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Mixture segregation by an inertial cavitation bubble.
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Abstract

Pressure diffusion is a mass diffusion process forced by pressure gradients. It has the ability to segregate two species
of a mixture, driving the densest species toward high pressure zones, but requires very large pressure gradients to
become noticeable. An inertial cavitation bubble develops large pressure gradients in its vicinity, especially as the
bubble rebounds at the end of its collapse, and it is therefore expected that a liquid mixture surrounding such a bubble
would become segregated. Theory developed in an earlier paper shows that this is indeed the case for sufficiently large
molecules or nano-particles. The main theoretical results are recalled and a possible implication of this segregation

phenomenon on the well-known cavitation-enhanced crystals nucleation is proposed.
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1. Introduction

The liquid surrounding a cavitation bubble is
generally not pure, but is rather a mixture of two
or more chemical species. For example, in sono-
crystallization in solutions, the liquid is a mixture
of a solvent and a dissolved species. The size of
the species may vary over a wide range, from small
molecules up to polymers, crystal precursors or
nano-particles. All these objects are sufficiently
small to undergo Brownian motion, which practical
macroscopic implication is that any appearance of
a concentration gradient is counteracted by mass
diffusion, tending to restore equilibrium. Segrega-
tion of two species would therefore have no reason
to occur, except if there is a disequilibrium between
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the species at the bubble inter-phase, for example
if one species is very volatile, or in the case of a
surface-active species.

In fact, several secondary diffusion mechanisms
should also be considered but are generally of lesser
importance. Among them, pressure diffusion is a
mass-diffusion process forced by a pressure gradient,
which drives the lightest species toward low pres-
sure regions [1]. This effect is generally neglected
since it requires huge pressure-gradients or very
large timescales to become noticeable. It is however
commonly known to produce slow gas segregation
in a quiet atmosphere and is used in ultracentrifu-
gation to separate large molecules or nano-particles
from a host fluid. In fact, it also occurs in any flow
involving large pressure-gradients (and therefore
large accelerations). It is a purely mechanical effect
and can be easily illustrated: let’s consider a flow-
ing fluid containing spherical particles heavier than
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the fluid. If the fluid flows at constant velocity, the
velocity of the particles relative to the fluid will re-
lax rapidly to zero, owing to viscous friction. Now
if the fluid brakes at constant rate (which results in
the appearance of a pressure gradient), the heavier
particles will keep their earlier motion by inertia
and acquire a positive drift velocity relative to the
fluid, so that a nonzero molecular flux of particles
will arise. In the case of lighter particles, the lead-
ing force is the generalized buoyancy force (some-
times referred as “Chen force” in hydrodynamics)
which produces the opposite effect. The pressure
diffusion flux results from the competition between
inertia and generalized buoyancy and is therefore
proportional to the difference between the apparent
densities of the two species.

The radial motion of an inertial cavitation bub-
ble is sufficiently violent so that one may reason-
ably think that pressure diffusion produces notice-
able effects. Indeed, calculations of the bubble dy-
namics predict accelerations of the liquid near the
bubble wall of the order of 10'2g [2]. In fact, pres-
sure diffusion has been considered by Storey & Sz-
eri [3], along with other secondary mass-diffusion
process, to study the segregation of gases inside a
sonoluminescing single bubble. Here we investigate
the effect of pressure diffusion on the segregation of
a binary mixture surrounding a radially oscillating
bubble. We report in this paper theoretical predic-
tions from an analytical solution of the transport
problem obtained in an earlier paper [4], and we
propose a qualitative microscopical mechanism for
sono-crystallization, consistent with our theoretical
predictions.

2. Theory
2.1. The convective-diffusive transport problem

We consider a single bubble oscillating radially
in a binary mixture. Both species are assumed non-
volatile and surface-inactive, so that in absence of
any other segregation process, they should move to-
gether around the bubble and no concentration gra-
dient should appear. Taking into account pressure
diffusion, along with convection and classical dif-
fusion around the oscillating bubble, the transport
equation for one of a species, hereafter labeled “A”
reads:

aa% — v.-VC4+DV- [VOA +3Cavp], (1)

where, C'4 is the concentration field of species A,
v and p are the velocity and pressure fields respec-
tively, D is the mass diffusion coefficient of the mix-
ture, and [ is the segregation parameter defined by
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M 4 is the molar weight of species A, V4 /M4 the in-
verse of its apparent density and p the average mix-
ture density. From left to right in the right-hand side
of equation (1), one can recognize respectively the
convective flux, the classical Fick diffusion flux and
finally the pressure diffusion flux. Since the bubble
wall is assumed impermeable to species A, the total
diffusive flux (the square bracket in Eq. 1) should
vanish there. Besides, the mixture is considered un-
perturbed at time ¢ = 0 and far from the bubble, so
that Ca(oo,t) = C4(0,7) = Cyy.

