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INVASION OF AN EMPTY HABITAT BY TWO COMPETITORS:
SPREADING PROPERTIES OF MONOSTABLE TWO-SPECIES
COMPETITION-DIFFUSION SYSTEMS

LEO GIRARDIN!, KING-YEUNG LAM?

ABsTrRACT. This paper is concerned with some spreading properties of monos-
table Lotka—Volterra two-species competition—diffusion systems when the ini-
tial values are null or exponentially decaying in a right half-line. Thanks to
a careful construction of super-solutions and sub-solutions, we improve pre-
viously known results and settle open questions. In particular, we show that
if the weaker competitor is also the faster one, then it is able to evade the
stronger and slower competitor by invading first into unoccupied territories.
The pair of speeds depends on the initial values. If these are null in a right
half-line, then the first speed is the KPP speed of the fastest competitor and
the second speed is given by an exact formula depending on the first speed
and on the minimal speed of traveling waves connecting the two semi-extinct
equilibria. Furthermore, the unbounded set of pairs of speeds achievable with
exponentially decaying initial values is characterized, up to a negligible set.
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1. INTRODUCTION

In this paper, we are interested in some spreading properties of the classical
monostable Lotka—Volterra two-species competition—diffusion system

Ot — gz =u (1 —u—av) in (0,400) xR

(1.1) O — dOzzv =rv (1l —v—>bu) in (0,400) xR
’ uw(0,z) = up (x) for all z € R
v (0,z) = vg () for all z € R

with d > 0, a € (0,1), b > 1, r > 0 and ug,vo € % (R, [0,1]) \ {0}. The assump-
tions on a and b mean that u and v are respectively the stronger and the weaker
competitor.

Recall from the classical literature [T, 2], 2T] that the scalar Fisher-KPP equation

Ow — 60z,w = pw (1 —w) in (0,+00) x R
w (0,z) = wo (x) for all x € R

with d, p > 0 and wy € %, (R) with nonempty support included in (—o0, 0] has the
following spreading property: there exists a unique cxpp > 0 satisfying
lim sup |w(t,z) — 1| =0 for each ¢ < cxpp
t=+00 |y <ct
lim sup |w (t,z)| = 0 for each ¢ > cxpp
t—=+400 ¢t <y

These asymptotics describe the invasion of the unstable state 0 by the stable state
1 and ck pp is consequently referred to as the spreading speed of this invasion. Fur-
thermore, cxpp coincides with the minimal speed of the traveling wave solutions,
which are particular entire solutions of the form w : (¢,z) — ¢ (x — ¢t) with ¢ > 0,
¢ (—o00) =1 and ¢ (+00) = 0. A striking result is the so-called linear determinacy
property: there exists such a pair (¢, ¢) if and only if the linear equation

—0¢" — g = pp,

namely, the linearization at ¢ = 0 of the semilinear equation satisfied by ¢, admits
a positive solution in R. Consequently, cxpp = 2v/pd. As far as the system (1.1)
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is concerned, this result shows that in the absence of the competitor, v and v
respectively spread at speed 2 and 2v/rd.

Recall also from the collection of works due to Lewis, Li and Weinberger [22] 24]
that the competition—diffusion system

Ot — Ogzu =u(l —u—av) in (0,+00) x R

O — dOgv =rv (1l —v—"bu) in (0,+00) xR
u (0,z) = 1o (x) for all z € R
v(0,2) =1— 9 (x) for all z € R

(1.2)

with 4y and 99 compactly supported and %y nonnegative nonzero, has an analogous
spreading property: there exists a unique cyryw > 0 satisfying
lim sup (Ju(t,z) — 1]+ |v (t,x)|) = 0 for each ¢ < cppw
=400 |y <ct
lim sup (Ju(t,z)| + v (t,xz) — 1]) = 0 for each ¢ > crrw
E=+00 i ||
and describing the invasion of the unstable state (0, 1) by the stable state (1,0). As
in the KPP case, the spreading speed ¢y is the minimal speed of the monotonic
traveling wave solutions; linearizing at (0,1), it is easily deduced that the linear
speed is 2v/1 — a and that cprw > 2v/1 — a. However, contrarily to the KPP case,
the converse inequality crpw < 2v/1 — a is only sometimes true. More precisely,

e on one hand, according to Lewis-Li—-Weinberger [22], linear determinacy

holds if )
-1 1
¢ < - (2 - d) )
1—a r
a result which was later on improved by Huang [17] who established that
the weaker condition

2—d)(1—a)+r d—2
> -
b S YT

d<2and

is sufficient;
e but on the other hand, Huang—Han [I8] constructed explicit counter-examples

where crrw > 2v1 —a.

Anyways, a rough upper estimate of ¢y can be obtained by comparison with the
KPP equation satisfied by u in the absence of v: ¢pLw < 2 (the competition always
slows down the invasion of u). The strict inequality ¢ < 2 is expected but, as
far as we know, cannot be established easily. Of course, it automatically holds in
case of linear determinacy.

We focus now on the system and observe that, when ug and vg are both null
or exponentially decaying in [0, +00), the long-time behavior in (0, 400) is unclear.
It is the purpose of this paper to address this question.

If rd > 1 and uy and vy are compactly supported, then for all small € > 0, one
expects the following statements to hold:

lim sup (lu(t,z) — 1)+ |v (¢, 2)|) =0,
t—+o0 |I|<(CLLw—€)t
Jm sup (Ju(t, =) + v (t,2) — 1]) =0,

(24e)t<|z|<(2Vrd—e)t

lim sup (Ju(t, )|+ |v(t,z)|) = 0.
E2H0 (o rdye)t<|z|
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This fact, which we are going to prove in the forthcoming pages (see Proposition
by adapting very slightly arguments from the related literature and is therefore not
really new, basically means the following: the empty space is first invaded by the
faster competitor v at speed 2v/rd and then the replacement of v by the stronger
competitor u occurs somewhere in the area cppyw < % < 2. In particular, as far as
spreading speeds are concerned, the first invasion ((0,0) by (0,1)) is not influenced
by the second invasion ((0,1) by (1,0)): the competition exerted by the exponential
tail of u in the area 2 < 7 is negligible.

It is then natural to investigate whether the converse statement is true: is the
second invasion influenced by the first one? Is it possible to show that the speed co
of the second invasion is exactly ¢y, or is there on the contrary a possibility of
acceleration, namely co > crrw?

Previous works on the spreading properties of the system with ug and vg
supported in (—o0, 0] are due to Carrére [3] and Lin and Li [26]. Carrére studied
the bistable case (a > 1, b > 1). She proved that the second invasion admits a
single spreading speed which is the speed of the unique bistable traveling wave
connecting (0,1) to (1,0): the two invasions are indeed independent. We point
out that the bistable case is easier to handle (based on the uniqueness of traveling
wave speed and profile in the bistable case, the arguments used on the left of the
second transition can be used again on its right). As a matter of fact, Lin and
Li investigated the monostable case with stable coexistence (¢ < 1, b < 1) and
compactly supported initial data but were unable to determine the second speed.
All three monostable cases (stable coexistence, stable (1,0), stable (0,1)) being
handled quite similarly (see Lewis-Li-Weinberger [22] for instance), the technical
obstacles they encountered should not depend on the sign of b — 1.

In the present paper, we adopt a different point of view: we aim directly for the
construction of (almost) optimal pairs of super-solutions and sub-solutions. This
point of view is highly fruitful. On one hand, it brings forth a complete spreading
result when the support of ug is included in a left half-line (namely, ug is Heavyside-
like or compactly supported) and vy is compactly supported. This result shows that,
surprisingly, acceleration of the second front does indeed occur in some cases.

Heuristically, there are three spreading mechanisms involved:

(1) w invading a hostile environment where v = 1 at speed 2v/1 — a;
(2) u chasing the competitor v at speed crLw;
(3) w invading an environment where v = Li,<oyrary At some speed c.

While both ¢;w and ¢ are greater than or equal to 24/1 — a (by the comparison
principle), the sign of ¢ — ¢y Lw can vary. One of our main results (Theorem L.1))
states that the actual invasion speed of u is the maximum of ¢ and c.

The problem we consider in this paper was in fact already considered by Shige-
sada and Kawasaki in 1997 [33], where they illustrated numerically the hair-trigger
effect (the fact that a small number of the weaker competitor eventually reaches
the range front of the other species and establishes a KPP-type wave into the open
space). They also gave practical estimates of the respective spreading speeds of
the species, based on linearizations. Our work takes into account the possibility of
failure of linear determinacy, and discovers additionally the possibility of a further
accelerated invasion. Therefore, we have completely settled the mathematical ques-
tions raised by their study. Let us also point out here that, inspired by the study
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of Shigesada and Kawasaki, Li [23] very recently addressed similar questions in the
framework of integro-difference systems.

Our approach also delivers a general existence and nonexistence result related to
propagating terraces (succession of compatible traveling waves with decreasingly or-
dered speeds, first described by Fife and McLeod [I1]) having the unstable steady
state (0,1) as intermediate steady state and corresponding to exponentially de-
caying initial data. As far as scalar terraces for reaction—diffusion equations are
concerned, Ducrot, Giletti and Matano [9] showed quite generically that all inter-
mediate states are stable from below (see also Polacik [29] for a complete account
in the general setting). In more sophisticated contexts (reaction—diffusion systems,
nonlocal equations, etc.), propagating terraces with unstable intermediate states are
observed numerically (see Nadin—Perthame-Tang [28] for the nonlocal KPP equa-
tion, Faye—Holzer [10] for a different two-component reaction—diffusion system).
Rigorous analytical studies are however very difficult and have only been carried
out in simple cases. For instance, a closely related paper due to lida, Lui and
Ninomiya [19] studied a monostable system of cooperatively coupled KPP equa-
tions. The comparison with that paper shows well the value of the present paper:
lida—Lui—Ninomiya only considered Heavyside-like or compactly supported initial
data and obtained that all spreading speeds are in fact scalar KPP speeds (indepen-
dent invasions). In this regard, the present paper is, to the best of our knowledge,
unprecedented.

Our approach relies heavily upon the comparison principle. Therefore it might
be appropriate for cooperative systems of arbitrary size with couplings more sophis-
ticated than the Lotka—Volterra one considered in lida-Lui-Ninomiya [19]. Let us
point out right now that a fully coupled cooperative system, namely a cooperative
system where the positivity of any one component implies the positivity of all the
others, cannot admit propagating terrace solutions. Unfortunately, our approach
cannot be adapted to settings devoid of comparison principle.

Finally, let us point out that our forthcoming results would still hold true if
u (1 —wu) and rv (1 —v) were replaced by more general KPP reaction terms. In
order to ease the reading, however, we focus on the traditional logistic form.

1.1. Main results. Define the auxiliary function
(1.3) f+ [2V1=a,+0) = (2va,2(VI—a+a)]
) c = c—y/c2—4(1—a)+2ya

This function is decreasing and bijective and satisfies in particular
f2)=2,
2(1—a)
vat ———2 Ta
1.1.1. Spreading properties of initially localized solutions.

Theorem 1.1. Let uy € € (R,[0,1])\ {0} with support included in a left half-
line and vy € € (R, [0,1])\ {0} with compact support. Let (u,v) be the solution of

equation (L.1)).
(1) Assume 2v/rd < 2. Then

lim sup|v (¢, z)| =0,

t—+4o0 z>0

L
forem g -
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lim sup |u(t,z) — 1| =0 for each e € (0,2),
=400 g<g<(2—e)t

lim  sup t,x)| =0 for each ¢ > 0.
t=+00 (24 e)t<a fu )]

(2) Assume 2v/rd € (2, f (cLrw)) and define
1—-a
_ -1
Cace = f (2\/7761) \/7 f + = \/7 \/» (CLLW7 2) .
Then
lim sup (lu(t,z) =1+ |v(t,z)|) =0 for each € € (0, cace) ,
t—+oo 0<z<(cqec—e)t

lim sup (lu(t, )| + v (t,z) —1|) =0 for each € € < ,
oo (Cacc+6)t<$<(2m7€)t

lim sup (lu(t,z)| + v (t,x)]) =0 for each € > 0.
2H0 (avrdte)t<a

(3) Assume 2v/rd > f (cLrw). Then

lim sup (lu(t,z) = 1) + |v (¢, 2)|) = 0 for each € € (0,cLLw),
t—+oo 0<(L‘<(CLLW e)t

2 Vv C(lCC >
2 )

lim sup (lu(t,z)| + v (t,x) — 1|) = 0 for each € € (0,
oo (CLLw+£)t<x<(2m—a)t

lim sup (lu(t,z)| + v (t,z)]) =0 for each e > 0.
20 (avrdte)t<a

2\/ rd — CLLW)
2 )

In the first case, v goes extinct. In the second case, v invades first at speed 2v/rd
and is then replaced by u at speed c4cc > crrw. In the third case, v invades first
at speed 2v/rd and is then replaced by u at speed crpw .

Notice that the limits above are chiefly concerned with = > 0. This is intentional,
for the sake of brevity and clarity. In (—oo, 0), two behaviors are possible, depending
on whether ug is compactly supported or Heavyside-like. In the former case, all
inequalities above hold with x replaced by |z| (and this claim is proved simply by
symmetry). In the latter case, (u,v) converges uniformly to (1,0) in (—o0,0) (and
this claim can be proved by a standard comparison argument).

1.1.2. The set of admissible pairs of speeds for more general initial data. Define the
auxiliary function

Nt [2Vid +oo) o (0.v3
c (e — V@ —rd)

Theorem 1.2. Let ¢y € [2\/7‘(17 —|—oo> and c3 € [epow,c1]. Let (u,v) be a solution
of such that
c2 = sup {c >0] lim sup (Ju(t,z)—1|+v(t,z)|) = 0}
t=+00 o< p<et

and such that at least one of the following two properties holds true:
(1) x> v (0,z) () is bounded in R; or
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(2) c1 satisfies

c1 Zinf{c>0 | tlim sup |v (¢, x)] —O}.

—+00 g>ct
Then ca > f~Y(c1).

The assumption on ¢y basically means that u spreads at speed co. However, in
general, the spreading speed is ill-defined: the minimal spreading speed of u,

sup {c >0 | tlglfooOgS}clgchu(t’x) -1 = 0},

might very well be smaller than its maximal spreading speed,

inf {C >0 | ti}?oo Ogs;lgct |u (¢, )] O} .
On this problem, we refer to Hamel —Nadin [16].

The properties (1) and (2) above are more or less equivalent. Indeed, on one
hand, (1) directly implies (2) by standard comparison; on the other hand, if (2)
holds, then for all A € (0,\, (c1)), there exists Ty such that x +— v (Ty,z) e’ is
bounded in R. However the proof of the latter implication is difficult. In fact, in-
stead of establishing it, we will directly prove the result in each case. We emphasize
that although (2) might be easier to understand in that it directly relates ¢; to the
spreading of v, (1) has the advantage of being easier to apply since it only requires
knowledge of the initial condition.

In short, this theorem means that if v spreads no faster than ¢; and if v spreads
at speed co, then ¢y > f~1(c;). The next theorem shows the sharpness of this
threshold: any cy > f~1(c1) can actually be achieved.

Theorem 1.3. Let ¢; € (2\/rd,+oo) and c3 € (cpLw,c1).

Assume c1 > f(c2). Then there exists (Uey,cosVeyeo) € € (R, [0, 1}2) such that
the solution (u,v) of with ingtial value (wo, Vo) = (Ucy,cqs Ve cp) Satisfies

lim  sup (Ju(t,x) — 1]+ v (t,x)]) =0 for each e € (0,c2),

t—+o0 z<(ca—e)t
. €1 —C2
lim sup (Ju (t,2)| + |v (t,2) — 1|) = 0 for each e € (0, ) ,
t=100 (cyte)t<a<(cy—e)t 2

lim  sup (Ju(t,z)|+ v (t,z)]) =0 for each € > 0.
t—+oo (c1+e)t<z

Let us point out that this solution (u,v) is not a proper propagating terrace
in the sense of Ducrot—Giletti-Matano [9]: the locally uniform convergence of the
profiles is missing (as in Carrére [3]).

