginals given by

vﬁ’{n:nle}:h(fv).

We denote by Hy (,u|v;’lv ) the relative entropy of a probability measure u on Qy with
respect to the probability measure v,iv . It is easy to prove the existence of a constant
Cyp, such that

Hy(uy|vy) < CoN. (3.17)
(see for example [3]). We remark here that the restriction a@ # 0 and § # 1 comes
from last estimate since the constant C, given above is given by C; = —log(aA(1—f3)).

On the other hand, for a probability measure u on Q and a density function f : Qy —
[0, 00) with respect to u we introduce

1

DY) =5 D0 ply =)L, (VF .m0, (3.18)
X, YEAyN
DLV =Y p(y =0 I/ = D (I (/) (3.19)
X€AN y<0 XEAN

and Dy, ( \/7, W) is the same as va(\/?, w) but in I¥( \/7, u) the parameter a is replaced
by 8 and ry, is replaced by ry. Above, we used the following notation

Ly (VF. 1) f (Vi@ m - vim) au

IG/Fw) f e.Cnza) (VF (o)~ Vi) du

and I f is the same as I'Y when the parameter a is replaced by 3.
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Our goal is to express, for the measure vé\’ , a relation between the Dirichlet form
defined by (Ly \/? , \/7 )yy and the quantity

Dy(VF,vN) = (DG +rNODL +kN"ODI(VF v
More precisely, we have the following result.

Lemma 3.4. For any positive constant B and any density function f with respect to 1/,’1\’ ,
there exists a constant C > 0 (independent of f and N) such that

e(N) o(N) v CON) . 2
~5 InVE Ay < = Dy + L%p(y—x)(h(ﬁ)—h(%))

+ g 2, {(h)-a) i+ (- B) i}
' (3.20)

The proof of this statement is similar to the one in Section 5 of [3] and thus it is
omitted. Moreover, note that as a consequence of the previous lemma, for a function h
such that a < h(u) < 8 and h Lipschitz we have that

e(N e(N C(kN~%+1
%(LN\/?: \/f)vg S—4I(VB)DN(\/7,V,T)+6(N)N—Y¥. (3.21)

Lemma 3.5. For any density f with respect to vfl\’, any x € Ay and any positive constant
A,, we have that

1
<
4A,

(o= af)y| 8 o EGFd) A+ HG) —al.

The same result holds if a is replaced by f3.

The proof of Lemma 3.5 is omitted since is similar to the one of Lemma 5.5 in [3].
Note that in the case a < h < 8 and Lipschitz we get

X

1
S WD +A

~4A,

(= )y

3.3.2. Proof of of Theorem 3.2. First step: n* € L>(0, T; #"/?) Q almost surely. Recall
that in this case (8 = 0) the system is speeded up in the sub-diffusive time scale
O(N) = N7. Let ¢ > 0 be a small real number. Let F € CCO"’O(I x [0,1]%), where the
I is a subinterval of [0, T]. By the entropy and Jensen’s inequality and Feynman-Kac’s
formula (see Lemma A.7.2 in [15]), we have that

E,, [ f NN Fr(ﬁ,,%,)P(y—X)(le(t@)(N))—nx(tG)(N)))]dt

X,YEAN
|x—y|>eN

<Co+ f sup {NH > R, Lply - x)J(ny —n)f (mdvy + N7 <LN Vv, \/17>VN }dt
I Xx,yEAN h
|x—y|=eN

(3.22)
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where the supremum is taken over all densities f on €y with respect to vé\’ . Note
that, by a change of variables, we have that

NTUOY T R(E PGy —x) f (1, — n)f (mdv)¥

X,yEAy
|x—y|>eN

_NT-1 Z Ftﬂ(%,%)p(y—x)f(ny—m)f(n)dvzﬁV

X,yEAy
[x—y|zeN

=N Ff(%nlv)p(y—x)fny (fm) = fF(@ ) dvy

X,YEAyN
[x—yl=eN

NN G R0 - x)J nef () (657 () = 1) dv)Y
X, yEAN
e ylzen

(3.23)

N X,
where 0% (n) = %(ny)n) and F? is the antisymmetric part of F, i.e. for all t € I and
h
(u,v)€[0,1]?

Fo(u,v) = %[Ft(u, V) = F,(v, u)} .

Observe that F(u,u) = 0. By Young’s inequality, the fact that f is a density and
In,| <1, we have that, for any A > 0, the third term in (3.23) is bounded from above
by a constant times

2 N771
NTTlA YT (Ff(ﬁ,%)) p(y —x)+ D P =L, (V)
yeh el
eylzen oy e

2

Y

¢, A (Fe(£2))  ovm

< E : oc./F N

TN? x,yEN |%_%|1+Y - A Dy(Vfowi)-
|xiylzlst

Since h is Lipschitz we have that sup,cq {Gx’y (m)— 1| =0 (‘X;—y‘) By Young’s in-

equality and the fact that f is a density, for any A > 0, the last term in (3.23) is
bounded from above by

N1 2 ;o 1\ 2
— > (Fe(2.5)) pr—0) + ANT1 3 ply -2 (551
L\ YEAy ,YEAN
|;3;'|25N I;(j;/lzeN

2
Yy ’
c (F N (%’ ﬁ) ) Ac 1
:A'glz Z AT + Nzy Z |X X1
x,yE€Ay N N x,y€Ay 'N N
|x—y|=eN [x—y|zeN
Recall (3.21), so that by choosing A = 8 and B = 1 and using the two results above we
have just proved that (3.22) is bounded from above by C, plus

1
CY(S + X)
N2

2
16:, )
t\N’N v
Y NS L O+ 1)+ AR
I — 5!

x#yEAy
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where
A// 1 1
=sup Slip - E m <00
e>0N>1 x,yeAy |IN N
|x—y|zeN

since y < 2. Therefore, we have proved that there exist constants A" and B’ (indepen-
dentof e >0, N > 1, and F € C*(I x [0,1]%)) such that

E”N[JNY1 D F(EDply =) (6) - nﬁf(r))dr]
I

X,YEAyN
|x—y|>eN
=E,, [J‘—Zc(ﬁf,gf)dt} (3.24)
a Y 2
Cy (Ft (%> N)) '
xyeAN N
|x—y|=eN

Above the function gV is defined on I x [0,1] by

1
gy () = N Z 1|1%

YE€Ay

F (%)
—u >8|u I)\/IIH_Y

and it is a discretization of the smooth function g defined on (t,u) €I x [0, 1] by

! Fi(u,v)
gW=| 1y u|>€}|wdv‘
0

Let Q, = {(u,v) € [0,1]%; |u—v| > &}. Observe first that for symmetry reasons we
have that for any integrable function 7,

1 _ a
J n(u)g,(u)du = J (n(v) — r)Fi () dudv.
0 Q.

lu —v|Itr

By taking the limit as N — oo in (3.24), we conclude that there exist constants
C > 0 independent of F € C>*(I x [0,1]?) and & > 0 such that

5, { f f (5 (v) = T W)F(u, v) C(Ff‘(u,V))z

lu— v+ lu—v|tHr

dudvdt:| S+ 1).