2.2. Analytical solution

This equations set was solved analytically by per-
turbation methods in ref. [4] and we recall here the
main results. The concentration field is obtained as
the sum of two contributions, an average one and an
oscillatory one. When expressed at the bubble wall,
the segregation ratio C4(0,t)/Caq reads (we refer
the reader to ref. [4] for more details):

CAOD) _z 4 Acfr), ®)
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where
D\ 1/2
t=¢", Ac(r) = —BeP! (R%w) G(7),
(4)
and

B= %pR(%WQB (5)

is the dimensionless version of the segregation pa-
rameter given by (2), Ry is the bubble ambient ra-
dius, w the angular frequency of the bubble driving
field and 7 = wt the dimensionless time. I is a bub-
ble dynamics-dependent integral

Sl VR Ve do
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where notation (.) denotes average over one acoustic
cycle, V' is the bubble volume non-dimensionalized
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Fig. 1. (a) Time variation of the dimensional bubble wall ac-
celeration R. (b) shape of function G(t) in equation (7). The
time axis is zoomed around the end of the bubble collapse.

by its ambient value and over-dots denote derivation
with respect to dimensionless time 7. The function
G(7) may be written as

P R  de
o= mwve O

with 0(7) = /O ’ R*(s)ds. (8)

Both quantities I and G can be evaluated easily once
the bubble dynamics R(7) is known, and depend on
the amplitude and frequency of the acoustic field
driving the bubble. The numerical results presented
hereafter are calculated from numerical solutions of
a refined bubble dynamics equation. [5, 6]

Integral I is related to the average pressure gra-
dient at the bubble wall over one acoustic period,
and function G is a convolution product involving
the instantaneous bubble wall acceleration. At the
end of the bubble collapse, R reaches very high posi-
tive values during a very short time (typically about
12 orders of magnitude times gravity during a few
nanoseconds) and consequently G is also a large pos-
itive sharp function of time. Figure 1 displays for
example the bubble acceleration (figure 1.a) around
the point of maximum bubble compression, and the
function G (figure 1.b) in the case of a 4 ym ambi-
ent radius argon bubble, driven by a 26 kHz acoustic
field of amplitude 1.3 bar.

3. Predictions
3.1. Qualitative overview

We now examine the practical implications of Eq.
(3) by evaluating both members of the right-hand-
side in different cases. We focus on the case 8 < 0,
so that species A is heavier than the bulk liquid.
Looking at the average term in expression (3), and
since # < 0, we have ¢ < 1 so that the mixture is
depleted in average at the bubble wall. Conversely,
from the shape of G, we infer that Ac is also a pos-
itive pulse-like function, yielding a transitory peri-
odic over-concentration around the average value at
each bubble collapse. The key feature is that the ab-
solute value of the factor Sexp I in equation (4)
first increases as 3 becomes more negative, but then
decreases again for large negative 3. Thus, at fixed
acoustic pressure, a maximum over-concentration
effect is expected for a medium negative value of .
This feature is made clear in figure 2, which shows
schematically three possible behaviors:

— small |5 (fig. (2.a): exp 81 ~ 1. The average de-
pletion is unnoticeable, and so do the oscillatory
concentration peaks. The mixture remains almost
unsegregated.

— moderate |G| (fig. (2.b): exp 81 < 1. The average
depletion is noticeable but not total. But since
|Bexp BI| is large, the oscillatory concentration
peaks reach high values. The species A will be
largely over-concentrated at each bubble collapse.

— large |8] (fig. (2.c): exp BI <« 1. The average de-
pletion is almost total, but |Sexp SI| decreases
again toward very low values, so that the oscilla-
tory concentration peaks drop again to low am-
plitudes. The oscillatory effect cannot counteract
the large average depletion effect so that species
A is nearly absent from the bubble wall.