The fact that the set of admissible speeds is not always the maximal set

{(Cl,CQ) = [2\/7“7(1, —i—oo) X leow, +00) | 1 > cz}.

settles completely a question raised by the first author [14].
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C1

C1 = C2

2(v1—a+ +a)

2\/@

WI—a(l,1) o 2 > C2

(A) coaw = 2vV1—a, 2vrd < f(cLLw).
In this case Theorem 2) applies with
(c1,¢2) = (2V7d, cace), where cace > cLLw -

@ C1 = Co
2v/'rd
2(v1—=a+ +/a)
f(c2)
flepow)
D I I
oI —a(l,1)  ciiw ; 2

(B) crw > 2vV/1—a, 2vVrd > f(CLLW)«
In this case Theorem 3) applies with
(e1,¢2) = (2Vrd,coLw)-

FIGURE 1.1. Examples of sets of admissible pairs of speeds (¢1, ¢2)

1.1.3. The super-solutions and sub-solutions. The preceding theorems will be proved
thanks to the following three propositions, which are of independent interest and
concern existence results for super-solutions and sub-solutions (the precise defini-
tion of these will be recalled in the next section).
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L
“ A [2\/1 —a, +oo) — (O, VvV1i—a
c — %(c— 62—4(1—a))’

1
A:(e,d) 5 (5— V& IO (-0 + 1)) .
The domain of A is the set of all (¢, €) such that ¢ > 24/1 — a and ¢ > max (c, f (¢)).
For all ¢ > c¢rpw and € > max (¢, f (¢)), We.z denotes the function

Woz (t,.’l?) — e—A(c)(é—c)te—A(c,E)(x—ét)-

Proposition 1.4. Let ¢; > 2Vrd, co > cpw and assume ca < ¢1 < f (ca).
There exist ¢ > ca, ¢ € (c1, f (¢)), L > 0 and 6* > 0 such that, for all § € (0,6*),

all k € (07min (1_—“7%)) and all { > L, there exists Rs > 0 and a sub-solution

(U57<7,€,W) of satisfying the following properties:
(1) uscr (0,2) <1 —a forall x € R;
(2) the support of & — usc . (0,) is included in [0, L + ¢ + 2Rs];
(8) us ¢k (0,2) <k forallz € [L,L+ (+ 2Rs];
(4) there exists X > 0 such that usc . satisfies

Orus e — Onatis e < (1 —0) usc e in {(t,z) €[0,400) xR | 2 > X + ét}.

(5) there exists Cs > 0 depending only on § such that
Ts.c (0,2) > min (1, Oée*v@(m*)) for all z € R;

(6) the following spreading property holds true:

1—
lim sup us ek (6 x) — ?a =0 for alle € (0,¢).

=400 [ <o (c—e)t

Proposition 1.5. Let ¢y € (max (cLLW,f_l (2V Td)) ,2>-

There exists 6* > 0 and (c‘f,cg)ée(oﬁ*) such that

co < b < <2Vrd for all § € (0,6%),
~ 5 8y
(}1_1}%) (01702) - (QM, CQ) )

and, for all 6 € (0,8%), there exists a super-solution (1757 E) of satisfying the
following properties:

(1) there exists yo € R such that, for all y > yo and t > 0,
2

(A (0272\/a)> +1
A (02, 2M>

(2) x— vs (0,2) is compactly supported;

(3) vs (0,2) <1—0 forallz € R;
(4) the following spreading property holds true:

Us O,ZC_y_

t | > min (17“’(;2,2@ (t,x)) for all z € R,;

s _
lim sup ([as (t, )| + |vs (t,2) — (1 —20)|) =0 for all e € (0, a 3

P00 (ege)t<as (e —e)t
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Proposition 1.6. Let ¢; > 2Vrd, ca > crpw and assume ¢; > max (¢, f (¢2)).
There exists 6* > 0 and (cg)56(0 5 such that
& > ¢y for all § € (0,5%),

lim ¢ = Co
5—0 2 ’

and, for all § € (0,0%), there exists a super-solution of (175,@) and a sub-
solution of (%, UT;) satisfying the following properties:
(1) there exists yo € R such that, for all y > yo and t > 0,

2
I <O7m —y— Wt) > min (1,We, ¢ (t,2)) for all z € R;

(2) the support of vs is a right half-line and there exists (y,z) € R? such that
1
5 < e’\“(cl)(z_clt)vi 0,z —y) <1 forallt>0 and x> z;

(8) us (0,2) <%5(0,2) and vs (0,z) <75 (0,2) for all x € R;
(4) the following spreading properties hold true:

lim  sup |us (t,z) — (1—a)| =0 for alle € (0,c2),

t—+00 z<(ca—e)t

_ 0
lim sup ([a5 (t, )| + |vs (t,2) — (1= 28)|) =0 for all e € (O, a c2> .
oo (cg+a)t<m<(c1—5)t 2
lim  sup ([ws (t,x)| + [v5 (t,2)]) = 0 for all e >0,
=400 (o) ye)t<n

The forms of the super- and sub-solutions of Proposition [I.4] and Proposition [I.5]
are illustrated in Figure and Figure respectively. Those of Proposition [1.6
are illustrated in Figure .1 and Figure

1.2. The quantities f (c2), A(c2), A(c2,c1). Let us explain by a heuristic argu-
ment how these three quantities come out naturally in the problem and what is
their ecological meaning.

Assume that v invades the uninhabited territory at some speed ¢; > 2v/rd and
that u chases v at some speed ¢o € [crLw,c1). In the area where v ~ 1, u looks
like the exponential tail of the monostable traveling wave connecting (0, 1) to (1,0)
at speed ¢, that is

u(t,z) ~ e Me)(@—cat)
Accordingly, in a neighborhood of x = ¢é with é € (c2,c¢1), we can observe non-
negligible quantities only if we consider the rescaled function

w: (t,x) > u(t,z) e Feat)

instead of w itself.
Yet, in a neighborhood of x = é with ¢ > ¢1, where (u,v) ~ (0,0), w satisfies at
the first order
Opw — Ozgw = (14 A(eg) (E—c2))w

whence the exponential ansatz w (¢, z) = e~ *(*=) leads to the equation

A? —EA + (14 A(c) (6 —c2)) = 0.
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The minimal zero of this equation being precisely

Ae, &) = % (- VE 1@ @ e+ D),
we deduce then that ¢ has to satisfy
=4\ () (E—e2)+1) >0
that is ¢ > f (c2). Passing to the limit ¢ — ¢, we find indeed ¢; > f (c2).

1.3. Organization of the paper. In Section 2, we recall the comparison principle
for and define super-solutions and sub-solutions.

In Section 3, we prove Theorem Theorem and Theorem assuming
Proposition [I.4] Proposition [I.5] and Proposition [I.6] are true.

In Section 4, we prove Proposition [I.4] Proposition [I.5] and Proposition [T.6}
These constructions are rather delicate and require several objects and preliminary
lemmas, which we summarize in a table at the beginning of Subsection

In Section 5, we comment on the results and provide some future perspectives.

2. COMPETITIVE COMPARISON PRINCIPLE

2.1. Competitive comparison principle. In what follows, vectors in R? are
always understood as column vectors.
We define the competitive ordering < in R? as follows: for all (u1,v1) € R?,
(’LL27 ’UQ) € RQ,
(u1,v1) = (ug,v9) if uy < wug and vy > vs.
The strict competitive ordering < is defined by
(u1,v1) < (ug,ve) if u; < ug and v1 > vs.
We define also the operators

P (u,v) — 0 (u,v) — diag (1, d) Ozs (u,v),
_ u(l —u—av)
F:(u,v) o (rv(l —v—bu)) )
With these notations, (|1.1)) can be written as
P (u,v) = F (u,v) in (0,400) x R
(u,v) (0,z) = (ug,vo) (x) forallzeR
Definition 2.1. A classical super-solution of (1.1)) is a pair
(@) € 6 ((0,+00),%% (R, [0,1]*) ) % ([0, +0) x R, [0, 1)%)
satisfying
P (u,v) = F(u,v) in (0,+00) x R.
A classical sub-solution of (1.1)) is a pair
(u,7) € € ((o, +00), €2 (]R, [0, 1]2)) ne ([0, +o0) X R, 0, 1]2)
satisfying
P (u,v) < F(u,7) in (0,+00) x R.

The unbounded domain (0,400) x R can be replaced in the above definition by a
bounded parabolic cylinder (0,7) x (—R, R). In such a case, the required regularity

is ¢! ((o,T) K% ((—R, R). [0, 1]2)) ne ([O,T] x [-R,R], [0, 1]2).
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We also recall that it is possible to extend the theory of super- and sub-solutions
to Sobolev spaces. The full extension is outside of the scope of this reminder,
however a very partial extension will be necessary later on. More precisely, we will
use the following definition and theorem. In what follows, o denotes the Hadamard
product (u1,v1) o (uz,v2) = (ujusg, v102).

Definition 2.2. A generalized super-solution of (1.1)) is a pair
(@) € € ((0,+00) x R, [0,1)

satisfying, for all (U,V) € @ ((0, +00) x R, [0, 1]2),

/& (w,v) o (U,V) +diag (1,d) 9, (w,v) 0 0, (U, V) = /F (@,v) o (U, V).
A generalized sub-solution of is a pair
(u,7) € € ((o, +oo) x R, [0, 1]2)

satisfying, for all (U, V) e 2 ((0, +00) X R, [0, 1]2),

/at (w,B) o (U, V) + diag (1, d) 8, (u,7) 0 0, (U, V) = /F(m) o (U, V).

Again, the unbounded domain (0, +0c0) X R can be replaced by a bounded para-
bolic cylinder (0,T) x (—R, R). The following important theorem, that will be used
many times thereafter, actually uses the local definition.

Theorem 2.3. Let R>0,T >0, Q= (0,T) x (—R,R) and
(@, 2,01, 05) € €7 (10,71, %% (=R, K], [0.1)') ) 0% ([0.7] x [-R. ] [0,1]").

(1) Assume that (U1,v,) and (G1,vy) are both classical super-solutions in Q.
Then (1, max (vy,vs)) s a generalized super-solution in Q.

(2) Assume that (Gy,v;) and (Uz,vy) are both classical super-solutions in Q.
Then (min (w1, u2) ,v,) is a generalized super-solution in Q.

Remark. We state this theorem in a bounded parabolic cylinder in order to be able
to construct later on more complex super- and sub-solutions, for instance super-
solutions (u,v) with @ of the form

ay (t,x) if x <z (¢)
ﬂ(t,l‘) = § U2 (t,l’) ifz e [.’K (t) Y (t)] )
usg (t,x) itx >y(t)

where z (t) < y (t) and Uy, Uz and U are such that uy (¢, ) <ug (¢,) if © < z (¢),
Uy (t,x) < @ (¢, ) in a right-sided neighborhood of z (¢), Wa (t,z) < us (¢, z) in a
left-sided neighborhood of y (¢) and us (¢, z) < s (t,x) if z > y (¢). Although we do
not have any global information on @ — s, u; — us and us — us, the local theorem
shows that the construction is still valid.

Proof. Since the second statement is proved similarly, we only prove the first one.

For simplicity, we only consider the special case where I' = (v, — v,) " ({0}) is a
smooth hypersurface, which is always satisfied for our purposes. A proof that does
not require such a regularity assumption can be found for instance in [32].
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Define v = max (v, v,) and let (U,V) € 9 (Q, [0, 1}2). On one hand,

8tﬂ1 - awmﬂl Z Fl (ﬂhy)

is satisfied in the classical sense (using for instance —awjv,; > —auiv). On the
other hand, we have assumed that I' = (v, — v,) " ({0}) is a smooth hypersurface,
so that we may integrate by parts. Denoting Q1 = (v; —uy)” ' ([0,1]), Q2 =
(uy —Ql)_l ([0,1]), v the outward unit normal to @i, we find I' = 9Q1\0Q =
0Q2\0Q and (9,v; — 9,v5) v < 0 on I', whence

Q
= OV 4+ d0,v,0,V + Oy V + d0y 5,0,V
Q1 Q2
= / (Orvy — dOyavq) V + 00, Vv + / (Orvy — dOzavy) V + 00,V (—v)
1 0Q1 2 9Q2
<[ B@e)ve [ @)V [ G - o) vy
Q1 Q2 r
< / Fy (uy,v) V.
Q
This completes the proof. [

An inversion of the roles yields a similar statement on sub-solutions.

Theorem 2.4. Let R>0,T >0, Q= (0,T) x (—R,R) and
(wr15,71,72) € %6 ((0.7), 6% (=R, B].[0.11") ) 0 (10, 7] x [~R, R), [0,1]")

(1) Assume that (uy,01) and (uq,0a) are both classical sub-solutions in Q). Then
(uy, min (T1,72)) is a generalized sub-solution in Q.
(2) Assume that (uq,71) and (uq,T1) are both classical sub-solutions in Q. Then

(max (ug,us) ,71) 8 a generalized sub-solution in Q.

Since a classical super- or sub-solution is a fortiori a generalized super- or sub-
solution respectively, from now on, we omit the adjectives classical and generalized
and always have in mind the generalized notion.

The comparison principle for , directly derived from the comparison prin-
ciple for cooperative systems (see Protter—Weinberger [30]) via the transformation
w =1 — v, reads as follows.

Theorem 2.5. Let (w,v) and (v,u) be respectively a super-solution and a sub-

solution of , Assume that
(@,v) (0,2) = (u,v) (0,2) for all z € R.
Then
(@,v) = (u, ) in [0,400) x R.

Furthermore, if there exists (T, z) € (0,+00) X R such that w(T,z) = u (T, x) or
v(T,z) =7 (T,x), then

(@, v) = (u,7) in [0,T] xR.
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In other words, (@,v) = (u,7) holds at ¢t = 0 if and only if it holds at all £ > 0.
Finally, we recall an important existence result that will be used later on.

Theorem 2.6. Let (u,v) and (v,u) be respectively a super-solution and a sub-
solution of , Assume that for some (ug,vo) € C(R,[0,1]%) we have

(@,v)(0,2) = (uo,v0)(x) = (u,0)(0,x) for allz €R,
then the solution (u,v) of with initial data (ug,vo) satisfies
(@, v) = (u,v) = (u,0) in [0,4+00) x R.

3. PROOFS OF THEOREM [I.1, THEOREM [1.2] AND THEOREM

In this section, we assume Proposition [T.4] Proposition [I.5] and Proposition [T.6]
are true.

3.1. Proof of Theorem [1.2

Proof. Let ¢; > 2v/rd and ¢y > cpw such that ¢; > ¢o and ¢; < f(c2).

First, we consider the case where z — v () e (1) is globally bounded. By
contradiction, assume the existence of a solution (u,v) such that both the bound-
edness of z — vy (z) e* ()% and the equality

Cy = sup {c >0] lim sup (Ju(t,z)—1]+v(tz)]) = 0}
t=+00 o< p<et
are true.
Define ¢, ¢, 6*, § = %, Rs, L, us ¢ x, s,y as in Proposition Note that ¢ > co,
¢c>cy. o
In view of the equality satisfied by co, there exists T > % such that, for all

T € [O,%T], uw(T,r) >1—3.

We claim that (¢,2) — v (t, ) e*(¢)(@=e1t) ig globally bounded in [0, +00) x R.
To see this, it suffices to observe that, by definition of \,(c;), Ce rv(c1)(z=c1t)
is a supersolution of the equation of v for any constant C' > 0. Hence standard

comparison implies that
v(t,z) < (supv(&x)e)‘“(cl)””) e Avle)(@=ert)
~ \zeRr

Since ¢; < ¢ and A, is decreasing, we have A\, (¢1) > A, (¢). Hence, there exists
¢ > L such that

v(T,z) <T5¢(0,z) for all x € R.

