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Sequentialization and Procedural Complexity in
Automata Networks

Florian Bridoux'*

Aix-Marseille Univ., Toulon Univ., CNRS, LIS, Marseille, France

Abstract. In this article we consider finite automata networks (ANs)
with two kinds of update schedules: the parallel one (all automata are
updated all together) and the sequential ones (the automata are updated
periodically one at a time according to a total order w). The cost of
sequentialization of a given AN h is the number of additional automata
required to simulate h by a sequential AN with the same alphabet. We
construct, for any n and q, an AN h of size n and alphabet size ¢ whose
cost of sequentialization is at least n/3. We also show that, if ¢ > 4, we
can find one whose cost is at least n/2 — log,(n). We prove that n/2 +
log,(n/2 4 1) is an upper bound for the cost of sequentialization of any
AN h of size n and alphabet size ¢. Finally, we exhibit the exact relation
between the cost of sequentialization of h and its procedural complexity
with unlimited memory and prove that its cost of sequentialization is less
than or equal to the pathwidth of its interaction graph.

Keywords: Automata networks, intrinsic simulation, parallel update sched-
ule, sequential update schedules, procedural complexity.

1 Introduction

In this article, we study finite automata networks (ANs). They are models
classically used for representing and analyzing natural dynamical systems
like genetic or neural networks [8I5]. Moreover, they are also computa-
tional models on which we study computability and complexity properties
which is the purpose of this paper. An AN h can be seen as a transforma-
tion of A™ with A a finite alphabet. Here, n is the number of automata,
and the i-th component of A is the update function of the i-th automaton.
We consider them with two types of update schedules. With the paral-
lel one, automata are updated all together, at each time step. In other
words, we just apply h. With the sequential ones, automata are updated
sequentialy, according to a total order w. They have been several works
on the influence of the update schedules on the function computed by
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an AN [6l1]. Here, like in [7] we take the opposite approach. We have
an AN h with a parallel update schedule and try to find an AN f with
a sequential update schedule w which computes the same function. How-
ever, sometime it is impossible. For instance, the transformation of {0, 1}?
which exchanges the two values h : (z1,z2) — (x2,21) cannot be sequen-
tialized. The famous XOR swap algorithm, x1 < z1 D x2, x2 < 1 B x2,
T1 + o1 @ w9 does not apply here because we can only update one time
each automaton beetween two time steps. However, what we can do is
to consider the AN f with one additional automaton and the sequen-
tial update schedule w := (3,2,1) which executes the three instructions
T3 Ty, T1  To, To — x3. We see that f with the update schedule w
computes the transformation h if we only consider the 2 first automata.
The goal of this paper is to determine the cost of sequentialization of an
AN h, namely, the minimum number of additional automata that an AN
f which sequentializes h will have. This paper is the direct sequel of [3]
in which the same problem was studied for an alphabet of size 2 and
with an imposed order of sequentialization. Definition [l Theorem [I] and
Lemma[3 are straightforward generalization of results published in [3]. All
other results are new.

In Section 2] we define ANs, interaction graphs, the notion of a sequen-
tialization and we present most of the notations that we use. In Section [3]
we define the cost of sequentialization k(h,u) of an AN h respecting an
order w. It is the minimum number of additional automata required for
any AN f with a sequential update schedule w respecting the order u to
compute h. We also define k™" (h) which is like x(h,u) except that the
sequential update schedules we consider are not constraint anymore. In
Section [ we give an upper and lower bounds for x(h,u) for the couple
(h,u) which maximizes it. In Section [l we prove different lower bounds
depending on the alphabet size for £™*(h) when h maximizes k™" (h). In
Section [l we give the relation between ™" and the procedural complex-
ity as defined in [4]. Finally, In Section [7, we prove an upper bound for
k™1 (h) depending on the pathwidth of the interaction graph of h.

2 Definitions and notations

For all 7 € N, the interval between 1 and 7 is denoted by [i] :={1,2,...,3}.
For all 7,5 € N, with ¢ < 7, the closed interval between ¢ and j is denoted
by [i, ] :== {i,i+1,...,j} and the open one by |i, j[:= [i, j]\{¢, j}. For any
g >2and n €N, let F(n,q) be the set of functions from [0, ¢[" to [0, ¢["
(also called transformations of [0, ¢["). For all I = {iy,i2,...,%,} C [n]



with 41 < 49 < --- < 1p, the projection of  on I is denoted either by
pr;(z) or by z7. In other words, pr;(z) = x5 = (x4, %i,,...,;,). For
all vectors x := (z1,...,2p) and y := (y1,...,y:), their concatenation is
denoted by xy 1= (z1,...,Zp, Y1, Y¢)-

Definition 1 (Coordinate functions). Let f € F(n,q). For every i €
[n], the i-th coordinate functions of f is the function f; := pr;of.

This means that we have f(x) = (fi(x), fo(x),..., fn(x)). In this paper,
we make particular use of the superscript of a function f.

Definition 2 (Updates of a transformation). For all i € [n], f* €
F(n,q) is the function which updates the i-th coordinate (i.e. executes f;).
For all I C [n], f! is the function which updates the coordinates of all
elements of I synchronously. For any word w := (wy,ws, ..., w) on the
alphabet [n], f* is the function which updates sequentially the coordinates
w1, ..., w in the order given by w.

Formally, we have

Vo e A™, fi(@) = (z1, ..., 21, fil®), 2is1, ..., Tp).
; if jel
Ve e A", j € [n], fl(z); = filx) it ] )
xj otherwise.
Vw = (wy,wy,...,w) € [n]f, f¥ = fP%o...0 fW2 0 fu1,

We say that f; is a trivial coordinate function if for all z € A", fi(z) =

z;. The relation y = f%(z) can be expressed by z EAN y. The set of
permutations of [n] is denoted by II([n]). Let w = (wy,ws,...,w) €
II([n]). If w; = i then we say that i is updated at step w(i) := j.

Definition 3 (Sequentialization). An AN f € F(m,q), with the se-
quential update schedule w € II([m]) sequentializes an AN h € F(n,q)
with m > n if prpy, of* = hopry,.

Remark 1. All the results of this paper remain true if we use the more
general definition: 31 C [m], with |I| = n such that pr;of"” = hopry.

Definition 4 (Interaction graph). The interaction graph 1G(h) of an
AN h € F(n,q) is the directed graph ([n], E) with (i,j) € E if and only if
i has an influence on j. More formally, Vi,j € [n], (i,7) € E if and only
if Jr,y € A" such that x,)\ iy = Yy and hj(z) # hj(y).

We denote by IG*(h) be the undirected version of IG(h).



3 Cost of sequentialization

In this section, we define the main question tackled in this paper. For all
u € II([n]), we say that w € II([m]) respects u, if all the coordinates of [n]
are updated in the same order in u and in w. In other words, Vi, j € [n],
if u(i) < w(j) then w(i) < w(y).

Definition 5 (k(h,u)). Let h € F(n,q) and u € II([n]). The cost of
sequentialization of h respecting u, denoted by k(h,u), is the smallest k
such that there exists f € F(n+k,q) and w € II([n+k]), such that (f,w)
sequentializes h and w respects u.

Definition 6 (x™"(h)). Let h € F(n,q). The cost of sequentialization of
h, denoted by k™™ (h), is the smallest k such that there is a f € F(n+k,q)
and a w € II([n + k), such that (f,w) sequentializes h.

Clearly, k™*(h) = min({x(h,u) | u € II([n])}). Given n and ¢, the
maximal cost of sequentilization respectively with or without imposed
order is denoted by k4 := maz({x(h,u) | h € F(n,q) and u € II([n])})
and £ = maz({™"(h) | h € F(n,q)}), respectively. Example [l shows
that, for some (h,u), the difference between ™" (h) and k(h,u) is large.

Ya Y7 — Y2 — Y3

Y1+ y2 +ys

Yr —Ya —Ys

Fig. 1: Interaction graph of Fig. 2: Interaction graph of Fig. 3: Interaction graph of

the AN h of Example[dl the AN f of Example[dl the AN g of Ezample[1l with
only inner edges of the au-
tomaton 5 displayed.

Ezample 1. Let us consider the AN h € F(n,q) with n = 6 which com-
putes the swaps of the values of 3 pairs of automata. In other words,

h: x> (24,75, 6,21, T2, T3).



