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—— Abstract

A natural approach to define binary word relations over a finite alphabet A is through two-tape
finite state automata that recognize regular languages over {1,2} x A, where (4,a) is interpreted
as reading letter a from tape i. Accordingly, a word w € L denotes the pair (up,us) € A* x A*
in which wu; is the projection of w onto i-labelled letters. While this formalism defines the well-

studied class of Rational relations (a.k.a. non-deterministic finite state transducers), enforcing
restrictions on the reading regime from the tapes, which we call synchronization, yields various
sub-classes of relations. Such synchronization restrictions are imposed through regular properties
on the projection of the language onto {1,2}. In this way, for each regular language C C {1, 2}*,
one obtains a class REL(C') of relations. Regular, Recognizable, and length-preserving rational
relations are all examples of classes that can be defined in this way.

We study the problem of containment for synchronized classes of relations: given C,D C
{1,2}*, is REL(C) C REL(D)? We show a characterization in terms of C' and D which gives a
decidability procedure to test for class inclusion. This also yields a procedure to re-synchronize
languages from {1,2} x A preserving the denoted relation whenever the inclusion holds.

2012 ACM Subject Classification Theory of computation — Formal languages

Keywords and phrases synchronized word relations, containment, resynchronization

1 Introduction

We study are relations of finite words, that is, binary relations R C A* x A* for a finite
alphabet A. The study of these relations dates back to the works of Biichi, Elgot, Mezei, and
Nivat in the 1960s [4, 8, 13], with much subsequent work done later (e.g., [2, 6]). Most of the
investigations focused on extending the standard notion of regularity from languages to re-
lations. This effort has followed the long-standing tradition of using equational, operational,
and descriptive formalisms — that is, finite monoids, automata, and regular expressions — for
describing relations, and gave rise to three different classes of relations: the Recognizable,
the Automatic (a.k.a. Regular [2] or Synchronous [6]), and the Rational relations.

The above classes of relations can be seen as three particular examples of a much larger
(in fact infinite) range of possibilities, where relations are described by special languages over
extended alphabets, called synchronizing languages [10]. Intuitively, the idea is to describe
a binary relation by means of a two-tape automaton with two heads, one for each tape,
which can move independently one of the other. In the basic framework of synchronized
relations, one lets each head of the automaton to either move right or stay in the same
position. In addition, one can constrain the possible sequences of head motions by a suitable
regular language C C {1,2}*. In this way, each regular language C' C {1,2}* induces

* Work supported by ANR project DELTA, grant ANR-16-CE40-0007, and LIA INFINIS.
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a class of binary relations, denoted REL(C), which is contained in the class of Rational
relations (due to Nivat’s Theorem [13]). For example, the class of Recognizable, Automatic,
and Rational relations are captured, respectively, by the languages Crec = {1}* - {2}%,
Caut = {12} -{1}*U{12}*-{2}*, and Cgrat = {1, 2}*. However, it should be noted that other
well-known subclasses of rational relations, such as deterministic or functional relations,
are not captured by notion of synchronization. In general, the correspondence between a
language C' C {1,2}* and the induced class REL(C) of synchronized relations is not one-
to-one: it may happen that different languages C, D induce the same class of synchronized
relations. There are thus fundamental questions that arise naturally in this framework:
When do two classes of synchronized relations coincide, and when is one contained in the
other? Our contribution is a precise algorithmic answer to this type of questions.

More concretely, given a binary alphabet 2 = {1, 2} and another finite alphabet A, a word
w € (2xA)* is said to synchronize the pair (w1, ws) € A* x A* if, for both i = 1,2, w; is the
projection of w on A restricted to the positions marked with 7. For short, we denote this by
[w] = (w1, ws) —e.g., [(1,a)(1,0)(2,b)(1,a)(2,¢)] = (aba,bc). According to this definition,
every word over 2 X A synchronizes a pair of words over A, and every pair of words over
A is synchronized by (perhaps many) words over of 2 x A. This notion is readily lifted to
languages: a language L C (2xA)* synchronizes the relation [L] = {[w] | w € L} C A*xA*.
For example, [((1,a)(2,a) U (1,b)(2,b))*] denotes the equality relation over A = {a, b}.

In this setup, one can define classes of relations by restricting the set of admitted syn-
chronizations. The natural way of doing so is to fix a language C' C 2*, called control
language, and let L vary over all regular languages over the alphabet 2 x A whose projec-
tions onto 2 are in C. Thus, for every regular C' C 2*, there is an associated class REL(C)
of C-controlled relations, namely, relations synchronized by regular languages L C (2 x A)*
whose projection onto 2 are in C. Clearly, C C D C 2* implies REL(C) C REL(D), but
the converse does not hold: while REL(CRrec) = Recognizable C Automatic = REL(Cayt),
we have Crec € Cayut- Moreover, as we have mentioned earlier, different control lan-
guages may induce the same class of synchronized relations. For example, once again,
the class of Recognizable relations is induced by the control language Crec = {1}*{2}*,
but also by Cf.. = {1}*{2}*{1}*, and the class of Automatic relations is induced by
Cauwt = {12}* - {1}* U {12}* - {2}*, or equally by C4, = {21}* - {1}* - {2}*. This ‘mis-
match’ between control languages and induced classes of relations gives rise to the following
algorithmic problem.

CrLAss CONTAINMENT PROBLEM

Input: Two regular languages C, D C 2*
Question: Is REL(C) C REL(D) ?

Note that the above problem is different from the (C, D)-membership problem on synchron-
ized relations, which consists in deciding whether R € REL(D) for a given R € REL(C),
and which can be decidable or undecidable depending on C, D [5]. The Class Containment
Problem can be seen as the problem of whether every C-controlled regular language L has a
D-controlled regular language L’ so that [L] = [L’]. It was proved in [10] that this problem
is decidable for some particular instances of D, namely, for D = Recognizable, Automatic,
Length-preserving or Rational. More specifically, given a regular language C' over the binary
alphabet 2, it is decidable whether REL(C') is contained or not in Recognizable (respect-
ively, Automatic, Length-preserving and Rational). Our main contribution is a procedure for
deciding the Class Containment Problem in full generality, i.e. for arbitrary C' and D.

» Main Theorem. The Class Containment Problem is decidable.



M.E. Descotte, D. Figueira, and G. Puppis

In addition, our results show that, for positive instances (C, D), one can effectively transform
any regular C-controlled language L into a regular D-controlled language L’ so that [L] =
[L']. By ‘effectively transform’ we mean that one can receive as input an automaton (or
a regular expression) for L and produce an automaton (or a regular expression) for L'. In
particular, we show a normal form of control languages, implying that every synchronized
class can be expressed through a control language of star-height at most 1.

Related work. The formalization of a framework in which one can describe classes of word
relations by means of synchronization languages is quite recent [10]. As already mentioned,
the class containment problem was only addressed for the classes of Recognizable, Automatic
and Rational relations, for which several characterizations have been proposed [10]. The
formalism of synchronizations has been extended beyond rational relations by means of
semi-linear constraints [9] in the context of path querying languages for graph databases.

The paper [3] studies relations with origin information, as induced by non-deterministic
(one-way) finite state transducers. Origin information can be seen as a way to describe
a synchronization between input and output words — somehow in the same spirit of our
synchronization languages — and was exploited to recover decidability of the equivalence
problem for transducers. The paper [11] pursues further this principle by studying “distor-
tions” of the origin information, called resynchronizations. Despite the similar terminology
and the connection between origins and synchronizing languages, the problems studied in
[3, 11] are of rather different nature than our Class Containment Problem.

Organization. After the preliminaries on subclasses of regular languages, we define in
Section 3 the framework of synchronized relations. Section 4 provides a roadmap with the
three key ingredients of our characterization. Sections 5, 6 and 7 contain the technical details
for these main ingredients. In Section 8 we discuss the computability of the characterization.

2 Preliminaries

We denote by N, Q the sets of non-negative integers and rationals. We use standard interval
notation as in, for example, (a,blg = {¢c € Q | a < ¢ < b}. A,B denote arbitrary finite
alphabets, and 2 the special binary alphabet {1,2}.

Words and shuffles. For a word w € A*, |w| is its length, and |w/|, is the number of occur-
rences of symbol a in w. We denote by wli, j] the factor of w between positions ¢ and j (in-
cluded), for 1 < i < j < |w|, and we write w[i] for w[i,i]. We will also make use of the shuffle
operation, which maps a finite set of words wy,...,w, to the language shuffle{w, ..., w,}
of all words w for which there is a partition Iy,...,I, of [1,|w]|] so that each w; is the
projection of w onto I;. For example, shuffle{ab, cd} = {abed, cdab, acbd, acdb, . .. }.

Parikh image. The Parikh image of a word w over A is the tuple 7 (w) associating each
symbol a € A to its number of occurrences |w|, in w. We will mostly use Parikh images
for words over 2*, which are thus pairs m(w) = (Jw|1, |w|2). We naturally extend this to
languages by letting m(L) def {r(w) | w e L} (CN?). For z,71,...,%, € N>, we denote by
(z, P) the 2-dimensional linear set {Z + ;%1 + -+ anZy, | a1,...,q, € N}, and call z € N?
its basis and 1, ..., T, its periods. A semi-linear set is a finite union of linear sets.

Regular languages. We use standard notation for regular expressions without comple-
ment, namely, for expressions build up from the empty set, the empty word € and the
symbols a € A, using the operations -, U, and ()*. For economy of space and clarity we
also use the abbreviated notation ()*, ()¥* —which is a shorthand for (()*)*—, ()2k, ()<¥,
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and we identify regular expressions with the defined languages. For example, we may write
abbe € a-b=2 - (cUd)*, b(ab)* = (ba)*b and {a,b}* -c = (aUb)*-c. Given u = ay - -- a,, € A*
and v = by - - - b, € B*, we write u® v for the word (a1,b1) - - (an,bn) € (A x B)*. Similarly,
given U C A*| V C B*, wewrite U @ V C (AxB)* for theset {u®uv | u € U,v € V, |u| = |v|}.

The star-height of a regular expression is the maximum number of nestings of Kleene
stars ()*. By abuse of terminology, when referring to the star-height of a language, we mean
the star-height of some regular expression that represents it (in particular, we do not need to
work with the minimum star-height over all expressions). Besides regular expressions, we also
work with automata, and use classical techniques on them (notably, pumping arguments).
Given an accepting run « of an automaton A, we often identify cycles in it, that is, factors
that start and end in the same state, and that can thus be pumped. Such cycles are
called simple if they do not contain proper factors that are also cycles. Moreover, to avoid
mentioning explicitly an automaton for a language L and a run of it, we call cycle of L
(resp. simple cycle of L) the word spelled out by any cycle (resp. simple cycle) of any
accepting run of the minimal deterministic automaton recognizing L, and denote the set of
all cycles (resp. simple cycles) of L by cycles(L) (resp. simple-cycles(L)). We remark that,
however, that the use of the minimal automaton as a presentation of a regular language L
is only to avoid ambiguity when referring to the cycles of L —in fact, our results do not
depend on determinism or minimality, and can thus be applied to arbitrary non-deterministic
automata, without any difference in the characterizations we present.

A regular language C' is concat-star (a.k.a. unit-form [1]), if it is of the form

C=Ci{u1Ciug -+ Cruy, (%)

for n € N, words uq,...,u,, and regular languages C1,...,C,. Without loss of generality,
we can always assume that the empty word does not belong to any of the languages C;. The
following trivial decomposition lemma will be used throughout.

» Lemma 1. FEvery reqular language is a finite union of concat-star languages.

