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Sequential Metric Dimension *

Julien Bensmail', Dorian Mazauric?, Fionn Mc Inerney', Nicolas Nisse!, and
Stéphane Pérennes!

L Université Céte d’Azur, Inria, CNRS, I3S, France
2 Université Cote d’Azur, Inria, France

Abstract. In the localization game, introduced by Seager in 2013, an
invisible and immobile target is hidden at some vertex of a graph G.
At every step, one vertex v of G can be probed which results in the
knowledge of the distance between v and the secret location of the target.
The objective of the game is to minimize the number of steps needed to
locate the target whatever be its location.

We address the generalization of this game where k > 1 vertices can
be probed at every step. Our game also generalizes the notion of the
metric dimension of a graph. Precisely, given a graph G and two integers
k,¢ > 1, the LOCALIZATION Problem asks whether there exists a strategy
to locate a target hidden in G in at most £ steps and probing at most k
vertices per step. We first show that this problem is NP-complete when
k (resp., £) is a fixed parameter.

Our main results concern the study of the LOCALIZATION Problem in
the class of trees. We prove that this problem is NP-complete in trees
when k and ¢ are part of the input. On the positive side, we design a
(+1)-approximation in n-node trees, i.e., an algorithm that computes
in time O(nlogn) (independent of k) a strategy to locate the target in
at most one more step than an optimal strategy. This algorithm can be
used to solve the LOCALIZATION Problem in trees in polynomial-time if
k is fixed.

Keywords: Games in graphs, metric dimension, complexity.

1 Introduction

Localization (or Identification) problems consist of distinguishing the vertices of
a graph G = (V, E) using a smallest subset R C V of its vertices. Many variants
have been studied depending on how a subset of vertices allows to identify other
vertices. For instance, identifying codes [13] and locating dominating sets [18] ask
for the vertices to be distinguished by their neighbourhood in R. Another well
studied example is the one of a resolving set [10, 17] which aims at distinguishing
every vertex of a graph by their distances to each vertex of this set. Given a graph
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Due to lack of space, full versions of the omitted or sketched proofs are postponed
to the Appendix.



G, the main problem is to compute a resolving set with minimum size, called
the metric dimension of G [10,17]. The corresponding decision problem is NP-
complete in planar graphs [6] and in graphs of diameter 2 [9], and W[2]-hard
(parameterized by the solution’s size) [11]. On the positive side, the problem is
FPT in the class of graphs with bounded treelength [1]. Bounds on the metric
dimension have also been determined for various graph classes [8]. In this paper,
we address a sequential variant of this problem.

Let us consider a graph G = (V, E) where an unknown vertex ¢ € V hosts
a hidden (invisible) and immobile target. Probing one vertex v € V results in
the knowledge of the distance between ¢ and v, denoted by dg(v,t). Probing
a set R C V of vertices results in the distance vector (dg(v,t))yer and a set
is a resolving set if the distance vectors are pairwise distinct for every ¢t € V.
The metric dimension of G, denoted by M D(G), is then the minimum number
of vertices that must be probed simultaneously (in one step) to determine the
location t of the target wherever it is. For instance, in the case of a path, probing
one of its ends is sufficient to locate the target, i.e., M D(P) = 1 for every path
P. Another example (that we use throughout the paper) is the case of a star (tree
with a universal vertex) with n leaves, denoted by S,,, for which it is necessary
and sufficient to probe every leaf but one, i.e., M D(S,) =n — 1.

If less than M D(G) vertices can be probed at once, it is natural to allow
more than one step. Obviously, if at most 1 < k < MD(G) vertices can be
probed at once, it is always feasible to locate an immobile target in [M D(G)/k]
steps, simply by sequentially probing k different vertices of a smallest resolving
set at each step. However, there are graphs for which the target can be located
much faster (see Claim 8 in Appendix 5.3). In [15], Seager initiated the study
of the following sequential locating game: at every step, one vertex of a graph
can be probed, and the objective is to minimize the number of steps required
to locate the target wherever it is. Seager gave bounds and exact values on this
minimum number of steps in particular subclasses of trees (e.g., subdivisions of
caterpillars) [15]. In this paper, we study the generalization of this game where
k > 1 vertices can be probed at every step.

Precisely, let k > 1 be an integer and let G = (V, E) be a graph hosting an
invisible and immobile target hidden at t € V. A k-strategy is allowed to probe
at most k vertices at each step of the game (where the choice of the probed
vertices at some step may obviously depend on the results of the probes during
previous steps) until the location ¢ of the target is uniquely determined. Let
Ai(G) denote the minimum integer h such that there exists a k-strategy that
locates the target in G in at most h steps, whatever be the location of the target.
Given G,k and £ > 1, the LOCALIZATION Problem asks whether A\ (G) < £. We
also consider the dual parameter k¢(G) defined as the minimum integer h such
that there exists an h-strategy that locates the target in G in at most ¢ steps.
Note that, for every graph G, x1(G) is exactly the metric dimension M D(G) of
G, and A\ (G) < ¢ if and only if k¢(G) < k. We are interested in the complexity
of the LOCALIZATION Problem in general graphs and particularly in trees.



1.1 Related Work

Moving target. Sequential games related to resolving sets have first been in-
troduced and mainly studied in the case of a mobile target. That is, at every
step, some vertices may be probed and, if the target has not been located yet,
it may move to one of its neighbours (sometimes, it is required that the target
cannot move to a vertex that has been probed during the previous step which
is called the “no-backtrack condition”) [14]. In this setting, locating the target
may not be feasible. For instance, it is not possible to locate a moving target
in a triangle when probing one vertex per step if the target may “backtrack”.
The question of how many times all the edges of a graph must be subdivided
to ensure locating a moving target probing 1 vertex (resp., k vertices) per step
has been addressed in [5] (resp. [12]). Let a graph be called locatable if there
exists a 1-strategy for locating the target in a finite number of steps with the
“no-backtrack condition”. The case of trees with the “no-backtrack condition”
has first been studied in [14] where it was shown that all trees T are locatable,
and in [4], the upper bound on the number of steps it takes to locate the target
in T was improved. In [16], the case of trees where the target may “backtrack”
was considered. Let ((G) be the minimum integer k such that there exists a
k-strategy for locating a moving target in G. In [3], it was shown that deciding
whether ((G) < k is NP-hard and that ¢(G) is not bounded in the class of
graphs with treewidth 2. Moreover, {(G) < 3 for any outerplanar graph G [2].

Relative distance and centroidal dimension. Foucaud et al. defined a vari-
ant of resolving sets, called centroidal basis, where the vertices of a graph must
be distinguished by their relative distance to the probed vertices [7]. In this set-
ting, given an integer k > 2, probing a set B = {vy,--- ,vx} of vertices results
in the vector (8;;(t))1<i<j<r where, for every 1 < i < j < k, 6;;(t) = 0 if
dG(t,Ui) = dg(t,vj), 6i,j(t) =1if d(;(t,l}i) > d(;(t,vj) and 5i7j(t) = —1 other-
wise. The set B is a centroidal basis if the vectors of relative distances for every
t € V are pairwise distinct. The centroidal dimension of a graph G, denoted
by CD(G) > 2, is the minimum size of a centroidal basis of G [7] (this is well
defined since, clearly, V' is a centroidal basis of G). The decision problem asso-
ciated to the centroidal dimension is NP-complete and almost tight bounds on
the centroidal dimension of paths have been computed [7].

A sequential variant of the centroidal basis can naturally be defined. This
variant has been studied in the case of a moving target in [2].

Here, we also initiate the study of this variant when the target is immobile.
Let k£ > 2 be an integer and G be a graph. Let )\ZEZ(G) denote the minimum
integer h such that there exists a k-strategy that locates (using relative distances)
a hidden immobile target in G in at most h steps, whatever be the location of the
target. Given G, k, and ¢, the RELATIVE-LOCALIZATION Problem asks whether
Arl(G) < L. The dual parameter £,(G) is defined as the minimum integer h
such that there exists an h-strategy (with relative distances) that locates the
target in G in at most ¢ steps. Note that, for every graph G, x7¢(G) is exactly
the centroidal dimension CD(G) of G, and \;*/(G) < £ if and only if k7 (G) < k.



1.2 Our results

In the whole paper, G denotes a connected undirected simple graph. We consider
the computational complexity of the LOCALIZATION Problem. In Section 2, we
show that it is NP-complete when k or ¢ are fixed parameters. Precisely:

— Let kK > 1 be a fixed integer. Given a graph G with a universal vertex and
an integer ¢ > 1 as inputs, the problem of deciding whether A\;(G) < £ is
NP-complete (Theorem 1).