From Lemma 7.5 in [16] we can insert the supremum over F inside the expectation
above, so that

Eq {sup{fj (mv) -7 ’;(u))Ft“(u,v) (F (w, V)) dudvdt}} Sk +1).
Q.

lu— v |u—v|1+Y

Since the function (u,v) € [0,1]? — n(v) — m(u) is antisymmetric we may replace F¢
by F in the previous variational formula, i.e.

K — K 2
Eq {sup{fj SARACNCH) —C(Ft(u,V)) dudvdt}} SH|(k+1).
Q.

lu— v|1*+r [u— v+

(3.25)
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Consider the Hilbert space I.2([0,1]2,du,) where u, is the measure whose density

with respect to Lebesgue measure is given by (u,v) € [0,1]%> — Wiyyse lu— |~
By taking

n*: (t;u,v) €I x[0,1]1% - ¥ (v) — ©¥(w),

the previous formula implies that

Eg UI ff[o . (H’f(u,v))Z d‘ug(u,v)dt:| Sk +1). (3.26)

Letting € — 0, by the monotone convergence theorem, we conclude that

(V) — ¥ (W)?
f” =m0 e < o0
(0,172 lu—v[*r
Q@ almost surely.

1 K 2 K 2
a—ni(u — 7 (u
Second step: Jf {( ;( ) + (5 (W) }du dt < oo QQ almost surely.
u
rJo

1-wr
Now we have to prove that the function (t,u) — 7} (u) — a is in the space L2(I x
(0,1),dt ® du), where u is the measure whose density with respect to the Lebesgue
measure is given by

1
ue(0,1)—» —.
uv

A similar argument shows that the function (t,u) — 7} (u) — 3 belongs to L*([0,T] x
(0,1),dt ® du’), where u’ is the measure whose density with respect to the Lebesgue
measure is given by

ue[0,1] —

1-wr

Let v;' be the Bernoulli product measure corresponding to a profile h which is Lip-
schitz such that h(0) = a < h(u) < 8 =h(1) for allu € [0,1]. Let G € C°(I x [0,1]).
Using the entropy and Jensen’s inequalities and the Feynman-Kac’s formula we get that

u{ NS Gy (2) (nu(t0(N)) - @)

XEAN

< Co"‘fSl;P NN (G (2) (e = £ +OWINT (g F VT )
I h

XEAy

(3.27)

where the supremun is taken over all the densities f on 2, with respect to V,IIV . Using
(3.21) with B =1 we can bound from above the second term on the right hand side of
(3.27) by

e(g)p,v(\/?, VM) + CONINTT(kN 0 + 1),
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G (X
and from 3.5 with A, = (N ) the term on the right side of (3.27) is bounded from

above by
N S (2) (6(2)) o+,
XEA

N

Taking N — oo we can conclude that there exists a constant C’ > 0 independent of G
and of t such that

(MW - )G W) ¢ G
h UJ ( Jul ok ul )d“dt} Sk +1).

From Lemma 7.5 in [16] we can insert the supremum over G inside the expectation
above, and we get

1 K _ / 2
Eq | sup J J ((”f(“) ‘:)Gf(”) _QGf(”))dudt <k +1). (3.28)
¢ \JiJo Jul K ful”

The previous formula implies that

K 2
ff (m: (T)IY Y Gudt <00

@ almost surely. Similarly, we get

K 2
ff (m: (T)IY Y judt < oo

@ almost surely.

Final step. By Definition 2.3, the two steps above allow us to show that QQ is concen-
trated on trajectories of measures whose density is a weak solution of the correspond-
ing hydrodynamic equation (see Proposition 3.6). By uniqueness of the weak solution
(see Lemma 2.8) we get that Q is unique. Indeed, we have that Q = &,x(,)ayy (Dirac
mass). Then, by using the latter, we compute the expectation in (3.26) and (3.28) and
we are done.

(]

3.4. Characterization of limit points. In the present subsection we characterize all
limit points Q of the sequence {Qy}y>;, which we know that exist from the results of
Subsection 3.2. Let us assume without lost of generality, that {Qy}y>; converges to Q.
Since there is at most one particle per site, it is easy to show that Q is concentrated on
trajectories of measures absolutely continuous with respect to the Lebesgue measure,
ie. mf(du) = pf(u)du (for details see [15]). In Proposition 3.6 below we prove,
for each range of 6, that Q is concentrated on trajectories of measures whose density
satisfies a weak form of the corresponding hydrodynamic equation. Moreover, we have
seen in Theorem 3.2 that QQ is concentrated on trajectories of measures whose density
satisfies the energy estimate, i.e. p* € L2(0, T; #"/?) and

T ((a—prw)® (B —prw)?
LL{ e + a—u) }dudt<oo.
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Since a weak solution of the hydrodynamic equation (2.10) is unique we have that Q
is unique and takes the form of a Dirac mass.

Proposition 3.6. If Q is a limit point of {Qy}y>, then
1. if 6 <O0:

Q (7. : Freae(t, p*,G,8) =0,¥t € [0,T], VG € C1*([0,T] x [0,1]) ) = 1.
2. if6=0:
Q (7. : Fpi(t,p%,G,8) =0,V €[0,T], VG € C1*([0,T] x [0,1]) ) = 1.

Proof. Note that in order to prove the proposition, it is enough to verify, for 6 > 0 and
G in the corresponding space of test functions, that

Q (TC. €9',,: sup {Fe(t,pK,G,g){ > 5) =0,
0<t<T

for each 6, where F, stands for Fg,,. if 8 <0 and Fp,, if 6 = 0 . Indeed, we have that

Fo(t,p",G,8) = (p¥,G,) — (g, Go) - ft (pr. (8 +Hip-0L)G.) ds
0

+Ho<op f
0

From here on, in order to simplify notation, we will erase 7. from the sets that we
have to look at.

(3.29)

t t

<pf,Gs>V1 ds—H‘{QSO}Kf (G, Vy) ds =0.
0

By definition of F, above we can bound from above the previous probability by the
sum of

1)
Q ( sup }Fe(t,pK,G,p0)| > E) (3.30)
0<t<T
and
1)
Q O(Po—g,Go>| > E) .