The C}’s from (%) are called components of the concat-star language C. Note that (an
expression of) a concat-star language as in (x) has star-height 1 if and ouly if every C; is
finite. A component C} is homogeneous if C;" C 1* or C} C 2*. A component which is
not homogeneous is called heterogeneous (e.g. C¥ = {1,2}*). It will also be convenient to
distinguish a few types of concat-star languages. We say that C' is

heterogeneous if it contains at least one heterogeneous component, otherwise it is

homogeneous;

smooth if every homogeneous component is a language of the form 1%* or 2¥* for some

k > 0, and there are no consecutive homogeneous components;

simple if it has star-height 1 and it is either homogeneous or smooth heterogeneous.
Hereafter, by “simple language” we mean simple concat-star language. The picture below
summarizes the different types of control languages, together with some separating examples.

smooth non-smooth non
homogeneous heterogeneous heterogeneous concat-star
s-h.>1 Ak ) Tl () (1*2)* U (12)*
s-h. =1 skl 1*(12)*2* 1*2%(12)* (12)*1* U (12)*2*

simple
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In Section 5 we will see that the Class Containment Problem is reduced to the case of finite
unions of simple languages. The latter languages thus form the basis of our characterization.

3 Synchronized relations

A synchronization of a pair (wy,ws2) of words over A is a word over 2 x A so that
the projection on A of positions labeled i is exactly w;, for i = 1,2 —in other words,
shuffle{1!"1l ® wy, 2!"2l @ wy} is the set of all synchronizations of (w;,ws,). For example, the
words (1,a)(1,0)(2,a) and (1,a)(2,a)(1,b) are two possible synchronizations of the same
pair (ab, a). Every word w € (2 x A)* is a synchronization of a unique pair (wy,ws), where
w; is the sequence of A-letters corresponding to the symbol 4 in the first position of 2 x A.
We denote such pair (wq,ws) by [w] and extend the notation to languages L C (2 x A)* by
[2] € {[w] | w € L}.
Given a regular language C' C 2*, we define the class of C-controlled relations as

REL(C) def {[L] | L € C®A* is regular, A is some finite alphabet }.

A slightly different definition is possible, which restricts the class of C-controlled relations to
be over a fixed alphabet A, that is, one can define REL,(C) = {[L] | L € C ® A* regular}.
As far as we are concerned with comparing classes of relations controlled by different lan-
guages, the two definitions are somehow interchangeable, in the sense that containment
between classes is not sensible to whether we fix or not the alphabet. For example, we
will see that, for any alphabet A with at least two symbols, RELA(C) C RELa(D) iff
REL(C) C REL(D).

For economy of space, we use C' Cry, D and C' =gg, D as shorthands for REL(C) C
REL(D) and REL(C) = REL(D), respectively. The following properties are easy to verify.

» Lemma 2. For every reqular C,D,C’, D" C 2*,

P1. if C C D, then C Cgrg D;

P2. if C Cry, D and C' Cryy, D', then C - C' Cry, D+ D' and CUC' Cry, DU D/;
P3. if C Cry D, then C* Cry D*;

P4. if C C1* and D C 2%, then C- D =gy D-C;

P5. if C is finite, then C - D =gy, D - C;

P6. if C Cre D then w(C) C m(D); moreover, if C is finite, the converse also holds;
P7. if C is homogeneous concat-star, then C =rgr J;¢; 11k 2tixki for g finite I;
P8. if C is homogeneous concat-star, C Cry, D if and only if m(C) C w(D).

Proof idea. P1 is immediate from definitions; henceforth we use it without referencing it.
P2 and P3 follow readily from the following decomposition properties.
(a) For every R € REL(C - C'), there are Ry,..., R, € REL(C), R},...,R), € REL(C") so
that R = J, R; - R
(b) Forevery R € REL(C'U ("), there are Ry € REL(C), Ry € REL(C") so that R = R;URs.
(c) For every R € REL(C*), there are Ry,...,R, € REL(C) and I C {1,...,n}* regular so
that R = J,,¢;
P4 can be verified by first decomposing any relation R € REL(C - D) into |J; R;- R} as in (a),
and then observing that in this case [\, R; - R;] = [U; R; - R;]. For P5, it is easy to see that
1-D =gg, D-1and 2D =gy, D -2 for any D, and thus by P2 this extends to commuting
with arbitrary finite languages. For P6, observe that if C' Crg, D then [C ® a*] € REL(D)
for a € A, which means that 7(C) C w(D). P7 is a consequence of P4 and the so-called
Chrobak normal form for regular languages over unary alphabets [7]. Finally, the proof of P8
is a variant of the proof that the operation of shuffle preserves regularity of languages. <«

Ry Rufju))-
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4 Characterization of the Class Containment Problem

We give an overview of the main ingredients of our decision procedure for class containment.

Decomposition. A first ingredient is a decomposition result for regular control languages
into =gy,-equivalent finite unions of simple languages. Here we only state the result with a
short proof sketch; the complete proof will be given in Section 5.

» Proposition 3. Fvery regular language C' C 2* is effectively =grg-equivalent to a finite
union of simple languages.

Proof idea. One first applies Lemma 1, so as to decompose the regular language C' into a fi-
nite union of concat-star languages. Then, the concat-star languages are further decomposed
into unions of concat-star languages of star-height 1. For example, (112(12)* U 122)* =gy,
(122)* U (1120U122)*112U (1120U122)*11122 U (112U 122)*1111222. This latter step is more
difficult and exploits the increased flexibility of the relation =gy, compared to equality.
It also exploits in a crucial way properties of linear sets, and more specifically those that
result from taking the Parikh images of concat-star languages. Finally, to get the desired
decomposition, one needs to decompose further the concat-star languages of star-height 1
into finite unions of simple languages as in, for example, (12)*1*2* =gy, (12)*1* U (12)*2*.
This last decomposition makes use of some basic properties from Lemma 2. |

Parikh ratios. The Parikh ratio of a pair z = (n1,n2) € N2\ {(0,0)} is p(z) = e
We naturally extend this to non-empty words w € 2* by letting p(w) = p(w(w)) (this
describes the proportion of 1’s in w). We further extend the notation to languages: p(C) =
{p(w) | w e C\ {e}}. Note that p(C) C [0, 1]g. It is sometimes useful to think of p(C) as

the cone Qn(C) = {q- m(w) | ¢ € Q,w € C} inside the rational plane Q x Q.

» Example 4. The Parikh images of the languages C' = (2(2112)*)* and D = (2U 2112)*
are depicted below. Note that p(C) = [0, %)Q, while p(D) = [0, %]Q

2 2 2 2

1

Qn(D)

™(C)

The following lemma summarizes the main properties of Parikh ratios that we will need.

» Lemma 5. The Parikh ratio of a concat-star language C' verifies the following properties:
1. If C = Cfuy -~ Cluy, then p(cycles(C)) C [min; inf p(C), max; sup p(C)]o;
2. Moreover, if C = D* for a finite D, then p(C) = p(cycles(C)) = [min p(D), max p(D)]qg.

Synchronizing morphisms. Another fundamental ingredient is the notion of synchron-
izing morphism, which intuitively relates the components of a concat-star language C' to the
components of a concat-star language D by comparing the Parikh ratios.

Let C' = Cjuy - - - Cluy be a heterogeneous concat-star language and D = Djvy - -- D} vy,
any concat-star language. We say that a function f : [1,n] — [1,m] is a synchronizing
morphism (abbreviated s.m.) from C to D if

it is monotonic: f(i) < f(j) whenever ¢ < j; and

it preserves Parikh-ratio: for every i € [1,n], p(C7) € p(D} ;).
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We write C =% D to denote the existence of such synchronizing morphism. By convention,
if C is homogeneous, then we say that there is always a synchronizing morphism from C to
D. In particular, u =™ v for every u,v € 2*. The sole purpose of this trivial definition on
homogeneous concat-star languages is to make the characterization statements simpler.

» Example 6. The following function f is a synchronizing morphism:

2° 1* (122U12)* (122)* (112)* 1* 2* (22)* & a: QII((122)7)

b b: QII((122 U 112)%)
\ \ f\// \X c d c:QII((122U12)%)
(22)* 1* (122U 112)* (11U 111)* (12)* 2* d: QII((112)%)

Observe that synchronizing morphisms are closed under composition and hence ==
defines a pre-order on concat-star languages.

Class Containment Problem for simple languages. The existence of synchronizing
morphism is the key property that characterizes Cry;, on simple languages. A complete
proof of the following proposition will be the theme of Section 6.

» Proposition 7. For all simple C, D C 2*, C Cry D iff 7(C) C 7(D) and C 25 D.

Note that the case of C' homogeneous follows from P8. Intuitively, for any C' smooth
heterogeneous concat-star language of star-height 1, the characterization says that, C Cgy,
D iff 7(C) C 7(D) and for every component of C, there is a component of D that contains
its Parikh ratio. Further, the matching between components is monotonic. For example,
we have (12)*(112)* Cry, (12U 11122)*(121)*1*2*, because the Parikh ratios of (12)* and
(112)* are included in those of (12U11122)* and (121)*, respectively. On the other hand, we
have (112)*(12)* Zgre (12 U 11122)*(121)*1*2* because in this case there is no motononic
matching between components.

Generalization to unions of simple languages. Section 7 concerns the generalization
of the characterization to finite unions of simple languages, which cover arbitrary regular
languages up to =grg.-equivalence. The previous characterization for simple languages thus
constitutes the base case of our characterization. The lemma below allows a first generaliz-
ation when C' is a union of simple languages and D is a simple language.

» Lemma 8. ChLUCCy CReL D Z_ﬁ 4 CReL D and Cy CReL D.

The analogous of Lemma 8 for unions on the right hand-side does not hold in general,
as shown by the following example.

» Example 9. Let C = (12)*, D; = (112U 1122)*, and Dy = (122 U 1122)*12. We have
C Crp, D1 U Dy, although C Zgyy, D1 and C Zrg, Do.

Neither it holds that Parikh image containment together with the existence of s.m. to
one of the disjuncts suffices. For instance, for C' = (12)*, D] = (1212)*, D} = 1*2*, we
have C' Zgy, D} U D} although 7(C”") C n(D} U Db) and ¢" 2™ DY,

The characterization we provide is inductive on the number of languages that are unioned
on the right hand-side. Concretely, for a union of two languages, we will show that C' Cgy,,

Dy U Dy iff C 2™ D; for some i and C'\ [D;]x Crew D3_i, where [D;] is the closure of D;
under permutations, that is, [D;]» def{ € 2* | w(w) € w(D;)}. The idea that underlies
the proof of the necessity of our characterization is that C' can be split into a disjoint union
of CN[D;]r and C \ [D;], in such a way that C N [D;]; Cre. D; and C\ [D;]x Cren D3—;.

For finite unions of simple languages, we have the following characterization. A complete
proof of this theorem will be the theme of Section 7.
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» Theorem 10. For finite unions C = |J;C; and D = |J; D; of simple languages, the
following are equivalent:
c gREL D;
For all i 7(C;) C (D) and there is j with C; =™ D;. In addition, if C; is heterogen-
eous, then C; \ [D;] is reqular and C; \ [D;]r Cru Uj,# Dj.

Coming back to Example 9, note that p(C) = {3}, p(D1) = [4,%]g and p((122 U
1122)*) = [3, 3lo. Therefore, one can explain C Cre. D1 U Dy by the fact of having
C 2 Dy and C\ [D1]r = (1212)*12 Cgyy, D2, where the latter containment holds by the
fact that (1212)*12 ™% Dy and 7((1212)*12) C m(Ds).

Note that there’s a caveat in the statement of Theorem 10: C;\ [D,] needs to be regular.
And in fact this is not the case in general: if C; = 1*2* and D; = (12)*, we get a non-regular
language C;\[D;], = {1"2™ | n # m}. However, provided C; =™ D; for C; heterogeneous,
we show that C; \ [D;], is effectively regular (in the sense that an automaton recognizing
it can be computed from automata recognizing C; and D;). This is a non-trivial fact, and
will be proved in Section 5 (Proposition 12).

The second key ingredient is that if C; Cry, D1 U --- U D,,, then there must be some j
so that C; =™ D,. This will be proved in Section 6 (Lemma 15).