Figure [ displays the interaction graph of h. Now, we consider the canon-
ical sequential update schedule u = (1,2,--- ,6) and we want to find an
AN f and a update schedule w which sequentializes h respecting u. To
do so, let us consider an AN f € F'(9,2) and w € II(]9]). First, we define
the order w := (7,8,9,1,2,3,4,5,6) which updates the n/2 additional
automata of f before it updates the n first ones. Then, we take f which
copies the values of the first set of automata in the third, the second in the
first and the third in the second. Formally, f : 2 — 2[4 6)2(7,9)2[3- Figure
shows the interaction graph of f. Now, a simple expansion of f% gives us

7,8,9 1,2,3 4,5,6
Z = 2(3)2[4,6)2[7,9] — 2[3]2[4,6)2[3] 7 Z[4,6)2[4,6)2[3) — "(2[6))7(3)-

Thus, we have prp, of* = h o prp,. As a result, (f,w) sequentializes h
respecting u and k(h,u) < 3. Moreover, Lemma [ (Section M), shows
that there are no smaller (f, w) which would suit. Thus, we have kg, >
k(h,u) = n/2 = 3. Next, we define g € F(7,2) and v € II([7]) such
that (g,v) (with only one more automaton than h) sequentializes h (but
without respecting ). First, we define the order v := (7,1,4,2,5,3,6)
which, instead of updating [n] in the order u, updates the pairs of au-
tomata (1,4), (2,5) and (3,6) one by one. Then, we take g such that for
all y € {0,1}7,

gy (Ya,Ys5: Y6, Y7 — Y2 — Y3, Y7 — Y4 — Y3, Y7 — Ya — Y5, Y1 + Y2 + y3).

Figure Bl depicts the interaction graph of g with only the inner edges of
the automaton 5 displayed. As above, a simple expansion of g¥ gives us
9° 1y = h(yjg)(y1 +y2 +ys). Thus, pry,;og” = hopry, and g has 1 more
automata than h. As a result, (f,w) sequentializes h and x™"(h) < 1.
A generalization of this example shows that for all even n and ¢ > 2,
3h € F(n,q),u € II([n]) such that x(h,u) > xk™(h) +n/2 — 1.

4 Confusion graph and Kk, 4

In [3], the NECC graph was defined. This graph is very useful to compute
k(h,u). We rather call it the confusion graph in this paper.

Definition 7 (Confusion graph). Let us consider h € F(n,q) and the
sequential update schedule w € II([n]). We call confusion graph Gy, the
undirected graph whose vertices are all the configurations of [0,q[" and in
which two configurations x and x' are neighbors if and only if h(x) # h(z')
and 3 i € [n], hv-otid(g) = pluuid(g)),



In the sequel, we denote by x(G) the chromatic number of the graph G,
namely the minimum number of colors of a proper coloring of its vertices.
In [3], the exact relation between the chromatic number of the confusion
graph Gp,,, and k(h,u) was proven in the case where ¢ = 2. We propose
in Theorem [ a straightforward generalization for any alphabet size.

Theorem 1. Let us consider h € F(n,q) and the sequential update sched-
ule u € II([n]). Then we have r(h,u) = [log,(X(Gpu))]-

In [3],the authors proved that for all n we can construct h € F(n,2)
whose cost of sequentialization respecting the order u € II([n]) is |n/2].
Lemma [3] bellow is a straightforward generalization for any alphabet size.

Lemma 3. For alln € N and ¢ > 2 we have k4 > [n/2].

Moreover, in [3], the authors showed that ¥n € N, £, 2 < 2n/342. The-
orem [2 below shows that we have in fact, x4 < [n/2+log,(n/2+1)] for
any ¢. To prove it, we regroup all the configurations of the confusion graph

. . . o
G, which are equal in their second half (x{un/2+17~~~7un} = x{un/2+1,---7un})

and have the same image (h(xz) = h(z")). We prove that a proper color-
ing of this graph is a proper coloring of the confusion graph. And then,
we prove that the maximal degree of this factorized graph is at most
[(n/2 + 1)¢™/?]. Since the chromatic number of a graph is at most its
maximal degree (plus one), we deduce an upper bound for the chromatic
number and then for &y, 4.

Theorem 2. For alln € N, g > 2 we have k4 < [n/2+10ge(n/2+1)].

min

5 Lower bounds for Ko

The goal of this section is to construct an AN with the biggest cost of
sequentialization possible and thus deduce a lower bound for /ﬁﬁfqn. For any
set I, the set of subsets of I of size k is denoted by (,ﬁ) ={JCI||J| =k}
For all 2 € A" and I C [n], let x[I] := {2’ € A" | 2[p)\; = @)\ 1} be the
set of configurations of A™ which only differ from z in I. In Lemma 4], we

prove that if we can find an encoding b : ([Zk]ﬂ) — A" such that the sets

b(E)[E] with E € ([Qkk}) are disjoint, then there exists h € F(n,q) such
that k™"(h) > k. To do so, we define the function h such that for all
z € b(E)[E], hg(z) = 2\ g and hjgy\ p(z) = 2. For any u € II([n]), we
can define E as the k first coordinates updated by w in [2k] and consider
x = b(F). The set z[E] is a clique in the confusion graph G}, ,,. Indeed, any



function which sequentializes h respecting u has, for any configuration in
x[E], to first erase the information in E and then to restore it in [2k] \ E.
Since this clique is of size ¢*, we have Khu = k for any v and KM(R) > K.

Lemma 4. Let n,k € N and q > 2. If there is a function b : ([Qkk]) —

[0,q[" such that the sets b(E)[E] with E € ([Zkk}) are disjoint then there
exists a h € F(n,q) without trivial coordinate functions, with k™" (h) > k.

Using Lemma [ we could easily show that for any ¢ > 2 and n € N,
we have k""" > |n/4]. Indeed, if we have n = 4k, we can use the second
half of the configuration to encode the set E. In Theorem [ we prove that
for any alphabet, we can in fact encode any F € ([Qf]) in a configuration
x of size 3k. To do so, we use the following technique: if i € E := [2k]\ E
then we have z; = 0if i+1 in E and 1 otherwise. Moreover, in [2k+1, 3],
using the same technique, we indicate if each element of F is followed by
another element of E or not. From this encoding and Lemma 4] we deduce
a lower bound for ™" for any alphabet.

Theorem 3. For alln € N and q¢ > 4, we have /-@qun > [n/2 —log,(n)].

Theorem [ below states that, if we have an alphabet of size at least
4, we can encode any E € ([Zkk}) in a configuration of size 2k + log,(2k).
To do so, we encode E in [2k| \ E using the fact that in an alphabet of
size 4 each coordinate can encode twice more information than with a bit.
Then, we indicate in [2k, 2k + log,(2k)] where the reading for decoding

starts. From this encoding and Lemma 4] we deduce a lower bound for
Kmin.

Theorem 4. For all ¢ > 4,n € N, k' > |n/2 —log,(n)].

6 Procedural complexity

Now, we study the relation between ™" and the procedural complexity
as defined in [4]. The procedural complexity of A is the minimum number
t of functions g™, ..., ¢® (each of which update at most one coordinate)
that are required for ¢ o---0g¢(®) to compute h. For all ¢ > 2 and n > 2,
let us denote by F*(n,q) C F(n,q) the set of functions which do not up-
date more than one coordinate. In [4], the authors first studied the mem-
oryless procedural complexity L£(h). It is the necessary number of step
to compute h with g, ..., ¢g® of same size than h. Then, they studied
L(hlm) which is the procedural complexity using functions g(V), ... g(®
of a fixed size m. More formally , Vm > n, L(h|m) := smallest ¢ such that



3¢W, ..., ¢ € F*(m,q) such that s og®o...og®) =ho pry,. Here,
we also use £*(h) := min({L(h|m) | n < m}) which is the procedural
complexity with a size arbitrarily big. Let 2(h) be the number of non-
trivial coordinate functions of h. Theorem [B] shows that the procedural
complexity of an AN A is equal to x™"(h) + £2(h). Furthermore, it shows
that the minimum procedural complexity is reached when we use x™"(h)
additional automata. It is directly deduced from Lemma [ and Lemma [6

Theorem 5. Let h € F(n,q) and k := x™"(h). We have L*(h) =
L(hln+ k) = 2(h) + k.

In Lemma 5 we prove that £*(h) < £2(h) + ™" (h). We use the fact
that by definition of k := x™™"(h) there is f € F(n + k,q) and w €
II([n + k]) such that the n + k instructions f*!,..., f¥+k € F*(n+k,q)
compute h. With that, we already have L(h|n+ k) < n+ k. Furthermore,
for each i such that h; is trivial, we can remove the function f* of the list
of instructions and still compute h. As a result, we have L(hjn + k) <
n+k—(n—92(h)) = 2(h) + k, and by definition of £*(h) we have
L*(h) < L(h|n + k).

Lemma 5. Let h € F(n,q) and k := ™"(h). We have L*(h) < L(h|n+
k) < Q2(h) + k.