— Let £ > 1 be a fixed integer. Given a graph G with a universal vertex and
an integer k > 1 as inputs, the problem of deciding whether k¢(G) < k is
NP-complete (Theorem 3).

On the way, we also show that the RELATIVE-LOCALIZATION Problem is NP-
complete when k or ¢ are fixed parameters (Theorems 2 and 4).

In Section 3, we then focus on the LOCALIZATION Problem in the class of
trees. Surprisingly, in trees, the complexity of the LOCALIZATION Problem only
comes from the first step. We show that, after the first step, the problem becomes
polynomial-time solvable. This allows us to design a polynomial-time approxi-
mation algorithm for the problem. More precisely, we show that

— deciding whether A\, (T) < ¢ is NP-complete in the class of trees T when
both k and ¢ are part of the input (Theorem 5);

— there exists an algorithm that computes, in time O(nlogn) (independent of
k), a k-strategy for locating a target in at most Ax(7")+1 steps in any n-node
tree (possibly edge-weighted)(Theorem 8);

— deciding whether A\, (T") < ¢ can be solved in time O(n*+2logn) (indepen-
dent of ¢) in the class of n-node trees (possibly edge-weighted) (Theorem 9).

2 Complexity of the LOCALIZATION Problem

This section is devoted to prove that the LOCALIZATION Problem is NP-complete
when k or /¢ is fixed. The proof when ¢ is fixed is an almost straightforward
reduction from the METRIC DIMENSION Problem. In the case when £ is fixed, it
is a much more involved reduction from the 3-DIMENSIONAL MATCHING Problem.

2.1 When the number k of probed vertices per step is fixed

Let £ > 1 be a fixed integer. The k-PROBE LOCALIZATION Problem takes a
graph G and an integer ¢ > 1 as inputs and asks whether \;(G) < /.

Theorem 1. Let k > 1 be a fized integer. The k-PROBE LOCALIZATION Prob-
lem is NP-complete in the class of graphs with a universal vertex.

Sketch of proof. Since any k-strategy in a graph G has length at most |V(G)|,
the problem is in NP. Let us prove it is NP-hard by a reduction from the 3-
DIMENSIONAL MATCHING Problem (3DMP) which is a well known NP-hard prob-
lem. The 3DMP takes a set X = I; UI;UI;5 of 3n elements (|I1| = |I2| = |I3]| = n)



and a set S of triples (z,y,2) € I} X Iy X I3 as inputs and asks whether there
are n triples of S that are pairwise disjoint.

Let k > 1 be a fixed integer and let Z = (X, S) be an instance of 3DMP. First,
we may assume that |X| = 3kn since, if not, it is sufficient to take k disjoint
copies of (X, S). Moreover, we may assume that m = |S| is such that 2m—1=0
mod k (for instance by adding dummy triples if needed). Let X = {1, , Z3kn}
and S ={S1, - ,Sm}-

Let us build the graph G = (V, E) as follows. Let the vertex-set V = X U
X"USU{s}U{g} besuch that X = X'U...UX**?2 with X* = {2%,--- 2%, }
forevery 1 < i < k+2; X" = {x’l’,...,x'(’kﬂ)m}; and § = STU...U §kF2
with §* = {s%,1 < j < m} for every i € [1,k + 2]. The vertex s is universal
(i.e., adjacent to every other vertex), the vertex ¢ is adjacent to every vertex in
X UX" and, for every j € [1,3kn] and every g € [1,m] such that z; € S,, there
is an edge between z% and s} for every i € [1, k + 2]. Intuitively, X* is a “copy”
of X and S is a “copy” of S for every 1 < i <k +2.

Let p = % € N. We prove the theorem by showing that Z = (X, S)
admits a 3DM if and only if A\;(G) < (k+ 2)n+ p+ 1. Due to lack of space, the
proof is postponed to Appendix 5.1. a

The same proof also works for the case with relative distances. Hence,

Theorem 2. Let k > 2 be a fized integer. Given a graph G with a universal
vertez and 1 < £ € N, the problem of deciding if \;(G) < £ is NP-complete.

2.2 When the number £ of steps is fixed

Let £ > 1 be a fixed integer. The ¢-STEP LOCALIZATION Problem takes a graph
G and an integer k > 1 as inputs and asks whether k,(G) < k.

Theorem 3. Let ¢ > 1 be a fized parameter. The {-STEP LOCALIZATION Prob-
lem is NP-complete in the class of graphs with a universal vertex.

Sketch of proof. For ¢ = 1, the result follows from the fact that 1 (G) is exactly
the metric dimension and from its NP-completeness [6].

Let £ > 2 be fixed. We focus on proving the NP-hardness of the ¢-STEP Lo-
CALIZATION Problem, as it is clearly in NP. The proof is by reduction from the
METRIC DIMENSION Problem restricted to the class of graphs with diameter 2,
which is known to be NP-hard [9]. Let thus < G,k > be an instance of METRIC
DIMENSION where G has diameter 2. We construct, in polynomial time, an in-
stance < G',k > of the {-STEP LOCALIZATION Problem such that MD(G) < k
if and only if a target hidden in G’ can be located in at most £ steps by probing
at most k vertices per step, i.e., k(G) < k.

The construction of G’ is as follows. Start from k(¢ — 1) + 1 disjoint copies
G1, .., Gre—1)41 of G. Add the vertices vy, ..., vpy—1)4+1 and add all the edges
from v; to every vertex of G; for all integers 1 < i < k(£ —1) + 1. Add a vertex
u to the graph, and all edges between u and each vertex of the copies of G. Due
to lack of space, the proof is postponed to Appendix 5.2. a



A similar proof (but based on a reduction of CENTROIDAL DIMENSION) works
for the case with relative distances. Hence,

Theorem 4. Let ¢ > 1 be a fized integer. Given a graph G with a universal
vertex and 2 < k € N, the problem of deciding if n’fl(G) < k is NP-complete.

3 The LocALIZATION Problem in trees

This section is devoted to the study of the LOCALIZATION Problem in the class
of trees. Note that, if the number of steps is £ = 1, the problem is equivalent to
the one of METRIC DIMENSION which can trivially be solved in polynomial-time
in trees [10,17]. We first show that, if k and ¢ are part of the input, deciding
whether A\, (T") < ¢ is NP-complete in the class of trees T'. Our reduction actually
shows that the difficulty of the problem comes from the choice of the vertices
to be probed during the first step. Surprisingly, we show that the first step
is actually the only source of complexity. More precisely, our main result is
that, if the first step is given (intuitively, either given by an oracle or imposed
by an adversary), then an optimal strategy (according to this first pre-defined
step) can be computed in polynomial-time. This allows us to design a (+1)-
approximation algorithm for the LOCALIZATION Problem in trees and to prove
that, in contrast with general graphs (Theorem 1), the k-PROBE LOCALIZATION
Problem is polynomial-time solvable in the class of trees.

3.1 NP-hardness
Theorem 5. The LOCALIZATION Problem is NP-complete in the class of trees.

Sketch of proof. Again, the problem is in NP. To prove the NP-hardness, let us
reduce the HITTING-SET Problem. The inputs are an integer k£ > 1, a ground-set
B = (b, - ,b,) and a set S = {S1,--+, S} of subsets of B, i.e., S; C B for
every ¢ < m. The HITTING-SET Problem aims at deciding if there exists a set
HCB,|H| <kand HNS; # { for every 1 <i < m.

Adding one new element to the ground-set and adding this element to one
single subset clearly does not change the solution. Therefore, by adding some
dummy elements (each one belonging to a single subset), we may assume that
all the subsets are of the same size ¢ and that 0 — 1 =0 mod k.

Let v be any integer such that y —1 =0 mod k and v >n —k — 1.

The instance T of the LOCALIZATION Problem is built as follows. Let us start
with n vertex-disjoint paths Bi,---, B, (the branches) of length 2m, where
B; = (bi,-- ,bb,.q) for each 1 < i < n. Then, let us add one new vertex ¢
adjacent to 0} for all 1 <7 < n. For every 1 < j < m and for every 1 <i <mn
such that b; € S;, let us add v new vertices adjacent to béj. The subgraph induced
by bgj and by the ~ leaves adjacent to it is referred to as the star representing
the element ¢ in the set S; (or representing the set S; in the branch 7). The
obtained tree T is depicted in Figure 1.
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Fig.1: An example of a tree T built from an instance (k, B, S) of HITTING SET
in the proof of Theorem 5. In this example, the elements b/, b;v, and b,, belong
to the set S; (but not the elements b; and b;) as figured by the three “stars”
at level 2. The elements b; and b;» belong to S; (stars at level 2j), but not the
elements by, b;s, and b,,.