Now, we fix

1 . . 1—a § . (T, z)
K = —Inin { min - min u X .
2 2 "2 ) 2€[L,L4(+2Rs) ’

It follows that

1—a forzel0,L],
uw(T,z) > K for z € (L, L + ¢ + 2Rs],
0 for x € R\ [0, L + ¢ + 2R;],

whence u(T, ) > us¢ . (0,z) for z € R. Then

(u,?) : (t,x) — (m(t—T,x),ﬁ(t—T,x))
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is a sub-solution of which satisfies (u,7) < (u,v) at t = T, whence by the
comparison principle of Theorem [2.7] it satisfies the same inequality at any time
t>T.

Now, due to the spreading property satisfied by u, for all € € (0, ¢), there exists
T. > T such that, for all t > T,

1—a

inf t,x) >
L§w1<n(cfs)tU( 7I) - 4

Thus, by comparison of (u,v) with the spatially homogeneous sub-solution (Q , V)
satisfying the system
Ut)=U@®)(1-U@®)—aV (t)) forallte (T.,+00)
Vt)=rV(t)(1-V () —bU(t) forallte (T, +o0)

Q(Ta) =1 ’

is well-known, we find

|u(t,z) — 1|+ |v(t,x)|) =0 for all € € (0,¢).

whose convergence to (1,0)
lim sup
=400 g<g<(c—e)t
This means co > ¢, and directly contradicts the chose of ¢ > ¢ made at the
beginning of the proof.
Next, we consider the case where

> : ol
> 1nf{c >0 | tl}rﬁloorsgg v (t, )] O}

Since the proof is mostly the same, we only sketch it. Again, we argue by contra-
diction and use Proposition [[.4] Using the assumption on the spreading of v, we
can establish the following estimate:
R N 4 N
0 (17— ) < Ly (0= 60) Ty, (2 — 1),

for some yo € R and with ¢ = . Thanks to this, we can directly use nus ¢ ., for
some small 17 > 0, as sub-solution for u and deduce a contradiction. We point out
that in this case, we do not use the competitive comparison principle but instead
use the scalar one. (]

c+cy
2

3.2. Proof of Theorem [I.1l
3.2.1. Hair-trigger effect and extinction.

Proposition 3.1. Let ug € € (R, [0,1])\ {0} with support included in a left half-
line and vy € € (R,[0,1])\ {0} with compact support. Let (u,v) be the solution of
1

(1) If 2v/rd > 2, then

lim sup (lu(t,z) = 1|+ |v(t,z)|) =0 for alle € (0,crLw),
t—r+o0 O§I<(CLLW7€)t
lim sup (lu(t,z)| + v (t,z)]) =0 for all e > 0,
E (avrdte)t<a

2\/ rd — CL,LW

lim sup (lu(t,z)|+|v(t,x) —1]) =0 for all e € (0, 5

t=oo (2+e)t<a<(2Vrd—e)t

) |
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(2) If 2v/rd < 2, then

lim sup|v (¢, z)| =0,

t—+4o0 z€R

lim sup u(t,x) — 1| =0 for all e € (0,2),
t_>+000§x<(2—5)t| (t,z) —1] (0,2)

lim sup |u(t,z)] =0 for alle > 0.
t=+0o0 (2+€)t<z| (&)l f

Remark. The inequality regarding (24 ¢)t < z < (2\/7’d — st) is by far the more

interesting and the less trivial. It basically means that u does not exert any com-
petition far ahead of its own territory. It was first proved by Ducrot, Giletti and
Matano [8] in the case of predator—prey interactions (the conclusion being then that
no predation occurs far ahead of the territory of the predator), and by Lin and Li
[26] in case of two-species competition (the conclusion being that the region of co-
existence falls behind the territory where the faster diffuser dominates). The proof
of Ducrot et al. was sufficiently robust and generic to be reused by Carrére [3] in
the bistable competitive case and to be reused again here, in the monostable case.
Although it would certainly be interesting to write the result of Ducrot et al. in the
most general form possible (with more than two species and minimal assumptions
on the interactions), this is far beyond the scope of this paper. Therefore we simply
adapt the main idea of their proof.

Proof. First, applying the comparison principle with the solution of

{atUKPP — Opaugpp = ugpp (1 —ugpp) in (0,400) x R

urpp (0,2) = up (x) forallz € R
we find directly u < ux pp, whence

lim sup wu(t,z) =0 forall e > 0.
t—+0o0 z>(2+4¢€)t

Similarly,
lim sup  wv(t,xz) =0 for alle > 0.
200 os (2vrdte)t

Furthermore, (u,v) satisfies also (u,v) = (urrw,vrLw), where (upLw,vrLLw) is
the solution of (1.1)) with initial data (ug, 1), and by Lewis-Li-Weinberger [22], this
yields

lim sup |u(t,z) — 1)+ |v (¢, z)| =0 for all € € (0,cLLw)-

t—+oo 0<z<(crrLw —e)t

Next, let us prove that if 2v/rd < 2 and provided

lim sup (lu(t,z) =1+ |v(t,z)]) =0 foralle € (0, 5

2 —2vrd
20 (avrdte)t<a<(2—e)t 7

then in fact the above limit can be reinforced as

lim sup  (Ju(t,z) — 1]+ |v(t,x)]) =0 forall e € (0,2).
=40 << (2—e)t
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Let ¢ € (O, %) It is well-known (see Du-Lin [4} [5]) that there exists a unique
solution of
—¢"=¢(l—a—¢p) in (0,+00)
@(0)=0 .
p(x)>0 forall z >0
Furthermore, this solution is increasing in (0,4o00) and converges to 1 — a at +o0.
In view of the assumption on the limit of (u,v) in (2\/rd+ 5) t<x<(2—-¢)t,

there exists T' > 0 and xg > 0 such that
u(t,y+(2—-20)t) >1—a>@(y+ (2 —2e)t —x) for (y,t) € {0} x [T, +00),
u(t,y + (2 —2e)t) > o(y + (2 — 2e)t — xp) for (y,t) € (—o0,0] x {T'},
oy + (2 — 26)t — 20) > 0 when (y,t) = (0,T).
Let a(t,y) = u(t,y + (2 — 2)t) and a(t,y) = @(y + (2 — 2)t — 20). Then they
satisfy for all (¢t,y) € (0, +00) x R,
Ol — Opat — (2= 26)0,0 — U1 — & — av) < 0 = 0y — (2 — 26) 0y — U(1 — & — av),
it follows by virtue of the scalar comparison principle and of a change of variable
y=x—(2—2¢)t that
u(t,x) <u(t,z) forall t > T and x < (2 — 2¢) t.
Consequently,

lim inf inf u(t,z) >1—a,
t—=+o0 et<e<(2—-2e)t

whence there exists 7" > 0 such that
1—
inf u(t,z) > =% S 0forallt > T
et<w<(2—2¢)t 2
By virtue of Theorem the solution (U, V) of (1.1) with constant initial values
(152,1) satisfies
(U V) (t—T2) < (u,v) (t,z) forallt > T and et <z < (2 — 2¢) .
Since (U, V') coincides with the solution of the ODE system
U=U(1-U-aV)
Vi=rV(1-V-=0bU),
(U.V)(0) = (}5%,1)
standard theory on such systems shows that (U,V) converges to (1,0), whence

(u,v) itself converges to (1,0) uniformly in et < z < (2 — 2¢) t. Recalling that we
also have the estimate

lim sup lu(t,x) — 1| +|v(t,x)] =0 for all e € (0,crrw),
t—+o0 0§$<(CLLw—E)t

the claim is proved.
It now remains to prove the most difficult part, namely

lim sup (lu(t, )|+ |v(t,z) = 1) =0, if2vrd>2,
t=too (2+E)t<z<(2m—a)t
and

lim sup (Ju(t,z) = 1] + v (t,z)]) =0, if 2V/rd < 2.
t=oo (2vrd+e)t<z<(2—e)t
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Since this is a symmetric statement and since the forthcoming proof does not
rely upon the assumptions a < 1 and b > 1, we only do the case 2v/rd > 2 (when v
spreads faster than u) and the proof will be valid for the other case (when u spreads
faster than v) as well.

Step 1: Let @ : (¢t,x) — min (1,67(9672157931)), where x1 is chosen such that
@ (0,2) > u(0,z) for all z € R. Then, by standard scalar comparison,

u(t,z) <a(t,z) forallt>0andzeR.

Step 2: We show that for each ¢ € (2,2\/@), there exist positive constants
d,x2,m1, R such that
(3.1)
v(t' x4tz +ct)>m forallt>1,z€ (—2R,2R) and t' € [(1—0)¢t,(1+0)t].

To show 1) fix c e (2, 2@) and fix § so small that

2 < ¢ < ¢ < 2Vdr.

146 “1-0
Let >0, R>0, 20 €R, & € [1i5,135] and define

vl (tx) — ne*%(x*&t)d)zm (x —ét —xq),
where (Aqgr, ¥4r) is the Dirichlet principal eigenpair defined by
—dl/JZR = >\4Rw4R iIl (—4R, 4R)
Yar (F4R) =0

Yar () >0 for all x € (—4R,4R) "

max ’L/J4R =1
The principal eigenvalue Ay is positive, vanishes as R — +oo and 4 is extended
into R by setting ur (z) = 0 if |z| > 4R.

Obviously,

O® — ddpv® — 10 (1 =0 — bu) < 90" — dyyr® — rv° (1 —0° — bu)

whence the right-hand side above divided by ne_%(’”_ét) is a fortiori smaller than
or equal to

~2 ~2

c - c c & _
szlR_C@/}Z;R_d( ZR+4d2¢4R—d1/Jf;R) — rup (1 —0v° — bu)
&2 . _
<\ gg tMr—rHr (0 +60) ) dar

< (Mr + 7 (v +bu— 7)) Yur,
where the last inequality holds provided we choose the constant v > 0 so small that
c
2 1—v)d>——>¢.
r(l—~)d > T—52¢
Therefore, by choosing R so large that \yr < 77, 22 so large that

u(t,x) < 4lb forallt >0 and x > 2t + 29 — 4R
(which is possible by Step 1), and 7 so small that

n sup sup (672%51/}412 (= xz)) < %,
)

66[1i6 , 136] £€(—4R+z2,4R+x2
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N sup (e_i(x_é)wm (x—¢— xg)) <wv(l,z) for all z € R
e€[ iy 155
we deduce that v is a sub-solution for the single parabolic equation satisfied by v.
By scalar comparison, v(t,z) > v°(t,z) for all t > 1 and = € R. It follows then
that

c s(C
v(:t,x—l—x2+ct) >v (ﬂf,x—l—xg—l—ct)
c

c
= ne” 2" H2) 4 p(x)
>ne 2a%e”df min ayp
(2R 2R]

for all t > 1 and « € [-2R, 2R]. Noticing that the last expression on the right-hand
side above is constant and denoting

. . g, &
N =1 min YR inf (e 2472¢ dR),
[-2R,2R] ée[L _c
1+6°1-95

we may take the infimum over all ¢ € [?65, ﬁ} and obtain indeed .
Step 3: We are now in position to show that, for any small £ > 0,
lim sup |v(t,z) — 1] = 0.
b0 (ot eyt<a<(2Vrd—e)t
Assume by contradiction the existence of sequences (t),cy, (n),cn and of
c € (2,2v/rd) such that, as n — +o0, t, — +00, 2= — ¢ and limsup v (t,, z,) < 1.

't

Denote (cn),cy = (f—:) ) assume without loss of generality that - 1‘ <
n

0/2, where § = §(c) is specified in Step 2.
For all n € N, define 7, = “2t,, = “= and

c
Cn

vn:(t,m)»—>v<t+Cm,m—i—m—&—cm).

Cn

By Step 2 (with ¢ = ¢+ érn and t = 7,,), we deduce that

vp(t, ) > if |2| < 2R and ‘t + (C — 1) Tn| < 0Tp,

Cn

and hence (using ‘Ci - 1‘ < $)if |z — 22| < 2R and [t| < $7,,.

By classical parabolic estimates (see Lieberman [25]), (vy,),, ¢y converges up to a
diagonal extraction in %, (RQ, [0, 1}) to a limit v, which satisfies (using the fact
that u(t + £7,, @ + c7,) — 0 in Goc (R%,[0,1]) by Step 1, since (c7,)/(E7) =
cnzﬁcé>2f0raﬂn)

OtVoo — dO0zzVo0 — TV00 (1 — Vo) = 0 in R?
and, in view of the above estimates,
Voo (t,x + o) > 1 for all t € R and = € [-2R, 2R].
By standard classification of the entire solutions of the KPP equation, this implies
Voo = 1. In particular,
V(tn, Tpn) =0 (cTn,CTn) =0,(0, —z9) — 1.

Cn
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This directly contradicts limsup v(y, 2,) < 1. O

In view of Proposition [3.1} in order to prove Theorem we only have to prove
that for each sufficiently small ¢ > 0,

lim  sup  (Ju(t,z) — 1|+ |v(t,2)]) =0,

E9 400 p(er—e)t

lim sup (lu(t, )|+ v (t,z) —1]) =0,
t=too (c*+a)t<;c<(2m—e)t

where

¢* = max (CLLw,f_1 (2\/rd)) .
3.2.2. Proof of Theorem[I.1. We begin with an algebraic lemma.
Lemma 3.2. Let co > 2v/1 —a and ¢; > co such that ¢; > f(ca). Then

(A(c2, 1)’ +1
A (CQ, 61)

Proof. First, A(cg,cy) is well-defined as ¢; > max{cz, f(c2)}. Noticing that
(A <02701))2 — A (02,61) + A (02) (Cl - CQ) +1=0,
we find that the claimed inequality is equivalent to — (¢2) (¢1 — ¢2) < 0. O

< C1.

Now we prove the remaining part of Theorem Assume 2v/rd > 2, define
¢* as above, fix ug € ¢ (R,[0,1])\ {0} with support included in a left half-line
and vo € € (R, [0,1])\ {0} with compact support and let (u,v) be the solution of

equation (1.1f).
Proof. By virtue of Theorem [I.2] and Proposition [3.1]
sup{c >0] lim sup (Ju(t,z) =1+ v (t,z)]) = O} > c*.
t—=+00 p<et

It remains to verify that the quantity
c=inf<0<c<2Vrd| lim sup (Ju (t, )| + v (t,2) = 1]) =0
tmreo ctSzS@t

satisfies ¢ < ¢*. Notice that by Proposition c<2.

Assume by contradiction ¢ € (¢*, 2] and let ¢5 € (¢*,¢). Define §* as in Proposi-
tion let § € (0,6%) so small that ¢ < ¢ and define subsequently (s, v;).

By standard comparison,

u (t,2) < min (17“’@,2\/@ (t,x)) for all (¢,z) € (0,+00) x R.

By virtue of Proposition there exists 1o € R such that, for all ¥ > 1o and
t>0,

(o207
A(02,2m>

s | 0,z —y— t | > min (1,11)0272\/@ (t,:ﬂ)) for all x € R,

Since

ca <t<2<2Vrd,
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co > ¢ = max (CLLw,f_l (2@)) > max (2m,f_1 (2@)) ,
Lemma [3:2] yields
(1 (o207

A (02, 2\/@)

< 2V/rd.

Choose ¢ > 0 such that
(3 o2 43
A (02, 2\/@)

A 3\ 2
By virtue of Proposition T v (O, T—y— Wt} is compactly
I 25

supported for all y > yo and t > 0. Since also 2 < ¢ < 2v/rd, by virtue of
Proposition there exists Ty > 0 such that, for all T' > Ty,

1
max 3 2vrd + 2 <e<2vrd.

vs (0,2 —cT) < v (T,x) for all x € R.

Now, relating the parameters y and 1" as follows,
(3 o)
A (02, 2\/@)
we find the existence of y > yo and T > T} such that
(3 eu2vid)
A (027 2\/7“7[)

(1 (o207
A (CQ,2M>

cr'=y+ T, where we have ¢ > ,

vs | 0,2 —y — T| <v(T,x) for all z € R.

Then
(1 (o)
A (C2,2m)

is a super-solution of which satisfies (u,v) < (@,v) at t = T, whence by the
comparison principle of Theorem [2.7] it satisfies the same inequality at any time
t>T.