In Lemma [B, we prove that 2(h) + k < £*(h) with k := x™®(h). To
do so, we take a set of functions ¢V ..., ¢® e F*(m, q) which compute h.
We consider an order w € II([n]) which updates all coordinate of [n] in the
same order that g™ ..., ¢ update them for the last time. Then we prove
that h can be sequentialized respecting w with less than £*(h) — £2(h)
additional automata. Let J = {j1,...,J¢} be the set of steps such that
cither ¢l updates a coordinate of |n,m], either it updates a coordinate
of [n] that will be updated again later. We have ¢ = £*(h) — £2(h). Then,
we define ¢ : A” — A¥ such that ¢;(z) equals (gV%) o --- 0 g (2(0)™ ™)),
with a the coordinate updated by g(ji). Then, we prove that c is a proper
coloring of the confusion graph Gy, ,, and that 2(h) +k < L£*(h).

Lemma 6. Let h € F(n,q) and k := x™"(h). We have 2(h) + k <
L*(h).

In [4], Proposition 12 states that Yh € F(n,q), we have L(hjn — 1) <
2n — 1. In Corollary [ bellow, we refine this bound using Theorem 2]
Theorem [B] and the fact that Yh € F(n,q), 2(h) < n.



Corollary 1. For all h € F(n,q), L(hlm) < m with m := n+ [n/2 +
logg(n/2+1)].

In the following Corollary [2, we give a lower bound for the procedural
complexity with unlimited memory. It is a direct corollary of Theorem [}
Lemma[dl Theorem Bl Theorem M in which we construct an AN h without
trivial coordinate functions (and thus we have 2(h) = n).

Corollary 2. For all n,q > 2 there is h € F(n,q) such that L*(h)
n + |n/3|. Furthermore, if ¢ > 4 there is h € F(n,q) such that L*(h)

n+ [n/2—logy(n)|.

>
>

7 Bound for k™?(h) using interaction graph

Let us now present a way to upper bound x™"(h) for an AN h using the
pathwidth of the interaction graph of h [2].

Definition 8 (Pathwidth). A path decomposition of an undirected graph
G = (V,E) is a sequence of subsets X1,..., X, of vertices such that

- V(v,v") € E, 3X; such that v,v' € X;.
- Ifve X; and v € X with i < j then Vk € [i,j],v € X},

The size of a path decomposition is the size of the largest X, minus one.
The pathwidth Pw(G) is the minimum size of a path decomposition of G.

Theorem [@ shows that the pathwidth of the graph IG*(h) is an up-
per bound for k™"(h). It can be deduced directly from Lemma [7 and
Lemma 8

Theorem 6. For any AN h, x™"(h) < Pw(IG*(h)).

Lemma [ shows that from a path decomposition of a graph G of
size s, we can construct a partition ¢ of its vertices in s sets, and an
update schedule u with properties allowing an efficient sequentialization
by Lemma [§l We define ¢ (resp. u) using a greedy algorithm. We iterate
the subsets X7,...X,, of the path decomposition and choose the value
(i) (resp. u(i)) the first (resp. last) time we see i.

Lemma 7. Let G = ([n], E) be an undirected graph and let s = Pw(G).
Then there are functions ¢ : [n] — [s] and u € II([n]) with the following
property. For alli € [n], we have either 1) for all k neighbor of i in G we
have u(i) < u(k) or 2) for all j,k € [n] with c(i) = ¢(j), u(i) < u(j) and
k neighbor of j in G we have u(i) < u(k).



Lemma [}l shows how to use ¢ and u defined in Lemma [ to sequen-
tialize h respecting u. Each additional automaton j (denoted from 1 to s)
computes the sum modulo ¢ of the images { h;(z) | i € [n] and ¢(i) = j }.
Then, each automaton of coordinate j can compute h;(x), either because
all neighbors of j in G have not be updated yet, or because it can compute
all hj(z) such that ¢ # j and ¢(7) = ¢(j).

Lemma 8. Let h € F(n,q). Let G = IG*(h). If we have ¢ : [n] — [s]
and u € II([n]) such that G, c,u have the same properties as in Lemma[7,
then we have k(h,u) < s.

8 Conclusion and future research

We have seen that |n/2—log,(n)] Sn%iqn < Kn,q < [n/241ogye(n/2+1)].
Thus, for any fixed n, the limit of x7"," and k;, ; when ¢ tends to infinity is
n/2. It is an argument in favor of the conjecture made in [3] which states
that for any n and ¢, k, 4 = [n/2] and which is still open. It would be
interesting to investigate a variant of the problem presented in this paper,
where additional automata are forbidden but several updates of the same
automaton are allowed. The task is then to know, for given n and ¢, the
minimum time t(q,n) such that Vh € F(n,q), 3f € F(n,q), w € [n]"
with ¢/ < t(q,n) such that f* = h. The value of #(2,2) is not defined be-
cause for the AN h € F(2,2) such that (0, 0) LN (0,1) LN (1,1) LN (1,0) LN
(0,0) there are no such f. However, with computers, we established that
t(3,2) = 22. We can easily see that £, ; := max({L(h) | h € F(n,q)}) is a
lower bound for ¢(n, q), and in [4], it is stated that 2n—1 < L, ; < 4n—3.
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A Proof of Theorem [l

We can deduce Theorem [ directly from Lemma [l and Lemma 2

Theorem 1 (Theorem[dl). Let us consider h € F(n,q) and the sequen-
tial update schedule u € II([n]). Then we have k(h,u) = [log,(x(Ghu))]-

Lemma [I] shows that we can use any (f,w) which sequentializes h
respecting u to construct a proper coloring of Gj, . Indeed, we can color
the vertices of the graph Gy, ,, using the values of the additional automata
of f after their update. Thus, this coloring does not use more than ¢*
colors with k the number of additional automata of f.

Lemma 1. Let us consider h € F(n,q) and the sequential update sched-
ule w € I1([n]). Then we have [log,(X(Gpu))] < K(h,u).

Proof. Without loss of generality, let us say that u is the canonical se-
quential update schedule (1,2,...,n). Let k := k(h,u), m := n + k,
f € F(m,q) and w € II([m]) respecting u such that pry,; of" = h o prp,).
Let x, 2’ be two neighbors in the confusion graph G, . Let y := (0)* (a
word of size k containing only the letter 0). Let 2z := xy and 2’ := 2y.
Let us prove that f*(2)pi1m 7# (2 )nt1,m)- For the sake of contra-
diction, let us say that f*(2)pm41,m] = f*(2')ns1,m]- Since x and 2" are
neighbors in Gy, we know that h(z) # h(z’) and 3 i € [n], hll(z) =
hll(z'). Let us consider the biggest of these i. So we have hlit(z) #
R+ (2’) and then hiy(x) # hip1(2'). Let j = w(i+1). Let us prove that
fUriz1(z) = fUieovis1(2). First, we have fv"i-1(z)p, = hll(z) =
hll(z) = frr®i-1(2 ), Furthermore, for all a € [n 4 1,m] which is
not updated before the step j in w we have fYo%i-1(2), = yg—p =
furowi-1(2"),. Finally, for all a € [n 4 1, m] updated before the step j
in w we have f¥1Wi-1(z), = f¥Wi-1(z"), because we assumed that
PP matm = F(2 ) 1m)- As avesult, fo1Pizi(z) = fon-wi-i(zf).
However, fu; 0 f¥1-1(2) = his1 (2) £ hipt (&) = fuy 0 F21000-1(21).
This is a contradiction. Consequently, we have, f*(2)41,m) 7 [ () p1,m]-
More generally, if  and 2’ are neighbors in G}, ,, then f* (TY) (nt 1,04k 7
U@ Y) y1,n4k]- I other words, ¢ @ @ = f*(2Y) 41,04k iVes a proper
coloring of the confusion graph Gy, ,. As a result, the confusion graph
needs at most ¢* colors because fw(xy)[n+17n+k} is a word of size k on the
alphabet ¢. Thus, x(Ghu) < ¢" and [log,(x(Ghu))] < k < k(h, ).

Conversely, Lemma [2] states that we can construct a couple (f,w)
which sequentializes h respecting u from a proper coloring of Gy, ,,. If this
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coloring uses less than ¢* colors then f is of size at most n + k and then
the cost of sequentialization is at most k.