Intuitively, it will always be better for the target to be located in a leaf of
some star because v is “huge”. During the first turn of any strategy, the level
(roughly, the distance to the root) of the target can be identified. Each even level
2j corresponds to a set S;. If, during the first turn, one star corresponding to
each even level can be eliminated from the possible locations (which corresponds
to hit every subset), then the strategy finishes one step earlier than if all subsets
cannot be hit (if so, all stars would have to be checked).

More formally, we show that Ap(T) < 1+ &1 + “’Tfl if and only if there is
a hitting set of size at most k. Due to lack of space, the proof is postponed to
Appendix 5.3. ad

3.2 Algorithm in trees

The proof above actually shows that, in our reduction, choosing the vertices to
be probed during the first step to ensure an optimal strategy is equivalent to
finding a minimum hitting set. We show below that the first step is actually the
only “part” of the problem that is difficult.

The key argument is the following easy remark. Let us consider a tree T
where a target is hidden and assume that a single vertex r € V(T') is probed.
After this single probe, the distance d € N between the target and r is known.



Therefore, from the second step, the instance becomes equivalent to a tree T' (a
subtree of T') rooted in 7, with all leaves the same distance d from r, and where
the target is known to occupy some leaf of 7. We first present an algorithm that
computes in polynomial-time (independent of k and ¢) an optimal strategy to
locate the target in such instances.

Let 7 be the set of rooted trees with all leaves the same distance from the
root. Given a rooted tree (T, r) € T (in what follows, we omit  when it is clear
from the context), let AL(T') be the minimum integer h such that there exists
a k-strategy that locates a target in at most h steps knowing a priori that the
target occupies some leaf of T'. The next claim is one of the key arguments that
makes the problem easier in the class 7 when the target is known to occupy a
leaf.

Claim 1 Let (T,r) € T rooted inr, let v be a child of r and T, the subtree rooted
in v. If the target is known to occupy a leaf of T, then probing any vertex in T,
allows to learn if the target occupies a leaf of T, or a leaf of T\ T,,.

Proof of claim. Let d be the distance between r and the leaves of T. Let w be
any vertex of T, and let d’ be the distance between w and r. The target occupies
a leaf of T, if and only if its distance to w is < d + d’. o

Let T' € T rooted in r, let v be a child of r and let us assume that the secret
location of the target is some leaf of T,,. Note that (73,,v) € T. Let us assume
that T, is not a path and let s be the first step of ¢ that probes some vertex of
T, (such a step s must exist since otherwise the target would never be detected
in T,). By Claim 1, it is sufficient to probe a single vertex of T, to learn that the
target occupies a leaf of T,. Then, applying an optimal strategy ¢, in T, will
locate the target in a total of at most s + )\ﬁ(Tv) steps. But it may be possible
to do better. Indeed, probing several vertices of T}, during the st" step of ¢ may
serve not only to detect the target in 7T, but also to “play” the first step of
¢,. Doing so, the strategy will take only s + AE(T,) — 1 steps. So, elaborating,
an optimal strategy will consist of doing a tradeoff between probing one single
vertex in a subtree (and detect “quickly” in which subtree the target is hidden
since several subtrees are considered simultaneously) and probing more vertices
in a subtree in order to get a head start for the strategy in the case the target
is in this subtree.

For any tree T, let w(T) be the minimum integer ¢ such that there exists a
k-strategy that locates a target in at most A\Z(T') steps, knowing a priori that
the target occupies some leaf of T', and such that at most ¢ vertices are probed
during the first step.

To illustrate the need of a tradeoff, let us consider the following simple exam-
ple utilizing 7. Consider two children vy and ve of r such that (AL (T, ), 7(T,,)) =
(6,4) and (AE(T,,),m(Ty,)) = (6,3). Let k = 6. Then, at the first step, we can-
not probe w(Ty,) + m(Ty,) = 7 vertices. W.lo.g., let us assume that at most
3 < w(Ty,) vertices of T, have been probed during the first step. Thus, by defi-
nition of 7, a total of AL (T, ) +1 = 7 steps are necessary if we learn at the first



Algorithm 1 A;(k,(T,r)).

Require: An integer k and a tree T € T rooted in r with children vy, --- ,vg=
Ensure: (A} (T),n(T))
if (T, r) is a rooted path then
return (0,0)
: for i =1to d" do
Let ()\“ 71'7;) = Al (k, (T[Z], ’l)z')
: Sort the (Aj, mi)1<i<q+ in non-increasing lexicographical order
return Az(k', (T, 7“), ()\i, Wi)lgigd*)

ANl ol > e

step that the target occupies some leaf of T, . For a more detailed example of a
strategy in a tree, see the example in Appendix 5.4.

Let T € T rooted in r and let vy, ..., vg+ be the children of r. From previous
arguments, the computation of an optimal strategy for T" consists of determining,
for each subtree T, (1 <i < d*), the first step for which a vertex of T,, will be
probed (if the target has not been located in a different subtree at a previous
step). If 1 vertex is probed during this step, then AL(T),) extra steps are needed
if the target occupies some leaf of T,,. Furthermore, if we want to locate the
target in at most AL(T,,) — 1 extra steps (if the target occupies some leaf of
Ty,), m(Ty,) vertices of T, must be probed during this step.

Description of Algorithm 1. The main algorithm A; (k, (T, 7)) takes an in-
teger k > 1 and a rooted tree (T,r) € T as inputs and computes (A\Z(T), 7(T))
and a corresponding k-strategy. It proceeds bottom-up by dynamic program-
ming from the leaves to the root. Precisely, let vq,...,vg« be the children of
r. For any 1 < ¢ < j < d* let T[i] = T,, be the subtree rooted at v;, and
let Tfi,j] = {r}UT,, U...UT,, (T[i,j] = 0 if i > j). To lighten the nota-
tions, let us set \; = AE(Ti]) and 7; = 7(Ti]) for every 1 < i < d*. Assume
that, (A, IT) = (i, m;)1<i<d~ have been computed recursively and sorted in non-
increasing lexicographical order. Then, As(k, (T',r), (A, II)), described in Algo-
rithm 2, takes the integer k > 1, the rooted tree (T,r) € T, and the sorted tuple
(A, IT) as inputs and computes (AL(T), 7(T)) and a corresponding strategy.

Description of Algorithm 2. We now informally describe As(k, (T, ), (A, IT)).
First, Line 2 to Line 5 deals with the subtrees T,,,,,---, T} that are rooted
paths (path rooted at one of its vertices of degree one, the other vertex is the
leaf). In other words, it concerns all the subtrees T,, such that (A;,m;) = (0,0).
Indeed, this case is somehow pathologic. Claim 2 proves that Line 2 to Line 5
computes (AE(T[vgt1,d*]), m(T[vas1,d*])). Let us define S C T as the set of
subdivided stars S (i.e., trees with at most one vertex of degree at least 3) with
all leaves the same distance from the root, where the root of S is the (unique)
vertex with degree > 2 or one of the two ends if S is a path. Due to lack of
space, the proof of Claim 2 is postponed to Appendix 5.4.

Claim 2 Let S € S with § = |V(S)|—1 (i.e., § is the degree of the root r). Then,

M (8) = [54] and m(S) = —k([%5H] = [55H]) + (0 = 1).




Algorithm 2 As(k, (T,r), (A, IT)).

Require: k € N*, a rooted tree (T,r) with v1,--- ,v4+ the children of r such that
(A, IT) = (N, Ti)1<i<a~ is sorted in non-increasing lexicographical order.
Ll+1,p+k,d«d"
2: if T'[d*] is a rooted path then

3:  d+ z with 0 < z < d* the smallest integer such that T'[z + 1] is a rooted path
4 e 14 [E51

5 pe k4 k([ - [ — (@ —d - 1)

6: for i = d down to 1 do

7: if p=0orl< X\ +1 then

8: p+ k,l+ max(l+1,\; + 1)

9: a+m—(m-—D[0-O+1)/1]

10:  if a <p then

11: p—p—«
12:  else
13: p—k—1,1+1+1

14: return (I—1,k —p)

We are now able to detail the second part of the algorithm (from Line 6).
Informally, As(k,(T,r), (A, II)) recursively builds, for i = d down to 1, an
optimal k-strategy ¢ for T'[i,d*] from an optimal k-strategy ¢’ of T[i + 1, d*]
and from an optimal k-strategy ¢’ of T'[i] (the latter one being given as input
through (\;,m;)). In other words, (AE(T[i,d*]),n(T[i,d*])) is computed from
(AE(TTi + 1,d*]),m(T[i + 1,d*])) and (A\;,7;). For every 1 < i < d+ 1, let I;
(resp., p;) denote the value of I (resp. of p) just before the (d +2 —1)*" iteration
of the for-loop (so, I; and p; are the final values of | and p). Intuitively, let us
assume that an optimal strategy for T'[i + 1,d*] has been computed, takes at
most l;41 — 1 steps and requires k — p; 11 = w(T'[i + 1, d*]) vertices to be probed
during its first step. Roughly, there are five cases to be considered.