We note that last probability is equal to zero since Q is a limit point of {Qy}y>; and Qy
is induced by u, which is associated to g. Now we deal with (3.30). Since for 6 < 0
the function G, has compact support included in (0, 1) the singularities of V) and V; are
not present, thus from Proposition A.3 of [12], the set inside the probability in (3.30)
is an open set in the Skorohod topology. Therefore, from Portmanteau’s Theorem we
bound (3.30) from above by

o
liminf Qy ( sup {Fe(t,pK,G,p0)| > E) .

N—oo 0<t<T
t

Summing and subtracting J O(N )LN(TC?I ,G,)ds to the term inside the previous ab-

0
solute value, recalling (3.1) and the definition of QQy, we can bound the previous
probability from above by the sum of the next two terms

o
P, ( sup }MﬁV(G)| > Z)

0<t<T
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and

t t
f O(N)Ly (Y, G,)ds — J (m) Wo_oyLG, ) ds
0 0
5)
>— .
4

T
P,, (sup |MY(&)|> ) 5%1{«:% U e(N) [LN(nf,G)Z—2<n§,G)LN(n§V,G)]ds] :
0

0<t<T

P, ( sup
0<t<T

+“‘{eso}’<f
0

By Doob’s inequality we have that

(3.31)

t t

(PorG)y, ds oz f (G Vo) ds

0

In the proof of Proposition 3.1 we have proved that the term inside the time integral in
the previous expression is @(N7~2). Then, using the fact that y < 2 we have that last
probability vanishes as N — oco. It remains to prove that (3.31) vanishes as N — oo.
For that purpose, we recall (3.2) and we bound (3.31) from above by the sum of the
following terms

e(N) ‘ 5
P su NG N(s)ds — N W LG, ) ds| > — |,
Uy (OsrgTJ; x;v G (% )TIX() . < s 4 {0=0} > o4
(3.32)

kO(N)

t
P su - RE—
Uy OStET L NG(N

Z( )@ — 1Y ()

xeAN

1
—“‘{050}Kf (Gr)(W)(a - pf(u))du} ds
0

o
> bl (3.33)

and

P, | su J KOW) IPICKIOCEHE)
0

NON 1)
weitr (), | NN -D &

! 5
—H‘{QSO}KJ (GrHW)(B — p:(u))du} ds| > ?) . (3.349)
0

For 6 = 0 from (3.6) we have that (3.32) goes to 0 as N — oo. For 6 < 0 we have
that from (3.6) and 3.5 the boundary terms (3.33) and (3.34) go to 0 as N — co. This
finishes the proof Proposition 3.6. O

4. PROOF OF THEOREM 2.13

For easy understanding of the proof of items i) and ii) of Theorem 2.13, we first
establish some notation and prove some lemmata.
Recall the function p* introduced in Remark 2.7 which can be rewritten as

pu’ + a(1—u)"

p(w) = u’ + (1 —u)
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It is easy to see that p*°(0) = a and p*°(1) = . Moreover, it is not difficult to see that
p® € Cc'([0,1]) and that

lim(p™(w)w? ™" = lim(A™(w) (1~ w7 =0,
and from Lemma 7.2 of [14] we conclude that

161l /2 < o0. (4.1

By the fractional Hardy’s inequality (see e.g. [11]) and the fact that Vl(%) <Vi(w)
for all u € (0,1) we know that

gl <liglly, <lglly/2 (4.2)

for any g € %”OY/Z.

In order to prove items i) and ii) of Theorem 2.13 we first guarantee the existence
of weak solutions of equation (2.10) with k = 0 and (2.12), (see Lemma 4.1 and 4.3
below), then we establish the convergence in L2(0, T;L?) (see Lemma 4.2 and 4.4)
which will allow us to conclude.

Lemma 4.1. Let p, : [0,1] — [0, 1] be a measurable function. Then, there exists a weak
solution of (2.10) with & = 0 and initial condition py.

Proof. The strategy of the proof is to construct the solution as the limit of p*, as k — 0,
where p* is the weak solution of (2.10) with initial condition p, and & = x.
By item i) in Theorem 3.2 and since k > 0 we know that

Jllpfllﬁ/zdt Sk +1) (4.3)
I

for any interval I C [0, T]. We define
vee[0,7], Vue[0,1], @)= piu)-p>(w). 44)

Since we are interested in small values of k, say k < 1, from (4.3), (4.1) and the fact
(a+ b)? < 2a? + 2b?, it is not difficult to see that

J s 2 pde S 1, (4.5)
I

thus we have that p* € L%(0, T; %g/ ). It is also easy to see that ¢ satisfies

t t t

(o5 Gs)Vlds_f (p®,LGy)ds =0
0
(4.6)

for all t € [0,T], for any function G € Ccl’°°([0,T] % (0,1)) and where @q(u) =
po(u) — p*(u). From (4.5) we conclude that there exists a subsequence of (¢*),c(0 1

<<pf, (L+9,) Gs> dS+KJ

0

“0’:: Gt>_<900’ GO>_f

0

converging weakly to some element ¢° € L2(0,T ;%”OY/ *) as k — 0. We claim that
% := p® + ¢ is the desired solution. Indeed, first note that since the norm || - lly/2 is
weakly lower-semicontinuous we have that

J loPll2 de S 1. 4.7)
I
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By using (a + b)? < 2a? + 2b? we have that

fnp ||Y,2dt<zf||-°°||Y/2dt+2f||<p P pdt S II1.

Taking I = [0, T], we have that p° satisfies item i) of Definition 2.3. Since ° €
L%(0, T;%g/z) it is easy to see that p?(0) = p*(0) = a and p?(1) = (1) = B for
almost every t € [0, T]. Then, item ii) for & = 0 in Definition 2.3 is satisfied. In order
to verify that p° satisfies item iii) in Definition 2.3 we first integrate (4.6) over [0, t].
Thus we have that

J(@S,G>ds—t<<po,Go JJ (oF, (L+3,)G,) drds

fJ ¢y, G drds—f f P>, LG, )drds =0

for any function G € C, Lee(T0, T] x (0,1)). Taking x — 0, by weak convergence and
Lebesgue’s dominated convergence theorem we get from the previous equality that

J(SOS,GMS—“—SOO,GO ff cpr,(L+3)G> p®,LG,)drds = 0.

Now, taking the derivative with respect to t in the previous equality we get that °
satisfies

t t
(@75 Ge) = (0, Go) — f (w0, (L+8,)6.) ds - f (P, LG,)ds =0, (4.8)
0

0
for all t € [0, T]. Then, item iii) with k = 0 in Definition 2.3 follows from (4.8), the
definition of p° and p>® O

Lemma 4.2. Let p, : [0,1] — [0,1] be a measurable function. Let p* be the weak
solution of (2.10) with initial condition p, and & = k. Then, p* converges strongly to p°
in L2(0,T;L?) as k goes to 0, where p° is the weak solution of (2.10) with & = 0 and
initial condition p.