A contradiction follows from Proposition and ¢§ < G, as in the proof of
Theorem O

3.3. Proof of Theorem Let ¢4 > 2vrd, co > crrw and assume c¢; >
max (cz, f (¢c2)).

(w,v) : (t, ) = (T5,vs) [t—T,z—y— T

Proof. Fix 6%, 6 = % and ¢3, and define the super- and sub-solutions (g, vs) and
(us,75) as in Proposition

First, let (ug,vo) € € (R, [0, 1]2) be a pair such that

(@, UTS) (0,2) = (uo,vo) (x) = (uT;, 075) (0,z) for allz € R

and satisfying also
U () < Wey. (0,2) for all z € R.
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By virtue of Theorem there exists a (unique) solution (u,v) of (1.1)) such that

(u,v) (0,2) = (ug,vp) (z) for all x € R,
(us,05) (t,2) = (u,v) (t,x) < (U5, vs) (t,z) for all t € (0,4+00) and x € R,

u(t,z) <min (1, (t,z)) for all t € (0,+00) and = € R.

Next, in view of the spreading properties of the super-solution and the sub-
solution and thanks to the comparison argument with the ODE system detailed in
the proof of Theorem it only remains to show that the quantity

c:inf{c>0| t_l}in sup (u(t,x)|+v(t,m)—1):0}

ctgazgclT_"ct

satisfies ¢ < cs.

Now, the choice of super- and sub-solutions above proves that ¢ € [co, c3]. Sup-
pose to the contrary that ¢ > co. Then we can fix a sufficiently small 6’ € (0, ) such
that ¢§ € (c,¢). (This is possible since ¢§ N\, ¢z as &’ N\, 0, by Proposition )
Then, thanks to

e the estimate v < min (1,We, o),
e Lemma [3.2] which controls from above the speed of w,, ,,
e the control from below of the exponential tail of v,

we can use the super-solution (Us’, vy ) associated with a sufficiently small &’ € (0, §)
as barrier after some large time Ty to slow down the invasion of u in an impossible
way. More precisely, just as in the proof of Theorem there exist large T" and
yo such that, for all z € R,

U(T/,if) S min (Lch,cl (T’,x)) S T(S/(O,x - yO)
and

(T, 2) > vs (0,2 — yo)-

This implies that
(u(t,z),v(t,z) = (ay (t =T, —yo),vs (t — T,z —yo)) forallt >T" and z € R

and ¢ < cg/, which is a contradiction. This ends the proof. O

4. PROOFS OF PROPOSITION [1.4] PROPOSITION [I.5] AND PROPOSITION [1.6

4.1. Several useful objects. In this subjection, we will define components which
will be used for our later constructions. For ease of reading, we suggest the readers
to skip Subsection [£.I] and only refer to it when a specific object is being used.
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List of Objects
Object(s) Defined in Used in Property
f(e) Sect. fle) = ¢+ 2va
—v/c2—4(1 —a)
Cace Theorem [1.1{(2) Cace > CLLW
NE) Sect. [T.1.3 Ae) = As(c |5 0
A(e, ¢) Sect. [I.1.3} Lemma [3.2] A(c,e) = As(c,9)],_,
Wee Sect. [1.1.3
US,C iy Us,C Proposition [T. Sect. [3. Fig. .4
U5, Vs Proposition [1.5] Sect. [3.2.2] Fig. [4.3]
(us,vs), (us, Vs )| Proposition Sect. 3. Fig. and Fig. @
Ao(c) Sect. 1.1 Sect. A3 and A5 | dA> —cA+r =0
as Sect. 4.1.2 as —~aasd—0
As(c) Sect. [4.1.3 M —cA+(1—as)=0
S w Sect. [4.1.4} Lemma Minimal wave speed of
P(u,v) = Fs(u,v)
Fs Sect. [4.1.4]
(5., ¥s,c) Sect. [4.1.9 Sect. [4.3.1and [4.4.1) | Monotone wave profile
of P(u,v) = Fs(u,v)
0s,c,4 Sect. [4.1.6f Lemma[4.10] | Sect. [4.3.T]and 4.4.T] | (4.9
ws,r, RS, xs,r || Sect. 41.7F Lemmald.3] | Sect. [4.4.1 4.1
To.eh, N Sect. A.1.8) Lemma[L.9] | Sect. [£.3.1 1.2
Be,B.n,Es, K || Sect. [A.1.9} Lemma [£.8] | Sect. [£.3.1 Exp. decay of v at +o0
ai, Lo, @ Sect. [4.1.10] Lemma@ Sect. [4.5.1 4.3
Xe Sect. [4.1.11 Sect. [4.3.2)and [4.5.1] | (4.4
fs(c), As(e,é) || Sect. [4.1.12 Beginning, Sect. 4.5
Ws,c,c Sect. [4.1.13} Lemma[4.5| | Sect. [4.3.T] and [4.4.1 | (4.6
We,&,A,ns Xw Sect. |4.1.14} Lemma [4. Sect. (4.3.2 4.8
25,c,6, R Sect. [A.1.15} Lemmal4.6] | Sect. £.5.1 4.
A™%(c) Lemma [4.1]
List of Intersection Points
Symbol Defined in Used in Relation
zo(t), Co Lemma [4.11] | Sect. [4.3.2 Xc(:co(t) —ct+ o) = We,e a4t zo(t))
&1k, Ciony Lemma [4.12] | Sect. 4.3.1]and 05 A, (E1k) = Us,e(&1,0 — i)
A Sect. 4.4.1
x2(t), C2 Lemma [4.13] | Sect. i land | P5c(z2(t) — ct) = Wsc,a(t, z2(t) — C2)
Sect. [4.4.1
25(t), Cs Lemma [4.14] | Sect. [4.4.1 Ys,c(E3(t) — ct)
:(4)571{(S (z3( 2\/ﬁ 5t7C3
Lemma [4.15] | Sect. [4.3.1] Us,c(x3(t) — ct) =7s,6,n(x3(t) — &t — (3)
54, C4 Lemma [4. Sect. [4.3.1] s h(€4) = DPe¢,B 7»,7(54 - C4)
20,x(t),Co || Lemma 417 | Sect. [£.5.1 ar(zo,x(t) &(wo «(t) — ct — (o)
z1(t) Lemma Sect. Xe(zi(t)—ct) = #(g)x)zc’cy(s(t z1(t)—¢)
4.1.1. X\,. The function A\, is defined as
Ay : [2\/@ +oo) = (0,\/5
c = oy (e — V2 —4rd)
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4.1.2. as. For all § € [0,1), we denote

(1-20)a
1446

Notice that ag = a and that § — as is decreasing.

as =

4.1.3. Xs. For all 6 € [O, %], the function As is defined as

A [2VT—as,+00) — (0,1 —as]
¢ s g@_¢§fﬂfzg)

The family (Ag)ée[o’%] is continuous and increasing in J. Note that A\g = A, the

latter being introduced in Subsection [1.1.
4.14. ¢} . For all 6 € [0,1), ),y denotes the minimal wave speed of the
problem P (u,v) = Fs (u,v), where

Pz (ol 0 )

Notice that (u,v) is a solution of P (u,v) = Fj (u,v) if and only if
U v t T
V) s (tz) = (1+5’ 1 —25) <1+6’ \/m)

- [0V )

1-26)r 1+6)b
( 1+6) 14 (1 V- (1725 U)

is a solution of

Therefore

ciLW = méiu/w
where é‘sL Ly is the minimal wave speed of equation where (r,a,b) is replaced
by ((1725)7",&5, (Eggb). As such, ¢}, satisfies

1+0

2/ (1 —as) (1+0) < Sy <2V1+6.

4.1.5. (m, %) Forall§ € [0,1) andc > ¢}y, (@TM @) denotes a component-

wise monotonic profile of traveling wave with speed ¢ for the problem P (u,v) =
Fjs (u,v), connecting (1 + 6, 0) to (0,1 — 260) and satisfying the normalization s . (0) =
1-25
5
The existence of such a profile is well-known (and proved for instance in [24]). In
fact, in the appendix, we will prove that any profile of traveling wave is component-
wise monotonic and show that the condition

c+Ve2 +4rd S C- Ve2—4(1-a)
2d - 2
implies the uniqueness, up to translation, of the profile associated with a particular

speed ¢ > crprw. However these results are not actually required here. What is
required indeed is the forthcoming Lemma [£.1]
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4.1.6. O5..4. Forall § € [0,1), ¢ > ¢,y and A > 0, define the function
957(;’14 . f — Aeﬁ(\/m_(/) (5_59) _ eﬁ (—\/m—c)(ﬁ—ﬁg)

where the constant
_ dln A
Ve +4rd(b—1+9)
is fixed so that 65 . 4 (0) = 0. This function is increasing in R.

&o

4.1.7. ws,r and RY. For all § € [0,1) and all R > 0 large enough, ws r : [-R, R] —
[0,400) denotes the unique nonnegative nonzero solution of

(@) {‘d””‘ (2vrT-9d—8)e' =r(1—6-w) in (-RR)
w(£R) =0

It is well-known that this problem admits a solution if and only if R is larger than
or equal to some Ry > 0.

We extend the definition of ws g into the whole real line by setting ws g (§) =0
if |¢] > R.

4.1.8. mwscp. Forall § € [0,1), ¢ > 2v/rd and all h € R, Ts,c,r, denotes
(42) T5,c,h * (5) = %(5) + hfa

where 75 . denotes the unique (decreasing) profile of traveling wave solution of

O — dOypv =10 (1 — 0 — )

connecting 0 to 1 — § at speed ¢ and satisfying 75 . (0) = 1%5.

4.1.9. Bc.py. Forall c>2vrd, ne (0, é\/ c? — 4rd) and B > 0, B¢ B,y denotes

Be,py + & — max (0, o~ Po(O(E+ER) _ Kﬁefwcm)(mﬁ)) ,

where the constants
r(1+bB)

- n (Ve? —4rd — dn)

and &g = % are fixed so that S g, is positive in (0, +00) and null elsewhere.

Kp

4.1.10. oy and L,. Similarly to the construction of wsr and R§, we define o :
R — [0,400) and L, > 0 such that, for all | > L,

—Ozl// =qp (1 —a— Oél) in (O,Z)
(4.3) a (0) = (l) =

4.1.11. x.. For all ¢ > 2,/ 15“, X denotes the unique (decreasing) profile of trav-

eling wave solution of

(4.4) atu—amu:u(lga —u)

connecting 0 to 1_7“ at speed c and satisfying x. (0) = 1?%.
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4.1.12. f5(c) and As (c,¢). For all § € [0,3), f5 denotes the function

fio [2vT=as,40) —  (0,2(VT—as+/as)]
c = c—y/c2—4(1—as)+2a;

Notice right now that provided ¢ — fs5 (¢) > —4\/as, ¢ — f5 (c) has exactly the sign
of @ —4 (X5 (¢) (¢ —¢) + 1). Indeed, by the fact that (A5 (c))* —cAs (¢) +1—as = 0,

Z—40s(0)(E—c)+1) = (E—2)s(c)® — 4 (1 — s () e+ (As (c))2>
=(é—c+2—-4(1 —a5))2 —das
= (= f5(0) +2va5)” - (24/as)’
= (e~ fs(c)) (€~ f5(c) +4V/as) .
For all § € [0, %), As denotes the function
As:(c,d) % (5— V& 10 (©) (E—c)—i—l)) .

Its domain is the set of all (¢, ¢) such that ¢ > 2y/1 — a5 and é > max (¢, f5 (¢)) and
it is decreasing with respect to both ¢ and ¢é. As a function of ¢ only, with a fixed
¢, it bijectively maps [2\/1 —ag, —|—oo) onto

(1 (5_¢m),;(5_¢e2_4(amﬂa5_1)>]

2

The family (As) 5ef0,3) is increasing. Recalling the earlier definition of A, we find
Ao = A

Finally, by construction, for all (¢, ¢) such that ¢ > 24/1 — a5 and ¢ > max (¢, f5 (¢)),
As (¢, €) satisfies

(4.5) (As (¢, 8))° — s (¢,@) + s (¢) E—c¢) + 1 =0.
4.1.13. Wsez. Forall § € [0,3), ¢ > ¢}, and é > max(c, f5(c)), Wocz denotes

'3
the function

Wiz : (t,l’) — ef/\g;(c)(Efc)teng(c,E)(zfét).

In view of (4.5)),

Wy ez (t,z) = e((As(e8)* +1)tg=As(cD)z for 4] (t,z) € [0,400) x R.

Recalling the earlier definition of Wz, we find Wez = Wy ¢z

4114, wezp,. Foralle > copw, &> csuchthat é > f(c), 7 € (O,min (A (c,d),VE—A(A Q) (G- + 1)))
and A > 0, wez 4, denotes

Wez g (t2) i e OE oy <O7e—A(c,&)(m—6t+z“,) _ Kwe—(A(c,&)+n)(z—&t+x“,)) )

where

= max 1+ad — max 1+ aA
o= 1’77(\/52—4()\(0)(6—0)—1—1)—77) (1’77(5—77—21\0(0,6)))
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and z,, = % is fixed so that, for all ¢ > 0, * — wegz a4,y (t, ) is positive in

it ln(A(c,5)+777)771n(A(c,E)) Tt

(¢t, +00), null elsewhere, increasing in ( ) and decreas-

ln(A(C’EHnT);ln(A(C’&)) + ¢t, —|—oo>. Hereafter, the point where the global max-

ing in (
imum is attained at ¢ = 0 is denoted X,.

4.1.15. 25z Foralle > cppw, ¢ € (f (c) —4v/a, f(c))and § € [0,5 (=& +4 (A (c) (6 —c) +1))),
Zc,s,5 denotes the function defined by

Z§,c,é (ta $) = {

where

oA E= =& (@—2) giny (ﬁ (z — 6t)) if 2 — it € [0,2R.]

0 otherwise

0
V- F+4M () E—c)+1-0)
Hereafter, the point where the global maximum is attained at ¢ = 0 is denoted X.

» =

4.2. Several useful lemmas.

Lemma 4.1. Let ¢ > cpw and (v,v) be a profile of traveling wave solution of

with speed c.

Then there exist A > 0 and B > 0 such that
p (&) = Ae M 4 hoot. as & — 00

and
Y (§) = Bed T8 4 ot as € — —

Afm(c):ic/m—c),

The proof of this lemma is quite lengthy. Therefore it is postponed to the
appendix (see Corollary and Corollary |A.6)).

Lemma 4.2. The function § — ¢}y, is continuous and nondecreasing in [0,1).

where

Proof. Recalling that
rw = V1468 1w,

where ¢9 ; ; is the minimal wave speed of the system (1.2)) where (, a, b) is replaced

(1-26) (146)b
by ( 1+5r7a5’ 1—26

orem due to Kan-on [20] establishing the continuity of the spreading speed of (1.2)
with respect to the parameters (r,a,b).
The monotonicity follows from the comparison principle. (I

), the continuity of & +— ¢ ;;, follows directly from the the-

Lemma 4.3. Let ¢ € [0,1). Then for all R > R¥,

max wsr < 1—29.
“R,R—

Furthermore, if 6 > 0, then there exists Rs > R§ such that, for all R > Rs,

max ws g > 1 — 26,
[-R.R]——

and there exists a unique x5 g € (—R, R) such that ws g is increasing in [—R, s g],
decreasing in x5 r, R] and mazimal at x5 g.
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Proof. The first inequality follows very classically from the first and second order
conditions at any local maximum and from the strong maximum principle.
The second inequality comes from the locally uniform convergence of w; g to
1—0 as R — 4o0o. This fact is also well-known and its proof is not detailed here.
Finally, the piecewise strict monotonicity comes from the inequality
—dws 5" — (2 r(1-0)d— 5) wsr' >0in (~R,R),
which implies the nonexistence of local minima. O
The function o satisfies of course a similar property.

Lemma 4.4. For alll > L,,

maxaq; < 1 —a.
[0, —

Furthermore, there exists L > L., such that, for alll > L,

S 1—a
max
[o,l]*l_ 2

)

and there ezists a unique x; € (—1,1) such that oy is increasing in [0, ;], decreasing
in [x1,1] and mazimal at x;.