5 Decomposition into simple languages

As already mentioned, we start by reducing the Class Containment Problem for arbitrary
regular languages to the case of finite unions of simple languages (Proposition 3 below). We
do this in two steps. First, we decompose regular languages into finite unions of concat-
star languages of star-height 1 (Lemma 13 below). Then, we further decompose the latter
languages into finite unions of simple languages (Lemma 14 below).

Unions of star-height 1 languages. Lemma 13 relies on two key results, which are also
of independent interest. The first result is a normal form representation of the Parikh image
m(C) of a concat-star language C. Formally, we say that a linear set (z, P) is in normal
form if the elements of P are linearly independent. We extend this notion to semi-linear
sets by saying that (Z1,P;) U--- U (Zy, P,) is in normal form if the vectors in J, P; are
linearly independent. In particular, in dimension 2, this means that there are at most two
vectors in P. Note that if the representation of a semi-linear set is in normal form then all
its linear sets are in normal form, but the converse does not hold —for example, consider
(0,{(2,0)}) U {0,{(3,0)}). The following lemma shows that Parikh images of concat-star
languages enjoy normal forms.

» Lemma 11. For every concat-star language C = Ciuy ---Cliu,, there exists a normal
form representation of its Parikh image w(C). Moreover, if C is infinite, the union of the
period sets is {T_, T4}, where p(Z_) = min;(inf p(CY)) and p(74) = max;(sup p(C7)).

Proof idea. Using some basic properties of Parikh images, we reduce to the case where C
is a concatenation of expressions of the form u* (for v a non-empty word) or (uf ---ulu)*
(for uq, ..., u,,u non-empty words). For any C in this form, the Parikh image of words in
C can be expressed in terms of some words w_, w4 such that 7(w_) = z_ and m(wy) = Z4.
Then, any word of C' can be represented as a constrained iteration of these two words. <«

It is worth pointing out the difference with the normal form from [12]. While the normal
form of [12] holds for arbitrary regular languages, our normal form holds only for concat-star
languages over binary alphabets (e.g., it fails for (12)* U 1* U 2*). Conversely, the normal
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form from [12] does not guarantee the linear independence of the vectors in the union of the
periods, as we do here instead. Proposition 12 below relies on such an additional property.
(Also, [1] gives a procedure to compute Parikh images, though no normal form is implied.)

The second result shows that, under certain conditions, one can intersect a regular lan-
guage C by a language of the form [D], = 7~ (n(D)), with D concat-star, and obtain a
language that is again regular. This result not only enables the decomposition into star-
height 1 languages, but will be used also later to formalize a recursive characterization of
Cryy, for unions of simple languages (cf. Section 7).

» Proposition 12. Given C regular and D concat-star so that p(cycles(C)) C p(cycles(D)),
the languages C N [D], and C \ [D], are effectively reqular. If in addition D is of the form
Diu, then C N [D]z Cre. D.

Proof idea. We exploit the fact that words in 2* are in bijection with paths inside N? that
originate in 0 = (0,0) and, furthermore, that words with the same Parikh image correspond
to paths with the same endpoints. The claim boils down to considering some word w € 2*
and proving that, under suitable hypotheses, the path induced by w can be approximated by
a path inside 7 (D) that stays sufficiently close to the former path. The use of Lemma 11 will
be crucial here, since it gives a normal form |J,(Z;, P;) for the latter set m(D). Intuitively,
it implies that the words from [D], are represented by paths that never get too far from
the linear set (0, \U; P;). For example, by pairing this property with the assumption that
pleycles(C)) C p(cycles(D)), one can show that the path induced by a word w € C stays
close to (0,{J; P;), and hence also to 7(D). Stronger variants of this property are shown,
that take into account the exact displacement of points along the path induced by w from
the points in 7w(D). These latter properties are used by suitable automata that recognize
the languages C' N [D], and C \ [D]. <

As we explained in the proof sketch, the above proposition relies on the normal form
for the semi-linear set m(D), which in turns relies on the fact that D is concat-star. The
proposition does not hold if we replace D with an arbitrary regular language. For instance,
consider C' = 1(11)*2(22)* and D = (12)* U (11)*(22)*, and observe that p(cycles(C)) =
[0,1]g = p(cycles(D)), but C' N [D], = {1(11)"2(22)™ | n € N} is clearly not regular.

Although Proposition 12 is stated in full generality, that is, for every regular language
C' so that p(cycles(C)) C p(cycles(D)), in the proof of the decomposition result below we
will use it only for a smooth heterogeneous concat-star language C' so that C =% D (this
is sufficient but not necessary for verifying the hypothesis p(cycles(C)) C p(cycles(D))).

» Lemma 13. Every reqular C C 2* is =gy -equivalent to a finite union |J, D; of concat-star
languages of star-height 1.

Towards the proof of this lemma, note that, by Lemma 1, C' is a finite union of concat-
star languages Ciuy - - - Criuy. The lemma then follows from applying Claim 1 below to each
component of the concat-star languages, and then using P2.

» Claim 1. Every reqular D* is =gg-equivalent to a finite union | J; D} u;, with finite D;’s.

Proof idea of Claim 1. Since w(D*) is a finite union of linear sets, from the latter we can
extract languages of the form D} ;. Then we can decompose D* as the union of D*N[D}u;] .
From there, the result follows easily from Proposition 12 and P2. |

Unions of simple languages. We finally show how to decompose into simple languages.
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» Lemma 14. FEvery concat-star C C 2% of star-height 1 is =rgy-equivalent to a finite union
U, Ci of simple languages.

Proof idea. By using the basic properties given in Lemma 2, we can reduce the problem to
the case where C is of the form 1#*2¥*w* for some heterogeneous word w and some natural
numbers k, k. This case is easy to prove by using again those basic properties. <

As a corollary of Lemmas 13 and 14, we have our desired result.

» Proposition 3. Every regular language C' C 2* is effectively =gg,-equivalent to a finite
union of simple languages. <

6 Simple languages
We prove the characterization result for simple languages, which we recall here.

» Proposition 7. For all simple C, D C 2*, C' Cgy, D iff 7(C) C 7(D) and C 2™ D.

For the left-to-right direction, by P6, C' Cry, D implies 7(C) C w(D). The proof that
C Cre D implies C 2% D is given in a more general setup where D is a finite union of
simple languages. This statement will be used in the characterization of the next section.

» Lemma 15. For C a simple language and D =J; D; finite union of simple languages, if
C Crp D, then C 2 D, for some i. In particular, for C, D simple languages, if C' Crg.,
D, then C 2™ D. Further, the statement holds even if we consider RELy-containment for
any A with at least two letters.

Proof idea. The idea is to construct a relation R € REL(C') so that from R € REL(D), using
suitable pumping arguments, one can extract a synchronizing morphism from C' to some D, .
The relation R must depend on both languages C, D, but the underlying alphabet can be
fixed and taken binary, say A = {a,b}. For example, if C' is of the form C7 and contains
two words v~ and uT with minimum and maximum Parikh ratios, and if the automaton
for D has a single strongly connected component, then one can define the relation R =
[(w= @al* Ty (ut ®b|“+|)*]]. In this case, R € REL(D) would imply p(u™), p(ut) € p(D),
and hence C' 2™ D. This construction can be modified for more general languages C, D,
by using words with different Parikh ratios from each component of C' and by increasing the
number of alternations between these ratios on the basis of the number of components of
D. While the construction is more involved in the general case, and in particular needs to
include iterations of words which are not necessarily of minimum or maximum Parikh ratios
for a component, the intuition remains the same. <

» Observation 16. The previous Lemma 15 does not hold for arbitrary concat-star languages
C. For example, consider (12)*1*2* =gy, (12)*1* U (12)*2*, where there is no s.m. from
(12)*1*2* to (12)*1*, nor from (12)*1*2* to (12)*2*.

Conversely, to show that the conditions 7(C) C (D) and C ™3 D are sufficient to
have C' Cry, D, where C, D are simple, it is useful to introduce a normal form for languages
of the form C*, with C finite.

» Lemma 17. For every p,q > 0, finite C C 2*, and u_,uy € C so that p(u—_) = min p(C)
and p(uy) = max p(C), there exists a finite C' C C* so that C* =gg (u? Uul)* - C".
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In particular, the lemma implies that C* =gy, (u— Uwuy)* - C' for some finite ¢/ C C*
and u_,uq words of C' of minimum and maximum ratio. In other words, it just suffices
to iterate two words from C and then append tails of bounded length to obtain the class
REL(C*). With this in mind, we can easily prove our characterization for simple languages.

Proof idea of Proposition 7. The left-to-right direction follows from P6 and Lemma 15.
For the opposite direction, the case where C is homogeneous is straightforward by PS8. For
C heterogeneous, we use P5 to we assume wlog that C = C} ---Ciu and D = Dj --- D} v.
Since every C; is finite (recall that simple languages have star-height 1), we can con-
sider words w; —,w; + of minimum and maximum Parikh ratio. Using the normal form
of Lemma 17 plus the existence of s.m., we obtain C} Cry, D}i(i)C{ for a finite C} C Cr.

Thus, Cf -+ Cju Crey, D3, C} -+ D Chu =gy, D, -+ DI O -+ Chu Creg, D -+~ Do, <

7 Regular languages

We now prove the characterization theorem for unions of simple languages. Thanks to
this theorem and to Proposition 3, we will obtain an effective characterization for arbitrary
regular languages, and thus solve the Class Containment Problem in its full generality.

» Theorem 10. For finite unions C' = |J; C; and D = |J; D; of simple languages, we have

s.m.

C Cre D if and only if for all ¢ #(C;) C w(D), there is j with C; — D; and if C; is
heterogeneous, then C; \ [Dj]x is regular and C; \ [D;]r Crew Uiy Dy

Note in particular that the conditions in the characterization of Theorem 10 require that
C; \ [D,]~ is regular. Despite that, this property is always verified when C; =% D, and C;
is heterogeneous by Proposition 12 from Section 5. Indeed, C; =™ Dj for C; heterogeneous
implies that all components of C; are mapped to components of D;. In view of Lemma 5 and
the fact that C; and D; have star-height 1, this implies that p(cycles(C;)) C p(cycles(D;)),
and hence, by Proposition 12, C; \ [D;] is regular. We are now ready to prove the theorem.

Proof of Theorem 10. For the left-to-right implication, by Lemma 8, we have that C; Cgrg,
D for every i. Containment of Parikh images follows then from P6. For any fixed i, if C;
is homogeneous we have C; 2= Dj for every j, and if it is smooth heterogeneous, then
Lemma 15 yields the existence of some j so that C; == D;. By Proposition 12, C; \ [D;]«
is regular, and we now prove that C; \ [D;]x Crer Ujiy; Dj. Take R € REL(C; \ [Djlr)
and a regular L C (C; \ [D,]») ® A* so that [L] = R. Since C; \ [D,]» C C;, we have
R € REL(C;) C REL(D), by P1 and hypothesis. Let L’ C D ® A* be a regular language so
that [L'] = [L] = R. Since the projection onto 2 of L and L’ have necessarily the same
Parikh image, it follows that L' N (D; ® A*) = 0, and thus that L' C (U;/; Dj/) ® A* or,
in other words, that R € REL(U;/; D).

For the right-to-left implication, for C; homogeneous, 7(C;) C 7(D) implies C; Crg, D
by P8. For C; heterogeneous, we have C; = (C; \ [D;]x) U (C; N [D,]x). By hypothesis
plus property P1, C; \ [Dj]x Cre D. Then, by Lemma 8, it only remains to check that
C;N[Djlx Cre D. Now, by Proposition 12 and Proposition 3, C; N[D;] is =gg.-equivalent
to a finite union of simple languages (C}.)kex. Note that C}, Cgrp, C; for all k € K. Then,
by the left-to-right direction of Proposition 7, we have Cj, 2™y ¢ for all k. By composition
of synchronizing morphisms, we obtain C}, =™ D, for all k € K. Since we also have that
7(C},) € w(D;), by the right-to-left direction of Proposition 7, we have that C}, Cry, D, for
all k € K. Then, from Lemma 8 it follows that C; Crg, D; € D. Since this happens for
every C;, again by Lemma 8 the statement follows. <

11
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8 Decidability and complexity

We have given a characterization of the pairs C, D of regular languages that satisfy C' Cgy,
D. We argue that this characterization is effective.