Proof Note that is enough to show that

t
012 2
f oy —p;lI°ds S t7x,
0

for all t € [0, T]. By Lemma 4.1 we know that p® = 5™ + ¢°. Then, last inequality is
equivalent to

t
J ok —2l*ds S k. (4.9)
0

By subtracting (4.8) from (4.6) and calling 5% := ¢* — ¢? we obtain that

t

(5f,G[)—J (5%, (L+8)G,) ds:—KJ (pF, G,)y,ds (4.10)
0

0

for any function G € CC1’°°([0, T]x(0,1)). Let {H}},>; be a sequence of functions
in Ccl’°°([0,T] x (0,1)) converging to 6 as n — oo with respect to the norm of
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LZ(O,T;%Z)Y/Z) and for n > 1, let GX(s,u) = fst HX(r,u)dr. We claim that by plug-
ging G, into (4.10) and taking n — oo we get that

t t 2 t t
1
f ||5f||2ds+£ J o¥ds =—Kf <<pf,f 5fdr> ds. (4.11)
0 0 /2 0 s v,

s
We leave the justification of the equality above to the end of the proof. Now, by using
successively the Cauchy-Schwarz’s inequality we have that

1
f ||5K||2ds+5 J o;ds f sy, f oydril ds
0
t t t
SK J le¥lI2 ,ds J J sxdr||  ds.
0 s y/2

In the last inequality of the previous expression we used (4.2). By the triangular

3 (4.12)

inequality we have that ds is bounded from above by

2
dr
T lyy2

t t 2 t pt t
\/JO U ||5¢||Y/2dr) dss\/rJO L ||5f||§/2drdss\/t2Jo (12, +19012,) dr-

(4.13)

In the first inequality in the previous display we used the Cauchy-Schwarz’s inequality

and in the second inequality we used the Minkowski’s inequality and the inequality

(a+b)? < 2(a®+b?). Using (4.5) and (4.7), we get from (4.12) and (4.13) the result.
We conclude this proof justifying (4.11). Note that it is enough to show

t

) limf (6%,(8,G*)(s,") f 165112 ds.
t

i) limf (5%, LG"(s, ))ds = — = J 5'<ds|

n—oo |, 2 o Y/z

t t t

iii) limf (0¥, Gx(s,)),, ds=f <¢§,J 5§dr> ds.
0 ! 0 s v

For i) we rewrite f;(?if,(ang)(s, -))ds as

t t t
—f (6§,H§(s,-))ds:—f <5§,H§(s,-)—5§>ds—J 15512 ds.
0 0 0

Observe then that by the Cauchy-Schwarz’s inequality we have

T
J (8%, H(s,) — 6) ds
0

T T
< \/J 6% 11> ds \/J IH}(s,) — 651> ds
0 0

which goes to 0 as n — oo since H¥ — ¥ in LZ(O,T;%”OY/Z). For ii), since G, has
compact support included in (0, 1), we can use the integration by parts formula for the

T
< J 6§ IHIEHR s, -) = 65l ds
0
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regional fractional Laplacian (see Theorem 3.3 in [14]) which permits to write

L(éf,LG:(S,'))dSZ—J <5f>Grf(s")>y/2ds‘

0

Then we have

t t t t
fo <5§,G;(s,.)>md5=jo <5§,£ 6fdr>y/2d5+fo <5§,G§(s,.)_£ 55dr>wzd5
t t
Yl e ] | Gr-a)ar)
1 t t
= E Jﬁo’t]z<5s 2 5r>Y/2 dsdr + L <55 ’Js (Hn(r") - 5r) dr >Y/2 ds

1 t 2 t t
ZEHJO 55ds Y/2+JO <5§,£ (Hg(r,.)_5f)dr>ﬂ2ds.

To conclude the proof of ii) it is sufficient to show that the term at the right hand side
of last expression vanishes as n goes to co. This is a consequence of a successive use of
Cauchy-Schwarz’s inequalities:

t

t t t t
or, HY(r,)—06%)d ds| < o HY(r,-)—06%)d d
Jo<5£(n(r) r)r>r/25 L S7/2£("(r) r)ry/zs
t t t t
sf 5~ J‘HS(r,-)—5f drdssf 5~ f H (r,)—&"| drds
0 /2 ) /2 0 v/2 g /2
t t
= (J oy ds) (J H}(r,-)— 67 dr)
0 Y/2 0 /2
t 2 t 2
<t J or|l ds J H¥(r,-) — 6% dr — 0.
o 751l 0 yj2 nooo
(4.14)

To prove iii) we rewrite f 0[ (¢5,Gr(s,))y,ds as

t t t t
J <<Pf,J (Hﬁ(n~)—5f)dr> dS+J <¢§,J 6fdr> ds
0 s v 0 s v

and, to conclude the proof it is sufficient to show that the term at the left hand side
of last expression vanishes as n — co. This is a consequence of a successive use of the
Cauchy-Schwarz’s inequality as in (4.14), with |[| - ||, replaced by || - ||, and Hardy’s
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inequality:
t t t t
J <<Pf,f {HS(r,-)—5f}dr> ds SJ o J (Hﬁ(r-)—5f) dr|| ds
0 s Vi 0 Vi s %
t t t t
Sf oy f H:(r,-)—oF drdsSJ oy J H!(r,-)—0F|| drds
0 v J, v 0 vi Jo v,
t t
= (J oy ds) (J HY(r,-)— 6% dr)
0 |4 0 i
t 2 t 2
<t f x|l ds J Hf(r,-) = o¥|| dr
0 Vi 0 Vi
t 2 t 2
<Ct K ds H*(r,-) — 6% dr — 0
JO o5 JO w(r,-)— 6} P

where in the last inequality we used the fractional Hardy’s inequality (see (4.2)).
O

Lemma 4.3. Let p, : [0,1] — [0,1] be a measurable function. Consider the function
P =p+(po— pX)e M. If g% 1= py — p™ € #7/, then
i) p>® e L?0,T;#7?).

ii) p® is a weak solution of (2.12) with initial condition p,.

Proof For i) note that by using the inequality (a + b)? < 2a® + 2b? we get that

T T
2 5002 —tV |2
JO ||pf°||y/2dtszr||p°°||y/2+2fo g™ ][, de.

Since || ;5°°||Y /2 < o0 (see (4.1)) it is enough to prove that the term on the right hand

—tv, ||2
v/

—tVy(u) _ 00 —tVi(v) 2
¢ (g e MW — g=(v)e~"(M)
— dudv
2 Jf[o,l]z

lu—v|rtt

side of last expression is finite. Note that ||g°°e

, is equal to

dudv.

lu —y|r*?