Lemma 2. Let us consider the AN h € F(n,q) and the sequential update
schedule u € II([n]). Then we have k(h,u) < [log,(x(Gru))]-

Proof. Let k := [log,(X(Gru))l, m := n+ k. Let A := [0,q[. Let w €
I1([m]) which first update the k last automata and then the n first au-
tomata in the same order than u. In other words, w := (n +1,...,n +
k,ui,...,u,). Let ¢ : A" — A* be a proper coloring of Ghu- For all
i € [n], let us define p : A™ — P(A") with P(A") := {E | E C A"}
the set of subsets of A”. First, p(l) : 2z {#n} and then Vi € [2,n],
p® 1z {z e A" | plvvioid(z) = 2y and c(z) = zjpq1,m)} Let
f € F(n+ k,q) such that:

- Vi€ [n+1,m], fi=ciopry.
-Vi € [n], fu 2 2, if pD(z) = 0 and hy,(z) with z € p@¥(z)
otherwise.

Let us prove that pry,of*” = hopry,. Let z € A" and 2 € A™ with
2[p] = @. By, induction let us prove that,

Vi € [0,n], forwiti(z) = plustid (g)e(x).
First, for ¢ = 0, we have,

fervk(z) = f”“""’"Jrk(z) = z(c1(x),ca(x), ..., cx(x)) = zc(x).

Second, let i € [n] and let us suppose that,
s z) = R @)e(),

We have f,,,0f V1 k-1 (z) = h,, (2') with 2/ € p(i)(fwl,...,ww(iq) (2)).
We have 2 € pl(f¥+-1(2)) because ([ 5+ ()41 g =
c(x) and (f*1 G0 (2)) ) = p{vtstici} (). Let us prove that hy, (/) =
hu, (x). For the sake of contradiction let us say that hy, (2') # hy,(x). Thus,
h(x) # h(z'). However, z, 2’ € p() (f@Wkt6-1 (2)) thus h{vsti-1}(z) =
pivitii}(2) and ¢(x) = c(a'). Consequently, = and ' are neighbors
in the confusion graph but they have the same color. This is a contra-
diction. As a result, hy,(z") = hy,(z). Thus, Vi € [0,n], f@0Wkti(z) =
plvtid () e(x). As a consequence, f*(z) = h(z) ¢(x) and Iy, of Y =
h o prp,. And since f has k additional automata, we have r(h,u) <k =
Nlog, (x(Gha))]-

13



B Proof of Lemma

To prove Lemma [3] we can construct a couple (h,u) such that Gy, has
a clique of size ¢"/2. Since the chromatic number of a graph is at least
the size of its biggest clique, we have x(Gp ) > ¢"/2. As a result, Khu =
log(x(Ghu)) > n/2 and we get Lemma Bl from that.

Lemma 3 (Lemma[3]). For all ¢ > 2 and n € N, we have k,, 4 > [n/2].

Proof. Let k := |n/2|. Let us consider h € F(n,q) such that:

- Vi€ k], hi:x— zipg
-Vielk+ 1,2k, hi :x— zy
- If nis odd let h,, : x — x,.

We also consider the canonical sequential update schedule v := (1,2,...,n).
Let us consider the set of all configurations X which have only 0 in their
second half. In other words, X := {z € A" | Zjpq1 ) = (0)"=F} ((0)n—*
beeing a word of size n — k containing only the letter 0). Let z,2' € X
such that z # 2'. We have (1, = 0k = ﬂ:’[k_,_lm}. Thus, () # ﬂ:’[k]
and Ji € [k] such that z; # 2} and h;yi(x) = z; # 2} = hiyi(2"). Thus,
h(z) # h(z'). However, when we update the first half of the automata,
x and 2’ both become the configuration (0)". Indeed, Vi € [k], fi(x) =
Zir, = 0. Then, we have hlFl(z) = (0)" = Rl¥(2/). As a result, (z,2') are
neighbors in Gy, ,,. As a consequence, every two distinct vertices of X are
neighbors. Thus, X is a clique. Moreover, X is a clique of size ¢*. Thus,
(Ga) > ¢ and 5(h,u) > [logy(x(Gra))] > [logg(a¥)] =k = |n/2).
Hence, Vg > 2,Yn € N, Kk, 4 > [n/2].

Remark 2. In [4], Theorem 5 shows that if h € F(n,q) is a permutation,
then for any u € Pi([n]) we have k(h,u) <n/2if nis even and |n/2] +1
otherwise. As a result, the problem is almost solved for the permutations.

C Proof of Theorem

Theorem 2 (Theorem [2)). For alln € N, ¢ > 2 we have k4 < [n/2+
logg(n/2+1)].

Proof. Let h € F(n,q) and A := [0, q[. Without loss of generality, let us
say that u is the canonical sequential update schedule (1,2,...,n). Let
E be the set of edges of the confusion graph Gy, ,,. Let X = {X1,..., X}
be a partition of A™, such that x, 2’ are in the same set X; if and only if
the two following conditions are respected:
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- They are equal on the second half of the coordinates which will be
updated in u. In other words, z gy /241),....u(n)} = xf{u(n/ﬂl)’__’u(n)} or,

more simply, T, /2 ] = x}/ | because we said that v = (1,2,...,n).

n/2,n
- They have the same image by h. In other words, h(x) = h(2’).

For all z € A", let us denote by X (x) the set X; € X which contains x.
Let 2z e X1, 2@ e Xy, ..., 2P ¢ X,. Let us consider the undirected
graph G’ = (X, E’") where two sets X; and X are neighbors in G’ if and
only if there are two configurations € X; and 2/ € X neighbors in
the confusion graph Gy, ,. Without loss of generality, let us consider the
neighbors N of X in G'. If X; € N then 3z € X;,2' € X; such that
3i € [n], W (z) = All(2') and h(x) # h(z'). Let us split N in n/2+ 1 sets:

- Let us denote by N,/ the set of sets X; such that Ji € [n/2],7 €

X1,2" € X; such that hll(z) = Rll(2’) and h(x) # h(z'). Since
i i 1

Rl (2") = hll(x), we have x}’i’n] = 1}, ) and x}’n/ln} = Tjp/an] = x](n)ﬂ,n]

because i < n/2. In other words, V.X; € N, /9, we have z' € X; such

that xin Jom] = x](rll)/Q ]’ However, there is only ¢"/2 such configurations

x'. Thus, ’N[n/Q]‘ < qn/2.

- For all ¢ € [n/2 + 1,n], let us denote by N;, the set of sets X; such
that, 3z € X1,2’ € X such that hll(z) = hll(2') and h(z) # h(2').
Let X; € N; and let © € X1,2' € X; such that Al(2) = hl(2’). Thus,
we have x}(zjzl] = x]’ivn} = T)jp = x](l.l’)n} because i > n/2. Thus, the value

()

[n/2+1,n

interval [n/2 +1,i]. As a result,the second half of () can take ¢'~"/?

values. Furthermore, hy; (29)) = hpy(x) = hy(x') = hy (™). Thus,
the value of h(m(j)) is fixed on the interval [i] and can vary only on
the interval [i,n]. As a result, h(zU)) can take ¢"~* different values.

Now if two configurations 2’ and x” have the same image by h and are

equal one their second half then they are in the same set X;. Thus,

‘Nz’ < qifn/2 * qnfi — qn/2.

of z  is fixed on the interval [i,n] and can vary only on the

We have N = N, /90 U N, 941 U+ U Ny Thus, [N| < (n/2 + 1)g"/%. As
a consequence, the degree of X' in G’ is less than (n/2 + 1)¢™? (strictly
less because X! is in N but is not neighbor of himself). As a result,
x(G") < d(G)+1 < (n/2+1)¢™? with d(G") the degree of G’. We can see
that any coloring of this graph G’ gives a proper coloring of the confusion
graph. Indeed, we can color all the configurations of a set X; in G}, ,, as we
color X; in G’. If two configurations x and z’ are neighbors in the confusion
graph G}, ,, then X (z) and X (2) are neighbors in G’ and will not have the
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same color. Thus, X(Gh.) < x(G') < (n/2 + 1) x ¢*/%. As a consequence,
according to Theorem[I] we have, k(h,u) < [n/2+41logq(n/2+1)]. Hence,
Vn €N,k q < [n/2+1ogg(n/2 +1)].

D Proof of Lemma [

Lemma 4 (Lemma M). Let n,k € N and ¢ > 2. If there is a function
b: ([2:}) — [0, ¢[" such that the sets b(E)[E] with E € ([2:}) are disjoint
then there exists h € F(n,q) without trivial coordinate function, with

K™ (R) > k.

Proof. Let B := |J b(E)[E]. Let a : B — [0,¢[" such that VE €
Be(B)
([Zkk}% Vz € b(E)[E], a(z) = E. Let h € F(n,q) such that: Va € B,

- Da@) (@) = T2\ a(a)-
- gk \ (@) (T) = Tage)-
_Vie 2k +1,n), hiz) =

and Vz € [0,q[" \ B, h(xz) = (0)". We can see that h does not have
any trivial coordinate function. Indeed, for all i € [2k 4+ 1,n] we have
hi : © + 0 which is nontrivial. Furthermore, if we take z,y € b(E)[E]
with £ = [k + 1,2k], and 2 = (0)* and yg = (1), we see that

Vi€ [k], hi(z) =2npi =1 # 0= ynpop = hi(y).