As explained in Section 7, there are three main steps that one need to take for deciding
whether C' Cry, D, for two given regular languages C, D: First, one needs to decompose C
and D as finite unions | J; C; and (J ; Dj of simple languages. This preprocessing relies on two
constructions: the computation of the normal form for semi-linear sets and the construction
of an automaton for C' N [D],, proving that is regular. A close inspection of these proofs in
Section 5 shows that both procedures are effective, and thus so is the decomposition.

Then, based on the characterization of Theorem 10, one has to identify suitable syn-
chronizing morphisms from each C; to some D;. This step boils down to checking whether
two components C;;, and D7 ;, of concat-star languages satisty p(C/;/) C p(Dj ;). Thanks
to the insight of Lemma 5, the containment of Parikh ratios and thus the existence of such
synchronizing morphism is decidable.

Finally, the third step uses Theorem 10, reducing the problem |J; C; Crer Uj Dj to
sub-problems of the form C; \ [Dj,]x Crex U;r;, Djs, which has a smaller union in the right
hand-side and thus can be solved recursively (but in principle non-elementary).

The above arguments show that the Class Containment Problem is decidable. Once we
know that C' Cgy, D for two given regular languages C, D, it is reasonable to ask whether it
is possible to resynchronize any relation from C' to D, namely, whether there is an algorithm
that transforms any automaton A recognizing L C C' ® A* into an automaton A’ recognizing
L’ C D ® A* so that [L'] = [L]. A close inspection to our decision procedure for C Cryy, D
gives a positive answer to the question. Indeed, all our proofs are constructive.

We can summarize the above arguments with the following corollary.

» Corollary 18. There is a non-elementary algorithm that, given two regular languages
C,D C 2*, decides whether C Crgy, D.

There is also a non-elementary algorithm that, given an automaton for L C C ® A*, con-
structs an automaton for some L' C D ® A* so that [L'] = [L], provided C Cgrg, D.

9 Discussion

The overall picture we obtain from our results is that REL(C') C REL(D) depends on com-
paring the ratio growth of the two coordinates on the cycles of the transition graph of the
automata Ac, Ap recognizing C, D. Concretely, our reduction into synchronizing morph-
isms for simple languages can be thought of restricting our attention to cycles c¢q,...,c,
of A¢ so that: ¢;41 is reachable from ¢;, and ¢; or ¢;y; is heterogeneous (recall that in a
simple concat-star language, there are no consecutive homogeneous components). Intuit-
ively, REL(C) C REL(D) whenever 7(C) C 7(D) and for every sequence of cycles cy,...,c,
as before, there exists a corresponding sequence of cycles ¢f,...,c,, in Ap with the same
properties so that ¢; and ¢} have the same Parikh ratio for every i.

We also recall (cf. proof of Lemma 15) that our characterization holds for the containment
problem REL(C) C REL(D), but also for any variant with a fixed alphabet of cardinality at
least 2. For the variant with a unary alphabet A, it is easy to see that RELA(C) C RELA (D)
is equivalent to 7(C) C w(D). As concerns relations of higher arity defined by control
languages C' C k* = [1,k]*, it is not clear if a similar characterization may hold. For
example, the normal form of Lemma 11 does not generalize to control alphabets of more
than two letters. Finally, we leave for future work the issue of determining the precise
complexity of the Class Containment Problem.
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A Missing proofs to Section 3

» Lemma 2. For every regular C,D,C’, D' C 2*,

P1. if C C D, then C Cgy, D;

P2. if C Cre, D and C' Cryy, D/, then C - C' Cre, D - D' and C U C! Cre, DU D'

P3. if C Cre D, then C* Cry D*;

P4. if C C 1* and C' C 2*, then C - C' =g, C' - C;

P5. if C is finite, then C - C' =g, C' - C;

P6. if C' Cre. D then 7(C) C 7(D); moreover, if C is finite, the converse also holds;
P7. if C' is homogeneous concat-star, then C' =gy, Uiel 16i#1kiolix ki for a finite I;

P8. if C is homogeneous concat-star, C Cry,, D if and only if #(C) C w(D).

In order to prove Lemma 2, we will first prove the following decomposition properties.

» Lemma A.1. For every regular C,C" C 2*,

(a) If R € REL(C - ("), then R =J,; R; - R} for some Ry,...,R, € REL(C), R},...,R;, €
REL(C").

(b) If R € REL(C UC(C"), then R = Ry U Ry for some R; € REL(C) and Ry € REL(C").

(c) If R € REL(C™), then R =], c; Rup) - Rufjw|) for some reqular I C {1,...,n}* and
some Ry, ..., R, € REL(C).

Proof. (a). Since R € REL(C - C") there is some regular language L C (2 x A)* controlled
by C - C’ with [L] = R. Let A = (Q, qo,9, F) be the NFA accepting L. For every w € L
there are w; C-controlled, wo C’-controlled and g € ) so that w; - ws = w and there is an
accepting run of A that reads w; and reaches to ¢, and then from ¢ reads we and reaches a
final state. We note this last fact as wy € L(A[qo, {q}]), w2 € L(Alg, F]). For q € Q let

LY = {w} | w} is C-controlled and w)| € £(Alqo,{q}])},
LI = {w} | w) is C'-controlled and wh € L(Alg, F])}.

It follows that LY - L is (C - C')-controlled for every ¢ € Q, and we have [L{ - L] =
[LS] - [L3] € R. Moreover, by construction, J,co[L{] - [L3] = R. Tt remains to see that
each LY is regular, which is true due to the following facts:
Let Hy = {w € (2 x A)* | w is C-controlled}, H; = {w € (2 x A)* | w is C’-controlled}.
This languages are regular by closure under inverse morphisms of regular languages (the
morphism being (i,a) ~— i for every i € 2, a € A).
Let LY be the closure under prefixes of L and L3 the closure under suffixes of L, these
are regular since regular languages are closed under prefix closure and suffix closure.
Finally, L7 is regular since it is the intersection of two regular languages: L = L~‘f N H,,
L§=LinH,.
Note that the property does not necessary hold with n = 1. For example for C = C" = {1}
and R = {(aa,¢), (bb,e)}, since whenever R C Ry - Ry for some Ry, Ry € REL(C), we have
that Ry - Ro contains also the pair (ab, ).

(b). Since R € REL(C U ("), there is some regular language L C (2 x A)* controlled by
C U’ with [L] = R. For every w € L, w is either C-controlled or C’-controlled. Let

L, ={w € L | w is C-controlled},
Ly ={w € L |wis C'-controlled}.

It follows that Ly U Lg is (C'U C’)-controlled and we have R = [L1 U Ly = [L1] U [L2]. It
remains to see that each L; is regular, which is true due to the following facts:



M.E. Descotte, D. Figueira, and G. Puppis

Let H = {w € (2 x A)* | w is C-controlled}, H' = {w € (2 x A)* | w is C’'-controlled}.
This languages are regular by closure under inverse morphisms of regular languages (the
morphism being (i,a) — i for every i € 2, a € A).

Finally, L; is regular since it is the intersection of two regular languages: Ly = LN H,
Lo=LNnH.

(c). We are going to use similar arguments to the ones used in the proof of (a). Spe-
cifically, instead of factorizing a word w € L C (2 x A)* into an C-controlled prefix and
an C’-controlled suffix, we factorize it as w = w; - wa - - - wy, for some £ € N and some
C-controlled words w1, ws, ..., wy, in such a way that there exist a sequence qo,...,qs of
states of A such that each language Lg, , 4, = £L(A[gj—1,¢;]) N (C ® A*) contains the factor
w;. Then we have that [[Hﬁz1 Ly, 4] = Hf-:l[[l;quhqj]] C R. Moreover, by construction,
Ugo..qrco Hle [Lg;_,,q,] = R, from which one easily obtains the desired equation by taking
I={(q0,q1)(q1,q2) - (-1, q) | @ is a final state} C @Q? and Rg,qy = [Lq,q']- <

Proof of Lemma 2. P1. It follows immediately from the definitions.

P2. Let R € REL(C-C'). By (a) there are R;,...,R, € REL(C) C REL(D) and

",..., R, € REL(C') C REL(D’) so that |J, R; - R, = R. It is straightforward from
the definition of [ ] to verify that R;- R, € REL(D - D’) for all i. And, from there, we finally
get, using similar arguments, that R = |J, R; - R; € REL(D - D’). The proof for the union is
similar but using (b) instead of (a).

P3. As we use (a) to prove P2, we can use (c) to prove that this property holds. Given
R € REL(C*), we know from (c) that there are some relations Ry, ..., R, € REL(C) and a
regular language I C {1,...,n}" such that R = U, [[,2, ;) Rij), where i[j] denotes the
j-th letter of the word ¢ € I (in particular, i[j] € {1,...,n}). Since Ry,..., R, € REL(C) C
REL(D), there are some regular languages L1,...,L, C D ® A* such that [L;] = Ry, ...,
[L.] = Ry. In particular, we derive that

R = UielHj:l,...,M[[LiU]]] = [[Uie]Hj:l ,,,,, || Li[j]]] = [[I[k/Lk”]

where I[k/Ly] denotes the language over 2 x A that is obtained from I by substituting every
letter k € {1,...,n} with the corresponding regular language L. From the fact that regular
languages are closed under regular substitutions, we get that I[k/Ly] is a regular language
too. Finally, it is easy to see that I[k/Ly] is controlled by D*, and hence R € REL(D*).

P4. Let A= (Q,qo,d, F) be a NFA so that £(A) is (C' - C')-controlled (and thus [£(A)] €
REL(C - C")). Note that

L(A) = U Lyq-Lgr for
q€Q
Lgoq = £(Algo, {g}]) N (C®AT),
L, r=L(Alg, F])N (C" @ A").
Since C and C’ have disjoint alphabets, we have that
[£(A)] = [[U Lgoq- Lq,F]]
q€Q

= [ Lo - Lap.q] € REL(C" - C),
q€Q
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which proves the statement.

P5.  First note that, by the second assertion in P2, it is enough to prove the result for
C = {w}, a singleton language. Moreover, by the first assertion of P2, it suffices to prove
the result for the cases where w is a single letter (i.e. w =1 or w = 2). We will prove it
for w = 1, the other case is symmetric. We will see that REL({1} - C") € REL(C" - {1}),
the other containment can be proved in a similar way. Let R € REL({1}-C’) and A =
(@, g0, 0, F) a NFA such that £(A) is {1} - C'-controlled and [£(A)] = R. Let Q¢ = {q €
Q@ | 3 a transition (go, (1,a),q1) € §}. Consider an automaton A’ with states (¢,a) € Q x A
and transitions

8" ={((¢g,d"),(1,a"), (¢, a)) }aren,(q.(1.0).90es U 1((0:0), (2,0), (¢, ")) Yaren(a,(2.0).0) -

We don’t specify its initial or final states because it is not necessary for our proof.
It is easy to check that

[ U L(A'[(q1,a),{(qf,a")}]) - {(1,a")}] =R
o

and that |J LA [(q1,a),{(gr,a)}]) - {(1,a’)} is a regular C’ - {1}-controlled language

a,a’ €A,
af€F,
a

q1 EQl
which concludes the proof.