_ C_Y Jf (goo(u) (eftV1(u) _ e—tvl(v)) + (goo(u) _ goo(v)) e,tvl(v))z
2 (0,112

Using the fact that (a + b)? < 2a2 +2b? and that |g®(u)| < 2 for any u € [0, 1] we get
that last expression is less than 8||e "1 |I$/2 + 2||g°°||)2,/2. Note that the term 8|le~t" ||)2,/2
can be written as

( N —tvlf(w)e—f%(w)alw)2
4c, JJ dudv
(0,172

lu— vt

dudv.

lu— v+t

(17 (Bron - 5 ron) e 0aw)’
S|
(0,132
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Using again (a+b)? < 2a%+2b? and the fact that e~1™) < ¢~ (") for any w € [0, 1],
we get that last expression is bounded from above by

dudv

JJ f Ytr (w)e™tr (W)dw) (fv —tr*(w)e‘” (W)dw)z
(0,172

lu—v|rtt lu—v|r+t

2
f Ytr (w)e™tr (W)dw)
=16¢ ff dudv.
[0,1]2

lu—v|rt!

In the last equality we used a symmetry argument. We can write last expression as

2y—-1

2
Jrwr=2(erw)) 7 et (W)dw)
Ct ¥ ff dudv,
[0,1]2

lu—v[r+t

1 42
where C, = 16¢, "y v . Since the function E, :[0,00) = [0,00) defined as E,(z) =
-1
z 7 e * is bounded from above by E, (Zyy_—l) we can bound last expression from
above by

f wr2dw
Ct 14 E2 2= 1)Jf ) - dudv
[0,11

|y+1

=1 _ yr— 1
—Ct Y Ez(ZY Dy -2)" ” (u ) ~ 7 dudv,
[0,1]2

lu—v[r+t

which is finite from (7.2) in the proof of Lemma 7.2 of [14]. Thus, we have that

2—2y
8||e’fv1||§/2§t T (4.15)
Therefore, if g € 5#7/? then we conclude that
T T 2-2¢
L oI ,dt S TIA*IE, +T &5, + JO t v odr

2y
<: ) 00

TIp®I2,+T [|g||},+T 7

which is finite since v < 2.
For ii), since p is the solution of (2.12) then it satisfies item ii) of Definition 2.6.
In order to see that p™ satisfies item i) of Definition 2.6, note that using (a + b)? <
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2a® + 2b? we have that

JTJI (a—p;w(u))z + (ﬁ_p?(u))z dudt
0 0

u’ (1—u)
1 - 2 - 2 T
(a=p>W)"  (B-p*w) 8y v, 2
SZTJ;) ( o + (1-w)y du—{—; . ”6 ”Vldt

1 T
8
=2T([3’—a)zf (uY+(1—u)Y)du+—Yf lle=™12 dt
0 & Jo '

T
8
<2'(B—a)’T+ —Yf lle=™" ||‘2/1df-

¢ Jo

For the term on the right hand side of last expression we first see that we can extend
continuously the function e™t"* in such a way that it vanishes at 0 and at 1. There
exists a constant C, (see 4.2) such that the previous expression is bounded from above

by

gycz (T
27(B — )T + &f et 2, d. (4.16)
¢ Jo ’
Thus, we obtain the desired result by using (4.15). O

Lemma 4.4. Let p, : [0,1] — [0,1] be a measurable function, such that py — p*> €
2712, Furthermore, let p* and p® be the weak solutions of (2.10) and (2.12), respec-
tively, and with the same initial condition p,. Let oy := pf/K , forall t € [0,T]. Then

P~ converges strongly to p*® in L2(0, T; L?), as k goes to oo.
Proof. It is enough to show that
t ~AK 00112 t ~K 00|12 1
165 —plFds = | llgg — 9 IIFds S —, (4.17)
0 0 VK
for all t € [0, T] where ¢; = p; —p> and ¢° = (po — p®)e~ ™, It is not difficult to

see that ¢y satisfies

t t

1 t
(@f: asGs> ds + J (@:’ Gs)VldS - E f <p;€;H-‘Gs>ds =0
0 0
(4.18)
for all functions G € C}“([O, T] x (0,1)). Then, calling 6% := @* — > we have that

t t t
R o 1 R 1
(6%,G,) —J <5§, (—IL+ as) Gs> ds +J <5f,GS>V = _J (P, G,),pds (4.19)
0 K 0 oK
for any function G € CC1’°°([O, T] % (0,1)). Let {H:f}nzl’ be a sequence of functions in
CCLOO([O, T1,(0,1)) converging to 6% with respect to the norm of L3(0, T; 3%”2). Now,

for n > 1 we define the test function G¥(s,u) = f: H¥(r,u)dr. Plugging G¥ into (4.19)
and using a similar argument as in proof of Lemma 4.2 we get that

t 2 t 2 1 t t
f Sfds J Sfds :Ef <p:°,f Srkdr> ds.
0 0 v, 0 s /2

/2

<¢7f’ Gt) - (SOO’ GO) _J

0

t||5K||2d + ! +1
sS4+ — Z
0 s 2K 2
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By neglecting terms we get that

t t
Jups—ps ||2ds—J 165117 ds < = f <p;°,J S:dr> ds.
0 s y/2

Then it is suffices to show that

t t
lf <ps°°,f Sfdr> ds§i
KJo s y/2 ‘/E

Indeed, by using twice the Cauchy-Schwarz’s inequality we have that the term at the
left hand side of the previous expression is bounded from above by

t 1 t t t
j sxdr ds<— f o112 5 ds f J 5xdr
s /2 0 s

Since by hypothesis p, — p® € #7/? we know from item i) of Lemma 4.3 that p® €
L3(0, T; #7/?). Thus, from the latter and by the triangular inequality, the right hand
side in the previous expression can be bounded from above by a constant times

1 t t 2 1 t 2
- 5%, pdr | ds S =4/t 55|, 0dr | .
. L U 185112 r) S5 (L 185112 r)

By using again the Cauchy-Schwarz’s inequality, the term on the right hand side in the
last expression is bounded from above by

\/ fnéknmdr— \/ fupr—psony,z
\/thf 1551, + oI pdr

In the last inequality we used the Minkowski’s inequality and the fact that (a + b)? <
2a? + 2b%. Now, since f llpx IIY/2
change of variables) and p® € L2(0, T; #7/%) we can see that

1 1
2 + <—yv/k+1<—
\/Zt J ||p ||)//2 ”pOOH}//z rN K K 1 ~ \/?9

and we are done. O

2

ds.
/2

IIpS lly/2

Y

dr Sk (this is due to item i) of Theorem 3.2 and a

4.1. Proof of item i) of Theorem 2.13. Recall ¢; defined in (4.4). Note that it is
enough to show (4.9) with |- || replaced with |- ||, ,. From (4.10) we obtain, for &£ > 0,
that

t+e t+e
(5’:_‘_5) t+£> - <5}:) Gt) - J <5:) (]L + as) Gs) ds = _KJ <LP:9GS>V1dS (420)
t t

for any function G € Ccl’OO([O, T] x [0,1]). Let {H)},>; be a sequence of functions
in CC1’°°([0, T1,(0,1)) converging to 5% with respect to the norm of L2(0, T;jﬁ)wz)