However, Vi € [k],i ¢ E and thus z; = y; because x,y € E. Thus,
either h;(x) # x; or hi(y) = y;. Either way, h; is nontrivial. Thus, for
all i € [k], h; is nontrivial. The same way, we can prove that there are
no trivial coordinate functions whose index is in [k + 1,2k]. As a result,
h does not have any trivial coordinate function. Let us prove that Vu €
II([n]), k(h,u) > k. Let us consider the sequential update schedule u €
II([n]). Let E € ([2:}) be the set of the k first automata of [2k] updated
in u. Let E' = [2k] \ E. Furthermore, let i be the first step at which all
automata of E are updated in u. In other words, we have ' C {uy,...,u;}
and E'N{uq,...,u;} = 0. Let z = b(E). We will prove that z[E] is a clique
in the confusion graph G}, ,,. Let x,y € z[E] with « # y. First let us prove
that vt (z) = pluuild () We have:

- h{ulvvul}(;p)E — h{ul""’ui}(,l?)a(x) — x[Qk}\a(m) = Xgp = Zgr = Ygpr =
Yiar\a(y) = M0 () o) = A1 ().
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_ h{ul"“7ui}($)E/ _ (x)E/ = 2p = Yy = h{ul,...,ui}(y)E/ because E' N
{ur,...,u;} = 0.

- Vj € [2k+1,n], with j € {uq,...,u;} we have h{ulv“"“i}(:c)j = hj(z) =
0= hy(y) = Al (y);.

- Vj € [2k + 1,n], with j & {u1,...,u;} we have h{ul""’“i}(x)j =z =
zj = y; = hiusuik(y) .

As a result, htvi-otid(z) = plvwid(y), Now, © # y and z,y € z[E].
Thus, zg # yg and h(x)pr = 2 # yg = h(y)g. As a result, x and y
are neighbors in G}, and then z[E] is a clique. Furthermore, z[E] is of

size ¢*. Thus , X(Ghu) > ¢". As a consequence, for any sequential update
schedule u we have x(h,u) > k and then x™"(h) > k.

E Proof of Theorem Bl

Theorem 3 (Theorem [B). For all ¢ > 2 and n € N, ]'0" > [n/3].

n,

Proof. Let A := [0,¢[. In this proof, ¢! refers to i times the composition
of c. Let n = 3k. (if n = 3k + 1 or n = 3k + 2 we just add one or two
useless automata and the demonstration is the same). Let b : ([2}5]) — A"

such that VE = {e1,es,...,ex} € ([2,5]), Vz € b(E)[E] we have:

-Vec E=[2k] \E, z.=0if e+ 1€ E and 1 otherwise.

- Zok+1 = 0if 1 € E and 1 otherwise.

-Vl e [k —1], xogrer1 = 0if j + 1(mod 2k)€ E and 1 otherwise with
j = €y.

Leta: B — ([Zkk}) be the function which decodes the subset encoded in a
configuration such that a = g o ¢! o h with:

- h:zw— (x,{1},{},1) if zox+1 = 0 and (x,{},{1},1) otherwise.
- csuch that for all z € B, I, I subsets of [n] and e € [2k]:
elfecl:
* If . = 0 then c(z,I,1,e) = (z,IU{e+1},1,e+1).
* If z, = 1 then c(z,I,1,e) = (z,I,TU{e+1},e +1).
eccl:
x If |I| = k then c(x, I, 1,e) = (x, [, 1 U{e+1},e + 1).
* Otherwise, let ¢ = |I]| and b = Zop4s41-
- Ifb=0then c(z,I,1,e) = (z,IU{e+1},T,e+1).
- Ifb=1then c(z,I,1,e) = (z,[,IU{e+1},e+1).
-g:(x,1,1,q) 1.
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By induction, let us prove that:
Vi € [2k], Yz € b(E)[E], ¢ Yh(z)) = (x, EN[i], E N [i],i).
First, for i = 1 we have ¢/~ 1(h(x)) = c°(h(x)) = h(z). There are 2 cases:

- If 1 € E, then 29511 = 0 because x9x+1 = 0if 1 € E and 1 otherwise.
Thus, h(x) = (x,{1},{},1). Furthermore, EN[1] = {1} and EN[l] =
{}. As a result, we have ¢/~ 1(h(z)) = (z, EN[1],EN[1],1).

- If 1 € E, then Zok+1 = 1 because x9r4+1 = 0if 1 € E and 1 otherwise.
Thus, h(z) = (z,{},{1},1). Furthermore, EN[1] = {} and EN[1] =

{1}. As a result, we have ¢~ !(h(x)) = (z, EN[1], EN[1],1).

(z, EN[i], EN
= (x,1,1,e).

Next, let us suppose that for i € [2k[, we have ¢'~!(h(z))
[i],7). Let I = EN[i], I = ENJi], e =1. Let ¢/~ (h(z))

- if e € E, then we have e € I. There are two cases:

e Ife4+ 1€ E then z, = 0 because Ve € E, ., =0if e+ 1 € E and
1 otherwise. Then ¢!(h(x)) = (z,IU{e +1},1,e +1). As a result,
Ah(x)) =z, EN[i+1,EN[i+1],i+1).

e Ife+ 1€ E then z, = 1 because Ve € E, z, =0if e+ 1 € E and
1 otherwise. Then ¢!(h(x)) = (z,I,IU {e+ 1},e +1). As a result,
Ah(x)) = (z, EN[i+1,EN[i+1],i+1).

- if e € E then we have e € I. There are two cases:

e If e+ 1€ E. Then we have |I| < k because I = EN[i] C E and
|E| =k and (e+1) € E'\ I. Let £ = |I|. We have e = ey. We have
Tokte+1 = 0 because Vj € [k — 1], xopipp1 =0if j+1 € F and
1 otherwise with j = e;. Then ¢ (h(z)) = (z,I U {e+1},1,e+1).
As a result, ci(h(x)) = (x, EN[i+ 1], EN[i +1],i+ 1).

e ¢+ 1€ E. There are two cases:

x If e = ej,. Then |I| = k, thus ¢(h(z)) = (x, [, TU{e+1},e+1).
As a result, ¢'(h(z)) = (z, EN[i + 1], EN[i + 1], + 1).

x If e = e; with @ < k. Then we have |I| < k. Let £ = |I|. We have
e = ey. We have zop1 911 = 1 because Vj € [k—1], xogyp11 =0
if j+1 € F and 1 otherwise with j = e,. Then c(h(x)) =
(v, I, TU{e+1},e + 1). As a result, c'(h(z)) = (v, ENJi +
1,ENfi+1],i+1).

By induction, we have Vax € A", Vi € [2k],
¢ Y(h(z)) = (z, E°NV (3), E*nV (i), BNV (i), E' OV (3), m+i+1, r(m+i+1)).

In particular, we have c¢?*(h(z)) = (z, E, E, q). As a consequence, a(z) =
E. Thus, all the sets b(F)[E] with E € ([2:}) are disjoint. Using Lemmal[d]
we conclude that %" > |n/3].
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F Proof of Theorem [

Theorem 4 (TheoremM). For allq > 4,n € N, k' > |n/2—log,(n)].

n

Proof. Let A := [0,q[. Let n = 2k + [log,(2k)]. Only in this proof, to
simplify the use of modulo, we index the coordinates starting from 0 and
not from 1. Furthermore, each addition or subtraction is done modulo
2k, and we will consider that if a < b then [b,a] = [a, 2k[U]0, b]. For all
I C0,2k[,1let Ar: Ew— [INE|—|I\ E|. Let us consider the two functions
M : ([Ofk[) — [k, k] and m : ([Ofk[) — [0, 2k[ such that VE € ([Ofk[),

- M(E) := max({A(E)) | i € [0,2k[}).

For instance if we have k := 4, and F := {2,4,5,6} then,

7 o112 134|567
€ EF |No|/NolYes|NolYes|Yes|Yes|No|
A[OJ](E) —-11-2|-1|-2|—-11 0| 1|0

Furthermore, m(E) = 6 and ]\14(E) = Apg(E) = 1. For all E € ([Ofk[),
let us denote by EY, EI,EO,E the subsets of [0, 2k[ such that

-E'={ecE|e—-1€E}.

- E'=FE\E’={e1,e2,...,¢,} withe; —m(E) -1 <ea—m(E)—1<
- <ep—m(E)—1.