Lemma 4.5. For all § € [O, %), c> ¢ w and &> max (c, f5 (c)), Wsez satisfies
O0Ws,cz — OraWs ez = Ws ez in [0,+00) x R.

Proof. The following equality being straightforward,

(4.6)
O ez — OpaWhes — Wies = (f)\(; () (&= ¢) + &As (¢, &) — (As (c,6))% — 1) i
the conclusion follows from (4.5)). O

Quite similarly, we have the following lemma.

Lemma 4.6. Forallc > crpw, ¢ € (f (c) —4v/a, f (¢)) andd € [0, 5 (=2 +4 (A (c) (€ —c) + 1))),

25,c,¢ satisfies
(4.7) 0125,c,6 — OpaZs e = (1 —08) 2506 in [0,+00) x R.
Proof. Tt suffices to verify

& r\?
—)\(c)(é—c)+4+<2Rz) —(1=-¢6)=0,
which, in view of the definition of R,, is equivalent to
c? —2+4 ¢ — 4(1—
c4+< c+)\(c)(c4 c)+4( 6))—(1—6):0.

The last statement obviously holds. O

M) (G—c) +

Lemma 4.7. Forallc > cppw, ¢ > ¢ suchthatc > f(c),n € <O,min (A (c,0),+/e
and A > 0, the function wes a.y satisfies, for all o > 1,

—o(x—Ct+xy,
(48) 6twc,6,A,n - aa:wwc,é,A,’r] < We,& A (1 — We,g, A — ale ( )> .

Remark. The above inequality is to be understood in the weak sense associated
with generalized sub-solutions.

—I0@C-+1))
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Proof. For x — ¢t < 0, wez 4,y is trivial and the inequality obviously holds. We
focus on the case x — ét > 0, where w,; 4, reduces to
(t,z) e Me)(E—e)t (e—A(cﬁ)(m—&t-&-mw) B Kwe—(A(c,a)+n)(m—at+x,w)) .
First, differentiating, we find:
Orwe s an (t,x) =—=X(c) (€ —c)wezan (t,x)
+éEA (C, 6) efA(c)(Efc)tefA(c,E)(mféthzw)
_ Kw (E (A (C, 5) + 77)) e—)\(c)(é—c)te—(A(c,5)+n)(w—ét+ww)’

)

OpaWe.z . = o~ Me)(E—o)t ((A (c, C))z —A(ed)(e—ettzn) _ (A (e, &) + 77)2 e—(A(c,E)Jrn)(IfEtJrzw))
SO tm auxiliary function
Q: () > N (s + DuaWesng + Wesan) (4)
satisfies
Q(t.x) = (A(e) G =€) = A () + (A (c,0))" 4 1) em Ao eetn)
- K, ()\ () (@—¢)—E(A(e, &) 4+ 1)+ (A(e,d) +1)° + 1) e~ (e +m(@=cttay),

Using , it follows

Q (t,x) = Kyn (¢ —n —2A (c,)) - Ao Hmlz=ctien),
that is, recalling the definition of As (¢, ¢) as well as that of K,

Q(t,z) > (1+aA) o~ (A(e.d)+n)(z—éttmw)
Next, getting rid of all the negative terms and using e~ M€=t < 1 we find

e)\(c)(é_c)twc,E,A,n (wc,E,A,n + aAe—U(a:—Et-i-zw)) < e—A(c,E)(;E—Et-i-ww) (e—A(c,é)(w—Et-‘r;Ew) + aAe—o’(z—ét—i—ww))

Finally, using = > ¢t, x,, = %ln K, > 0 as well as the assumption 0 < n <
min{A(c, ¢), 0}, we find

en(r—ét—&-mu,) (e—A(c,E)(m—5t+mw) + a,Ae—a'(x—Et—&-Li,)) < e—(A(c,E)—n)mw + aAe—(o'—n)iEw
<14+aA
and the proof is therefore ended. O

With an analogous proof, we obtain directly the following lemma.

Lemma 4.8. For all ¢ > 2\/rd, n € (O,min ()\v (C),é\/CQ —4rd)) and B > 0,
Be,B,n satisfies, for all o > 1),

_dﬁc,BmH - CBC,B,T]/ S TBC,B,T] (1 - /BC,BJ] - bBe_G(§+§ﬁ)) in (R\ {O}) .

Lemma 4.9. For all 6 € (0,1), ¢ > 2v'rd and h > 0, To,ch satisfies

_d'n—éch — CT§,c,h <T7r5¢h<1_5_7r50h mn |: \/ M

Furthermore, there exists h* > 0 such that, for all h € (0,h*],

max 7 c,h >1— 26,

Ve
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c
max s > Max (m;,c’h (0), s.c.n (— h)) .
[-V/75:0] "

Remark. It should be achievable to prove that the global maximum of 75 in

(— = O) is actually unique and that 75 is increasing in (—oo,£*) and decreas-

ing in (£*,0) but this is really unnecessary for our purpose.

Proof. Recalling that 75, (£) = m5,¢(§) + h& (see Subsection , we have
—dnsen’ (§) = cmsen’ (€)

= rrse (€) (1 — 6 — s (5)) —ch

= 7 (€) (1= 0 = Toen () = hr (€ (1= 0= 750 (8)) + = = Tac (€€)

= 750 (6) (1= 8= oo () = hr (=he? + (1 -6 = 2msc () €+ ).
It is easily verified that, in [—/35, /5],

—hg? 4 (1-8-2ms,0 (§)) €+ 5 > —he? + 5 > 0,
— T T

where we used the facts
1-6 1-46
Ts.ch > —5 for <0, and msen < —5 for £ > 0.

And the stated differential inequality is established.

The maximum of 75 p in [— =, O] is larger than or equal to

B G R R I
T5,c,h rh = Ts,c rh r ’

which is itself larger than or equal to 1 — 24 if A is small enough.
Finally, since W:;,C (—1/ ﬁ) vanishes exponentially as h — 0,

Ton (—, /7~Ch> =7, <—, /:h> +h>0, and 7ses'(0) =75 (0) +h <0,

for all sufficiently small h. This implies that the values at { = 0 and —,/.7 are
smaller than the aforementioned maximum. ([

Lemma 4.10. For all § € [O, %), c>chw and A >0, 05 4 satisfies

(4.9) — d@g}c’AN — 06‘5’6,,4/ — 7‘95,6,,4 (1 -0 — b) =01 R.

4 “140)—
Proof. Note that 0s. 4 is a linear combination of £ +— e?? <i ard(b=1+3) C)‘E,

where 55 (i Ve +ard(b—1+0) — c) are the two distinct roots of the character-
istic polynomial associated with the above linear ODE (4.9)). O

Lemma 4.11. For all ¢ > 24/1 —a, ¢ > ¢ such that
i>fo), ne (O,min (\/62—4()\(c) (é—c)—|—1)> Y (a)), and A >0,
there exists (o € R such that the equation

Xe (= ct + (o) = wes A (t,T)
admits for all t > 0 an isolated solution xo (t) € R such that
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(1) xc(x —ct+ (o) > We ay (t,) in a left-sided neighborhood of x (t);
(2) g(x —ct+ o) < Wez Ay (t,x) in a right-sided neighborhood of xq (t);
(3) ét < xo(t) < Xy + Ct.

Furthermore, xo € €1 ([0, +0), (0, +0)).

Proof. Recall from standard results on the KPP equation that, since ¢ > 2+/1 — a,
there exists (p,1 € R such that

Xe (z+Co,1) ~ e M a5 2 — +o0.
Hence there exists (y € R such that, for all z > 0,

1 1
Xe (7 +G) < 5e Az WMAX We. Ay 0.y) <3 MAX Wes, Ay (0,9)

with Max We,z, A (0,y) uniquely attained at X,,.
yeR ———

From the intermediate value theorem and the respective strict monotonicities
of xc in R and & — wez A,y (0,2) in [0, X,], it clearly follows that x. (z + (o) =
We,z A, (0,2) admits a unique solution z (0) in (0, X,,).

Next, to define in the same way xq (), it suffices to verify that for all ¢ > 0,

Wez Ay (6, Xw + ) > Xe (X + (E—c)t+ (o) -
Since X, + ¢t > 0, it is a fortiori sufficient to verify that for all t > 0,

—X(c)(¢c—c 1 —XA(c c—c
e~ )trfgﬁ(wcvév“an 0,) > 5 0AX W 4 (0,z)e A(e) (Xw+(E=0)t)
This inequality reduces in fact to 2 > e~ *©Xw which holds as A (¢) and X,, are
both positive. The existence of z (¢) for all ¢ > 0 follows.
Finally, the regularity of x( follows from the aforementioned monotonicities and
the implicit function theorem. (Il

Lemma 4.12. For all § € [0, 1), e> Sy and k € (0,0], there exists (1, € R
and A, > 0 such that the equation

05,4, (§) = V5.0 (€ = C1,0)
admits an isolated solution & , € R such that
(1) Os,c.a, (&) > V5.0 (& —Cii) for & in a left-sided neighborhood of & ;
(2) Os.c.a, (€) <s5c(E— (k) for € in a right-sided neighborhood of &1 y;
(3) V5. (€1,n — ) < K5
(4) G —&1s = +00 as kK — 0.

Proof. Let 6, ¢ and k be given as in the statement, define

AT :i (\/(:2—&—47‘d(b—1—1—(()—&-2)5)—c)7

1
+ _ 2 _ _
Ay = ¥ <\/c +4rd(b—1+9) c),
1
__ 1 s — B
A0—2d( VE T drd(b—1+0) c),
dln A InA

T @ ard(b-1+10) N XN

&0

and notice that
Ap <O< Ay <A™
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Let & € (0, ] such that (1 — &) A7 > \f.
In view of Lemma [£.1]

G
sgmoo<%,c(£)>_)\ '

Therefore, by monotonicity of 15 ., there exists (., € R such that for all £ <0,
wé,c (f - Cn) <K,

(-5 <TG < (e5)

Note that (, — 400 as k — 0. It remains to find A > 0, (; > (, and & €
(0,¢1 — (] such that

Os,c,4 (§1) = Vs, (61— Q1)
06 c,A (él)
<(I—R)A .
eé,c,A (51) ( )
For all £ € R,
0504 (€) = ANFeto (6=80) _ A e 6780 5
whence for all £ > 0 the condition
05,c A/ (5)
= < (1-R)A™™®
9570,.4 (5) ( )
holds true if and only if
A=Ay
Ae(Xe =25 )E—¢) _ 4

(L—R)A™® >\ +
that is if and only if

+ —
Ao =20 )E=¢) _q 5 A — g
(1—R&)A= =S’

that is if and only if & > & where

¢ a (og+ L (1 (1+ A=A > 1A>)
— max T EE— n — 1n .
' SN - (1—R) A= —Af

In view of the definition of &y,

1 A=\
_ 1 1 0 0
& max( N n( +(1—f?;)/\—00—/\;“>>

1 g — A
Y (1 s ,gikoi /\;> '
In particular, £&; > 0 does not depend on A and, by construction, we have
O5,c,4" (€)
B5.c.4 (§)
O5,c,4" (£1)
05.c.4 (€1)

< (1—R)A" for all £ > &,

= (1—-R)A".
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Now, the function 65, 4 is increasing with 65 . 4 (0) = 0 and

B5.0,4 (€1) = AcNi (61760) _ s (61=60)
LY Y
— A g —Ay e)\9+§1 _A g —Ay e)\;fl
_ A)\;r—)\; (e,\;;gl o e)\g_ﬁl) )
As a function of A, this quantity is increasing (recall A, < 0) and vanishes as
A — 0. We fix now A such that
O5,c,4 (§1) = Ys.c (—Cu) < K.
Defining (; = & + ( > (x, we obtain indeed
aé,c,A (51) = QZJJ,C (51 - Cl) S R,

1—=R)A" 05,4 (&1)
L=R) A" s (& — )
<5 (&1—G),

as well as the limit

lim (¢ = &) = lim ¢ = +o0.

This completes the proof.
O

Lemma 4.13. There ewists dg € (O7 %) such that, for all § € [0,50), ¢ > ¢}y and
¢ > max (¢, f5 (c)), there exists (2 € R such that the equation

Poc (@ —ct) =Wsez (t,x — ()
admits for all t > 0 an isolated solution xs (t) € R such that
(1) Gocl(x—ct) > Wsez(t,x — (o) for all x € (x2(t), +00);
(2) Gocl(x—ct) <Wsez(t,x — (o) for all x € (—o0, 2 (t));
(3) oz (w2 (t) —ct) < 3.
Furthermore,

(1) x5 € €1 ([0, +00) , (G2, +00));
(2) za(t) =ct+ O (1) ast — +oo.

Remark. As 6 — 0, f5s(c) = f(c). It can be verified that (fs (C))ée[o,%) is increas-
ing, so that the convergence occurs from above.
Proof. Recall from Lemma [A1] that there exists ¢ € R such that,
Poc (€= ¢) ~e (9 as £ — foo.
Hence, by the intermediate value theorem, for each ¢t > 0 and each (5 € R, the
equation
Poc(r—ct) =Wsee(t,x — C2)
_ ef/\(;(c)(Efc)teng(c,E)(wazfét)
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admits at least one solution z (t) provided Aj (¢, é) > As (¢). This inequality is true
indeed, since it is equivalent to

E= V@ =4 () (E—0)+1)>2)s (0),

that is to
F—drs(@i+4Ns ()’ > —4s () (@—c)+1),
that is to
(Xs ()* = eAs () +1> 0,
that is (recalling that As (c) is characterized by (As (¢))® — chs (¢) + 1 — ag = 0) to
the obviously true following inequality,
as > 0.
Since P5. (§) < 140 for all £ € R, any such solution satisfies

—In(140) <As(c)(€—c)t+ A5 (¢, ¢) (z(t) — G —ét),

e As () (E— )+ (1+5) /
- sc)(c—c)+1In(1+ t
t — t.
0> G (2 A5 (c.0) )
By
- , .
lim 6_)\5/(0)(0 c)—i—lfl(l—i—é)/t :é_)\(c)(c~ c)
550 Asi (e, ) A(e,0)
uniformly for ¢ > 1, and, due to the preceding observation,
Ao (e—c¢) .
NG

we deduce that z(t) > (3 + ct provided 6 is small enough. Therefore the set of
solutions is bounded from below and admit an infimum I (¢) > (o + ct. Back to
the exponential estimates, it is also clear that the set of solutions is bounded from
above and admits therefore a supremum S ().

Recall that the asymptotic estimate for 5. can be differentiated. Setting g :
(t,x) = @o.c(x — ct) —Ws ez (t, & — (2), we find that for any ¢ > 0 and any solution
z(t) € [I(t),S @),

0.0, (0) =7z o (1)~ et ( (22 ) a(0) = e 4 As () )

Since

—
lim (905’6) (&) +As5(c,é) = =Xs(c) + As (¢, ¢) <0,
§—+00 \ Pg,c

we can choose (3 large enough so that (‘P‘;’C/) (&) < Oforall ¢ > (5. Since x (t)—ct >

Poc
(s for all t > 0, we deduce

(ﬁi)muyﬂﬂ+Auaa<a

whence ¢ is decreasing with respect to x in a neighborhood of x (). This implies

directly the uniqueness of z (t), namely I (¢) = S(t). From now on, we denote

this unique solution zs (t). Of course, the regularity of x5 follows directly from the

implicit function theorem. The above yields that x2(t) — ¢t > (o for all ¢ > 0.
Provided (> is large enough, for all £ > { + (5,

(1-8)e 8 <o (6— () < (1+8)e M8,
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At &€ =a5(t) — et + ¢ > ¢ + (o, this reads
(1 _ 5) e~ rs(e)(@2(t)—ct+() < W(tw%? (t) _ C2) < (1 + 5) e—As(C)(ﬂﬁz(t)—CH-C)’
that is
In(1-9)—As(c)(xa(t) —ct+) < =Xs(c)(c—c)t—As(c,¢) (xa(t) — (o — ét)
<In(146) —As(c) (z2(t) —ct+().
The first inequality yields
¢(As(c,¢) = As (¢))t —In(1—6) 4+ As (¢) €+ As (¢, ) G2
T2 (t) < ~
As (e,8) — A5 (0)
and the second inequality yields
¢(As(c,0) = As (€))t —In(1+6) 4+ As () €+ As (¢, ) G2
x2 (t) > ~
As (e,¢) — A5 (¢)
Together these two estimates give that the asymptotic speed of x5 is exactly ¢.