. . t+e
as n — oo. Now, for n > 1, we define the test function G} (u) = %fr H} (r,u)dr.
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Plugging G into last equality and taking n — oo, a similar argument to the one of the

proof of Lemma 4.2 allows to get
1 t+e 5Kd B t+e . 1 t+e 5Kd g
c ) rdr =K t 05 t rdr s.
/2 A

1 t+e
<5’f+S 5?,[ 5?dr>+e
€ t

Integrating last equality over [0, £] we get:

t 1 t+e t ptte 1 t+e
e‘f —f ordr ZKJJ <<ps’<,—f 5fdr> dsdt
o [|€Je 0 Je € Je v,
1 3 t+e
_;J <(‘5'§+s 5f,f 5?dr>dt. (4.21)
0 t

Now we use the Cauchy-Schwarz’s inequality, Hardy’s inequality and (4.5) to get that

2

Y

t ptte 1 t+e t ptte 1 t+e
Kf J <(PSK,;J 6fdr> dsdt SKJ f ||(PSK||Y/2 ;J Efdr dsdt
0o Jt t v o Jt t /2
t ptte t ptte 2
SK J J X112 dsdt f J - s¥dr|| dsdt
0 0t /2
t+e
skeVi,| | (=]  ordr| e
t /2
(4.22)

Let us estimate the second term on the right hand side (4.21). First note that by
changing variables we have that

1 t t+e 1 t pt+
—;JO <5';+€ 5’;,[ Efdr> dt:EL J (5%,6%) drdt——f J (5%,,,8%)drdt
t t
1 t prte
=—f f (6F,6%) dtdr——f J (67,67 )drdt
€
0 Jr

(4.23)

The term %fot frr+g(5’;, or)dtdr can be split as

1 €
;U J (5%,5%) dtdr+J f (5%,8%) dtdr+J j (8%, 8%) dtdr)
0 Jr

By Fubini’s theorem, we have that the term % f :+E f :_8(5’: ,0r)drdt which appears in
(4.23) is equal to

1 € r+e
= (J J (67,6%) dtdr—l—f f (67,6%) dtdr+f f (0F,67) dtdr)
0 Je
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Therefore we can write the second term on the right hand side of (4.21) as

——J f 5“ 5“ dtdr+ — J J 5“ 5“ dtdr
‘f J‘ loFllllérlldtdr + — J‘.[ lorllerildedr
1 K K
=- H5tde H5 Hdt
€ \Js

t+
SJ H$WM+JHVWM
i

where in the inequalities above we used the Cauchy-Schwarz’s inequality. Then, using
(4.22) and (4.24) in (4.21) we obtain that

f 1 t+£5Kd
o ||€Je <

(4.24)

t+e 2

2
dt <xVi sedr|| dt
v/2 (4.25)

0
1 f+e 1 €
+—f ||5f||2dt+—f ||5':||2dt.
g |- &
t 0

Taking ¢ — 0, using Lebesgue’s differentiation theorem (see Theorem 1.35 in [19])
and the fact that 6§ = 0 (since the initial condition for p* and o0 is the same) we get

that
3
fné"nmdtsxﬁ Lné 2 ,dt + 18512,

forall f € [0, T]. Integrating last inequality over [0, T] and using the Cauchy-Schwarz’s
inequality and using (4.9) we conclude that

T pt T pt
[ Haﬂg,zdtdfs,a¢ [ [ sz, w20

in the last inequality we have used (4.9). Then, by a simple computation we have that

/2 t

T pt
J J I15511% ,dtdE SKT2. (4.27)
0 0

By Fubini’s theorem, we get that

T/2
T
J J ||5K||Y/2dtdt_f (T—t)lléklly/zdtzaf 15¥11% , de (4.28)
0

The result now follows from (4.27) and (4.28).
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4.2. Proof of item ii) of Theorem 2.13. Recall ¢} and ¢.° defined in Lemma 4.4. It
is enough to show (4.17) with || - || replaced with | - ||y, :

T

1

f ||¢>f—cpf°||‘2/1dt§ﬁ. (4.29)
0

From (4.19), we obtain, for £ > 0, that

t+e

- - - 1
(8%4es Gured = (87, G) - f (6r, (cL+a)e)ds

t

t+e 1 t+e
+ f (8;’ Gs)Vl ds = ; J (PSOO: Gs)y/st (430)
t t

for any function G € Ccl’°°([0, T] x [0,1]). Let {HE}HZl be a sequence of functions
in ¢1*([0,T],(0,1)) converging to 6* with respect to the norm of L%(0, T;%Y/Z)
as n — oo. Now, for n > 1 we define the test functions G;f(u) = %f:ﬂ ﬁ,’f(r, u)dr.

Plugging G,’f into (4.30) and taking n — oo, a similar argument to the one of the proof
of Lemma 4.2 allows to get

t+e
1 SK SK SK €
- <5t+€ _5f’f 5rdr> +~

t 1/2
1 t+e o 2 1 t+e . 1 t+e .
— oydr|| =-— P, = o.dr ds. (4.31)
€ )¢ K J: €J:

i /2

%j‘t-ﬁ—e S;fdr

t

2

+e&

2
y in (4.31) and then integrating over [0, f]
v/2

2 1 t prtte 1 t+e
dtS—JJ <p§°,—J Sfdr> dsdt
V1 K 0 t € t Y/Z
t

1 t+e
_ Ef <5';+6 - 55,J 5fdr> dt. (4.32)
0 t

Now we use twice the Cauchy-Schwarz’s inequality in order to get that the first term
on the right hand side in the previous expression is bounded from above by

1 t ptte 1 t+e
;L Jt leog®lly /2 ;ft oydr
Y/2
1 t ptte t ptte
AT [
K s Hy/2
0 t 0 t
t pt+e t t+e
€ 1 A
§£ JJ ||p;’°||2/2dsdt J —J 5xdr
K 0 Je ’ o ||€Je

€
By neglecting the term —

K
we get that

t 1 t+e A
€ — ordr
o ||€Je

dsdt

1 t+e
—J Sfdr
€J:

2

2

dsdt (4.33)
/2

dt.
Y/2
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By a similar argument as the one in the proof of item i) of Theorem 2.13 we have that
the second term on the right hand side in (4.32) is bounded from above by