— If m; < pip1 and \; = l;11 — 1, the strategy ¢ follows ¢’ but, in addition,
probes m; vertices of T'[i] during its first step. If the target is in T[é], then
¢ follows ¢ (and takes a total of at most A; steps), otherwise, it proceeds
as ¢’ (and takes a total of at most l;11 — 1 steps). We get I; = [;11 and
Di = Pi1 — T

— Else if m; > p;01 > 0 and \; = [;31 — 1, the first step of ¢ probes a unique
vertex in T'[¢]. If the target is in T[], then ¢ follows ¢” (and takes a total of
at most A\; + 1 steps). Otherwise, it proceeds as ¢’ (and takes a total of at
most l;11 steps). We get I; = 1,11 + 1 and p; = k — 1.

— Else, if p;41 = 0 and \; < [;1 — 1, the first step of ¢ probes a unique vertex
in T'[4]. If the target is in T'[i], then ¢ follows ¢” (and takes a total of at most
;i + 1 steps). Otherwise, it proceeds as ¢’ (and takes a total of at most ;11
steps). We get I; = l;41 +1 and p; =k — 1.

— Else, if \; < l;31 — 1 and p;1 > 0, the strategy ¢ follows ¢’ but, in addition,
probes one vertex of T'[i] during its first step. If the target is in T'[i], then ¢
follows ¢ (and takes a total of at most \; + 1 steps), otherwise, it proceeds
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as ¢ (and takes a total of at most l;11 — 1 steps). We get I; = [;11 and
pi = piv1 — L.

— Else (A; > l;41 — 1), the strategy ¢ probes m; vertices in T'[i] during the first
step. If the target is in T'[i], then ¢ follows ¢” (and takes a total of at most A;
steps), otherwise, it proceeds as ¢’ (and takes a total of at most ;11 steps).
We get [; =X; +1 and p; = k — 7.

As the subtrees are sorted in non-increasing lexicographical order (of (A;, 7;)),
we prove in Lemma 1 that the strategy ¢ described before is optimal for T[i, d*],
that is, it computes (AL (T[i, d*]), m(T[i, d*])). Due to lack of space, the proof of
this main technical lemma is postponed to Appendix 5.4.

Lemma 1. For every 1 <i < d+1, \E(T[i,d*]) = l;—1 and 7(T[i,d*]) = k—p;.

Correctness and complexity of Algorithm 1 and Algorithm 2. We prove
in Theorem 7 that A;(k, (T,r)) computes (A:(T),m(T)) and a corresponding
k-strategy in time O(nlogn), where n is the number of vertices. To do that,
Theorem 6 proves the correctness and the linear (in the number of children of
r) time complexity of Aq(k, (T,7), (A, IT)).

Theorem 6. Let k > 1, let (T,r) € T be a rooted tree, and let vy,--- ,vg~
be the children of r such that the tuples (A, II) = (N, m;)1<i<ax are sorted
in non-increasing lexicographical ordering. Then, As(k, (T, 1), (A, II)) returns
(AE(T),n(T)) and a corresponding strategy. Furthermore, the time-complexity
of Ay is O(d*) (independent of k).

Proof. The time-complexity is obvious and the correctness follows from Lemma 1
for ¢ = 1. The fact that the strategy is also returned is not explicitly described
in Algorithm 2 but directly follows from the proof of Lemma 1. a

Theorem 7. Let k > 1, and let (T,r) € T be an n-node rooted tree. Then,
A1 (k, (T, 7)) returns (A\E(T),n(T)) and a corresponding strategy. Furthermore,
the time-complexity of Ay is O(nlogn) (independent of k).

Proof. The correctness is simply proved by induction and by Theorem 6. For
the time-complexity, at every recursive call on a subtree T, rooted at v (with
d, children), the additional number of operations is O(d, logd,) (sorting) plus
O(dy) (Algorithm Az, by Theorem 6). Since in a tree, -,y (7 dv = 2(n — 1),
this gives a total complexity of O(ZUE‘/(T) dylogd,) = O(nlogn). Again, the
strategy is not explicit in our presentation but can be easily computed. a

Main results. From A, (k, (T, r)) presented before, it is easy to get an efficient
approximation algorithm when k and ¢ are part of the input and a polynomial-
time algorithm when k is fixed.

Theorem 8. There exists an algorithm that, given any integer k > 1 and any n-
node tree T, computes a k-strategy that locates a target in T in at most Ay (T)+1
steps. Furthermore, the time-complexity of the algorithm is O(nlogn),
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Proof. The strategy proceeds as follows. The first step probes any arbitrary
vertex r of T. Let d be the distance between r and the target, let L C V(T
be the set of vertices at distance exactly d from r, and let T¢ be the subtree
induced by r and every vertex on a path between r and the vertices in L. Note
that (T9,r) € T and that the target is occupying a leaf of T9. Hence, it is
sufficient to apply A (k, (T4, 7)).

By Theorem 7, the above strategy will locate the target in at most 1 +
maxg AF(T9) <14 \(T) steps (by Claim 10). O

Theorem 9. There exists an algorithm that, given any integer k > 1 and any n-
node tree T', computes an optimal k-strategy for locating a target inT in at most
Me(T) steps. Furthermore, the time-complexity of the algorithm is O(n*+2logn).

Proof. The proof is similar to the one of the previous theorem, but instead
of probing a single vertex during the first step, we enumerate all the O(n*)
possibilities for the first step and enumerate each answer among the n possible.

O

To conclude this section, it is important to mention that both Theorems 8
and 9 also hold in the case of edge-weighted trees. Indeed, distances are only
used in Claim 1 which clearly holds for edge-weighted trees.

4 Further Work

Our results in trees leave the open question of whether A\;(7") is Fixed Parameter
Tractable (in k) in the class of n-node trees T'. Moreover, it would be interest-
ing to study the LOCALIZATION Problem in other graph classes such as interval
graphs and planar graphs. Also, what is the complexity of the ¢-STEP LOCAL-
IZATION Problem in trees?

The RELATIVE-LOCALIZATION Problem seems to be much more intricate even
for simple topologies. A first step towards a better understanding of this problem
would be to fully solve it in the case of paths (i.e., to determine 7! (P) for every
path P), which has been partially solved in [7], before studying it in the class of
trees.
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5 Appendix

Notation. In the whole paper, G = (V,E) denotes a connected undirected
simple graph. For any v,u € V, Ng(v) denotes the set of neighbours of v and
de(u,v) denotes the distance between u and v in G. A k-strategy is a localiza-
tion strategy that probes at most k vertices per step. After the st* step of a
localization strategy, Hs, C V is the set of vertices that may still host the target.
Unless stated otherwise, Hy = V.

5.1 Proofs of Theorem 1 and Theorem 2

Theorem 1. Let k > 1 be a fized integer. The k-PROBE LOCALIZATION Prob-
lem is NP-complete in the class of graphs with a universal vertex.

Proof. Since any k-strategy in a graph G has length at most |V (G)|, the problem
is in NP. Let us prove it is NP-hard by a reduction from the 3-DIMENSIONAL
MATCHING Problem (3DMP) which is a well known NP-hard problem. The
3DMP takes a set X = I; U Iy U I3 of 3n elements (|I;| = |Ix| = |I3] = n)
and a set S of triples (z,y,2) € I x Iy x I3 as inputs and asks whether there
are n triples of S that are pairwise disjoint.

Let k > 1 be a fixed integer and let Z = (X, S) be an instance of 3DMP. First,
we may assume that |X| = 3kn since, if not, it is sufficient to take k disjoint
copies of (X, S). Moreover, we may assume that m = |S| is such that 2m—1=0
mod k (for instance by adding dummy triples if needed). Let X = {1, , Z3kn}
and § = {S1, -+, Sm}.

Let us build the graph G = (V, E) as follows.

- X =X'"U...UuX*? with X* = {21, -+ ,2%,,.} for every i < k + 2. Each of
the vertices xé-, for ¢ € [1, k + 2], represents the element z;, for j < 3kn;

fX”:{ac’l’,...,x'(’kH)m}; ‘ A

— S=5'U...uSk? with §* = {s5,1 <j <mj} for every i € [1,k +2]. Each
of the vertices sj-, for i € [1,k + 2], represents the element S;, for j < 3kn;

The set of edges is defined as follows.