P6. Let suppose that REL(C) C REL(D). Towards a contradiction, assume that there
exists an element (o, 3) € 7(C) \ m(D). Now consider the one letter alphabet A = {a}
and the singleton relation R = {(a®,a”)}. It is easy to check that this relation is in
REL(C) \ REL(D) which is a contradiction. Note that the converse does not hold in general,
consider for example C = (12)*(1*|2*), D = 1*2*. It is clear that 7(C) C #(D) (in fact
they are equal) but one can easily prove that R = {(u,v) | u = v} € REL(C) \ REL(D). By
P2, to prove that the converse holds for any finite C, it is enough to prove it for C' = {w}
a singleton language. By hypothesis about Parikh images, there exist v € D such that
m(w) = 7(w"). Then it suffices to prove that {w} Cgrg, {w’'}. For R € REL(w), consider
a NFA A = (Q, 0,0, F) such that £(A) is w-controlled and [£(A)] = R. Since w and w’
have the same amount of 1’s and 2’s, for every w®wv € L(A), there exists a shuffle ¥ of v
such that [w® v] = [w’ ® 7). Then we can construct a NFA A’ such that £(A") = {w' @7 |
there exists w®v € L(A) s.t. [w®v] = [w’ @7]}. The result then follows immediately.

P7. Let C = Cfuy - - - C}uy be concat-star language with all components C; homogeneous.
By property P4 we can swap any two consecutive components C; and C;,,, with Cj C 2~
and C} ; C 17, while preserving =gg.-equivalence. Iterating this operation results in a
language of the form C7 - C%, with C] C 1* and C4 C 2*. In particular, C] and C} are
languages over unary alphabets. There is a special normal form for automata over unary
alphabets, called Chrobak normal form [7], that implies that all languages over the unary
alphabet {1}, can be written as unions of languages of the form 1¢*1%:  for i ranging over a
finite set I, and similarly for regular languages over {2}. This proves that C =gy, C;-C} =
Uses 1Lix1kiolixoki

P8. The proof is essentially based on the fact that regularity of languages is preserved
under shuffles. Suppose that 7(C') C 7(D) and consider a regular language L C C'® A*. By
property P8 we can assume that C' = J,; 16i*1ki9ti*9ki and hence L = Uier L1,i - Lo, for
some regular languages Ly ; C (14*1%) @ A* and Ly ; C (2/*2%) @ A*. For each b € {1,2}
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and ¢ € I, let Ap; be an automaton recognizing L ;, and assume that the states spaces of
the Ap ; are pairwise disjoint. Further let D be an automaton recognizing D. We construct
an automaton B that recognizes L' C D ® A* so that [L'] = [L]. The automaton B has for
states the triples of states A; ;, A2 ; and D, for all i. When B is in a control state of the form
(1,2, 7), with ¢; state of A;,; and g2 state of Ay, and it reads a letter (b,a) € 2 x A, it
simulates a transition of D on b, which moves from r to v/, and simultaneously a transition
of Ap; on (b,a), which moves from g¢; to ¢}, and accordingly updates the control state to
(q1,45,7"), where ¢4_, = g3—p. Because w(C) C m(D), we know that B accepts all and
only the words w € D so that w € shuffle{w, ws} for some w1y, ws, 4 so that wy € L1, and
wy € Loy ;. This proves that Jw] = [wiws]. <

17
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B Missing proofs to Section 4

» Lemma 5. The Parikh ratio of a concat-star language C' verifies the following properties:
1. If C = Cfuy - - - Cluy, then p(cycles(C)) C [min; inf p(C}), max; sup p(C;)]o;
2. Moreover, if C = D* for a finite D, then p(C)(= p(cycles(C))) = [min p(D), max p(D)]o.

Proof. For the first item, it is enough to prove that min;(inf(p(C}))) = inf(p(cycles(C)))
(and similarly for the maximum). Note that w.l.o.g. we can assume that C' is of the form
Cy -+ CF since inf p(cycles(C)) = inf p(cycles(Cy ---C¥)). Now, if C = C}---C}, every
cycle w of C has Parikh image ), 7(w;) for some words w; € C; therefore p(w) >
min; (inf(p(C}))). It follows then that inf(p(cycles(C))) > min,(inf(p(C}))). The other
inequality follows from the fact that C} C cycles(C') for all 4.

For the second item, consider an arbitrary rational number r € [min p(D), max p(D)]g.
For convenience, we fix two words w™ and w™ in D so that p(w™) = min p(D) and p(w™) =
min p(D). Since r = p((w™)"- (wT)7) for some 4, j, and C = D*, we have that r € p(C). <=

» Lemma 8. C1 U5 Cre, C iff €7 Cre C and Cy Cryy, C.

Proof. The left-to-right direction is immediate by transitivity of Cgry, and language inclu-
sion: C; Cry, C1 UCs for i = 1,2. The right-to-left direction is a particular case of P2. <«
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C Miissing proofs to Section 5

» Lemma 11. For every concat-star language C' = Cfuy --- C)uy,, there exists a normal
form representation of its Parikh image 7(C). Moreover, if C is infinite, the union of the
period sets is {Z_, 2}, where p(z_) = min; (inf p(C7})) and p(74) = max;(sup p(C})).

For the proof of Lemma 11, we introduce the notion of forest-like reqular expression, and
we show that for every concat-star regular expression there is a forest-like expression with
‘almost’ the same Parikh image and finally, we reduce the proof of Lemma 11 to the case
of forest-like expressions. We say that a regular expression is forest-like if it is defined by
the following grammar:

P& (Fu)* | FF for u # €.

We abstract each forest-like expression as a finite forest whose nodes are labelled with
vectors from N? in the following way:

The forest associated to ¢ is the empty forest.

The forest associated to an expression (Fu)* is a tree with a root labeled 7(u) and set

of children F, where F is the forest associated to F'.

The forest associated to an expression F}Fy is the disjoint union of the forests F; and

Fo associated to F; and Fs respectively.
Note that, by definition of forest-like, the empty word is in every forest-like expression.
Regardless that, no node of the corresponding forest carries a label (0, 0).

» Example C.1. For the forest-like expression
F = (((12)*1)*(112)*12)*(11)*

we obtain the forest depicted in Figure 1. Intuitively, the ancestor relation represents the
dependence between the non-empty words involved in F'. Concretely, if a node corresponding
to an occurrence of a word u is an ancestor of a node corresponding to an occurrence of a
word v, then the regular expression F' does not allow any iteration of that occurrence of v
without iterating at least once that occurrence of u (have in mind that the same word could
occur many times in the expression). In Figure 1, the node labeled with (1, 0) corresponding
to the word 1 in F' will be an ancestor of the blue node labeled with (1,1) corresponding
with the first occurrence of 12 in F.

» Lemma C.2. Given a concat-star regular expression C = Ciuy --- Clu,, there exists a
forest-like reqular expression F such that w(C) = w(Fuy - - uy).

19
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Proof. We use the following simple facts about Parikh images. For all regular expressions
Dy,...,D,, D}, D}, words vy,...,v, and forest-like expression F' we have:

1. 7(Upy Di)) = n(D; -+ D3);

2. w(Divy---Div,) =m(Dy-- - Divy - vp);

3. if 7(Dy) = 7(D}) and ©(D3) = 7(D}), then w(DyDs) = w(D}D});
4. if m1(Dy) = w(D}), then w((D1)*) = w((D})*);

5. n(Dye) = m(Dy) = w(eDy); and

6. 7(F*)=mn(F).

We now prove the statement by induction on the star-height of C.
Base case: If C' has star height 0, then C' = {u1} and we take the forest-like expression
F=c¢
Inductive step: Suppose that C has star-height s > 0. Then for every ¢ = 1,...,n
we have C; = Uje I, C;,; for |I;] < oo and C;; concat-star expressions of star-height
strictly smaller than s for all j € I;. Then, by inductive hypothesis, we have forest-like

expressions F; ; such that 7(F; ju; ;) = n(C; ;) for some words u; ; for all i =1,...,n
and j € I;. We can take F'=F11---Ej)1 - F1n-- Ej1,,|,n where
B .= Fi,j if U5 = €
7‘7 - . :
’ (F; juij)*  otherwise

The result then follows from using fact 2 to move the u;’s to the end, then facts 1 and
3 combined to split the unions inside each C;, then facts 4 and 3 combined to apply the
inductive hypothesis and finally facts 3, 4, 5 and 6 combined to get rid of possible empty
words and useless nesting of stars. |
» Corollary C.3. For any expression of the form C = Cf --- CZ, and the forest-like expression
F given by Lemma C.2, the forest associated to F' has nodes i~, it labelled T,- and T;+
respectively, so that p(z;-) = min;(inf(p(C}))) and p(Z;+) = max;(sup(p(C}))).

Proof. Note that it is enough to prove that

min(inf(p(C;))) =) E((C)) =(z) WE(p(F)) =, min p(:)

where I is the set of nodes of the forest and Z; is the label of ¢ € I (the case of max is

analogous).

(1) Since C = Cf -+~ Cy, every word w € C has Parikh image ), 7(w;) for some words w; €
C7; therefore p(w) > min;(inf(p(C7))). It follows then that inf(p(C')) > min; (inf(p(CY))).
The other inequality follows from the fact that C7 C C forall j =1,...,n.

(2) It is immediate from the fact that 7(C) = n(F) (Lemma C.2).

(3) By the grammar defining forest like expressions, every word w in F' has Parikh image
> ic1 Mix; for some natural numbers m;; therefore p(w) > min;es p(7;). It follows
then that inf(p(F)) > min;er p(Z;). For the other inequality, let ig € I be such that
p(Z;y) = mineg p(Z;). Now observe that for all m € N we can construct words w,, € F
such that lim,, o p(wm) = p(Zi,) and p(wy,) > p(z;,) for all m € N (for example
the ones that correspond to iterate a word with Parikh image ;, m times and all the
words corresponding to the ancestors of the node labeled z;, once). Then inf(p(F)) <
min;er p(Z;). <

The following lemma is the last ingredient before giving the proof of Lemma 11.
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» Lemma C.4. For every non-empty words ui, ug,us € 2* such that p(u1) < p(uz) < p(ug),
there exist ky, ko, k3 € N such that k1 > 0 and w(us') = 7w(ut? - uk®). Moreover, if p(uy) <
p(ug), we can choose ks > 0 and if p(uz) < p(us), we can choose kay > 0.

Proof. Linear algebra. <

Proof of Lemma 11. We assume, wlog, that u; = --- = u, = €. Indeed, note that if we
have a normal form representation | J,(Z;, P;) of m(Cy ---C}), it follows that we have the
normal form J,(y + z;, P;) for 7(C'), where § = 7(u1 - - - up,).

Since we are only interested in the Parikh image of C, by Lemma C.2, wlog we can
assume that we have a forest-like representation of C. Let I be the set of nodes of the
corresponding forest and for all ¢ € I, let Z; be the label of the node i. Let also < C I x I
be the ancestor relation.

Let’s fix the following notation:

min; (inf(p(C5))) = S= with ¢=, d~ coprime, max;(sup(p(C}))) = % with ¢t d*t

coprime.

I=={iel | p(@:)=ming(inf(p(C)}, I+ =i € T | p(#:) = max;(sup(p(C))},

k= =lem(k; | i € I7) with k; such that z; = ki(¢™,d™ —c¢7), kT =lem(k; | i € IT)

with k; such that z; = k;(ct,dT — ¢T).
Then wlog we can assume (it doesn’t change the Parikh image) that for every ¢ € I, 4 has
a sibling with label k™ (¢~,d~ — ¢™), and similarly for 7.

Let = =k~ (¢7,d” —c¢™)and T+ = k™ (c™,d" — ¢T). Then, for each i € I, by Lemma
C.4, there exist I; > 0, 5; > 0, k; > 0 (j;, k; not both equal to 0) such that [;z; = j;7~ +k;z ™.
Moreover, we can take j; = 0 if and only if i € I~ and k; = 0 if and only if i € IT.