1 t+e 1 €
—f 165 |2d e + —J 16512 de. (4.34)
& 7 £ 0

Therefore, by using (4.33) and (4.34) in (4.32) we get that
1 t+e
- 5xd
€ ft rar

3 1 t+e 3
J EJ Sfdr dt < — J j lpI2 ,dsdt f
0 t 0

1
+;J 6% 12de + = f||5'<||2dt
‘ (4.35)

Taking ¢ — 0, using Lebesgue’s differentiation theorem (see Theorem 1.35 in (191
and the fact that 65 = 0 we get that

f ||5K||2dt<—\/f IIpmlly/zdt\/J I6¥112,d e + 1165117,

forall € [0, T]. Integrating the previous expression over [0, T] and using the Cauchy-
Schwarz’s inequality we get that

T f T
J f ||6K||2dtdt<—\/J f loflIZ, dtdf\/f ||3’§||§/2dtdf+f 65117t
0 0

2

dt
v/2

1
E\/f f ||5 ||Y/2dtdt+f
<1 o 1
Soyf2T ||p 152+ 1P I pd e + =,
1 1
S—v/ 2)+—.
S (x + )+ﬁ

(4.36)

In the second inequality above we used the fact that p® € L2(0, T; #7/?) (see item i)
of Lemma 4.3) and (4.29), while in the third inequality of we used Minkoski’s inequal-
ity and the fact that (a + b)? < 2a® + 2b%. And finally, the last inequality of (4.36) is
true since p® € L2(0, T; #"/?) and item i) of Theorem 3.2.

Then, by a simple computation we have that

T ff 1
16512 dedt S —. (4.37)
J;) fo t 'y 1/?
By Fubini’s theorem, we have that

T ot T T/2

5XI2 dedi = FI2 de>~ | EnR d

16¢1ly, dede= | (T —0)llo¢lhy, dt = - 1% Iy, d. (4.38)
o Jo 0 0

The result now follows from (4.37) and (4.38).
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5. PrROOF OF THEOREM 2.15

In this section we prove items i) and ii) of Theorem 2.15. Now we are interested in
analyzing the convergence of the stationary solution p* as k — 0 and k — co0. From

Definition 2.9, for k > 0, and for p* = p* — p*° we have that ¢p* € 3%”2 and
(9", —LG) + x(p",G)y, = I5(G), (5.1)

for any test function G of compact support included in (0, 1). Above I 5 : %’g/ 2L Ris
a linear form defined by I;=(G) = (0™, LG). Moreover, this linear form is continuous.
Indeed, using integration by parts given in Proposition 3.3 in [14] we have that

1
[15(G)| = J p*(WLG(u)du
0

_
2

ff (P>W) = p*(v)(GW) - G(V))d (5.2
vdu
[0,1]2

lu—v|rtt
<116%lly2llGlly /2 < 00.
Above we used the Cauchy-Schwarz’s inequality and the fact that ||5™|, /, is finite (see

(4.1)). Therefore, |I,=(G)| S ||G|I%V/2.

Then it is enough to analyze the behavior of ¢*. We claim that we can take G = ¢~
in (5.1). The justification is postponed to the end of the proof. Whence, from (5.2) we
have that

165125 +xlG 115, = I5=(6") S 1"l /25 (5.3)
from where we conclude that ||¢"||,/, < co. Plugging this back into (5.3) we get that
16"l S — (5.4

¥ Vi ~ \/E .

Now, note that ¢° € %2)7/2 satisfies (¢%, —ILG) = I ,»(G), for any function G € C*((0, 1)).
Then ¢* — ¢° satisfies

(¢ = ¢°% —LG) +k(¢",G)y, =0,
for any function G € C°((0,1)). We claim that we can take G = ¢* — @ in the previous

equality. The proof is analogous to the one done at the end of this section. Thus, we
get that

16" = @112, = k{(@", @° = 6" ), < kll@"Ily, 16" = @°lly,.-
From (5.4) and fractional Hardy’s inequality given in (4.2) we have that
16" = @°l17 5 S VKlle* = @°lly, S VKIE* = @°lly 2,

from where we conclude that ||¢* — ¢°||,/» S v/K. Then @~ converges to ¢°, as k — 0
in the [ - ||/, norm. So far we proved item i).

Remark 5.1. From fractional Hardy’s inequality (see 4.2) the convergence is also true in
Lél and since

16 = @°lly, = Vi(Ig™ = ¢°ll

we conclude that the convergence also holds in L>.
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For item ii), by (5.4) we get that ||¢*||,, — 0 and so [|¢"|| — 0 as k — oo.

We conclude this proof by showing that we can take G = ¢* in (5.1). Indeed, since
C((0,1)) is dense in %g/ 2, there exists a sequence {H *}n>1in C°((0, 1)) converging
to ¢~, i.e, ||[H; — 9",/ — 0 as n — oco. Observe that as a result of the latter and (4.2)
we also have ||[H; — ¢*||,, — 0 as n — oco. Using the Cauchy-Schwarz’s inequality we
have that

(0", Hy — @")yja <@ Il 2llHy — @1l 2,
(", Hy — @")v, < l@"lv, IHy — "I,
I (Hyy = &) < 15l j2llHy = @1l 2,
all going to 0 as n — oo. Thus, we can rewrite (5.1) as
(@%,—L@") + (¢, —L(Hy — ")) + k(" ¢ )y, +(¢", Hy — ¢"),) = I5=(@") + I (Hy; — §%).

Now it is enough to take n — oo.
O

6. UNIQUENESS OF WEAK SOLUTIONS

In this section we prove Lemmas 2.8 and 2.11. For Lemma 2.8, we only focus in
the proof of the uniqueness for the weak solutions of (2.10) for & = k. The proof of
the uniqueness of the weak solutions of (2.10) for k = 0 and (2.12) is analogous, the
difference is that only the first two items in Lemma 6.1 below are required. Finally, in
Subsection 6.2 we prove Lemma 2.11.

6.1. Proof of Lemma 2.15. Let p*! and p*? two weak solutions of (2.10) with the
same initial condition and let us denote 5* = p*! — p*2. For almost every t € [0, T],
we identify 5§ with its continuous representation on [0, 1]. Therefore, by Remark 2.4

we have p¥(0) = p¥(1) = 0. Since 3%’//2 is equal to the set of functions in #7/2
vanishing at 0 and 1 we have that ;' € 32”07/ ® for a.e. time ¢ € [0, T] and, in fact, pre

L*(0,T; 32”0”2). Moreover, for any t € [0, T] and all functions G € C*°([0, T] x (0, 1))
we have

(B5,Ge) — ft (pr.(a+1)G,)ds+ Kff (3%,G.),, ds =0. 6.1)
0 0

Note that, it is easy to show that C*([0,T] x (0,1)) is dense in L*(0, T;%g/z).
Let {H}},>1 be a sequence of functions in Ccl’°°([0, T] % (0,1)) converging to g with
respect to the norm of L%(0, T; 3%1/ 2) as n — 0o. For n > 1, we define the test functions
vVt € [0,T], Vu e [0,1], G/(t,u) = ftTHg(s,u)ds. Plugging G into (6.1) and
letting n — oo we conclude by Lemma 6.1 below that

T
f pids
0

T 1 T
f ||ﬁ;<||2ds+5\f prds
0 0

Recall that (-,-)y, (resp. [|-|[y,) is the scalar product (resp. the norm) corresponding to
the Hilbert space L, .