Finally, using once again x5 (t) — ¢t > (o, we find

Toc (22 (1) — ct) < (1 +8) e Mo(@2(O=et40) < (1 4 §) e~ As()(CHC2)

and the inequality

Doc (T2 (t) —ct) < % for all ¢t >0

is indeed satisfied provided (s, is large enough. (Il

Thanks again to the intermediate value theorem and the implicit function theo-
rem, we can similarly establish the following lemmas. Since they involve the quan-
tities L, x, and h*, we recall that these are defined in Lemma [£.4] and Lemma
respectively.

Lemma 4.14. There exists §; € (0, %) such that, for all 6 € (0,61), c € [C%LW,2>
and (3 € R, the equation
s, (T — ct) = ws,Rs (a:— ( r(1—26)d—5)t—C3)
admits for all t > 0 an isolated solution z3(t) € R such that
(1) Ys.c(x — ct) > ws g, (;U - (2 r(1—26)d— 5) t— C3> for x in a left-sided
neighborhood of x3 (t);
(2) Ps,.c(x —ct) < ws R, (x - (2 r(l1—20)d— 5) t— C3> for x in a right-
sided neighborhood of x5 (t);
(3) for allt >0,

—R5<x3(t)—( r(1—26)d—6)t—C3<x5,Ré.

Furthermore, x3 € €* ([0, +00) ,R).

Lemma 4.15. For all § € (0,%), c > c‘zLW, ¢ > 2v/rd such that ¢ > ¢ and

h € (0,h*), there exists ¢ € R such that, for all (3 > (3, the equation
% (x —ct) = w560 (x — E — (3)
admits for all t > 0 an isolated solution z3(t) € R such that
(1) Ys,c (x — ct) > wsen (x — ¢t — (3) for x in a left-sided neighborhood of 3 (t);



INVASION OF AN EMPTY HABITAT BY TWO COMPETITORS 36

(2) Ys,c(x —ct) < msen(z—Ct—(3) for x in a right-sided neighborhood of

X3 (t),'
(8) forallt >0,
c
-/ < t)—ct—(3<0.
\ 7p ¥ (t)—ct—G

Furthermore, x3 € €* ([0, +00) ,R).

Remark. We have to point out here that the preceding two lemmas defining z3 will
never be used concurrently and no conflict of notation will occur. Lemma [£.14] will
be used only in the proof of Proposition [I.5] whereas Lemma [£.15] will be used only
in the proof of Proposition [I.6] In other words, going back to Theorem [I.I] and
Theorem they corresponds to different values of ¢;: Lemma [4.14] corresponds
to ¢ = 2v/rd whereas Lemma corresponds to c¢; > 2v/rd.

Lemma 4.16. For all § € [O, %), c>2vrd, n € (0, é\/c2 — 4rd), B > 0, there
exists (4 € R such that the equation

To,e,h (§) = Be,pm (€ — Ca)
admits an isolated solution &4 € R such that
(1) Ts,en (§4 Ca) > Be,By (&) for & in a left-sided neighborhood of &4;
(2) Ts,e.n (€4 Ca) < Be,B .y (&) for € in a right-sided neighborhood of &4;
(8) &4 > 0.

Lemma 4.17. For all ¢ > 2y/1 — a, there exists (y € R such that, for all Kk €
(0, 1_7’1), the equation

ap (#) = xe (¥ —ct — (o)
admits for all t > 0 a minimal solution xo . (t) € R such that
(1) ap (x) > xc (x — ct — (o) for x in a left-sided neighborhood of o (t);

(2) Xe (20,x (0) = Co) = K
(8) xp < xo4 (t) < L.

Furthermore, g, € € ([0, +00), (z1, L)).

Notice that in the above lemma, ¢, (0) = (&)_1 (k) + Co-
Lemma 4.18. For all ¢ > 2v/1—a, ¢ > ¢ such that ¢ € (f(c) —4v/a, f (c)),
€0, (- +4(X(c)(é—c)+1))) and ¢ > (&)_1 (g), the equation

Xe (x —ct) = Xe (0)

- = @ ~ t —
AC ZC,E,E (0, Xz) 207075 ( y L <)

admits for all t > 0 an isolated solution x;1 (t) € R such that
xe(€)

(1) xe (2 —ct) > T (0K Pedd (t,x — Q) for x in a left-sided neighborhood of
X (t),

(2) xe(x —ct) < #(OOXZ)ZC"E:‘S (t,z —¢) for x in a right-sided neighborhood
Of Ty (t)7

(3) dt+C<ai(t) <X, +at+C.
Furthermore, x1 € €* ([0, 4+0), (¢, +00)).
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Remark. Similarly to the third interface x3 which is defined in two separate lemmas,
the zeroth interface is defined concurrently by Lemmal[f.11]and Lemma[.17]and the
first interface is defined concurrently by Lemma[f.12]and Lemma[£.18] Lemma[£.11]
will be used only in the proof of Proposition Lemma will be used only
in the proof of Proposition and in that of Proposition Lemma and
Lemma will be used only in the proof of Proposition

There exists a small 6* € (O, %) such that all the lemmas of this subsection

involving a parameter § can be applied in the range 0 € (0,0*). By construction,
all the objects depending on § defined in the preceding subsection are also well-
defined in this range.

4.3. Construction of the super-solutions and sub-solutions for Theorem 1.3}
In this subsection, we prove Proposition [T.6]
Let ¢; > 2v/rd and ¢ > cpw such that ¢; > ¢p and ¢; > f (¢c2). In order to
construct a satisfying approximated speed ¢3 ~ co, we need to find ¢ such that:
(1) e3> cfpws
) &5 — ¢y as § — 0;
) co << e
) f5(c5) <
) As (¢3,c1) is well-defined;
6) As (S, c1) < Aea,cn).
The condition (6) above is equivalent to As (c3) (c1 — ¢3) < A(c2) (c1 — ¢2), that is

to

As (c3) < (c1 —c2)

Ae2) (=6
with a right-hand side necessarily larger than 1 provided (3) above is satisfied.
Since the function (6,¢) — As (¢) is increasing with respect to ¢ and decreasing
with respect to d, the sign of A\ (cg) — A(eg) is unclear if we only assume cg > Co.
Hence some care is needed and we cannot simply take a rough approximation like
¢S =co+ 9.

In fact, since a5 < a and A(cz) < v/1 — a, we can choose 6 € (0,6*) such that

A(e2) < V1 —as.
Consequently, the following quantity is well-defined:
¢y = (A5 o) (e2).

Since A and \s are both decreasing functions and A (cz) < A5 (c2), it follows that
5 > ¢z, whence

4(As (cg) (c1 — cg) +1) =4(X(e2) (a1 — cg) +1)
<4 (/\ (02) (Cl — 02) —+ 1)
< c%,

where the last inequality is due to ¢; — f (c2) > 0 (see also Subsection 4.1.12)). By
continuity, we can further assume that 4 is so small that

5 5
cLLw < Cppw < €6
Cco < Cg <cC

Ayas <e—fi ()
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It follows then, from Subsection that
fs (cg) < fle2) < ey,
whence the quantity As (02, cl) is well-defined. By definition, it satisfies

Moo = (e o1 ) () 7))
3 (a-VE- 10 @) 1)
<1 (q —JE a0 (e) (e — o) + 1)) 7

so that Ag (cg,cl) < Afcg,cq).

4.3.1. Super-solution. The pair (1Tg, @) is defined by (see Figure

5 (tx) = min( ' Poch (x—czt—gl N)) ife <z (t)+ (1p
, W5 3 e (8, — G — C2) ifx >z (t)+ G 7

max (O, 05,05,a,, ( — cét)) if o < &, + St
vy (1, 2) = Vs.e3 (. — 5t —Ciw) if € [&1,0 + At w3 (1) 4 C1n) 7
T5,e1,h (T — 1t — G — (3) if v €fxz(t)+Cnéat+cat+ Gt ()
Bey,Bms (& —c1t — Cix — (3 — Ca) ife>&+cat+G e+
where

e x € (0,0] is fixed so small that (1, — &1, + 22 (0) is large enough so that
for all t > 0, &, + ¢t < 22 (t) + (1. (see Lemma 4) and Lemma
and use x2(t) > 1t + O(1) > 5t + O(1));

(3 is fixed so large that, for all ¢ > 0, x5 (t) < z3(t) (by Lemma [£.13
Lemma x2(t) — c1t and x3(t) — ¢1t are both bounded uniformly in
t > 0, whence we can translate z3(t) to the right by increasing (3);

o h = M'

s =3 mln( Vi —drd, As (C2,Cl>)
o B =eM(Ee)% 955 (0,1 + G + Ca)-
The inequality

z3(t)+ e <& +ct+Ce+(
is guaranteed by Lemma and Lemma which respectively show that z3 (t) <
c1t + (3 and &4 > 0. In conclusion, we have

617,; + Cgt < X2 (t) + CLV» < 3 (t) + Cl,,.; < 54 +cit+ Cl,f@ + Cg for all £ > 0,
i.e. vz is well-defined for all ¢ > 0.
4.3.2. Sub-solution. First define the pair (u,v) by (see Figure

‘o) = Xes (T —cat + (o) if & < o (%)
u(t,z) = Wey 1, Ay (87)  if 2 >0 (1)

v (ta .’E) — min (1, efAv(Cl)(I*clt)> 7

where 7,, = § min (\/01 2) (1 —e2) + 1), (c 1))
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The function u depends on a constant A > 0 which will be fixed later on.

4.3.3. Up to some translations, the sub-solution (u,T) is initially smaller than the
super-solution (s, vs). First, let V. : R — [0,1] be the smallest nonincreasing con-
tinuous function such that

v5 (0,2) <V (z) forallz € R

and let {5 € R such that, for all ¢ > 0, x — vs (¢, z + c1t) is %! and nonincreasing
in ({5, +00). The existence of (5 follows from the fact that the last discontinuity of
0,vs and the last local maximum of vs move both at most at speed c;. The limit
of V at —oo is smaller than 1 and V (z) = v5 (0,) if > (5 . Therefore, since T
and vs have the same exponential decay at 400, there exists (¢ > (5 such that:

(1) for all t > 0, x — vs (t,x + c1t) is €' and nonincreasing in (s, +00);
(2) forallz € R, v5 (0,2) <V (2) <v(0,2 — ().
Notice that with this definition of (5 and (g, the irregularity of ¥ is initially on the
right of the last irregularity of vs. Since the distance between these two points is
nondecreasing with respect to ¢, it is bounded from below by the initial distance.
Next, quite similarly, we define (7 € R such that

u (0,2 4+ ¢7) <T5 (0,2) for all z € R.

The irregularity of u moves faster than the first irregularity of ws (as ¢; > ¢3),
whence it is impossible to guarantee that they stay ordered. This is not a major
issue but some additional care will be required later on. Still, without loss of
generality, we assume that (7 is so large that the irregularity of u and the second
(last) irregularity of ws, which both move at speed ¢y, stay ordered.

4.3.4. Cleansing. Now that all required translations are done, we fix

A — 9ev(e)Tw eAv(01)(C6+C7),

and thus there remains only one parameter: §.

From now on, all the subscripts referring to fixed parameters are omitted. Fur-
thermore, since all the properties of the functions x, w, ws, (@, %), 05, ws, ms,
[ we are interested in are invariant by translation, we assume that these functions
were correctly normalized from the beginning, so that Cr=0CG=0=(¢=0,
and we fix 2 (0) = 0. Similarly, we define C5 = e ()¢ > ( so that Tp (t,2) =
min (I,C(se’Av(cl)(“”clt)) and z,, and £z are redefined so that Lemma and
Lemma stay true as stated. Notice that x, w, 8, u and ¥ now depend on &
because of these various normalizations (and consequently these notations come
with a subscript § from now on).

To summarize, the super- and sub-solutions are now defined as follows:

_ X (1’7621&) 1f$<x (t)

75 (t,7) = min (1, céefAv(cn(Ht)) ’

At)) if <z (t)

u(;(t,x)_{mm(wso t(m)_ if x>z (t)’
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. o(t, x)

Cexp(—Ay(c1)(z — ert))

u(t, )

X( — cat)

w(t, )

Y

z0(t)

FIGURE 4.1. Sub-solution (%, UT;) for Theorem

u(t, x)

&+t 0] z3(t) &toat -

FIGURE 4.2. Super-solution (uT;, 076) for Theorem (1.3

max (0, 0s (z — 5t)) if o < & + St
_ s (z — c3t) if v € [& + St w3 (1))
v (t,7) = s (@ — cit) if 2 € 23 (), &4+ crt)
Bs (x — c1t) ifx>& +cit

Furthermore, the interfaces satisfy, for all ¢ > 0,

) (t) < To (t)
&+ Cgt < T2 (t)
o (t) < I3 (t)
S+t < ;vniff)—i-clt

4.3.5. Verification of the differential inequalities. Let us point out that by Theo-
rem and Theorem and by construction of the pairs (uT;, E) and (% , UT;), it
suffices to verify the differential inequalities

(4.10) P (s, vs) = F (w5, vs)
and
(4.11) P (us,v5) < F (us,v5)

where the functions are regular in order to establish that (175, E) and (@, UT;) are
indeed a super-solution and a sub-solution of (|1.1)) respectively. Also, the differential
inequalities can also be verified before the translations are performed.
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In what follows, for the sake of brevity, we voluntarily omit the mentions of the
points (¢, ), x — c1t,  — cat or & — ¢t where the various functions are evaluated.
In view of the construction, it should be unambiguous.

First, we consider (4.10). By Lemma and Lemma for all (t,x) such

that
(@5, vs) (t.2) = (1,05 (x — e31)) ,
we find 65 <k < 0 and

a05
95 —d95 —T@(l—%—b)

als
—7“95 6 — 95

7

P (u5,vs) — F (ug,vs)

By definition of (@, %), for all (¢, a:) such that
(@, vs) (t.0) = (1,10 (x — c5t))
we find, using ¢s <1+,

_ __ as
P 55) = 55) = (_opu s s (- s 1))

as
77”1/)5 25 + b g05 — 1))

1Y

avigs)
(0,0).

Y

Similarly, for all (¢,x) such that

(W5, v5) (t, ) = (5 (x — 3t) s (x — A3t))
we find

- - —%s — %" — %5 (1 - %5 —ay
) - F ) = (LG T )

_( 9%
\ 2105
= (0,0).
By Lemma and Lemma [4.13] for all (¢,z) such that

(us,vs) (t,2) = (W5 (t,2),¥s (v — 3t)),

we find, using w; < @5 (Lemma [4.13|(1)),
P ) =P () = (0 T )
_ < ws (Ws + ats) )
—r1ps (20 + b (5 — Ws))
= (0,0).
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By Lemma and Lemma for all (¢, x) such that
(UTS’ E) (t’ x) - (UT& (tv (t) ’E(x - Clt)) )
we find, using ws < % (Lemma 3)),

- — \ _ ( 05 — Dy W5 — W5 (1 — W5 — ams)
P (5, 2g) = (75, 21) = (clms’ —drs" —rms (1 —m5 — bwa))

. ( ws (W5 + ams) )

—rms (6 + 75 — b
= (0,0).
By Lemma Lemma and construction of B, for all (¢, ) such that
(W, vs) (t,2) = (@5 (t,2) , Bs (v — c1t)) ,
we find, By definition of 35, and that of ng in Subsection
P (ws.0s) ~ F (w5as) = (O 0 (T )
. ws (w5 + g@)
= <Tbﬁ5 (UTg_ Be_Aé(szcl)(m—qt—&-Eg)))
= (0,0).