" EB'={€E|+1€E}

- E'=E\E’={¢,éy,....e\} with &, —m(E) =1 < ey —m(E) -1 <
< e, —m(E) - 1.

In other words, we sort the elements of E! and E' in the order m+1,m+
2,...,2k—1,0,1,...,m. If we take again our example where k := 4, and
E :={2,4,5,6} we have E° = {2,4}, E' = {e; = 5,e3 = 6}, B = {1,3}
and E' = {e} =7,¢, =0}. Inded we have e —m(E) —1=5—-6—-1=
6<es—m(E)—1=6—-6—1=Tande|—m(E)—1=7-6—-1=0<
eh —m(E)—1=0-6-1=1. Let v : [0,2k[— A" 2! be an injective
function and let v~ be the inverse function of v. Let b : ([Ofk[) — A"
such that if x = b(E) then we have,

- xp = (g)k,
-VYeeE ,z,=0if e+ 2 € E and 1 otherwise.
- Ve) € El, Te, =2 if e; +1 € E and 3 otherwise.
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- Tl = v(m(E)).

Again, with the same example, for all y € b(E)[E] we have:

1 |01 2314|567
€ F\No|NolYes|No|Yes|Yes|Yes|Nol|

Yi |31 | y2|0|ya|ys|ys| 2

Indeed,

- y;;zObecause?;GEO and 3+2¢€ E.
- ylzlbecau861€E0 and 1+2¢ E.
- y7:2becausee'1:7€E1 andej+1=5+1€E.
- y0:3becausee'2:0€E1 andey+1=6+1¢ FE.

Let B=:{z € b(E)[E] | E € ([2:])} be the set of configuration which

encodes a set E. Let us consider the function a : B — ([Qk]) which decodes
the set encoded by any configuration of B such that a = g o ¢?¥ o h with:

-h:zw— (2,0,0,0,0,m +1,0) with m = v_l(az[%,n[).
- ¢ such that for all IO,Il,TO,Tl subsets of [0,2k[, e € [0,2k[ and ¢ €
[073[7
o if ¢ =0:
x if o = 0 or 1 then c(x,]o,lljojl,e,q) = (m,]o,fljo U
{e}, T e +1,1).
x if z, = 2 or 3 then c(x,]o,lljojl,e,q) = (m,]o,fljojl U

{e},e+1,0).
o if g=1:
* if To_1 = 0 then c(x,]o,fljojl,e,q) = (m,IOU{e},Il,TO,Tl,e+
1,2).
x if xo_1 = 1 then c(x,[o,lljojl,e,q) = (x,[OU{e},Iljojl,e—i—
1,0).

eifg=2let j=|I'], ¢ = le- (the j-th element of T" when we sort
them it in the order m +1,m +2,...,2k—1,0,1,...,m ).
x if xo = 2 then c(x,[o,lljojl,e,q) = (x,[o,llu{e}jojl,e—i-
1,2).
* if 7o = 3 then c(x,]o,lljojl,e,q) = (x,IO,Ilu{e},70,71,6+
1,0).
-g: (:U,IO,Iljojl,e,q) — 10U I,
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With the same example, let y € b(E)[E] and let us compute a(y).

y=(3,1,42,0,y4,95, Y6, 2)v(m(E))
2 (4,0,0,0,0,7,0)
5 (y,0,0,0,{7},0,0)
5 (y,0,0,0,{7,0},1,0)
5 (y,0,0,{1},{7,0},2,1)
= (y,{2},0,{1},{7,0},3,0)

5 (y,{2},0,{1,3},{7,0},4,1)
5 (y,{2,4},0,{1,3},{7,0},5,2)
= (y.{2,4},{5}{1,3},{7,0},6,2)
5 (y,{2,4},{5,6}{1,3},{7,0},7,0)

9, {2,4,5,6} = E.

Thus, we have Vy € b(E)[E], a(y) = E. If we can prove that for all E €

([Oik[) and for all y € b(E)[E], we have a(y) = E, then we prove that the

sets b(E)[E] are disjoint. Furthermore, with Lemma [ we can conclude

that Iﬁlg]?jrllog(k),q > k. In the remaining of the proof, we prove it formally
0 if¢ekE

for all k and E. Let k € N, E € (). Let rp: £+ {1 if ¢ EO . By

2 otherwise
induction, let us prove that for all i € [0, 2k],

() = (z, E°NV (i), E*NV (3), BNV (i), B NV (i), mi+1, r(m-+i+1)).

with V(0) = 0, and Vi € [2k],V (i) = [m + 1,m + i]. First, let us prove
that m + 1 ¢ E. For the sake of contradiction, let us say that m+1 € E.
Then we have Ay, (E) =Apy (E)+ Appimy) (B) = M(E) + 1.
This is absurd because M(E) = max({A;(F)) | i € [2k]}). As a result
m+1¢ E. Thus, rg(m + 0+ 1) = 0. Furthermore,

Co(h(x)) = h(x) = (1‘, {}7 {}7 {}7 {}7m +0+ 170)
= (2, E°NV(0),E'nV(0),E°nV(0),E' NV(0),m+0+1,rg(m+0+1)).

Next, let us suppose thit the induction hypothesis hold for i € [0, 2k][.
Let I = ENV(@), I =EnV(@), I' = E°NV(@E), I' = E'nV(),
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' =E"n V(7), I'=E'n V(i), e = m+i+1and ¢ = rg(e). Thus,
c(h(z)) = (z,1°, Iljojl, e,q). There are four cases:

—e=m+i+1ecE. Asa consequence, we have ¢ = rg(e) = 0.
Furthermore, we have ., = 0 or 1 because Ve € EO, re =0ife+2€ E
and 1 otherwise. Thus, ¢t (h(x)) = (z, I°, Il,TOU{e}jl, e+1,1). By
definition of EO, we have e + 1 € E? and then rg(e + 1) = 1. Thus,
c*(h(z)) = (&, E°NV(i+1),E' N (V(i+1),E nV(i+1),E n
V(@i+1),m+i+2,rg(m+i+2)).

—e=m+i+1ecE. Asa consequence, we have ¢ = rg(e) = 0.
Furthermore, we have z. = 2 or 3 because Ve, € El, T =2ife;+1€
E and 3 otherwise. Thus, ¢'*!(h(z)) = (z, IO,Il,TO,Tl U{e},e+1,1).
By definition of El, we have e + 1 € E and then rg(e + 1) = 0. Thus,
¢t (h(z)) = (z, BNV (i+1), E'NV(i+1), B nV(i+1),E' nV(i+
),m+i+2,rp(m+i+2)).

- e=m+i+1¢€ EY By induction hypothesis, we have ¢ = rg(e) = 1.
Furthermore, by definition of E°, e —1 € E°. There are two subcases:

e ¢+ 1€ E. We have z._; = 0 because V(e — 1) € EO, ZTe—1 =0
if e—1)+2=e+1¢€ E and 1 otherwise. Thus, c¢'*!(h(z)) =
(x,IOU{e},Il,TO,Tl,e+1,2). Andsince e+1 € F and e ¢ E, then
e+1 € Bl and rg(e+1) = 2. As aresult, ¢ (h(x)) = (z, EONV (i+
1), B' AV (i+1), B NV (i+1), E NV (i+1), m+i+2,r5(m+i+2)).

ec+1¢cE. Wehave 7.1 = 1 because V(e — 1) € EO, ZTe—1 =0
if e—1)+2=e+1¢€ E and 1 otherwise. Thus, c'*!(h(z)) =
(z,1°U {e},Il,TO,71,6+ 1,0). And since e +1 € E, rg(e) = 0. As
a result, ¢ (h(z)) = (2, E°NV (i +1),E' NV (i + 1),@0 NV(@i+
D, E' NV(@i+1),m+i+2rem-+it2)).