Of course, since I and the peak value of G(7) are
increasing functions of the amplitude of the acoustic
field driving the bubble, the behavior of the same
molecule or nano-particle can fall in any of the three
cases described above by varying the bubble forcing.
The role of the latter is made clear in the following
section.

3.2. Quantitative predictions: copper nano-particles

We consider a solution of water with dispersed
copper nano-particles as species A. In this case
Va/My should be replaced by the inverse of the
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Fig. 2. Qualitative behaviors expected from equation (3) for
average and peak segregation as |8| increases (from a to c).
Dashed line: oscillatory part Ac(t); dash-dotted line: aver-
age part ¢; solid lines: total segregation ratio C'4(0,t)/Cag.
The horizontal thin line of ordinate 1 materializes an un-
segregated mixture. Note that the curves are not numerical
results, they are drawn for illustration purposes only.

particle density 1/p4 and the equivalent molar
weight is obtained from the particle radius R4 by

4
NagﬂRixPA = My, (9)

where N, is the Avogadro number. The diffusion

coefficient is estimated from Stokes-Einstein theory

b kgT

B

D= N (10)
where kp the Boltzmann constant and p the liquid
viscosity. The parameter [ increases with the parti-
cle radius R4 and the curves of figure (2) can thus
be interpreted, from top to bottom, as the evolution
of the segregation behavior when the nano-particles
size is increased. Therefore, at the bubble wall:

— small particles remain almost unsegregated,

— medium particles are slightly depleted in average
at the bubble wall, but largely over-concentrated
at the end of each bubble collapse,

— large particles are always held far away from the
bubble wall.

This can be clearly seen in figure 3 which displays,
for various particle sizes, the average depletion (a),
and the maximum of the over-concentration peaks
(b), as a function of the acoustic pressure driving a
4 pm argon bubble at 26.5 kHz. The average deple-
tion (Fig. 3.a) is seen to increase both with particle
size and acoustic pressure. It becomes almost total
for 10 nm particles for an acoustic pressure slightly
above 1 bar, that is to say just above the Blake
threshold. Now looking at figure 3.b, it can be seen
that over-concentration peak amplitude crosses a
maximum as the particle size is increased, which has
been explained previously from a qualitative point
a view (see the dashed lines in figure 2). There is
also a maximum if the acoustic pressure is varied,
which can be seen clearly on the 5 nm and 10 nm
curves (it would also be the case for the 1 nm and
2 nm curves if the calculations had been extended for
higher acoustic pressures). The three typical cases
depicted in Fig. 2(a-c) have been materialized on
Fig. (3) by respectively filled circles (case a), filled
squares (case b), and open circles (case ¢). Note
that in case b, the particles are over-concentrated
by more than 2 orders of magnitude.

3.3. Relevance to homogeneous nucleation of
crystals

Crystallization in solution belongs to the class of
first-order phase transitions. Thus, before the tran-
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Fig. 3. Predicted segregation ratio in a mixture of water with
copper nano-particles around a 4 pum argon bubble driven
at 26.5 kHz: (a) average segregation ratio, (b) oscillatory
peak segregation ratio. On both graphs: filled circles: 2 nm,
P = 0.96 bar; filled squares: 2 nm, P = 1.3 bar; open circles:
5nm, P = 1.3 bar

sition occurs, the solute phase stays in a metastable
equilibrium state, separated from the truly stable
one by an energy barrier, that the system must
cross for the first crystals to appear. Since crossing
this energy barrier can only be achieved by fluctu-
ations, a time-interval is required for the transition
to take place, referred as “induction time” in the
context of crystallization. Various studies demon-
strate that the application of ultrasounds in the
solution efficiently reduces this induction time.[7]
Figure (4) shows experimental results on crystal-
lization of potassium sulfate [8]: the induction time
is displayed as the function of supersaturation for
silent crystallization (open circles) and two differ-
ent ultrasound powers (plus and square signs). It is
seen that for medium supersaturations, the induc-
tion time can be reduced by more than one order
of magnitude. But more interesting, for smaller
supersaturations, insonification is a necessary con-
dition for crystallization to occur in a reasonable
time-interval.