Finally, we consider the differential inequalities associated with (us,7s). By
definition of xs, for all (¢, ) such that

(u,;, v5) (ﬁ (z — eat), 1) ,
we find

_ ’_ B o
P(wava)—F(us,vé)=< exs’ ="~ xs (1-a X5))

rbxs
_ 0
- \rbxs

=(0,0).

By Lemma Lemma and by construction of A = 2Cse e (¢)%w for all (t,z)
such that

(ﬂ?m) (t,:L‘) = (% (t, x) ) 1) )
we find, using Cye~ M (c)(@—c1t) > 1

p (@:UTS) r (@,UTS) _ (@u}g— OpzWs — W5 (1 —ws — a))

rbws
j (awa (1 — Ae_>‘ (e1)(z— c1t+xw))>
0
< 1 —2C5e Av(e1)(z— clt))>
=(0,0).

Similarly, for all (¢, x) such that

(%7 ’1)75) (t7 :L‘) = (% (t’ LL’) , Cge_A”(cl)(x_clt)) ,



INVASION OF AN EMPTY HABITAT BY TWO COMPETITORS 43

we find
— _ _ —Ay(c1)(z—cit)
P (a9~  a 5) = (223 O 5 (1 s (070
D aﬁ 7)\1;(61)(I701t) (O(S _Ae*Av(Cl)Iw)
- 0
< (0,0).

4.4. Construction of the super-solutions for Theorem In this subsec-
tion, we prove Proposition [L.5]
Let ¢o > max (cLLW,f’l (2\/@)) and let & € (0,0%) such that C‘SLLW < Ca.
Define
& =2y/r(1—-26)d—
Recall from Subsection that, given a fixed ¢, the function ¢ — As (¢, ¢) is
decreasing and bijectively maps [2y/T — ag,+00) onto

(; (57 524(a5+1)),;(é\/524(6m+2a51)>}

Thus the equation

As (cg,c‘ls) =A (@,2\/@) .

admits a unique solution ¢ if and only if
(4.12)

cl—\/ 01 CL5+1)<2A(02,2\/>)<01 \/(c{)2_4(c‘f\/1—a5+2a5—1).

Since ¢3 € (erpw,+00) C (2\/1 —a, —|—oo), we have by the above discussion

2\/@—\/(2\/@2 —4(a+1)<2A (CQ,QM) < 2@—\/(2\/@)2 —4 (2@@+2a— 1).

By the facts that ¢{ — 2v/7d and a5 — a as § — 0, we deduce that we can in fact
assume that ¢ is so small that holds. Hence ¢} is well-defined.

Furthermore, by continuity, c3 converges to cz as § — 0, and thus ¢ > 3,y -
In summary, we can assume that & is so small that ¢{ and ¢ are well-defined,
respectively close to ¢; and co, and satisfy the following:

(4.13) Sow < and  Ag (cg7 c‘ls) =A (02, 2\/7“7[)
4.4.1. Super-solution. The pair (175, E) is defined by

T (b 7) = min (1, P8 (z— gt — Cl,ﬁ)) ife <z (t)+ C1p
; Wy 3 et (82— (1w — C2) if 2> 20 () + Clp

max (O, O5.c5,4, (z— cgt)) if o <&+ St
vs (t,x) = Vs, (x — St — CLK) ifxe [517,‘€ + St a3 (t) + CL,@) ;
ws Ry (T —c§t —C1n — C3) ifx>wx3(t)+ Ciw

where
e 1 € (0,6] is fixed so small that, for all t > 0, & , + 3t < 22 (t) + (1, (see

Lemma ;
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u(t, z) v(t, )

&+ cgt w2 (1) x3(t) -

FIGURE 4.3. Super-solution (1T§7 1175) for Theorem

e (3 is fixed so large that, for all ¢t > 0, 23 () < z3 (¢) (see Lemma [4.14)).

Thus, we have
IS At < xy (1) + Gu<z3(t)+ G, forallt>0.

4.4.2. Cleansing. Just as in the previous case, we normalize and simplify the nota-
tions so that x5 (0) = 0 and the super-solution is defined as follows:

W (b 7) = {min (1,%5 (z—dBt)) if o <z (t)

ws (t,x) if o >mo(t)’
max (0, 0s (z — 3t)) if v < & + 3t
vs (t,x) = s (z — c3t) if v € [& + St w3 (1)) .
ws (z — cit) if x > a3 ()

4.4.3. Verification of the differential inequalities. Just as in the previous case, we
verify that (uT;, ”75) is indeed a super-solution. The only new component to account
for is ws, which can be handled easily in view of its definition.

4.5. Construction of the sub-solutions for Theorem [I.2] In this subsection,
we prove Proposition

Let ¢; > 2v/rd and co > cpw such that ¢; > ¢y and ¢1 < f(c2). Let ¢ > ¢g so
close to co that ¢; < f(c) and let § € (0,0*) and

¢ € (max (c1, f (c) — 4va) , f (c)) .

4.5.1. Sub-solution. The pair (ummm) is defined by

o (z) if & < o, (1)
Us.cr (t,2) = Xe (z —ct = (o) if z € [zo, (), 21 (t) + o)
BB Xxe (=) _ ,
a0 Xty 2eid (LT =G = () if 2 > 21 (t) + Go

Us¢ (t,2) = min (176—&(6)(1-—%,4_&)) 7
where
h’l 5 — h’l (20,)
Yoo = — =
Av (€)
1

and K € (O, min (%‘1, g)) and ¢ > L are parameters.

+ o+ ¢
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. o(t, x)

0 0]
FIGURE 4.4. Sub-solution (“&CMW) for Theorem
Note that T5¢ (¢t,2) < % for all x > (o + ¢+ ét. By Lemmam ), we have

z1(t) > ét + ¢ and thus T5¢ (t,2) < £ for all z > z; (¢) + (o. Notice also that the
support of = +— us ¢ (0, ) is included in [0, L + ¢ + 2R, ].

4.5.2. Cleansing. Again, we normalize and simplify:

a(z) if x <z (1)
usc (tx) =4 x(@—ct) ifxelz(t),z(t)),
zs (6, — () if x> (t)

s (£, ) = min (1, céefkwe)(zfcfat)) '

4.5.3. Verification of the differential inequalities. Again, we verify that (u(;,g,m W)

is a sub-solution. The only new components are « and zs, the latter being handled
with Lemma

5. DiscussioN

As a preliminary remark, let us point out that analogous results can be obtained
with the exact same method for the coexistence case a < 1, b < 1. In that case the

solutions are characterized by a profile connecting (0, 0) to (0,1) to ( 11:,1“177 f:;’b).

5.1. On the consequences of Theorem 1.1, Theorem[1.2]and Theorem 1.3
Consider here the Cauchy problem associated with Theorem [I.I} namely the initial
condition wug of the slower and stronger species has a support included in (—oo, 0]
while the initial condition vy of the faster and weaker species has compact support.
Treating 2v/7d as a parameter, Theorem says that, while the species v always
spreads at speed 2v/rd if it persists, the species u:

e lags behind v and spreads at speed ¢z if 2v/rd > flerow);

e lags behind v and spreads at speed f~1(2v/rd) > cppw if 2 < 2vrd <

flerw);
e drives v to extinction and spreads at speed 2 if 2v/rd < 2.
In general, it is unclear whether ¢y = 2v/1 — a or not. Hence the condition

2v/7d > f (¢ppw) might be difficult to check in practice. However, since

max _f(c)=f(2V1—a)=2(V1—-a+a),

c€[2vT=a,2]
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the condition vrd > /1 —a + \/a always implies 2v/rd > f (cLrw) and conse-
quently always implies that u invades at speed cprw. In particular, the maximum
of a = /T —a++/ain (0,1) being /2, if rd > 2, then u invades at speed crrw
independently of the value of a and b. In ecological terms, if v is a sufficiently fast
invader, then it decelerates optimally any stronger and slower competitor.

Applied to a pair (ug,0), the nonexistence result reduces to a well-known prop-
erty of the KPP equation satisfied by u in isolation: all solutions spread at least at
speed 2.

In view of Figure it is tempting to refer to the pair of speeds

(5.1) = (max (epow. /7" (2Vrd) ) .2vrd)

as a “minimal pair”. But in our opinion, such a terminology would be mislead-
ing. Indeed, a very natural conjecture in view of the KPP literature is that
the propagating terraces attract initial data with appropriate exponential decays
(Ay (c1) for vg and A (eg,¢1) for ug). Assume this conjecture is true indeed, assume
2<2/rd < f (cLrw) and fix a compactly supported or Heavyside-like wg. Then
decreasing the decay of vy will accelerate the invasion of v but decelerate that of u
(with the obvious convention that a compactly supported vy has an infinite decay).

More generally, this paper presents several results that are complementary to
that of Lewis, Li and Weinberger, with several surprising consequences. It shows
that ¢z w is not always the relevant speed when predicting the speed of the invasion
of u in the territory of v. The initial spatial distribution of v has to be taken into
account and in particular, it can be inappropriate to approximate a very large
territory by an unbounded territory. Also, even if ¢y is linearly determined and
therefore only depends on a, the speed of u might still depend on rd.

Our acceleration result can be heuristically understood as a pulled property, in
the sense that very small densities of w on the right of the territory of v are still
sufficiently large to increase the speed of u on the left of the territory of v. Of
course, it would be interesting to verify the existence of such pulled accelerations
in real biological invasions. Indeed, at first glance, our result might very well
be described by ecological modelers as a strong case against diffusion equations:
dispersal operators preserving compact supports, like the nonlinear diffusion of the
porous form, dyu — A (u™), will never lead to such a result. Actually, Guo and
Wu [15] considered the analogous problem in a model with free boundaries —and
therefore without long-range effects. Their results suggest the existence of two
different spreading speeds. Subsequently, Du and Wu [7] considered the problem
in higher dimension with radial symmetry. Under appropriate assumptions on the
initial conditions, they showed that the spreading speed of the slower species is
uniquely determined by the semi-wave system whose solutions were classified by
Du, Wang and Zhou [6]. Therefore, in such a model, the second speed is never
enhanced.

5.2. On the boundary of the set of admissible pairs of speeds. In the
present paper, the question of existence at the boundary of the set of admissible
pairs is not settled. It is in fact more subtle than expected.

Assuming only 2v/rd > 2, this boundary is naturally partitioned as VUGUHUD,
where

V={crrw} X (max (2@, f (cLLW)) ,—l—oo) ,



INVASION OF AN EMPTY HABITAT BY TWO COMPETITORS 47

G = {(c,f(c)) | ce |:CLLW7H1aX (cLLW,f_l (2\/@)))},
H= {max (CLLW7f_1 (2\/?Td)) ,2\/7“71) X {2\/7“>d},
D= {(c,c) |022\/7Td},

and where G is possibly empty whereas V', H and D are always nonempty.

Points on V' U G should correspond to pairs (ug, vg) with ug supported in a left
half-line and vy exponentially decaying. Using both Theorem and Theorem
as well as a limiting argument and the comparison principle, it is possible to obtain
the existence of such a terrace with a pair (ug,vg) of this form.

However, on H, which corresponds naively to pairs (ug, vg) with compactly sup-
ported vg and exponentially decaying ug, such a construction seems to be impossi-
ble. A different, likely more delicate, argument is needed to deal with H. Still, we
believe existence holds there.

On the contrary, on D, the question remains completely open. Indeed, on D,
propagating terraces reduce to non-monotonic traveling waves connecting (0, 0) to
(1,0) with an intermediate bump of v. To the best of our knowledge, such traveling
waves have never been studied. Even though it might be tempting to conjecture
their nonexistence, we prefer to remain cautious here.

5.3. On the proofs. In the proof of Theorem the approximated speed ¢ is
necessary in the following sense: it is impossible to construct another v spreading
this time exactly at speed 2v/rd. This is an immediate consequence of the Bramson
shift for the KPP equation [2]: the level sets of the solution of the KPP equation
satisfied by v in isolation with compactly supported initial data are asymptoti-
cally located at 2v/7dt + SBramson (t), with $pramson (t) = —% logt + o (logt). By
comparison, it is then easily verified that for the solution (u,v) of our competitive
system, there exists a time shift s (t) < s$gramson (t) such that the level sets of v in
our problem are located at 2v/rdt + s (t).

Similarly, in the proofs of Theorem [I.I] and of Theorem we believe that the
approximated speed ¢ are needed to account for a time shift 5 (¢) # 0 describing the
position of the level sets of u. The characterization of this shift is completely open;
the only hint provided by our approach is that §(¢) is asymptotically nonnegative
(contrarily to s (t) and $pramson (t))-
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APPENDIX A. ON COMPETITION-DIFFUSION TRAVELING WAVES CONNECTING
(1,0) To (0,1)

In this appendix, the parameters (d,r, a,b) are not fixed anymore and can vary.
We define

IT = (0,400)* x (0,1) x (1,400).
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For all (d,r,a,b) € 11, c%’zﬁ}b denotes the associated spreading speed of the system
(1.2). Subsequently, we define

b= {(&dma,b) € (0,+00) xII | ¢ > C%’E’gv’b}-

A.1. Exact exponential decays. For all P = (¢,d,r,a,b) € E, we define

_ 2 +4—c
Ny =—"7"T"—
1,P 9 )
e R+ Ard(b-1)—c
hop = 2d ’
oo CHVE+Ard
Mp=—%57—
2d
>\+oo:C+ 2—4(1-a)
2,P 9 ’
yoo _ €= 2—4(1-a)
3,P 2 N

Lemma A.1. Let P = (¢,d,r,a,b) € E and (¢,%) be a profile of traveling wave
solution of with speed c. Define Rp™ : A = A2 +ch —1 and RE® : A —
d\2 —ch—r.

Then the asymptotic behaviors of (¢,v) are as follows.

(1) There exist A >0 and B > 0 such that, as £ - —oo:
(a) if \yF > AL P, then

©(€)=1—AMFE L hot.
¢ (€) = Be2PS + hot.
(b) i AF < ALE then Bp® (A5 < 0 and

@(§)=1+ﬁBe2Pf+hot
¢ (€) = B2FS + hoo.t.

(c) if \yF = ALF, then c+ 20, =2 +4>0 and
(&) =1-Bl¢2PE + hot.
{¢(§)=¢+2A”B MNFE 4 ot

(2) There exist A € R, B € R and C > 0 such that B > 0 if C = 0 and, as
& — +oo:
(a) if ¢ >2v/1—a,

(i) if )\ij’.f < )\;;‘f,ﬁ’, then A > 0 and

7

v(&) = Be P8 4 Ce P8 1 hoot, _
Y(E€)=1- AeMFE + h.o.t.

(ii) if \{F = A§F, then A>0if C =0 and

oo, o o
¢ (&) = wl 2NP T NTE 4 Be P+ holt. |
B =1— (A+COeNFE fhot
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(iii) if N € (AFALF), then RE (MF) <0, 4> 04 C =0
and
(€)= Be MFE 4 Ce NP 4 hot,
'(/J (f) = 1 - Aei)\;r’%og + ﬁceiA;?E + hOt ’
RP ()\B,P)
(iv) I NE = AF then RE® (N[5) <0 and
to_¢ oo oo
0 (&) = XL R NEE L 0 NTE 4 ot .
w (5) =1- Bgei)\;r;og + ﬁcengﬁg + h.o.t. ’
RP (A3,P)

(0) INE > AE then BE® (AF) <0, RE (AfF) <0 and

0 (€)= Be M PE 4 Ce NP 4 hoot.
- __ b _p,AMTFE rb —AFse ;
1/} (5) 1 + R}I;oo ()\;o;;) Be 2 + R;oc ()\;0’?) Ce 3, + h-O.t.

(b) if c=2y/1—a,

(1) if /\f‘l’.f’ < )\;?, then A >0 and

0 (&) = (B+C€) e ™7 4 hot.
b(E)=1—AeMPE L hot.

(i) if /\f‘l’.f’ = )\;‘;f’, then 2d>\fj§ —c=+Vc2+4rd >0 and

a

{tﬂ (€)= 2P (B+C€) e MFE 4 hot. |
Y (€) =1— (B+1C) e MFE 4 hot.