Then, it follows that for almost every time s € [0, T] the continuous function g} is
equal to 0 and we conclude the uniqueness of the weak solutions to (2.10).

2
=0. (6.2)

Vi

2 K
+ —
r/2 2




36 C.BERNARDIN, P GONGALVES, AND B. JIMENEZ OVIEDO

Lemma 6.1. Let {G}},>, be defined as above. We have

T T
D lim f (ﬁf,(asG,’f)(s,-))ds=—J 15117 ds.
0 0

T T
1 2
. 1 ~K’]LGK K d :__H ~Kd .
W nggofo <p5 n(s )> ¥ 2 L P 3 /2
T T
. ~ K K _ 1 ~K 2
iii) HILIEOL <P5’Gn(5")> ds—EHL pids " < 00.

Proof. The proof of this lemma is quite similar to the proof of items i), ii) and iii) in
the proof of Lemma 4.2. For that reason we just sketch the main steps of the proof and
we leave the details to the reader. For i) we have that

' T
- f (55, (2G5, ds = J
0 0

and by the Cauchy-Schwarz inequality,

T T
< \/J. 511 ds \/J IHx (s, ) = prlPds (6.4
0 0
which goes to 0 as n — oo.

For ii), we first use the integration by parts formula for the regional fractional Lapla-
cian (see Theorem 3.3 in [14]) to get

T T
L <ﬁ:,LG:fcs,->>ds=‘L (71.6165.0), 2

and as in ii) in the proof of Lemma 4.2 we have that

T 1 T 2 T T
fo <’5:’Gr’f(s")>wzdS:§HL peds y/2+J0 <p:’£ (Hs(t’.)_ﬁf)dt>wzds'

Now, note that the term on the right hand side of last expression vanishes as n — oo as
a consequence of a successive use of Cauchy-Schwarz’s inequalities. The proof of iii)
is similar to the proof of ii) by using the fractional Hardy’s inequality (see (4.2)) and
since C*((0,1)) is dense in Hg/z we have that any g € Hg/z is also in the space L‘z/1 and
that (4.2) remains valid for g. In particular, we have that the right hand side of iii) is

finite. We have
T 1 T 9 T T
L <ps,Gn(s,-)>VldSZ§Hfo prds Vl+f0 <ps,£ (Hn(t,-)_pt)dt>Vlds.
(6.5)

To conclude the proof of iii) it is sufficient to prove that the term on the right hand side
of last expression vanishes as n — co. But this is a consequence of a successive use of
the Cauchy-Schwarz inequalities and Hardy’s inequality, from which we get

T T
fo <pf (H(e,) - ) dt >V1 ds

T ) T
<CT f ds J
0 r/2 0

T
<ﬁ§,Hs(s,-)—f»:>ds+f Ip5IPds,  (6.3)
0

T
[ o=y
0

2

dt — 0.
/2 n—00
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The proof of the uniqueness of the weak solutions of (2.10) for k = 0 is analogous,
the difference is that only the first two items in Lemma 6.1 above are required. The
uniqueness of the weak solutions of (2.12) is analogous as well, in this case only items
i) and iii) in Lemma 6.1 above are required.

O

6.2. Proof of Lemma 2.11. Recall (5.1). As we will see below, by Lax-Milgram’s
Theorem (see [5]), there exists a unique function p* € 3%6” % which is solution of
(5.1). Then, it is not difficult to see that p* := ¢* + p* is the desired weak solution of
(2.14). For that purpose, let a* : %”OY/ > x %g/ > R be the bilinear form defined, for
G,F € %”OY/ 2 as

a*(F,G) = (F,G),, + R(F,G)y,. (6.6)
From Lax-Milgram Theprem, in order to conclude the existence and uniqueness it is
enough to prove that a* is coercive and continuous. For & > 0, we can easily see that

a*(G,6) 2 min{1, &V, ()} (IGIE,, + 161 ) = min{1, &V, (DIHIGIZ .

For k = 0, since on %‘g the norms || - ||/, and || - || +> are equivalent we have that

a’(G,6)=IGI2, 2 IIGIIj%y/z-
Therefore a* is coercive for & > 0. Moreover, by using the Cauchy-Schwarz’s inequality
we obtain that
la®(F, G < IIFl, 12lIGll, j2 + RUIF [y, 1Glly,)-
From the fractional Hardy’s inequality (see (4.2)) we have that

la*(F, &) S (& + DUIFIl,2lIGIl, /)

. 2 .
and since on 3%” the norms || ||, and || - || v are equivalent, we conclude that the
bilinear form a* is continuous for & > 0. This end the proof.
P
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APPENDIX A. COMPUTATIONS INVOLVING THE GENERATOR

Lemma A.1. For any x # y € Ay, we have

D Ly(neny) =0 Lyny, +1,Lyn, —p(y —x)(n, —n,)?,

i) Ly(nemy) =neLymy +nyLyns,
ii) L (neny) = Lim, +nyLin..
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Proof. For i) we have, by definition of L, that

1 - -
L](\)](nxny) ZE Z P(}_’ - 32‘) [(O-x’yn)x(o-x’yn)y - nxny]

X, yEAN

1 . -
=3 Z p(7 — %) [((@™ 0y —nemy) + (0 0y 0 = memy I+

X, yEAN

+(02’yn)x(02’yﬂ)y - (Oj(’yn)xny - (ai’yn)ynx + nxny:|

1 - -
:nxLI(\)]ny + ﬂngﬂ?x + E Z P(J—’ - -)_C) [(O-X’yn)x - nx] [(O-x’yn)y - nyj|

£,7€Ay
=1y Lyny + 1, Lyn, —p(y —x)(n, — 1, )%

In order to prove ii), note that [(O"_‘n)x - nxJ [(o"_‘n)y - nyJ is equal to zero, for all
X € Z. Thus, by definition of L},, we have that

Ly(neny)= Y. pF—%) [1:1 =B+ 1 —=n)B] [(@*n)(o"n), —n.n, ]

X€Ay,y=N
=My Lyny + 0y Lynet
D1 b %) [n:(1=B)+ (1= n)B] [(oFn), —n,] [(oFn), —ny]

X€Ay,7=N
=0 Lyny + 1y LN,

The proof of the third expression is analogous. O
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