- e=m-+i+1€ B As a consequence, we have ¢ = rp(e) = 2. Let j =
|I']. Let us prove that ]71] < |I'|. First, we have |I°] = ]70]. Indeed,
for all u € TO, we have also u € E° and then u +1 € E°. Furthermore,
e€ FEl'and thus e — 1 = m + ¢E1. Thus, v € [m + 1,m + i+ 1],
u+1€ [m+1,m+i+1]. Consequently, u+1 € V(i) and u+1 € I°.
As a result, for all u € TO, we have u + 1 € I°. As a consequence,
\70\ < |1°|. Reversely, for all v € I°, v € E° and then v — 1 € E.
Furthermore, m + 1 € E. Thus, v €m+1,m+i+ 1] and v — 1 €
[m+1,m+i+1]. Asaresult,v—1 € V(i) andv—1 € 1. Consequently,
for all v € 1Y, we have v — 1 € 7’ Asa consequence, |I°] < |TO| and
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then |1°] = [I"|. Now, Afmit1] (B) = L) (B) + Apny1meq (B) +
{e}| = M(E) + |I| = [T| + 1 = M(E) + |I°| + [I'| = [T'] = [T'| + 1 =
M(E) + 1" = [T'|+ 1. If [IY] > [T7] then Appyiqq) (E) > M(E) which
is absurd. Thus, [I'| < [T Let ¢/ = |7;| We have e = ¢; and ¢/ = e
There are two cases:

e ¢+ 1€ E. Then ze = 2 because Ve EEI, et =2ife;+1€ E
and 3 otherwise. Thus, ¢/t (h(z)) = (x, I°, I U{e}jojl, e+1,2).
Furthermore, e+1 € F and e ¢ F then e+1 € E' and rg(e+1) = 2.
As aresult, ¢t (h(z)) = (z, E°NV(i+1), B! ﬂV(i—l—l),EoﬂV(i—i-
D, E' NV(i+1),m+i+2rg(m+i+?2)).

e c+1¢€E. Then z = 3 because Ve EEI, et =2ife;+1€E
and 3 otherwise. Thus, ¢/t (h(z)) = (x, I°, I U{e}jojl, e+1,0).
Furthermore, e+1 € F and e ¢ F then e+1 € E' and rg(e+1) = 0.
As aresult, ¢t (h(z)) = (z, E°NV (i+1), B! ﬂV(i—l—l),EoﬂV(i—i-
D, E' NV@i+1),m+i+2rg(m-+i+2)).

/,
-

By induction, we can see that Vi € [2k[, ¢T (h(z)) = (z,E° NV (i +
1), E'NV(i+1),E NV(i+1),E NV(@+1),m+i+2,rp(m+i+2)). As
a result, a(z) = g(c**(h(z))) = g(=, EO,El,EO,El,m + 2k, rp(m + 2k +
1)) = E°U E' = E. Since there is a function a such that VE € ([O’sk[),
Vz € b(E)[E], a(x) = E, we know that all the sets b(E)[E] are disjoint.

Using Lemma [, we conclude that “%—ﬁlog(k)vq > k

G Proof of Lemma

Lemma 5 (Lemma B). Let h € F(n,q) and k := £™"(h). We have
Q2(h) + k < L*(h).

Proof. Let h € F(n,q), k := xk™(h), A := [0,¢[ and m := n + k. By
definition of x™"(h) there exists f € F(m,q) and w € II([m]) such
that f* simulates h. Thus, prp,of*" o... f“ = ho pry. By defini-
tion, Vi € [m], f* does not update more than one coordinate. Then,
fer oo fY € F*(m,q). Let us consider the set T' of the coordinates of
the trivial functions of h and let w’ € IT([m]\T) be an order respecting w
which does update the coordinates of T'. In other words, Vi, j € II([m]\T),
if w(i) < w(j) then w'(i) < w'(j). Let us prove that f* = f*. Let h;
be a trivial coordinate function. Thus, Vo € A™, h;(x) = x;. And for all
y € AF and 2z := zy, we have (f¥(2)); = hi(x) = x; = 2. Furthermore,
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since w € II(|m]), the coordinate 7 is updated only one time in w in step
j == w(i). Thus, fy,; o f¥1%i-1(z) = (f*(2)); = 2. Furthermore, since
i is not updated before the step j, we have (f*1"i-1(z)); = z. As a
result, f o fWlrWi-1 = fWlenWio1  fW — fW1.Wi—1,WjrWm  Jging the
same method for all j such that h,,; is trivial we get f* = fw/. The order
w' is of size 2(h) + k. As a result, we have L(h|n + k) < £2(h) + k. And
by definition of £*(h) we have £*(h) < L(h|n + k).

H Proof of Label

Lemma 6 (Label[B). Let h € F(n,q) and k := ™" (h). We have 2(h)+
k < £*(h).

Proof. Let £ := £*(h), m < n and ¢M,...,¢®¥ € F*(m,q) such that
DT[] og®o.iogM) =ho pry,;. We can assume that for all i € [¢], the
function ¢ updates one coordinate. Otherwise, ¢* would be the identity
function and we could remove it and have ¢ > £*(h) which is absurd. Let
u € [m]t such that, for all i € [¢], u; is the coordinate updated by g(*).
Let I = {i1,42,...,4p} with i1 < i3 < --- < i, the set of steps where a
coordinate of [n] is updated for the last time in w. In other words, Vj €
[pl, wi; € [n] and Vi € [i;+1,€],u; # u;;. We know that 2(h) < p because,
to compute h, each coordinate of a nontrivial function of h needs to be
updated at least once. Indeed, if h; is nontrivial, then 3z € A", h;(z) # ;.
If 7 is not updated in u, then Yy € A", pr;09®) o0 g (zy) = z; #
hi(z) and h is not computed. Let k := ¢ —p < L*(h) — 2(h). Let v be an
oder which updates all the coordinates of [n] not updated by gV, ... 4
Let u' := (i, sy, ..., u;,) be an order which updates the coordinates
of [n] updated by g, ..., ¢" in the same order that u updates them
for the last time. Let w := wv € II([n]) be a permutation of [n]. Let
J = {jl,jg,...,jk} = [6] \leth J1 < jo2 <. <jg Forallie [’I”L], let
g™ : A™ — A be the function which return the value of the coordinate
updated by ¢g). In other words, §) = pr,, o g@. Let y := (0)™ " (a
word of size m — n containing only the letter 0). Let ¢ : A" — AF,
such that, Vo € A", Vi € [k],¢;(z) = §U) o glii=1 o ... o g (xy). Let
us prove that c give a proper coloring of the confusion graph Gy, ,,. Let
z,z’ € A" be neighbors in the confusion graph Gj .. In other words,
h(z) # h(z') but 3i € [n], hlwrwewid(z) = plonwz.wid () For the
sake of contradiction, let us say that c(x) = c(a’). Let 2z := zy and
2 = 'y, Let e = max({i € [n] | h{wvwik(z) = plwnwid(3/)1). Let
b € [p] be the last step of w in which the coordinate w, is updated. Let
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r=g®o...og(2) and 1’ := g® o-..0g(M(2'). Let us prove that r = r’.

For all a € [m] not yet updated in u at step b:

-if a € [n] then 7, = x4, = 2!, = 7/, because hiwrw2wel(g) =

h{w1,w2,...,we}(x/) and thus T\ {wi,...,we} = x/[n]>{w1,...,we}'

-ifaen+1,m]then r, =24 =ygn = 2, = 1.
For all a € [m] already updated in u at step b:

- if @ € [n] and a is updated for the last time then r, = hy(x) =
he(z') = 7! because hlwvwz-wit(z) = plwvws.wit(z!) and thus
h@) )\ fuwr . we} = &) )\ fun e}

- Otherwise, let d < b be the last step in u before b such that a is
updated. In other words, uq = a and Vi €]d,b[,u; # a. We have
re =GP ogldDo... og(l)(z) = cq(x) = cq(x) = G ogld-Do...0
gD () =7

Thus, we have g o --- 0 gM(2) = g® o ... 0 gV(2) and thus ¢ o

.. 0 g(l)(z) =g0o...0 g(l)(zf). However, pri, o g o0 g(l)(z) =
h(z) # h(z') # g o---0gM)(2’). This is absurd, so if two configurations
x,2’ are neighbors in the confusion graph then c¢(z) # ¢(a’). Thus, ¢

gives a proper coloring of the confusion graph Gj,, and it uses at most
q" = ¢"P < ¢F"W=20) colors. As a result, r(h,w) < L*(h) — 2(h).

I Proof of Lemma [7]

Lemma 7 ( Lemma [T ). Let G = ([n], E) be an undirected graph and
let s = Pw(G). Then there are functions c : [n] — [s] and u € II([n]) with
the following property. For all i € [n], we have either 1) for all k neighbor
of i in G we have u(i) < u(k) or 2) for all j,k € [n] with c(i) = c(j),
u(i) < u(j) and k neighbor of j in G we have u(i) < u(k).

Proof. Let G = ([n], E), s = Pw(G) and Xi,...,X, a minimal path
decomposition of G. In other words:

Vi € [n],Va,b € [p] with a < b, if i € X, and i € X} then V/ € [a,b],
1 € Xy.

- V(i,4) € E,Ja € [p] such that i € X, and j € X,.

- Vi € [n],3a € [p] such that i € X,.

- Vi€ [p], ‘Xz’ <s+1.