Following classical nucleation theory [9], the
lowest energy expense for the phase transition
is achieved by progressive aggregation of solute
molecules, referred hereafter as “monomers”, to
form molecular clusters. These clusters have the
density of the new phase and they must reach a crit-
ical size, referred as “nucleus”, for which the surface
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Fig. 4. (From ref. [8]) Induction time as a function of super-
saturation measured for crystallization of K2SQOy, in silent
mode (circles), and in insonified mode (20 kHz) with an in-
put power of 40 W /kg solution (plus signs) and 120 W /kg
solution (square signs).

energy spent in the formation of the inter-phase
area is exactly balanced by the excess of chemical
potential. Therefore, the nucleation time is mainly
the time required for the clusters to reach this
critical size, and any microscopic effect enhancing
the formation of the smallest clusters may enhance
notably the global nucleation kinetics.

Clusters may grow by aggregation of solute
molecules one by one with existing smaller clusters
(figure 5). We will label in what follows Cy the
monomers, or solute molecules, and C,, a cluster
formed by n monomers, and the basic aggregation
mechanism can be written as the chemical equilib-
rium

Cn + Cl > Cn—i—l- (11)

One may also consider direct aggregation of a clus-
ter C,, with a cluster C,,, m,n # 1,

Cp+Cy = Cn—i—m- (12)

which would be much more efficient than (11). In
fact this attachment reaction is generally neglected,
since small clusters are much more rarefied than so-
lute molecules, and have therefore negligible proba-
bility to meet.

Clusters are in fact more than a conceptual tool
and have been evidenced experimentally in super-
saturated solutions [10, 11], by observing their seg-
regation under gravity in a sedimentation column
(remember that they have the density of the solid).
In fact the driving force leading to their sedimenta-
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Fig. 5. Cluster growth by aggregation of a solute molecule
on an existing cluster. Direct aggregation between clusters
has low probability because of the low number of clusters
compared to solute molecules.

Fig. 6. Clusters growth in presence of a cavitation bubble:
pressure diffusion concentrates medium clusters near the wall
of the bubble at each collapse, favoring aggregation between
these clusters and a solute molecule, and possibly direct
aggregation between two clusters. Large clusters are then
held far from the bubble by the average effect.

tion is precisely the phenomenon of pressure diffu-
sion underlying our theory. One may therefore rea-
sonably expect clusters to be segregated efficiently
by the pressure gradients around a cavitation bub-
ble. Keeping figure 2 in mind, the following mecha-
nism of crystallization enhancement by a cavitation
bubble is proposed, in the case where the solid nu-
cleating phase is denser than the host liquid (8 < 0):
(i) the solute molecules and smallest clusters (fig-
ure 2.a) would be scarcely segregated at the
bubble wall, either in average, or at the bubble
collapse.
(ii) medium clusters (figure 2.b) would be slightly
depleted in average, but strongly over-
concentrated at the bubble wall at the end of

the collapse (note from figure 3 that the pre-
dicted over-concentration may reach several
orders of magnitude for nanometric species).
This would therefore increase their proba-
bility of meeting a monomer (fig. 5), which
would shift equilibrium (11) to the right. But
moreover, since at the end of the collapse, the
bubble wall is a meeting point for medium
clusters, it may also enhance drastically the
usually neglected direct aggregation mecha-
nism (12) (fig. 6).

(iii) when they reach a large size, the cluster fall
in the case of figure 2.c: their periodic over-
concentration becomes small again, and their
average depletion is important, so that they
will be constantly held far away from the bub-
ble (fig. 6). It is interesting to note that this
fact may also contribute to the global effi-
ciency of the cluster growth process in virtue
of Le Chatelier’s principle: indeed, this means
that the large-size products of reactions (11),
(12) would be constantly removed, thus shift-
ing again these reactions to the right.