— There is an edge between s and every vertex of V' \ {s}.

— There is an edge between ¢ and every vertex of X U X”.

— For every j € [1,3kn] and every g € [1,m] such that z; € S;, there is an
edge between x; and s, for every i € [1,k+ 2].

The graph G is depicted in Figure 2.
Let p = % € N. We prove the theorem by showing that Z = (X, S)
admits a 3DM if and only if \p(G) < (k+2)n+p+ 1.

Claim 3 If T admits a 3DM, then \p(G) < (k+2)n+p+ 1.

14
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Fig.2: Graph G constructed from an instance of 3DMP for proof of Theorem 1.
A thin line between one vertex (blue circle) and one rectangle represents all
edges between this vertex and every vertex in the rectangle. The instance of the
3DMP is encoded in the edges between the vertices in S° (representing the sets)
and the vertices in X?, for every i < k + 1.

Proof of claim. Let Y C S be a 3DM of T = (X,S) (of size |Y| = kn). Up to
renumbering the sets and the elements, let us assume that Y = {S1, Sa, ..., Skn}
and assume that S; = {#3¢1)41, Z3(i—1)+2, T3(i—1)+3 ) for every i € [1, kn]. Note
that, because Y is a 3DM of size kn, |J;c;<p, Si = X (i.e., all elements are
covered). o

In the following, we describe a k-strategy @ that locates the target in G in
at most (k4 2)n+ p+ 1 steps.

The first step of @ consists of probing only the vertex q. Three cases may
occur. Either H; = {¢} in which case the target is located. Or the target is at
distance 2 from g, i.e., H; = S, in which case, ® sequentially probes every vertex
of S but one until the target is located, which takes at most p extra steps. Or
the target is at distance 1 from ¢ and H; = X U X" U {s}.

Hence, we may assume that H; = X U X" U {s}. In this case, ¢ proceeds by
phases of at most n steps each. There will be at most k + 2 phases. Intuitively,
during Phase i < k + 2, the strategy @ probes vertices in S’ in such a way that
either the target is detected at one of the vertices of X*, or at the end of the
phase, the target is known not to be in X°.

Let us assume by induction on 1 < ¢ < k+ 2 and 1 < j < n that, before
the j*" step of Phase 14, if the target has not been located yet, the set of possible
locations for the target is

Hip(imtyntjo1 = 0 U X" U{aby gy q1s o @} U ( U XY),
1<y<k+2
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where 0 = {s} if i = j = 1 (or possibly, in the case k =1, if i = 1 and j = 2),
and o = ) otherwise.

This holds for ¢ = 7 = 1. Then, the strategy @ consists of probing the vertices
Pij = {SZ(j—1)+17 e ,s};j}. There are three cases to be considered. Before going
into the details of the cases, recall that the sets Syj_1)41, -, Sk; belong to
the 3DM Y and so are pairwise disjoint. Hence, by construction of G, for every
a,b € P’i,j7 (N(;(a) N Xz) N (Ng(b) n Xl) = 0.

— Either, all vertices of P; ; are at distance one from the target. In this case,
the target is located at s (this case may only happen for i = j = 1 or,
possibly, ¢ = 1 and j = 2 in the case k = 1).

— Or exactly one vertex, say 52(3’—1)-&-3: for 1 <x <k, of P;; is at distance one
from the target. Let y = k(j — 1) 4+ «. In this case, the target must be occu-
pying a vertex of x%(y71)+1’ xg(yfl)JrT mg(yfl)Jrg (the vertices corresponding
to the elements that are contained in ).

The strategy @ probes two of these vertices, until the target is located in at
most 2 extra steps. Therefore, in this case, the target is located in at most
1+ —1n+7+2<(k+2)n+p+1steps (since i <k +2and j <n).

— The last case is when all the vertices of P; ; are at distance 2 from the
target. In this latter case, it means that the target cannot occupy a vertex
inU = {s}uU {x%k(j_l)H, e ,:rgkj}. And so, if j < n, then Hy (i 1)pqj =
Hiyi—1ynj—1 \U = X" Udah 00 25,1 U (Ujcy<pqo X¥), hence the
induction hypothesis holds for j + 1.

To conclude, if j = n, Hitin = Hit(i—1yntn—1\U = X" U(U; 11 cpy<pro X¥)
and the induction hypothesis holds for ¢ + 1 and j = 1. In this case, the
Phase i+ 1startsif i +1 < k + 2.

After the n'" step of Phase k+2, we get that Hy{ (442), = X”. The strategy
@ ends by sequentially probing every vertex of X’ but one. So the target can be
located in at most p extra steps. Therefore, \p(G) < (k+2)n+p+ 1. o

Claim 4 If every 3DM of T has size < kn, then \y(G) > (k+2)n+p+ 1.

Proof of claim. Let us assume that every 3DM of 7 has size < kn. We show that
every k-strategy needs at least (k+2)n+p+2 steps to guarantee the localization
of the target.

To avoid technicality, let us assume that Hy = X U X", i.e., the target is
known a priori to occupy a vertex in X U X”. We show that even with this
extra assumption (that is not favourable for the target), every k-strategy needs
at least (k + 2)n + p + 2 steps to guarantee the localization of the target.

Let @ be any k-strategy. First, let us note that, since Hy = X U X" and both
g and s are universal for X U X", then probing g or s does not bring further
information. Therefore, we may assume that @ never probes g nor s.

Let us precisely describe the effect of probing one vertex depending on
whether it is in X, X" or S.
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1. Let u € X”. Note that, for every z € X U X"\ {u}, dg(u, z) = 2. Therefore,
probing u only determines if the target is on u or not, and gives no further
information. We say that probing u only allows to remove u from the set of
possible locations.

2. Let u € X for any i < k + 2. Note that, for every z € X U X" \ {u},
dg(u, z) = 2. Therefore, similarly, probing w only allows to remove u from
the set of possible locations.

3. Let u € S* for any i < k + 2. Let {z,y,2} = Ng(u) N X%, i.e., x,y, and
z are the vertices corresponding to the elements contained in the set that
corresponds to u. For every z € X U X"\ {x,y, 2}, dg(u, 2) = 2. Therefore,
probing u only allows to remove at most 3 vertices, namely z,y, z, from the
set of possible locations.

4. More generally, for any Z C S® with |Z| < kn. Probing all vertices of Z
allows to remove Ng(Z) N X%, i.e., at most 3|Z| vertices from the set of
possible locations of the target.

5. Finally, let Z C S with |Z| = kn. Because Z has no 3DM of size kn, there
must be at least two vertices of Z whose neighbourhoods intersect in X?.
That is, |[Ng(Z) N X?| < 3kn — 1. Probing all vertices of Z allows to remove
at most 3kn — 1 vertices from the set of possible locations of the target.

Let P C X U X" US be the set of all vertices that have been probed during
the (k+ 2)n + p + 1 first steps of @. We will show that, at this point, the set
of possible locations for the target still contains at least two vertices and so an
extra step is required.

For every 0 < j < kn, let a; be the number of sets S? that contain exactly
kn — j vertices of P. Formally, a; = [{i | 1 <i < k+2,|S"NP| = kn — j}|. For
every kn < j < m, let a; be the number of sets S* whose exactly j vertices have
been probed, i.e., a; = [{i | 1 <i < k+2,|S"N P| = j}|. By definition, since
|S?| = m for every i < k + 2:

Y aj=k+2 (1)

0<j<m

Let y = |X N P| be the total number of vertices probed in X and let z”/ =
| X"’ N P| be the total number of vertices probed in X”. By definition of y, 2, and
the a’s, the total number p of vertices that have been probed after (k+2)n+p+1
steps satisfies:

p=y+a"+ > jaj+ Y. (kn—j)ay. (2)

kn<j<m 0<j<kn

Moreover, since at most k vertices can be probed each step:
p<kl(k+2)n+p+1] (3)

Note that, by Item (1) above, if 2"/ < (k4 2)m — 2, then at least two vertices
have not been probed and, therefore, are still potential locations for the target
(as noticed above, a vertex of X" can be removed from potential locations only
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by being probed). In such a case, another step would be needed to ensure the
localization. Therefore, we may assume that z”/ € {(k + 2)m — 1; (k + 2)m}.

Let us assume that z’/ = (k + 2)m (below, we point out the few differences
in the case z’/ = (k+2)m —1). In that case, all vertices in X" are removed from
the possible locations of the target that must be in X.