Let i~,i" € I such that z,- = &7, Z;+ = &7, and No = max({(3>_,_,- Js+D i+ js)%-i-
li—1hienat s {Q oz ks + 2ot ks),lz +1i—1}en g, {li}ier). Now consider the following
linear sets that we split into four types:

Type A: (3¢, aiZi, {27,237 }) for aset Iy € I and (a;)ier, such that

for all i € Iy, 0 < a; < Ny,

Iy is closed under <,

there exists i € I~ such that every ancestor of ¢ belongs to Iy and
there exists ¢ € I such that every ancestor of ¢ belongs to Io.

Type B: (3 ;c;, ai®i, {7~ }) for a set Iy C I such that

for all i € Iy, 0 < a; < Ny,

I is closed under < and

there exists ¢ € I~ such that every ancestor of ¢ belongs to I
Type C: (3 ¢y, aiTi, {77}) for a set Iy € I such that

for all i € Iy, 0 < a; < Ny,

I is closed under < and

there exists i € I'" such that every ancestor of i belongs to Iy
Type D: (3¢, @i, 0) for a set Iy C I such that

for all i € Iy, 0 < a; < Ny and

I is closed under <.

It is straightforward to check that the union of all these linear sets is included in 7(C).

Now we are going to prove that 7(C) is included in the union. Let w € C, then there
exists Iy C I closed under < such that 7(w) = Ziefo m;&; with m; # 0 for all i € Iy. We are
going to split the proof in four cases according to the possibilities of having or not iterated
at least one word with minimum or maximum Parikh ratio. Intuitively, if we have iterated

21
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at least once a word with minimum Parikh ratio, then we are "allowed" to iterate one with
Parikh image £~ as many times as we want. If not, maybe we didn’t need it because we
only have iterated a bounded amount of times the cycles that "involve" it. If we want to
iterate them many times, then they should be at least as many as we need to allow us to
iterate a word with Parikh image Z~ (see the bound Ny above).
Case I: I NIy # 0 and I™ NIy # 0. Then note that there exist i € I~ such that all its
ancestors belong to Iy (and similarly for 7). Then it is easy to check that 7(w) belongs
to the type A linear set given by

. i modl; if m; Z0 (1,
IO d:eflo andai d:ef{m mo tm ?_é ( )

l; otherwise.

Case IL: I~ NI, £0, It N I, = 0. Then there exists i € I~ such that all its ancestors
belong to Iy. If for all i € Iy \ I~, m; < Ny, then it is easy to check that 7(w) belongs
to the type B linear set given by

m; if7 € fo \ 1~
I (Effo and a; def m; mod l; ifi€IoNI~ and m; Z0 (1)
l; otherwise.

m

If there exist ig € fO\I* such that m;, > Ny, then Ll—OJ > % and so, by definition
ig i0

of Ny plus the fact that ig ¢ I~ UTT, ([TZ—O‘JJ —1)jiy > > i+ Js and (erjOOJ - Dk, >

> s~i+ ks. Then, it is not difficult to check that 7(w) belongs to the type A linear set

given by Iy €' [yU{s e I|s~<it} and

def | ™My mod l; ifi e fo and m; 5_'5 0 (ll)
a; = ~
' l; iftm;=0()orie{sel|s<it}\I.

Case II: I~ NIy =0, IT N1y #0. It is symmetric to the previous case.

Case IV: I NIy =0, It NIy = 0. If for all i € Iy, m; < Ny, then 7(w) belongs
to the type D linear set given by Ij def Iy and a; def m; for all i € I,. If there exist
ip € I such that m;, > No, then LT;OJ > %{:l“’ and so, by definition of Ny plus

the fact that ig € I~ UTT, ( T;OJ = Djig > D gsi- Js + 2 gzt Js and (LT;‘)J — Dk, >

7

Y oi- ks + > i+ ks. Then, it is not difficult to check that m(w) belongs to the type A
linear set given by Iy & Iy U {sel|s=<i}U{sel]|s=<it}and

def | ™My mod l; ifie fo and m; 5_'50 (ll)
a; = ~
l; ifm;, =0 (;)orie({sel|s<i }Uu{sel|s<it})\I.

<

» Proposition 12. Given C regular and D concat-star so that p(cycles(C)) C p(cycles(D)),
the languages C'N [D], and C'\ [D], are effectively regular. If in addition D is of the form
Diu, then CN[D]; Cre D.

For the proof of Proposition 12, we need some auxiliary notation and lemmas.

We will measure the distance of a vector z € N? from a given set S C N? of vectors by

using the co-norm, namely, by letting dist(z, S) def min{||Z — ¥yl : ¥ € S}
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Figure 2 Distance of § € U from the linear sets (0, P) and (Z, P), with P’ = {Z4 }.

» Lemma C.5. Let L be the language recognized by a minimal deterministic automaton with
k states and let simple-cycles(L) = {w1,...,wy}. For every factor w of a word in L, there
exists a word wo with |wo| < k and k1,...,k, € N so that w € shuﬁ‘le{wo,w’fl,... ,wkn}

Proof. Let A be an automaton with k states that recognizes L. By way of contradiction,
suppose that w is a word of minimal length that violates the claim. In particular, w is a
factor of some word in L and its length exceeds k (otherwise, w € shuffle{wy} for wy = w).
Since w is a factor of a word in L, there exist u, v and a successful run 7, 72 3 of A, where
~v1 reads u, 2 reads w, and ~ys reads v. Since |w| > k, 72 can be further decomposed into
Vi V5 Vs, with 44 simple cycle. Let u/,w’,v" be the words read by ~{,7%,74, respectively,
so that w = «' - w’ - v'. Since ~4 is a simple cycle, w' = w; for some 1 < ¢ < n, and
hence w € shuffle{w/v',w;}. Moreover, since w’ # ¢, u/v’ is shorter than w, and hence

by the minimality of w, u'v’ must satisfy the claim: u/v’ € shuffle{wy, w®*, ... wk~}, for
some wy of length at most k and some ki,...,k, € N. By transitivity we conclude that
w E Shufﬁe{wo,wlfl,...,wﬁ"} where k] = k; + 1 and k; = k; for all j # i. <

» Corollary C.6. Let L be the language recognized by a minimal deterministic automaton
with k states. For every factor u of a word in L, dist(m(u), w(simple-cycles(L)*)) < k.

» Lemma C.7. Let P = {Z_,Z+}, with p(Z-) < p(Zy), let C C 2* be regular so that
pleycles(C)) C [p(z-), p(Z4)]q, and let (Z,P') be a linear set with P’ C P. There is a
constant k so that for every prefix w of a word in C Nw=1({z, P")), dist(w(w), (z, P')) < k.

Proof. We will exploit a natural correspondence between words in 2* and paths inside the
discrete plane N2. Intuitively, each word u € 2* induces a path that starts at the origin
0 = (0,0) of the plane and visits all the vectors corresponding to the Parikh images of
prefixes of u. In particular, paths with the same endpoints correspond to words with the
same Parikh image. Our first goal is to prove a slightly different claim that concerns the
factors of words in C' (not necessarily having Parikh image in (Z, P')). We prove that such
factors are at bounded distance from the linear set (0, P).

» Claim. For every factor u of a word in C, dist(m(u), (Z, P)) < ki+ko, where ky is the num-
ber of states of the minimum deterministic automaton for C and ko = max(||Z_||co, [|Z+ |00 )-

Proof of claim. We fix a factor u of some word in C, and consider the induced path U =
{m(u") | w prefix of u}. For this proof the reader can refer to the left hand-side of Figure
2. There, the path U is depicted in blue, and the linear set (0, P) is represented by a gray
grid. Consider a point y € U, which corresponds to a prefix ' of u. Since v’ is a factor of a
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word in C, by Corollary C.6 g is at distance at most ky from 7 (simple-cycles(C)*). Figure
2 represents the points in 7(simple-cycles(C)*) by the red dots.

Recall that p(cycles(C)) C [p(Z-), p(Z+)]g. Intuitively, this means that w(cycles(C)) is
contained in a ‘cone’ with slopes between p(Z_) and p(Z) (this is represented by the gray
shaded area behind the grid). We formalize this notion of ‘cone’ as follows: given any subset
S of the discrete plane, we let QS = {az | @ € Q,Z € S}, which is precisely our cone living
in the rational plane Q2. We generalize in the obvious way the distance function to points
z and subsets QS of the rational plane (for this we need to take the infimum instead of the
minimum of the distances of z from the points of QS).

From the previous containments, we obtain 7(cycles(C')) C Q(0, P). Moreover, by con-
struction, every point in Q(0, P) is at distance at most k2 = max(||Z_||oc, [|Z+[|c0) from the
linear set (0, P). Since m(simple-cycles(C)*) C m(cycles(C)), we conclude by transitivity
that 7 is at distance at most k; + k2 from (0, P). <

Now, it remains to extend the previous property to any linear set (z, P'), with z € N? and
P’ C P. We restrict our attention to the case P’ = {Z;} (the case P’ = {Z_} is symmetric,
the case P’ = () is straightforward, and the case P’ = P follows readily from the previous
claim). We also use different hypotheses that those of the claim: here we assume that u € C
and its Parikh image belongs to (Z, P’). Under these hypotheses, we prove that the points
along the induced path U = {m(v') | v/ prefix of u} are at distance at most k from (z, P’),
where k = ki + ko + k3, with ki, ko defined as in the claim and k3 = ||Z]|s. For this proof
the reader may refer to the middle of Figure 2. For example, the black dots represent the
set (z, P’). Tt will be convenient to have a shorthand notation for denoting neighborhoods
of sets of points: given any set S C N2, we let Nj(S) = {z € N? | dist(z, S) < k}.

Suppose by way of contradiction that there is a point § € U such that dist(y, (z, P’)) >
k = k1 + ko + k3. This is equivalent to having N ({g}) N (Z, P’) = 0 (this is represented
in the figure by a blue square disjoint from the black dots). We first claim that Ny ({7}) is
above (z, P'). Indeed, y is the Parikh image of a factor of some word in C, and hence from
the previous claim dist(y, (0, P)) < ki + ko. This is equivalent to saying that N, 1, ({7})
intersects (0, P), and hence, since k = k1 + k2 + ||Z|| 0o, N ({7}) intersects (Z, P). However,
by our assumption, NV ({y}) does not intersect (Z, P'). Since there is no point in (z, P) that
is strictly below (z, P’), we conclude that Ny ({y}) must be disjoint and above (z, P’).

Now, we consider the linear sets (y, P) and (y, P’) that originate in the point ¢ (these
are not shown in the figure). Because Ny ({gy}) is disjoint from (z, P’), Ni({y, P’)) too is
disjoint from (z, P’). Moreover, because Ny ({y}) is above (z, P'), Ny ({y, P’)) too is above
(z, P’). This implies that Ny ((y, P)) is disjoint from (z, P’).

Towards a conclusion, consider the vector z = w(u) — gy, which corresponds to another
factor of a word in C. From the usual arguments it follows that dist(z, (0, P)) < k1 + ko, or
equally z € Ny, 1k, ({0, P)), which implies 7(u) € Ny ((g, P)). Together with Ny ((y, P)) N
(x, P"y = 0, this implies m(u) & (&, P’), which contradicts the initial hypothesis. <

We are now ready to prove Proposition 12 (recall that this concerns the regularity of the
languages C' N [D], and C'\ [D]).

Proof of Proposition 12. To prove the first claim, it suffices to construct an automaton D
for CN[D], (from this it will follow that the language C'\ [D], is also effectively regular, since
it can be rewritten as C'\ (C'N[D],) and regular languages are closed under set difference).
We fix a word u € C'N [D], and we consider the induced set U of Parikh images of prefixes
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of u. Let (Z1,P1)U---U(Zy, P,) be the normal form of the semi-linear set w(D) obtained
from Lemma 11, where P; C {Z_,Z} for some vectors Z_,Z so that p(Z_) < p(Z4).

Since p(cycles(C)) C p(cycles(D)), we have p(cycles(C)) C [p(Z-), p(Z+)]o (Lemma 5).
Moreover, since u € [D],, there is an index i so that u € 7=1((Z;, P;)). The construction
that follows depends implicitly on the index ¢, which needs to be correctly guessed by the
automaton D that recognizes C' N [D].