The bubble neighborhood may therefore act as an
efficient reactor of clusters formation, which would
then be released in the liquid. There arises however
the following question: is the cluster attachment
a sufficiently rapid process to occur on the rather
short duration of the oscillatory over-concentration
? In reference [4], it was calculated that the char-
acteristic timescale of species over-concentration,
in SBSL conditions, ranges between 1 ns and 1 ps,
and strongly decreases with the acoustic pressure.
The attachment dynamics between clusters consti-
tutes a difficult matter (see ref. [9] for an extensive
discussion), because there are no direct experimen-
tal data, and one can only revert to models of the
fundamental microscopic processes involved. In so-
lutes, clusters attachment is generally considered
diffusion-limited in classical crystallization condi-
tions, and is a rather slow process. However, in the
present case, pressure diffusion not only drives many
clusters to the bubble wall, but it drives them with a
velocity depending on their size, so that two clusters
of different sizes would travel relative to each other
with a nonzero velocity. This feature is expected to
increase the attachment frequency and would also
favor the cluster formation compared to the case of
silent crystallization. The next step in theory would
therefore consist in evaluating carefully the attach-
ment frequency and solve the non-stationary global
equation of cluster formation kinetics [9] taking



into account the periodic over-concentration near
the bubble wall. In the absence of such a theory
for now, only tentative conclusions may be drawn.
As stated above, increasing the driving level in-
creases the transitory over-concentration, but also
decreases its duration. The two behaviours may
therefore compete, and one may reasonably conjec-
ture that an optimum yield could be obtained for
a moderate acoustic pressure, above which clusters
would not have enough time to aggregate.

Besides, since the over-concentration process is
mainly driven by the inertial motion of the bubble,
its magnitude is mainly dependent on the expansion
ratio Ryax/Ro. The latter decreases with frequency,
and the transitory over-concentration level is thus
expected to decrease with frequency, which is con-
firmed by numerical results presented in Ref. [4]. At
a macroscopic level however, this may compensated
by the increasing number of collapses per unit-time
as frequency is increased. Such a competition be-
tween less-energetic but more numerous collapses as
frequency is increased are well-known in sonochem-
istry [12].

The bubble lifetime has no influence on the tran-
sitory effect, since the latter occurs at the end of the
bubble collapse. If the bubble undergoes its collapse
until the end, the over-concentration will take place,
even if the bubble breaks up afterwards. It may have
however an effect on the average depletion, since, as
shown in Ref. [4], the latter is a rectified effect, and
progressively builds over a large number of periods
(of the order of R2w/2rD). A short-living bubble
should therefore not have enough time to deplete
completely its surface in the heaviest species. A sim-
ilar issue arises for potential argon rectification of in-
ertial air bubbles in a multi-bubble field [13]. Thus,
case (c) in Fig. 2 may not occur for short-living bub-
bles, and large clusters would not be ejected far from
the bubble by this mechanism. Anyway, they would
probably be dispersed in the liquid by the bubble
break-up.

One may finally seek an upper bound for the size
of the particles covered by the present theory. This
issue is motivated by the reported attraction and ap-
parent sticking of dust or dirt particles to a levitat-
ing single bubble. Such a description suggests that
the effect is cumulative, the bubble attracting grad-
ually the particle over several oscillation periods.
First, within the present theory, the particle must be
lighter than water for attraction to occur in average.
Secondly, the limit of the present theory is attained
when the relaxation time of the particle (the time it

needs to reach its terminal velocity when submitted
to an acceleration field) is no longer smaller than
the characteristic time-scale of the acceleration field
(here the acceleration of the bubble wall). From our
calculations, for particles twice lighter than water
in standard levitation conditions (Ry = 4 pum, f =
20 kHz, P = 1.3 bar), inertial effects would become
important for particles radii larger than 20 nm. It
is unlikely that the reported dust particles, if visi-
ble, would have such a small size, so that they would
not be covered by the present theory. It may be ten-
tatively suggested that even with inertial effects, a
cumulative attraction process could still occur, but
other causes such as hydrophobic effects cannot be
ruled out.

4. Conclusion

An inertial bubble is theoretically able to segre-
gate large molecules or nano-particles from a host
liquid of different density. A species denser than the
liquid should be depleted on average at the bub-
ble wall and largely over-concentrated during a very
short time at the end of the bubble collapse. In the
case where the species is a solute in a metastable
equilibrium state, segregation may enhance the at-
tachment of solute molecules to form clusters, and
therefore increase the nucleation kinetics, as com-
monly observed in sono-crystallization. Besides, the
design of a dedicated single-bubble experiment is in
progress, in order to assess the effectiveness of the
segregation phenomenon.
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