Let 0 < j < kn and let i < k+2 such that kn— j vertices have been probed in
S. By item (4) above, the probes of the vertices in S remove at most 3(kn — )
vertices of X* (and no other vertices) from the possible locations of the target.
In other words, it leaves at least 3j vertices of X? as possible locations for the
target. Let i < k + 2 such that kn vertices have been probed in S*. By item (5)
above, the probes of the vertices in S? remove at most 3kn — 1 vertices of X*
(and no other vertices) from the possible locations of the target. In other words,
it leaves at least 1 vertex of X as a possible location for the target.

Summing over all j € [0, kn], the vertices probed in S leave at least ag +

>~ 3ja; vertices of X as possible locations for the target. To ensure the

1<j<kn
d_ege_ction of the target without more steps, only one vertex of X must remain
as a possible location (in the case when 2’ = (k 4+ 2)m — 1, i.e., one vertex of
X" is still a possible location, then no vertex of X must remain possible). Since,
by item (2) above, only the vertices y probed in X may allow removing further
vertices from the set of possible locations, it follows that:

y+1=ao+ Z 3jay, (4)

1<j<kn

(in the case &’ = (k+2)m — 1, it becomes y > ap + > 3ja;).
1<j<kn
We are now ready to show that the above equations lead to a contradiction,
proving that an extra step is required. For this purpose, let us consider again the
total number p of vertices that have been probed during the first (k+2)n+p+1

steps.

p=y+2"+ > ja;+ > (kn—j)a; (Equation 2)
kn<j<m 0<j<kn
=y+a’+ > (-kn)aj+kn 3 ay— 3 joy
kn+1<j<m 0<j<m 0<j<kn
=y+2"+ > (J-kn)oj+knk+2)— Y Jjaj (Equation 1)
kn+1<j<m 0<j<kn
=y+k+2m+ > (G—kn)a;+Ekn(k+2)— > ja,
kn+1<j<m 0<j<kn

(if @ = (k +2)m)

> a0+ Y 3jo—1+(k+2)m+ Y (j—kn)o+kn(k+2)— > joj
1<j<kn kn+1<j<m 0<j<kn
(Equation 4) (if 2" = (k + 2)m)
=ap+ Y. 3jo+pk+ > (J—kn)oj+kn(k+2)— Y joj

1<j<kn kn+1<j<m 0<5j<kn
(by definition of p)
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=knk+2)+p+1]+ > -kn)aj o+ DY, 2ja;,—k
knt1<j<m 1<j<kn

kEn(k+2)+p+1]4+2(k+2)—-2 > a;+ > (J—kn)ajt+ao+ Y. 2jo;—k
0<j<m kn+1<j<m 1<j<kn
(Equation 1)

=k[n(k+2)+p+1+4+ > (—kn)a; -2 3 oj-ao+

kn+1<j<m kn+1<j<m
> 2(—Daj+k
1<j<kn
=kn(k+2)+p+1]+4+ > (G—kn—-1Da;— >  a;j—ao+
kn+2<j<m kn+1<j<m
> 2 —1Daj; +k
1<j<kn
>knk+2)+p+1]+4+k—ap— > o
kn+1<j<m
p>kink+2)+p+1]+2 (Equation 1)
This contradicts Eq. 3 and concludes the proof. o O

Theorem 2. Let k > 2 be a fized integer. Given a graph G with a universal
vertez and an integer £ > 1, the problem of deciding whether \;°(G) < ( is
NP-complete.

Proof. The proof is exactly the same as for Theorem 1, but the strategy designed
in Claim 3 starts by probing both s and ¢ (instead of only ¢). Moreover, in this
strategy, if the target is in S U {s}, the localization may require one more step
than for the case with exact distances (but the claim still holds). O

5.2 Proofs of Theorem 3 and Theorem 4

Theorem 3. Let ¢ > 1 be a fired parameter. The (-STEP LOCALIZATION Prob-
lem is NP-complete in the class of graphs with a universal vertex.

Proof. For ¢ = 1, the result follows from the fact that x1(G) is exactly the metric
dimension and from its NP-completeness [6].

Let ¢ > 2 be fixed. We focus on proving the NP-hardness of the /-STEP LoO-
CALIZATION Problem, as it is clearly in NP. The proof is by reduction from the
METRIC DIMENSION Problem restricted to the class of graphs with diameter 2,
which is known to be NP-hard [9]. Let thus < G,k > be an instance of METRIC
DIMENSION where G has diameter 2. We construct, in polynomial time, an in-
stance < G’  k > of the /~-STEP LOCALIZATION Problem such that MD(G) < k
if and only if a target hidden in G’ can be located in at most £ steps, by probing
at most k vertices per step, i.e., k(G) < k.

The construction of G’ is as follows. Start from k(¢ — 1) 4+ 1 disjoint copies
G1, ., Gre—1)41 of G. Add the vertices vy, ..., vg(y—1)+1 and add all the edges
from v; to every vertex of G; for all integers 1 <7 < k(¢ — 1) 4+ 1. Add a vertex
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u to the graph, and all edges between u and each vertex of the copies of G. The
resulting graph is G’. We will need the following claim.

Claim 5 For some 1 < a < k({—1)41, if the target is known to occupy a vertex
of Gq, then probing a vertex w € V(G'\ G,) does not remove any vertices in G,
as possible locations for the target.

Proof of claim. u and v, are universal to G, and therefore, all vertices of G, are
the same distance from u and v,, and every shortest path from w to a vertex of
G, includes either v, or v and thus, any vertices of G, cannot be distinguished
by their distance to w. o

Let us show that M D(G) < k if and only if k¢(G) < k.

— First let us assume that M D(G) < k, we show that x¢(G') < k. On step s
for 1 <5 < £—1, let us probe the vertices {v(s—1)x+1," - Vs }. If the target
is at some vertex, say v;, probed at this step, then it is located immediately.
If the target is at distance 1 from such a probed vertex v;, then it occupies a
vertex in the corresponding G;. Note that, because G has diameter 2, then
each of its copies G; is an isometric subgraph of G’. Hence, any resolving
set of size k of G (it exists since M D(G) < k) is also a resolving set for the
vertices of G; in G’. Probing such a resolving set in G; allows to locate the
target during the next step s + 1.

If the target is at distance 2 of all v;s, then it is located at w.

If on turn ¢ — 1, the target is at distance 4 from the probed vertices, then
it is located at vg(p—1)41. Otherwise, it is in Gy—_1)4+1 and can be located
next turn since we have assumed that M D(G) < k and each G; is isometric
in G'.

— Now we prove the other direction, that is, we show that M D(G) > k implies
that ke(G') > k.

Since there are k(¢ — 1) + 1 copies of G; and only k(¢ — 1) probes may occur
in the first ¢ — 1 steps, then on the last step, regardless of strategy, there
will always exist a copy, say G, for some 1 < a < k(¢ — 1) + 1, for which
no vertices in G, have been probed. If the target is hidden in G,, then by
Claim 5, all the vertices of G, are still potential locations for the target.
The last step is not sufficient to locate a target hidden in G, since probing
a vertex w € V(G'\ G,) is useless by Claim 5, G, is isometric in G’, and
MD(G,) > k. Hence, r¢(G') > k. 0

Theorem 4. Let £ > 1 be a fized integer. Given a graph G with a universal
verter and 2 < k € N, the problem of deciding if /{fl(G) < k is NP-complete.

Proof. For £ = 1, the result follows from the fact that x}°(G) is exactly the
centroidal dimension and from its NP-completeness [7].

Let £ > 2 be fixed. The problem is clearly in NP. To prove the NP-hardness,
let us reduce the CENTROIDAL DIMENSION Problem restricted to the class of
graphs with diameter 2 that contain a universal vertex, which is known to be
NP-hard [7]. Let thus < G, k > be an instance of CENTROIDAL DIMENSION where

20



G has diameter 2 and contains a universal vertex. We construct, in polynomial
time, an instance < G’, k > of our problem such that CD(G) < k if and only if
a target hidden in G’ can be located in at most ¢ steps, by probing at most k
vertices per step, i.e., k¢ (G) < k.

The construction of G’ is as follows. Start from k(¢ — 1) 4+ 1 disjoint copies
G1, ..., Gre—1)+1 of G. Let v be a universal vertex of G, and for 1 <i < k({ —
1) + 1, let v; denote the copy of v in G;. Add all the edges so that vy—1)4+1 is
a universal vertex in G’. The resulting graph is G.

Claim 6 Let 1 < a < k(I —1) + 1 and assume that the target is known to be
in Go, and all the vertices of G, remain as possible positions for the target. if
CD(G) > k, then probing k vertices is insufficient to locate the target in one
step.