By Lemma C.7, we know that the path U can be approximated by another path that is
contained in the semi-linear set (Z;, P;), but that remains also sufficiently close to U (cf. the
black dots in the right hand-side of Figure 2). More precisely, there is a constant & that
depends only on C and D and so that for every j = 0,...,|ul, the following set is non-empty:

S; L' (7, P) N Ni(n(ulL,5]))

(here we reuse the notation N for neighborhoods of sets of points, that was introduced in
the proof of Lemma C.7).

The automaton D exploits the above property to parse the input w while simulating
the transitions of an automaton for C, and, at the same time, guessing a series of points
Yo <Y1 < -+ < Yy from the sets So, S, ..., S}, In fact, D only maintains in memory the
offset z; = y; — m(u[l, j]) associated with the current position j — this is possible because
z; ranges over the finite domain [—k, k]2. The possible choices for the next offset z;;1 can
be computed knowing the current offset z; and the current input symbol u[j + 1]. Indeed,
we have zZj 11 — Z; = §j+1 — ¥; — 7(ulj + 1]) and gj+1 — y; € (0, P;), which implies that Z; 41
must range in the set (z; — w(ulj + 1]) + (0, P;)) N [k, k]?. In the end, the automaton D
accepts the input u if u € C' and the final vector z, is 0, namely, if u € C N7~ ((7;, P;)).

We now turn to the proof of the second claim. We assume, without any loss of generality,
that the concact-star language D is of the form uo D7, since this will simplify notation. Note
that nevertheless ug DT =gg. Diuo by P5, and hence we also have that 7(ugD7}) = 7w(Diug)
and [ugD7]r = [Djuo]r. Namely, we will show that C N [D]r Cre. D whenever D = wuoD5.
The basic idea it to lift the previous construction for the automaton D to a resynchronization
from (C' N [D];) ® A* to D ® A*, namely, to a functional transducer 7 that maps words
w € (CN[D]z) ®A* to words W € D ® A* so that [w] = [@]. Intuitively, the transducer
T will use the offsets zy, z1, ..., 2], guessed by the previous automaton D and associate
with them a corresponding sequence of outputs o, W1, . . ., W),|, With Wy € ugD} ® A* and
w; € DT @ A* for all j > 0. The concatenation of such outputs will give precisely the word
w € D ® A* such that [] = [w]. Once the transducer 7 is defined, it could be used
to compute from any given regular language L C (C' N [D];) ® A* a new regular language
T(L) C D® A* so that [L] = [L], thus showing that C'N [D]; Cre. D holds effectively.

To avoid heavy notation, it is convenient to lift the operation of concatenation from
words over A to pairs of words over A in a pointwise manner. Accordingly, we say that a
pair p is a prefix of another pair p’ if there is a third pair p” so that p’ = p - p”; similarly,
we say that p = (wy,ws) has length |p| = (n1,n2) if |wi| = n; and |ws| = ne. Thanks to
this, we can succinctly write equations like [w[l,j + 1]] = [w[1,j]] - [w[j + 1]], or say that
[w[l, 5]] has length w(w(l,j]) for any w € (2 x A)*. We extend further this notation by
working with words (or even pairs of words) over the free group A U A~!. For example,
we could write (abe) - (bc)™t = (abc) - ¢! - b~ = a. We will tacitly assume that we never
construct words with irreducible factors of the form a-b~! with a # b. Moreover, by a slight
abuse of terminology, we say that a word has length —/ if it is the inverse of a word over
A of length ¢, and similarly for pairs (note that we do not define the length of words that
contain both symbols from A and symbols from A=, since these should be first reduced).
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As usual, we restrict our attention to an arbitrary word w = u ® v with control sequence

u € CNr—1((z;, P;)), for some i = 1,...,n. We recall that the automaton D that recognizes
C N [D] can guess the same index ¢, and a series of offsets 2o, 21, .. ., 2}, so that, for all
J=0,...,|wl,

Ui =z +m(ul,j]) € S;=(z;, P) N Ni(m(ul,4])).

The transducer 7 will simulate the guesses of D internally.
Now, let p; denote the unique prefix of the pair [w] that has length ;. Since y; < yj41,

each p; is a prefix of p; ;. We define the gap at position j = 1,..., |w|, as the difference
between two consecutive pairs p; and p;i1:
def 1
9;j = (Pj)™" " pj+1-

Note that every g; is a word over A, because p; is a prefix of p;;1. The goal of the transducer
is to produce first a synchronization for the pair pgy, and then some synchronizations for
the gaps g1,...,9jw|, so that the total output will be a synchronization of p,. Under
the assumption that the automaton D for C N7~ 1((Z;, P;)) accepts the underlying control
sequence u, we will have that Z),,| = 0 and hence §j,| = Zj,y) + 7(u) = 7(u). This will imply
Dlw| = [w]. Below we explain in more detail how 7 can produce the correct outputs.

We introduce a second object, called lag:

def T —
0 = [w[L, )7 py

Intuitively, ¢; is for 7 what the offset z; was for D, namely, ¢; is the difference between the
pair p; of length y; and the pair encoded by the prefix w[1,j] of the input. Observe that
l; € (A*U(A™1)*) x (A* U (A~1)*). This means that ¢; may contain words over A~!, even
if it is maximally reduced. For example, if p; is a prefix of Jw[1, j]], then the lag ¢; consists
of a pair of words over A~!, meaning that both coordinates of p; are ‘lagging behind’ the
coordinates of [w(l,j]]. In general, each coordinate of p; can lag behind or ahead of the
corresponding coordinate of Jw[1, 5]].

We observe that |¢;] = §; — m(u[l,j]) = z; € [—k,k]?, which means that lags can be
maintained by 7 using finitely many states. More precisely, at each position j, 7 guesses
¢; as any pair of words over (A* U (A™1)*) x (A* U (A™1)*) of length Z; (the latter vector is
available from the underlying automaton D). The correctness of the guesses for the lags ¢;
are verified implicitly when performing concatenations: if at any moment a concatenation
with ¢; or its inverse induces an irreducible factor ab™!, with a # b, then the computation
fails, meaning that some words were wrongly guessed.

We now relate the lags to the gaps:

9 = )" pjm (by definition of gap)
= ([[w[l,j]]]’l 'Pj)71 wly +1]] - ([w[l,j + 1]t -pj+1) (by definition of lag)
= (&) [wli + 1] 4 (by reducing factors)

Intuitively, the gap can be equally seen as the difference between two consecutive lags,
adjusted by taking into account the current input letter w[j 4+ 1]. The above property shows
that 7 can compute g; using only the bounded amount of information relative to ¢;, ;41,
and w[j + 1].

Summing up, the transducer 7 parses the input w, while guessing some offsets 2o, . . ., 2}y
and some lags fo, ..., ¥|,|, and producing some outputs Wy, ..., w,. More precisely, the
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first output 1wy must belong to the language (ugD7) ® A* and must synchronize the pair pg
(i.e., [wo] = po). Such a word Wy exists because py has length 4o € (%;, P;) C m(uoD7). Ina
similar way, every subsequent output @;, for j =1,..., |w|, must be belong to the language
D7 and must synchronize the gap g; (i.e., [@;] = g;). Such a word @; exists because g;
has length |p;j+1| — |p;|, which belong to the linear set (0, P;) C w(Dj). By construction,
the total output produced by 7 will be W = g - 11 - - - Wy,,|, which belongs to D ® A* and
satisfies [W] = pj,| = [w]. <

» Observation C.8. In general, C N [D]; and C\ [D], are not reqular if we do not impose
any restriction. For example, 1*2* N (12)* = {1"2" | n € N}.

» Corollary C.9. C' N [D*ul; Cry D*u for every regular C, D and word u.

Proof. Let C/ = CN[D*u],. In order to be able to apply Proposition 12 for C’ and D*u, we
need to prove that p(cycles(C")) C p(cycles(D*)). After that, the result follows immediately
from that proposition.

If w € cycles(C”), then there exist words 4,0 such that aw*d C C’. Since w(C’) C
w(D*u), this implies that for all n € N, there exists u, € D* such that w(dw"d) =
m(upu). Then it follows that inf p(cycles(D*)) < limp, oo p(tn) = lm, oo p(upu) =
lim,, 00 p(Gw™0) = p(w). In a similar way, one can prove that p(w) < sup p(cycles(D*)).

A

To complete the proof of Lemma 13, it only remains to provide the missing details for
Claim 1:

» Claim 1. Every regular D* is =gy -equivalent to a finite union J; D} u,, with finite D;’s.

Proof. Let (Z1, P1)U---U(Zy, P,) = w(D*), and let D; and u; be so that 7(Dju;) = (Z;, P;),
for every i = 1,...,n. We show that D* =gy, |J; D;u,. The left-to-right containment holds
by

D* = U(D* N [Dfuilr) (since m(D*) = n(U, D))

CRew U Diu;, (by Corollary C.9 plus P2)

and the right-to-left containment follows from Lemma 8 and the fact that for every 4,

Dju; = Diu; N [D*), (since w(D}u;) C w(D*))
Crer D*. (by Corollary C.9)
<

» Lemma 14. Every concat-star C' C 2* of star-height 1 is =g -equivalent to a finite union
\U; Ci of simple languages.

Proof. First note that wlog we can assume that C' is of the form

HyD{H\D}H,-- D% H,,
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where D are the heterogeneous components (non empty) and H; are homogeneous concat-
star languages (eventually empty). This is due to P5 and P2. Moreover, by using also
P7, we can further assume that for all i = 0,...,m H; = 15*2%* for some k;, ki. We can
also assume that C is heterogeneous (otherwise the statement follows trivially), i.e. that
m > 1. Since D} are non empty heterogeneous components, for all ¢ = 1,...,m, there exist
a heterogeneous word w; € D}. Then
C = HywiDiHyw3D35Hy - - -w;, D} wy Hp,
and so, by what we said before and again P5 and P2, we can assume wlog that C' is of
the form 1¥*28*yw* (the case w*1¥*2%* that we may need for the last homogeneous com-
ponent is analogous). Then it only remains to prove the case where C' = 1¥*2F** for
k‘,l% > 0 and w a heterogeneous word. By P8, IaDLE CReL 1’“*(1’“’%““‘12’;k|“’|2)*(2’;)<k|w“2 U
ok (1 kklwlygkklwlayx (1ky<klwls Cp o qkeyy* (k) <klwlz gksyy* (1) <klwli Then, it follows eas-
ily that C' = LD e — 1’“*11}*(2’%)““‘“"2 U 2’%*11)*(1’“)<i“|w|1 which concludes the proof.
<
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D Missing proofs to Section 6

» Lemma 15. For C a simple language and D = J; D; finite union of simple languages, if
C Crp D, then C 2™ D; for some i. In particular, for C, D simple languages, if C' Cryy D,
then C 2™ D. Further, the statement holds even if we consider RELj-containment for any
A with at least two letters.

Proof. If C is homogeneous the statement follows immediately. Let us then assume that C
is smooth heterogeneous of star-height 1.

The rough idea is to construct a relation R € REL(C) in such a way that from C Cryy, D
one derives R € REL(D), and from this, using suitable pumping arguments, one extracts a
synchronizing morphism from C' to some D;. The relation R will depend on both languages C
and D, but the underlying alphabet A will only depend on C'. In fact, this latter dependency
is mainly for simplifying the proof. Towards the end, we will explain how to avoid the
dependency on C and construct a relation R over a fixed alphabet. This basically shows
that semantics of Cry,, with a fixed alphabet has the same characterization.

Consider a smooth heterogeneous language C = Ciuy---Cjur =grm C7---Cju, for
u = uy - - - ug, and recall that there are no consecutive homogeneous components C}, C}, ;.
Without any loss of generality, assume that k is odd and C} is heterogeneous for all even
indices 1.