For all i € [n], let X(i) = {X € {Xy,...,X,} | i € X}. Let b : i —
min({j | X; € X(i)}) and e : i — max({j | X; € X(4)}). We will assume
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that V{a,b} C [p], we do not have X, C Xj since otherwise we could
remove X, and still have a valid path decomposition of same size. As a
result, for all a € [p], there exists j € X, such that e(j) = a. Indeed, if
that was not the case, we would have X, C X,11. Let u € II([n]) be
an order respecting e and v € II([n]) be an order respecting b. In other
words, for all {i,j} C [n], if e(i) < e(j) then u(i) < u(j) and if b(7) < b(j)
then v(i) < v(j). For all j in [n] taken in the order v, let us define c(j) as
such:

- If, in the set of images by c of Xj;) already defined, there are value
of [s] not used then let ¢(j) be the minimal of them. More formally,
if {c(k) | k € Xy(;) and v(k) < v(j)} # [s] then let c(j) := min( [s] \
{e(k) | k € Xy(jy and v(k) <v(j)} ).

- Otherwise, if there is k € Xj;) such that v(k) < v(j) and e(k) = b(j),
then let us consider the ¢ which minimize u(). In other words, let us
consider i such that u(i) = min({u(k) | k € Xjy;)}) and let c(j) = (7).
We remark that since Vk € Xy (;),b(j) < e(k), we have e(i) = b(j) (and
not e(i) < b(j)).

- Otherwise, let ¢(j) := 0. In this case, we have b(j) = e(j) because
Vk € Xy \ {7}, b(j) < e(k) and by hypothesis Va € [p], there exists
j € X, such that e(j) = a.

We remark that with this construction of ¢, Ya € [p] there is at most
one {i,7} C X, such that c¢(i) = ¢(j) because | X,| < s+ 1. Let i € [n].
First, let us consider the case where ¢(i) is defined using the third case.
Then, we have b(i) = e(i) and thus X (i) = {Xj;)}. By definition of a path
decomposition, for all neighbor & of 7 in G, we have k € Xj;). Furthermore,
Vk € Xy, e(i) = b(i) < e(k). Thus, Yk € Xy, u(i) < u(k). As a result,
i respects the condition 1) for all k£ neighbor of 7 in G we have u(i) < u(k).
Next, let us assume that ¢(i) is not defined using the third case. Let j € [n]
such that c(i) = ¢(j) and u(i) < u(j). Let us prove that for all k£ neighbor
of 7in G, u(i) < u(k). First let us prove that we have e(i) < b(j). For the
sake of contradiction, let us say that b(j) < e(i). There are 2 cases:

- v(i) < v(j). Thus, b(:) < b(j) < e(i). However,

e Since, b(i) < b(j) < e(i), we have b(j) € [b(i),e(i)] and thus
i € Xp(j)- Thus, there exists k € Xj(;) (k := 1) such that c(k) = c(j)
and v(k) < v(j). As a result, ¢(j) cannot have been defined using
the first case of the definition.

e We have b(j) < e(7). Furthermore, by hypothesis, we know that
there is k € Xp(;), such that e(k) = b(j). Thus, e(k) < e(i) and
then w(k) < w(i). As a consequence, we have c(i) = ¢(j) but
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u(i) # min({u(k)|k € Xy;)}). As aresult, c(j) cannot have been
defined using the second case of the definition.

e We have b(j) < e(i) < e(j) and thus b(j) # e(j). As a result, ¢(j)
cannot have been defined using the third case of the definition.

- v(j) <wv(i) Thus, b(j) < b(i) < e(i). However,

e Since, b(j) < b(i) < e(i) < e(j), we have b(i) € [b(j),e(j)] and
thus j € Xjp;). Thus, there is k € Xp(;) such that c(k) = c(i) and
v(k) < v(i). As a result, ¢(i) cannot have been defined using the
first case of the definition.

e We have b(i) < b(j) < e(i) < e(j) and thus b(i) < e(j). Fur-
thermore, we know that there is k € Xj;), such that e(k) = b(j).
Thus, e(k) < e(j) and then u(k) < u(j). As a consequence, we
have ¢(j) = c(i) but u(j) # min({u(k)|k € Xy }). As a result,
¢(i) cannot have been defined using the second case of the defini-
tion.

e By hypothesis, ¢(i) is not defined using the third case of the defi-
nition.

All cases raise a contradiction. As a result, we have e(i) < b(j). There
are 2 cases:

- If e(i) < b(j), then let us prove that for each k neighbor of j in G,
u(i) < wu(k) (and then u(i) < wu(k) ). Let k& be a neighbor of j in
G. Thus, Ja € [p|,k € X, and j € X, and thus b(j) < b(k). As a
consequence, e(i) < b(j) < b(k) < e(k) and then u(i) < u(k).

- If e(i) = b(j), then let us prove that for each k neighbor of j in G,
u(i) < u(k). Let k be a neighbor of j in G. If b(j) < b(k), then like
in the previous case, we have e(i) = b(j) < b(k) < e(k) and thus
u(i) < u(k). Otherwise, let us prove that k € X,(;. We have b(k) <
b(7) = e(i) and since k is a neighbor of j then e(i) = b(j) < e(k). Thus,
e(i) € [b(k),e(k)] and thus k € X,(;). We remark that ¢ and j are in
Xp(j) = Xe@) and c(i) = c(j). Then, the value c(j) corresponds to the
second cases in the definition and we have Vk € Xy ), u(i) < u(k)
(the only case where u(i) = u(k) being when ¢ = k).

J Proof of Lemma [§
Lemma 8 ( Lemma [8 ). Let h € F(n,q). Let G = 1G*(h). If we have

c:[n] = [s] and u € II([n]) such that G,c,u have the same properties as
in Lemma[7, then we have k(h,u) < s.
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Proof. For all j € [n], let v(j) := {k € [n] | (k,j) € E}. For all i € [n],
let g; : AP@l — A such that g; o pryy = hi. In other words, Vo € A",
9i(zy(i)) = hi(z). We know that such a function exists by definition of
the interaction graph. Let Iy, I, ..., I a partition of [n] such that V¢ €
s], Ip :={i € [n] | c(i) = £}. For all j € [n], let I(j) = I.(j).- Let w =
(n+1,n+2,...,n+s,u(l),...,u(n)). Without loss of generality, let us
say that u is the canonical update schedule (1,...,n). Let f € F(n+s,q)
such that Vz = zy € A™"S,

hi(z) if Yk € v(i), u(i) < u(k)

- Vi€ [n], fi(z) = Ye(i) — 3 z; — > h;(x) otherwise
JEI(i) with u(y)<u(7) JEI(z) with u(?)<u(j)
- Ve [S]7fn+€(z) = Z hj(x)
Jjel,

Let yf = 20 (2) g = (3 Bi(a),- s 3 hy(a)). Let us prove
Jjeh J€ls
by induction that, being assumed that [0] = (), we have Vi € [0,n],
frretesi(2)) = hl(2). Fist fooovs(2)p = (2y)p = = = ().
Next, let i € [n], let us suppose that f@ir®s+i-1(z);,) = RE=U(z). Let
2 = aly = fUreoWsti-1(z). There are two cases. If Vk € v(i), u(i) <
u(k) then f;(z') = h;(2’). In this case we have, x;(i) = Iy(). Thus,
fi(2)) = hi(z). Otherwise, we have Vj € I(i) with u(i) < wu(j),Vk €
v(j),u(i) < u(k). In other words, for each such k we have zj = x; and
thus x;(j) = 2y(;)- Let £ = ¢(i). We have f'(2') = y)— ‘ . > o T —
j€Ip with u(j)<u(i)
hj(2")
j€Ip with u(i)<u(j)

We know that:

- yp= ) hi(z).

JEL
- Vj € I, with u(j) < u(i), 2 = hj(z)
- Vj e I with u(i) < u(j), hj(2') = gj(x;(j)) = gj(wy()) = hj()

(because Vk € v(j), (k,j) € F, and then, by hypothesis of this lemma,
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Thus,

fil) = yp - > ) — 2 hj(a")

J€I, with u(j)<u(i) j€Ip with u(i)<u(j)
= > hj(@) — > hj(z) — > hj(z)
J€le J€I, with u(j)<u(i) j€lp with u(i)<u(j)

= > hj(z)
j€Ip with u(j)=u(i+1)
= hi(x)

As aresult, in both case we have f;(2’) = h;(z). Moreover, fwl,-..,ws+i(z)[
f5+i(z’)[n] = h[iﬂ}(x) and by induction Vi € [0,n], fi¥s+i(z)p
hll(z). In particular, we have fY(2)m) = h(z) and then prp, of* =
h o prp,y. Thus, k(h,w) < s. As a result, 5™ (h) < s.

n] —
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