Proof of claim. Assume k vertices are probed in G,. Since CD(G,) > k and G,
is an isometric subgraph of G’, there exist at least two vertices y1,y2 € G, that
cannot be distinguished based on the information received. That is, the distance
orderings of the k& probed vertices to y; and ys are identical. If any number of
the k vertices probed in G, had instead been replaced by vertices in G’ \ Gy,
then the distance orderings of the k probed vertices to y; and y» may change but
they would still be identical to one another since vy_1y41 is a universal vertex
(and thus, distance 1 from both y; and y2) and a cut vertex which separates all
the copies of G; for all 1 <i < k(¢ —1)+ 1. o

— First let us assume that CD(G) < k, we show that x}°(G’) < k. On step s
for 1 < s < /£ —1, let us probe the vertices {v(s_1yrt1, ", Vst }-
If the target is closest to one of the vertices {v(s_1)x+1," - ,Vsk} Probed at
step s, say v(s_1)k+o for some integer 1 < x < k, then the target is at a ver-
tex in G(s_1)p+«- Indeed, all the G;s are separated by a cut vertex vis—1)4+1
and since vyg—1)41 is universal, it is equidistant from all the vertices of
{V(s=1)k+1," " ,Usk}. Note that each G; is an isometric subgraph of G'.
Hence, any centroidal locating set of size k of G (it exists since CD(G) < k)
is also a centroidal locating set for the vertices of G; in G’. Probing such a
centroidal locating set in G; allows to locate the target during the next step
s+1<¢.

If the target is equidistant from each of the vertices {v(s_1)py1,- " ,Usk}
probed at step s, then the target may not be at the vertices {v(s,l)kﬂ, Ce L Usk}
nor at the vertices of G(s_1)x41," "+, Gsk. Therefore, if s < £ — 1, then
Hy, = {vsgt1, - 7U(s+1)k+l} U Uogigk V(Ggg+1+i). Hence, after s = £ — 1

steps, then Hy = V (G} r—1)+1). Then, since each G; is an isometric subgraph
of G" and CD(G) < k, probing a centroidal locating set in Gjy—1)41 allows
to locate the target during the next step s +1 = /.

— Now we prove the other direction, that is, we show that CD(G) > k implies
that k;°(G") > k.
Whatever be the probing strategy, if on the last turn, there exists a copy,
say G for some 1 < a < k(¢ — 1) + 1, for which no vertices in G, have been
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probed, then there is no way to know at which vertex of GG,, the target is
located. Indeed, all G;s are separated by a cut vertex, so probing a vertex
in some G; provides no information on any other G, j # ¢. Since there are
k(£ —1)+1 copies of G; and only k(¢ —1) probes may occur in the first £ —1
steps, then on the last step, regardless of strategy, there will always exist a
copy, say G, for some 1 < a < k(¢ —1) + 1, for which no vertices in G, have
been probed. The last step is not sufficient to locate the target by Claim 6.
Hence, x5°(G") > k. O

5.3 Proof of Theorem 5

Let us start with simple results that will be used below.
Claim 7 Let S,, be the star with n leaves. Then A\g(S,) = [222].

Proof of claim. It comes from the fact that, in any star, the optimal strategy
consists of probing all leaves but one. o

Claim 8 Let1 <r € N be such thatr —1=0 mod k. For1 <n €N, let S}, be
the tree obtained from r copies of S, by adding one new vertex ¢ adjacent to the
center of each of the r stars.

r—1 n—1

M) = T

Furthermore, MD(S}) = r(n —1).

Proof of claim. For 1 <i <rand1 < j <n,let ¢’ be the center of the it" copy of
Sy, denoted by S?, and let c§ be the jt* leaf of the i'” copy of S,,. First, we prove

that A\g(S7) < =2 + [222]. Consider a strategy ¢ that at step 1 < s < 21,

probes the vertices cf*l)’““, -+, csk. If at step s, one of the probed vertices,
say c(ls_l)k'm for some 1 <z <k, is:

— distance 0 from the target, then the target is located at cgsfl)kﬂ.

— distance 1 from the target, then the target is located at ¢(s—Dk+z,

— distance 2 from the target and £ = 1, then the target is located at ¢ or
cgffl)kﬂ for some 2 < y < n. The target is then located in a total of at
most s + f"T_l] steps since it occupies a leaf of the subgraph induced by

c?(f*l)kﬂ and its neighbours which happens to be a star S,, that is also an

isometric subgraph of S,.
— distance 2 from the target and k£ > 1, then the target is located at c if it is
also distance 2 from the other probed vertices. Otherwise, it is at cl(,s_l)k"rw

for some 2 < y < n. The target is then located in a total of at most s+ ["T_Q]

steps since it occupies a leaf of the subgraph induced by cg(f*l)ka and all

its neighbours except for ¢, which happens to be a star S,,_; that is also an
isometric subgraph of S,.
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If at step s < 71, all of the probed vertices are at distance 3 from the

target, then the target is located at one of the vertices ¢®¥*+1 ... cHDE If at
step s < ’“;1, all of the probed vertices are at distance 4 from the target, then

the target is located at one of the vertices c?kﬂ, N A

If at step Tgl, all of the probed vertices are at distance 3 from the target,
then the target is located at ¢". If at step ’“;1, all of the probed vertices are
at distance 4 from the target, then the target is located at one of the vertices
c;. The target is then located in a total of at mos ’;1 + ["T—W steps since it
occupies a leaf of the subgraph induced by ¢ and all its neighbours except for
¢ which happens to be a star .S, that is also an isometric subgraph of S},.

Now, we prove that A;(S5) > % + [271] — 1. We may assume that the
target is on a leaf as this is not favourable for the target.

Whatever be the probing strategy, if after some step, there exists a copy of
Sn, say S® for some 1 < a < r, for which no vertices in S* have been probed,
then there is no way to know at which vertex of cf, the target is located if it is
there. Indeed, all ¢fs are separated by a cut vertex that is universal to them, so
probing a vertex in S’ \ S provides no information on the location of the target

at a vertex cj. Since there are 7 copies of S, and only krgl probes may occur

in the first T? steps, then after step ’;1, there will always exist a copy of Sy,
say S¢ for some 1 < a < r, for which no vertices in S* have been probed. The
next f"T_ll — 1 steps of any strategy are not sufficient to locate the target if it
occupies a leaf of S as the subgraph induced by S® is an isometric subgraph
of S7 and, as stated above, probing vertices in S}, \ S* does not provide any
information. Therefore, [”;1] steps are still required since S® is a star with n
leaves.

By [10,17], MD(S7) = r(n — 1). o

Theorem 5. The LOCALIZATION Problem is NP-complete in the class of trees.

Proof. Since there always exists a winning strategy with length at most O(n),
it is a certificate with polynomial size and so the problem is in NP.

To prove the NP-hardness, let us reduce the HITTING-SET Problem. The
inputs are an integer k¥ > 1, a ground-set B = {by,--- ,b,} and a set S =
{81, ,Sm} of subsets of B, i.e., S; C B for every i < m. The HITTING-SET
Problem aims at deciding if there exists a set H C B such that |H| < k and
HNS; #0 for every i < m.

Adding one new element to the ground-set and adding this element to one
single subset clearly does not change the solution. Therefore, by adding some
dummy elements (each one belonging to a single subset), we may assume that
all subsets are of the same size ¢ and that 0 —1 =0 mod k.

Let v be any integer such that y —1 =0 mod k and vy >n —k — 1.

The instance T' of the LOCALIZATION Problem is built as follows. Let us
start with n vertex-disjoint paths By, - - - , B, (the branches) of length 2m, where
B; = (b}, ,bh,, ) for each i < n. Then, let us add one new vertex r adjacent
to bj for all i < m. For every 1 < j < m and for every 1 < ¢ < n such that
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b; € S;, let us add v new vertices adjacent to béj. The subgraph induced by
béj and by the v leaves adjacent to it is referred to as the star representing the
element ¢ in the set S; (or representing the set .S; in the branch i).

Intuitively, it will always be better for the target to be located in a leaf of
some star because « is “huge”. During the first turn of any strategy, the level
(roughly, the distance to the root) of the target can be identified. Each even level
2j corresponds to a set S;. If, during the first turn, one star corresponding to
each even level can be eliminated from the possible locations (which corresponds
to hit every subset) then the strategy finishes one step earlier than if all subsets
cannot be hit (if so, all stars would have to be checked).

More formally, we show below that A, (T) < 1+ 2% + 22 if and only if
there is a hitting set of size at most k.

Let us first show that, if there is a hitting set H of size at most k for (B,S),
then \(T) < £ for any ¢ > 1+ "T_l + ’YT_l W.lo.g. (up to renumbering the
elements), let us assume that H = {by,---,b;} and let us present the corre-
sponding winning strategy. During the first turn, the vertices b3, 4, - . 11
are probed. There are two cases to be considered.