We let D be a finite union of concat-star languages D; = D} u;1--- Djy uik,, and
denote by A some automaton with h states that recognizes D.

The relation R is defined by taking into account the structure of the concat-star language
C{---Cju and the number h of states of A. Formally, we introduce the alphabet A =
{&i,j,a,;vj,l;m,bi,j | 1 S 1 S k,l S ] S h} U {ak+1} and, for each 1 S ] S k, we denote
7o uj some words in C; that have minimum and maximum Parikh ratios, respectively
(minimum and maximum exists because C' has star height 1). If j is odd, then we assume
€ C7 be any heterogeneous word for each even index j. We then

by u

u; = u;r We also let u

define R = [L], where

~

J
L=ILiy-Lip- Ly Ly (w@all) and

(u; ® ayjl)* if j is odd

~
~|uj| | I

Lij= - ~ +
’ ~ — ;i ~ o 7lug uy | e

(uj ®ay ; )* . (uj ®a; )* . (uj ®b; 7 )*(uj' ®b; )* if j is even.
We exploit the fact that R € REL(C’) and C" Cgrg, D to derive R € REL(D), and so
R = [L'] for some regular language L’ C D ® A*. Let B be an automaton recognizing L’
and, without loss of generality, assume that B is a refinement of A (this will be used later
to transfer properties of cycles of B to properties of cycles of A).

Now, consider the following word from the language L:

w:wl,l"'wlh”.wk,l.'.wk,h.(U®G/Lﬁ|",1) with

)

~ — +
~ ~|ui\n — |uj | |uj Nn .. ..
(W @a )" (uf ®ay ., ) if j is even,

)" (@b ) (ut @b

Wi = - lu; \n P

(u; ®a; ] ) if j is odd,

where n is chosen large enough so as to exceed the number of states of B. Since [L] = R =
[L'], we know that B accepts some word @ with [@] = [w] = (w1, ws). Let v be a successful
run of B on .
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Now fix an arbitrary coordinate ¢ € 2, an index 1 < j < k, and a letter ¢ € Aj =
{@i ;,b;; | 1 <1i < h}. Consider the first and last positions i1, on ~y that read (¢, c), and
consider any arbitrary cycle between those positions ¢; and i3. We claim that the cycle

1. reads only letters from 2 x {¢},
2. has Parikh ratio p(u}").

Indeed, the positions of w, that carry the letter ¢ form a factor of w,. This implies that
all the positions on v between i; and i2, and in particular, the positions of the cycle, either
read (¢, ¢) or read a symbol ¢’ on the opposite coordinate 3—¢. If the cycle reads at least two
different letters on coordinate 3 — ¢, then by pumping the cycle we obtain an inconsistency.
Otherwise, if the cycle reads always the same letter ¢’ on coordinate 3 — £, and ¢’ # ¢, then
by removing the cycle we would remove a positive number of occurrences of (¢,¢) but no

occurrence of (3 — ¢,¢), thus obtaining a word @’ € L' so that W(m,)g(gi(;(’g,)(zé) # p(uj),
and hence [@'] € R, which is a contradiction. So the cycle must read the same letter ¢
on coordinate 3 — £. Finally, if the Parikh ratio of the cycle is not precisely p(ujN), then
by removing the cycle and by arguing as before, we would obtain a word w’ € L’ so that

[@'] € R (again a contradiction).

Now consider again an arbitrary coordinate ¢ € 2 and the maximal factors of wy that
remain sandwiched between the previous factors identified by the symbols from |J ; Aj. By
construction every such sandwiched factor reads the same letter ¢ everywhere, for some
ce€ A = {ai7j7bi,j | 1 <i < h} and some < j < k. Consider the first and last positions
i1,19 of v that read (¢,c). We claim that every cycle on 7 between i; and iy

1. reads only letters from 2 x {c};

2. if ¢ = a;; for some 1 < i < h, then it has Parikh ratio p(u; ); if in addition p(u;) =0
(and hence ¢ = 2), then it reads only letters (2, a;;); symmetrically, if p(u; ) = 1 (and
hence £ = 1), then it reads only letters (1,a; ;);

3. if ¢ = b;; for some 1 <4 < h, then it has Parikh ratio p(u;'); if in addition p(u;’) =0
(and hence ¢ = 2), then it reads only letters (2,b; ;); symmetrically, if p(uj) =1 (and
hence £ = 1), then it reads only letters (1,b; ;).

Note that if we are in the second case, i.e.a;j, but p(u; ) # 0, then, we could reach a
contradiction by reasoning as we did before, that is, by removing the cycle and obtaining a
word @' € L' so that [@'] ¢ R. Similarly, it cannot happen that ¢ = b; ; and p(uj') # 0.
So the interesting case here is when c is, for example, of the form a; ; and p(u;) =0. If on
coordinate 3 — ¢ the cycle reads at least two different letters, we get an absurd as before.
Otherwise, if it reads at least one letter (3 — ¢, ¢’) for some ¢ € | I Aj, we get an absurd by
removing the cycle and changing the ratio of letters ¢. Finally, if it reads at least one letter
(3 — £,¢) for some other ¢’ € Aj with j # j', it means that there is some ¢ € {J, A; so
that all the (1, ¢) letters occur before position i; and all the (2, ¢) letters occur after position
i on 7, or viceversa, the (1,¢)’s occur after io and the (2,¢)’s occur before i;. This is in
contradiction with the previous claim on cycles inside factors of letters from |J ; Aj. The
remaining cases are similar.

The previous claims imply that the letters

a1,1,-+-,01,h,02,1,02,1,b2,1,b2.1... G2 1,02 1,020,021, ..

ey QR 1y e Ok 1 Ry Ok 15 Ok, 15 DR, 1, DR 1 -+ Gy Ok ks Oy DR
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(assuming k is even), induce cycles in v of Parikh ratios

p(uy), - p(uy), p(us’), plug ), p(uy), p(ug ), . .., p(us’), p(ug ), p(uy’), p(ug ), . ..
h times 4h times
o plug_y)s - plug ), p(up), plug ), p(ug), p(u), - .o p(ug), plug,), p(uy), p(uf)

h times 4h times

in this precise order. By choice of h, this means that there are £k SCC’s in A, say Q1, ..., Q,
so that
Qi1 is reachable from @Q; for every i, and
Q; contains a cycle with ratio p(u; ) if i is odd, and cycles with ratios p(u; ), p(u;") if i
is even.
From this, using the second claim of Lemma 5, it is easy to conclude that there exists an
index 7 and a synchronizing morphism from C' to D;.

It remains to explain how to modify the proof so as to have a relation R over a fixed
alphabet. The main modification consists in removing the subscripts j from all the letters
i 5, a; 5, IN)i)j, b; j, a1 in A, thus defining a new alphabet A" = {a, a, b, b} (by same principle,
using more clumsy notation, we could even restrict to any alphabet with at least two letters).
Accordingly, the language L is redefined as

L'=L) Ly, Ly Ly (u® a*l) where
o (UJ_ ® CLIU}I)* if j is odd
0. (u}@&'“m)*' (u; ®a‘“;‘)*~ (u;®glu7|)*,(uj®b|“a‘+|)* if j is even.

As before, we derive the existence of a regular language L” C D ® A* so that [L'] = [L"].

However, due to the modification, we cannot rely on the indexed letters to apply the
remaining arguments. Nonetheless, we can overcome the problem by introducing a new
automaton C that is a refinement of B (and hence also a refinement of A) and that recognizes
the old language L with the correctly indexed letters. The idea is that C reads indexed
letters, while simulating B on the letters devoid of the indices, and checking at the same
time the series of indices is correct. For this, C need to stores the current control state of
the automaton B and the last letters ¢y, co from the parsed prefix of the input that were
associated with each coordinate in 2. For example, when reading a letter (1, a; ;), C simulates
a transition of B on (1,a) , and checks that the last letter ¢; associated with coordinate 1 is
either a; ; or @; ; (namely, the only two possible letters that could have preceded the current
letter (1,@; ;) in an arbitrary word from the language L).

From there, one follows basically the same arguments as before: first, construct a word
w € L inducing cycles in a successful run of C (here n needs to exceed the number of states of
C). Then, argue that the cycles of C have the appropriate Parikh rations in the appropriate
order. Finally, one transfers the latter properties to the successful runs of B and A, so as to
witness a synchronizing morphism. |

» Lemma 17. For every p,q > 0, finite C C 2*, and u_,us € C so that p(u_) = min p(C)
and p(uy) = max p(C), there exists a finite ¢’ C C* so that C* =gg (u” Uul)* - C".

Before turning to the proof of Lemma 17, we need to first prove a few technical lemmas.
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» Lemma D.1. For every finite language C = {u_,uy,uq, ..., u,} with p(u—) = min(p(C))
and p(uy) = max(p(C)), there are ky, ..., k, >0 so that

C* =ppy, (u_ Ung) - ulh ooy Sk,

Proof. We proceed by induction on n. The base case n = 0 is immediate. For the inductive
case, suppose n > 0, and let k£ > 0 and k', k" > 0 be so that

m(uf) = w(u? uﬁ_”) (1)

by Lemma C.4. Thus,

C* = ((C* - up)®)* - (CF - up)<F . C* for C = C\ {un}

=re, O (CF - uy)<F . CF (by (1) cum P5, P6, P2, P3)
—REL C’*C’*u,fké’* —REL C’*'u:k (by P5)
=gp (U— Uug)™ - ufkl i 'USE’{” cusk, (by inductive hypothesis on C’)
proving the statement. |

» Lemma D.2. For every p > 0, ui,us € 2* we have

(uy Uug)* =ge (uf Uug)® - ul?.

Proof. We have

(ur Uua)"™ = uj(uguz)” (uyug) ="
=re (W) Uug)* (uul) <P =gp (0 Uug) ujuy? (by P5)
= (u} Uuy)*us? <

» Corollary D.3 (of Lemma D.2). For every p,q > 0, uj,us € 2* we have
(uy Uug)* =gp (uf Uud)* - us? - ul?.
Proof. It follows easily from Lemma D.2 (applied twice) plus P2. <

Proof of Lemma 17. Straightforward application of Lemma D.1 and Corollary D.3 plus
P2. <

» Proposition 7. For all simple C, D C 2*, C' Cgy, D iff 7(C) C 7(D) and C 2™ D.

Proof. The left-to-right direction follows from P6 and Lemma 15. For the right-to-left direc-
tion, if C' is homogeneous, the fact that 7(C) C 7(D) yields C' Crg, D by P8. Suppose then
that C' is heterogeneous. For any concat-star Cu; - - - Cjuy,, note that Ciuy - - - Chuy =gu
Cy---Cl-uforu=uy- - u, and 7(Ciuy --- Cluy) = w(Cy---Ck - w). Thus, we can as-
sume wlog that C' and D are of the form C = Cy---Cpu and D = D7 --- Dy v, and let
U= U Up, V= V1 -Vy. Note also that, by a similar argument, we can assume wlog
that C; # {e} foralli=1,...,n.

Since all C; are finite, one can take w; _,w; + be the minimum and maximum Parikh-
ratio words of each C; respectively —note that they could have the same Parikh-ratio, or
even be the same word.
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Let us fix some i. Since p(C;) C p(D7},) for some j;, there are words 1y, Wy € D7, so that
p(wi) = p(iy) for r € {—,+} or, in other words, there are p,q > 0 so that (w; _) = m(d)
and 7(wy ,) = m(dz).

By Lemma 17, we have

Cf =R (wf,_ U wz-q7+)* O (for a finite C! C C})

gREL D; . CZ/

Thus,

Ci(.'.c:,ugREL D;I .C{...D;ﬂ .C;lu

=pe, D}, D}, -Cl---Ch -
Cre, DY - D3 CL-+-C) - u (by monotonicity of s.m.)
CRrer DT te D:nv

proving the statement. For the last step, note that m(c;---cpu) € w(D5--- Dfv) for all
¢; € C! and so the containment follows from P6 and P2. <
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