(iii) if NS > N, then RE* (AS5) <0 and

0 (€)= (B+CE) e ™7 4 hot. ‘
Y(E) =1+ Wb)\«#oo) (B + C¢) 67)\;055 + h.o.t.’

Proof. This result follows from a standard yet lengthy phase-plane analysis. The
detailed proof can be found for instance in Kan-on [20] or in Morita—Tachibana
[27]. O

Compiling these estimates, we obtain the following two corollaries.

Corollary A.2. Let P = (¢,d,r,a,b) € E and (¢,v) be a profile of traveling wave
solution of the corresponding system with speed c. Then there exist i € {2,3},
C>0,D>0 and (iy,j+) € {0,1} x {0,1,2} such that, as & — +o0,

0 () = Ce+ e FE 4 hot.
Y (€) =1— Dgir e mmNFNF)E L pot
Corollary A.3. Let P = (¢,d,r,a,b) € E and (p, ) be a profile of traveling wave

solution of the corresponding system with speed c. Let i_ =2 — # {)\ij’f, Ai;’f}.
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Then there exist A > 0 and B > 0 such that, as & — —o0,

@ (&) =1—Algl'= ™ OuFAF) o,
V(&) = B2 FS + ho.t. -

A.2. Component-wise monotonicity of the profiles. Thanks to Corollary[A-2]
and a sliding argument, we can show the component-wise monotonicity. We point
out that Roques—Hosono-Bonnefon-Boivin [31] showed that the slow or fast decay
problem is related to the pulled or pushed front problem.

Proposition A.4. Let P = (c,d,r,a,b) € E. Let (p,7) € €* (R, [0, 1}2) be a

profile of traveling wave solution of with speed ¢ connecting (1,0) to (0,1).
Then (p, 1) is component-wise strictly monotonic, i.e.

(0, 0) (&) = (p,9) (&) whenever & < &.

Proof. The proof relies upon a sliding argument.

The sliding argument for monostable problems has three main steps: first, show-
ing that if two profiles are correctly ordered at some point far on the left, then
they remain correctly ordered everywhere on the left of this point; next, showing
thanks to the first step and the exponential estimates at +oo that, up to some
translation, the two profiles are globally ordered; finally, showing by optimizing the
aforementioned translation that the two profiles actually coincide.

Notice that since the exponential estimates of Lemma [A-1] can be differentiated,
they imply the component-wise strict monotonicity of (¢, ) near £o0o. Thus we can
define R > 0 such that (¢, ) is component-wise strictly monotonic in R\ [-R, R].
In particular, we can assume that

(A1) (@, V) (—R) = (0. ¥)(€) = (¢, ¥)(R) for all £ € (—R, R).
Step 1: We claim that there is 71 > 0 such that for all 7 > 74,
(A.2) (e, ) (€ =7) = (p,¥)(§) forall { €R.

In view of the monotonicity of (¢,v) in R\ (=R, R), and (A1), the claim clearly
holds once we take 1 = 2R.

Step 2: Define 7* to be the infimum of all 7 € (0,2R] such that holds
true. It remains to show that 7 = 0. Suppose to the contrary that 7* > 0. By
construction,

(0, ) (€ —=77) = (¢, ¥) (§) forall { €R.
Moreover, by (A.1)) and monotonicity of (p,%) in R\ (=R, R), we see that for each

TE {%,27*},
(e, ) (§—7) = (¢, ¥) (§) forall L R\ (—R+ 7, R),

and in particular for all £ € R\ (—=R + 7*/2, R). By the minimality of 7* > 0,
there exists £* € [-R + 7*/2, R] such that equality holds for at least one of the
components. The strong comparison principle yields

(P, 0)(§—77) = (p,¥)(§) forall £ €R.
This implies (p, 1) is periodic with period 7*, and contradicts (p,1)(—o0) = (1,0)
and (@, 1) (+00) = (0,1). Hence 7* = 0 and, subsequently, for all 7 > 0, we have

(2, 0) (€ =7) = (o, 0) (§) for all § €R,

which exactly means that (¢, 1) is component-wise strictly monotonic. ([
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A.3. Ordering of the decays. By a similar proof, we can characterize more pre-
cisely the decays. We point out that Roques—Hosono-Bonnefon—Boivin [31] showed
that the slow or fast decay problem is related to the pulled or pushed front problem.

Lemma A.5. Let p = (d,r,a,b) €I, ¢ > ¢}y, and é > c. Define P = (¢,p) € E
and P = (¢,p) € E.

Let (p,) € €2 (R, [0, 1]2> and (@, 77/;) € 6> (R, [0, 1]2> be two profiles of trav-
eling wave solution of with speed ¢ and ¢ respectively. Denote (i,C, D,it,j)
and (%,C’,ﬁ,i;,j}) the quantities given by Corollary when applied to (p, 1))

and ((ﬁ,z[}) respectively.
Then at least one of the following estimates fails:

A o~ _)\too . )
Cé'te Npt = (C’f” e NE 5) as & = +00,

bé_j;r . min()\i;f,)\;r‘?)f —0 <D€j+ e min(ki?AIopc)ﬁ) as é‘ — +00.

Proof. The proof is by contradiction: we assume from now on that, on the contrary,
the above two asymptotic estimates are satisfied. This means that, near 400, any

translation of (y,1) dominates (gﬁ, w) (in the sense of the competitive ordering).

Here are the three steps of the sliding argument of this proof.
Step 1: choose & € R sufficiently close to —oo and such that for all £ < &,

ay (p0) @ (37) e zmax (P Sl iig).

Notice that such a & exists indeed, since (p,9)(—00) = (1,0), and max (85:4“a, %) <

1 with a < 1 and b > 1. We claim that if there exists 7 € R such that
(6,0 (60— ) - (2,9) (&),

then
(0 0) (€ =) = (2,0) (©) for all ¢ < &o.
Clearly, there exists € € (O7 i] such that

(e 0) (€= 7) = (8,9) (©) +2(-1,1) for all ¢ < &.

Now, let e* € [O, ﬂ be the infimum of all these £ and assume by contradiction
that e* > 0. In view of the limiting values at —oo and of the inequality at &y, there
exists £* € (—o00, &) such that

(o) (€ =) = (£.8) (€) +e" (-1,1)
with, most importantly, equality for at least one of the components. Let us verify
that (@ex,ex) = (@,1[)) +e*(—1,1) is a sub-solution. Since (¢,v) satisfies by
definition
2 !

e (1 p-ad)
i el = (o= e 4 (L-d—bp)
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we find (note that, by Proposition [A.4] (¢/, ') < (0,0))

— e —cple = per (1 = per —apper) <e* (1 = (2= a) per — (1 — a) e* — arher)
—dl. — Pl — riher (1 — ther — bper) > —re* (1 = (2= b) ther — (b — 1) " — biper)

From

1—(2—a)pes — (1 —a)e* — arhe- 1-(2-a
<_(1_(2_b)¢8* _(b_l)s*_b‘ﬁe*)> = (

we deduce by (A.3) that

(_1(1__(2(2__6‘)1);02;*—_(ib—_ai;;*—_agp(;;*)) = (8) for all £ < &.

We are now in position to apply the strong comparison principle of Theorem
and deduce from the existence of £* a contradiction. Hence ¢* = 0, that is

(e0) (€= 7) = (29) () forall € < &.

Finally, by strong comparison principle the strict inequality must hold for any

£ <&.

Step 2: in this step, we show the existence of 7 such that, for all 7 > 7,

(e ) (€ = 7) = (2,9) (6) forall € R
To this end, we fix &y as in (A.3]) and choose 7 > 0 large so that

(.1) (60 =) = (2,9 (&) for all 7 > 7.
By Step 1, we deduce that for all 7 > 79,

(e, 0) (€ = 7) = (&,0) (©) for all ¢ < &o.

Next, we use the asymptotic behavior of (p, ) and (@, 1) at 400 to choose 71 > 7o
such that for all 7 > 7,

(e ) (=) = (2. () for all € > &.

The above two inequalities complete Step 2.
Step 3: define 7* as the infimum of all 7 such that the preceding inequality
holds true. By construction,

(o, ) (E—77) = (95,1/3) (€) for all £ € R.
It suffices to show the existence of £* € R such that (p,9) (£ —7%) = (v, ¥) (§%)

with equality for at least one component. Granted, then the strong comparison
principle yields

¢+ 154 —ap
)i+ ’

(e.1) (€ =77) = (2.9) (§) forall € € R,
and the proof is ended. Suppose by contradiction that such a £* does not exist,
that is

(e 0) (€= 1) = (£.8) () foran € R

Now, the asymptotic behavior assumed at the beginning of this proof implies

p(E—71") 1—¢ (-7

lim ———= =400, and lim ——————= =+
gotoo P (€) fot0 19 (§)
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Hence, there exists £ > 0 large and § > 0 small such that for all 7 € (7% — §, 7*),

(0 0) (€ =7) = (£:9) () forall € > &.
By taking ¢ > 0 small, we have also that, for all 7 € (7% — §,7*),

()€ =)= (2.0) (€)  forall ¢ € [&,&].
Finally, the result in Step 1 implies that for all 7 € (7* — §,7*),

(0 0) (€ —7) = (@,u}) (€) for all € € R.

This contradicts the minimality of 7*. (]

From the preceding lemma, Lemma [A71] and the respective monotonicities of
c )\i%", c )\;}o and ¢ — )\;‘;f’, we deduce the following corollary which is a
refinement of Lemma Basically, it discards the possibility of solutions having
a fast decay and a super-critical speed.

Corollary A.6. Let P = (c¢,d,r,a,b) € E with ¢ > ci’zﬁ}b and (p,v) be a profile
of traveling wave solution of with speed c.
Then there exist A > 0 and C > 0 such that, as & — +00:

(1) if )\f}o < /\?tf, then

() =1—AeMPE 4 hot.
(2) if /\I‘}O = )\;1"5, then

{ v = Ce NP4 hot,

a

too_, co
o (€)= 2L o NFE L hot
D) =1—Cee™MPE 1 hot.

(3) i NS € (\FALE), then BE® (\F) < 0 and

0 (€)= Ce ™ 7FE 4 hot.

T AT ;
Y (&) =1+ le\;?)ce A PE 4 ot

(4) if \[F = A3 ¥, then RE™ ()\;“I’S) <0 and
0 (6) = Ce MNP L hot.
_ )\t ;
Y () =1+ Wﬁ\;}o)ce A3 PE 4 Dot

(5) i AT > M5, then RE® (A\F) < 0 and

0 (&) =CeMFE 4 hot.
= v MTRE ;
w (5) =1+ R-Itooz/\;?)ce 3.P5 + h.o.t.

Remark. We emphasize that there exists a unique translation of the profile such that
the normalization C' = 1 holds. The remaining degree of freedom in the first case
above (A can still take any positive value a priori) is the main difficulty regarding
uniqueness.
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A.4. Uniqueness and continuity. We are now in position to establish the fol-
lowing uniqueness result.

Proposition A.7. Let P = (¢,d,r,a,b) € E such that )\f‘f > /\;}’f.

Let (p,) € €2 (R, [0, 1]2> and (@,12)) € 6> (R, [0, 1]2> be two profiles of trav-
eling wave solution of with speed c.

Then (p,v) and (@,1&) coincide up to translation.

In view of Corollary . ifc > c‘z’z’{fv’b, the assumption A% > A\J% immediately

yields that the two profiles can be normalized so that they have the same decay at
+o00. Similarly, in view of Lemma if c = ci’z’&}b, then the two profiles can be

normalized so that their decays either coincide or are well-ordered. In all cases, we

Proof. The proof relies upon a sliding argument again.
FA.G

can fix a priori the roles of the two profiles so that (p,1) dominates (gﬁ, UJ) near

+o00. By following the first two steps of the proof of Lemma we can assume
without loss of generality the existence of 7y € R such that, for all 7 > 7,

(e ) (€= 7) = (¢,9) () forall § R,

Next, define 7% € R as the infimum of all 7 such that the preceding inequality
holds true. It again suffices to show that there exists £* € R where equality holds
for one of the components. Assume on the contrary that no such £* exists. Thus
the preceding inequality is strict for both components for all £ € R. Now, note that

lim M >1 and lim M >1
g=too P (€) Eodoo 1 =4 (§)
Next, we claim that
i PE=T) L g Lo ¥E-T)
eroo B (€) S B (3

Otherwise we may further reduce 7*, just as in the proof of Lemma Notice
that this equality directly yields 7 = 0, that is

(0,1) (&) = (#,9) (¢) forall € € R.

Next, from the fact that )\ij’.f’ > )\;CI’S and, depending on ¢, Corollary or
Lemma [A7T] both of the above limits are equal to 1.

Since the decay rate at 400 of both profiles coincide, we can reverse the profiles
and repeat the proof. This leads to

(sﬁ, w) () = () () for all £ € R.

Hence the two profiles actually coincide, which directly contradicts the assumption
of nonexistence of £*.

In the end, £* exists indeed and, by virtue of the strong comparison principle,
the two normalized profiles coincide. In other words, the two profiles coincide up
to translation. (|

Corollary A.8. Let (d,r,a,b) € II such that d < 2+ . Then each speed

l—a
c> ch’z’&}b is associated with a unique profile (up to translation).
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Proof. Tt suffices to prove that, for all ¢ > ¢4, AI(():,dma,b) > /\;‘()27[177,,@71)).
Noticing that this inequality is equivalent to R?;?;ma’b) (A;‘(’j,d,r7a7b)) <0, we
find that we just have to prove that, for all ¢ > ci’i’{}l}b,
e +7r
3,(c,d,r,a,b)
1<
(M)

—+/c2— —
and, using the polynomial equation satisfied by )\;C(’Zd’r’a’b) = %4(1(1)7 this
reads )

()\+°° ) +1—a+r
J(¢,d,rya,b 1-—
d< 3,(c,d,r,a,b) ] 14 a-+r _
+ +
()\3,(()2(1,7”,(1,1))) (AS,?:,d,T,a,b))
It only remains to show that
1_
inf A B
c>cdmab +oo 2 1—-a
T (’\3,(c,dn-,a,b))
The above inequality follows actually quite easily:
1-— 1-— 1-—
N i axr
>’ (Tt >2V1-a (y+ +
o (As,?f,dm,a,b)) ‘ ’ (A&?de,a,b)) Sup (A&((f,dma,b))
c>2y/1—a

and, by monotonicity,

) 2
+o0 = Feo -
szl\l/% (Ag,(c,d,r,a,b)> - (A&(gm,d,r’a,b)) =1 “

O

Finally, as a consequence of the uniqueness, we also have the continuity of the
profiles with respect to the parameters.

Proposition A.9. Let
B, ={PeE | \F 25}

For all P € E,, let (<I>P, \IJP) be the unique profile of traveling wave solution of
with speed ¢ satisfying T (0) = %
Then P — (®F,WF) is in € (intE,, 6, (R,R?)).

Proof. Let Py, € intE, and (P,),cy € (intEu)N such that lim P, = Py. By
n——+0oo

standard elliptic estimates (see Gilbarg-Trudinger [I3]), the sequence ((<I>P n PP "))n N
converges, up to a diagonal extraction, in 67%.. A fortiori it converges pointwise in
R. The limit (®oo, ¥s) is continuous, monotonic, and satisfies Uo, (0) = 2. Using
standard elliptic estimates to study the asymptotic behaviors, we find easily

llg (P, Vo) € {(1,0),(0,0)} and EIOI.} (Poos Uoo) = (0,1).

If &, is null in R, then £ — ¥, (—¢&) is a KPP traveling wave with negative speed,
which is impossible. Therefore the limit at —oco of (P, Vo) is (1,0). This shows

that the sequence of monotonic functions ((<I>P ", \I!P"))n oy converges pointwise in
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[—00, +00], whence by a variant of the Dini theorem it converges uniformly in R. In
view of the preceding uniqueness result, the limit is exactly (@P o PP °°). Finally,
a classical uniqueness and compactness argument shows that the previous diagonal

extraction was not necessary and the sequence ((<I>P n U ”))n

oy converges indeed

in %, (R,R?) to (P, wF=). O
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