— First, if the target is at distance exactly 2m + 1 from one of (actually from
all) the probed vertices, it is at r.

— Then, let us assume that the target is at distance < 2m + 1 from one of
the probed vertices, w.l.o.g., the target occupies a vertex in the branch B;
(including the leaves of the stars in this branch). If the target is at an odd
distance from b3, ., then the target is identified since there is a unique
vertex at distance 2h + 1 from b3, for each 0 < h < m. Otherwise, the
target is at distance d = 2(m — h) from da,,41 for some 0 < h < m (if
h = m, the target is trivially located). If by ¢ S,,,_p,, then b%m+17d does not
belong to a star and b}, _, is the unique vertex at distance d from b3, .,
and the target is located. Otherwise, the target may occupy b%m—i—l—d or any
leaf adjacent to b3, ., ,. By Claim 7, this can be checked in [}] steps by
sequentially checking each of these vertices but one.

Overall, in this case, the target is located in at most 1+ []] steps (including
the first one).

— Hence, we may assume that the target is at distance at least 2m + 2 from
each of by, .-+ ,b5 ... Note that, in this case, the target is the same
distance from every probed vertex. Said differently, the information brought
by the first turn is that the target is at some distance d > 1 from the root ¢
and not in branches By, - -, By.

If d is even, then the target can be at --+,b]. Indeed, for every i < n,
and any even distance d’, there is a unique vertex at distance d’ from r in
the branch B;. By Claim 7, the target can be located in ["*T’H] steps by
sequentially checking each of these vertices but one. Overall, it took 1 +
[2=k=1] steps to locate the target.

Otherwise, d = 2j + 1 for some j < m. Recall that H is a hitting set. In
particular, |S; \ H| < |S;| = 0. In the worst case, |S; \ H| = ¢ — 1 and,
w.l.o.g. (up to renumbering), S; \ H = {bxy1,- - ,br+o—1}. In this case, the

k+1
b,
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target can be located at bg“, -+, b} or at any leaf adjacent to one of the
vertices b;“;rl, e ,bg;"_l (i.e., the leaves of the stars corresponding to the
set S; in the branches that have not been hit). Then, the strategy continues
by sequentially probing the vertices b’;“, S J)Z*l (Note that we start by
the branches containing the stars that remain to be checked). There are two
cases to be considered.

e Either after checking in “T_l steps (recall that c—1 =10
mod k), the target is located to be in some star (this is the case if it is at
distance 2 from one probed vertex). Then, it remains to identify which
leaf of the star is the location of the target. This can be done in 7771
steps by sequentially checking each of these leaves but one (Claim 7).
Overall, in this case, the target has been located in 1+ ”T_l + 'YT_l steps.

e Or the target does not occupy a leaf of a star and is located after a total
of 1+ [2=F=17 steps (including the first step).

k+1 k+o—1
bd ’”"bd

To conclude, if the minimum size of a hitting set is at most k, then Ay (T) < ¢ for

any ¢ > 1+ max{[}],[2=E=1], oL 4 221 = 1 4 21 + 2L (the last equality

holds since ¥ >n —k — 1 and, since 0 —1 =0 mod k and o > 1, 7% > 1).

Now, let us show that, if there are no hitting sets of size at most &, then
Ai(T) > € for any £ <1+ 21 + 7771 Consider any strategy probing at most k
vertices per step. After the first turn, at most k& branches have some vertex that
has been probed. These at most k& branches correspond to at most k elements of
the ground-set B and, since all hitting sets have size at least k+1, there must be a
set that does not contain any of these k elements. W.l.o.g., let S1 = {b1,--- ,bs}
be this set. After the first step, let us assume that the target is located at
distance 3 from the root (it is possible to decide this a posteriori since we are
considering a worst case). Therefore, the target may be located at any leaf of
some star corresponding to S7. More precisely, the target may be at any vertex in
{bi, - b} or at any leaf adjacent to one of the vertices {b3,--- ,b3}. Actually,
the target may also be at other vertices (the third vertex of other branches), but
we can ignore these choices. Indeed, even removing these choices (so making the
target less powerful), we show that the strategy will last long enough.

Indeed, after the first step, the instance becomes equivalent to an instance
that consists of a rooted tree whose root has degree o and each child of the root
is adjacent to v + 1 leaves, and the target is only known to occupy a leaf. By a
direct adaptation of Claim 8, locating the target takes another -1 + [2] steps.

Overall, locating the target requires at least 1 + "T_l + [%] steps. Since

y—=1=0 modk, [1] > 2 and M\(T) > 1 + o2 + 12, =

5.4 Algorithm in trees

Example. Figure 3 describes a simple example. The root r of T" has 8 children
v1,...,vs with the pairs (AE(T,,), 7(Ty,)) being (4,2), (4,1), (3,3), (3,3), (2,2),
(2,2), (1,1), and (0,0), respectively. Let k = 4. There is a strategy ¢ which
identifies the target in at most 4 steps.
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4,2) 1) (3,3) (3.3) (2,2) (2,2) (1,1 (0,0)

Fig.3: A tree T rooted at r. The eight children of r are wy,...,vs. The pairs
(AE(T,,), m(T,,)) are written below each subtree. In the figure, 1 (2, 3, resp.) Q)
in a subtree corresponds to 1 (2, 3, resp.) vertex (vertices) of this subtree probed
during step j.

— Step 1. The probed vertices are those labeled 1 in Figure 3, that is, 2 vertices
of T, , 1 vertex of T),,, and 1 vertex of T,,. If the target occupies some leaf
of T, or T,,, then there is a strategy which will locate the target in at most
MA(T,,)) — 1 = A(T,,) — 1 = 3 extra steps because 7(T,) (7(T,,), resp.)
vertices of T, (T,,, resp.) have been probed. If the target occupies some
leaf of T, then there is a strategy which will locate the target in at most
AE(T,,) = 3 extra steps (that is a total of 4 steps). Thus, assume that the
target occupies a leaf of some subtree T),,, 4 <14 < 8.

— Step 2. The probed vertices are those labeled 2 in Figure 3, that is, 3 vertices
of T,, and 1 vertex of T,_. If the target occupies some leaf of T, or T,,,
then using similar arguments to those above, we can show there is a strategy
which will locate the target in at most 2 extra steps (that is a total of 4
steps). Thus, assume that the target occupies a leaf of Ty, T, or Ty

— Step 3. The probed vertices are those labeled 3 in Figure 3, that is, 2 vertices
of T}, and 1 vertex of T,,. Again, if the target occupies some leaf of T;,, or
T,,, then with at most 1 extra step, the target is located. Otherwise, the
target is on T}, and there is no need for an extra step.

Proof of Lemma 1 Let us first mention important claims.

Claim 9 ME(T) = 0 if and only if T is a rooted path, and 7(T) = 0 if and only
if T is a rooted path.

Claim 10 For any tree T and any subtree T' of T, Ne(T") < Me(T") < Mg(T)
and N (T') < N(T).

Claim 11 For any tree T, there exists a k-strategy that locates the target in at
most A\, (T) + 1 steps (resp., in at most \E(T) + 1 steps if the target is known to
occupy a leaf) and that probes a single arbitrary vertex during its first step.

Claim 2 Let S € S with d = |V(S)| — 1 (i.e., d is degree of the root r). Then,
M (8) = [45H] and 7(S) = —k([4FH] = [454]) + (d = 1).
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Proof of claim. The strategy consists of sequentially probing each leaf of S but
one. Either the target will be probed at some step, or it must be in the unique
leaf that has not been probed. During the first step, 7(.5) leaves are probed, and
exactly k leaves are probed during every other step. Such a strategy takes fdgl]
steps.

For any strategy using less than [%41] steps, the vertices of at most k([42]—
1) < d — 2 branches have been probed. Hence, there are at least two branches
of S for which no vertices have been probed and so it is not possible to decide
which one of these branches is occupied by the target.

Similarly, it can be checked that, for any strategy using at most fd—;lw steps
and that would probe less than 7(S) vertices during the first step, there are at
least two branches of S for which no vertices have been probed. It makes the
proof easier to notice that m(S) = fk([%] —[217) 4 (d — 1), is equivalent to:

d
e 1(S)=0ifd—1=0;

o 7(S)=kifd—1>0and (d—1) mod k =0;
e 7(S)=(d—1) mod k otherwise.

<

Lemma 1. For every 1 <i < d+1, \F(T[i,d*]) = l;—1 and 7(T[i,d*]) = k—p;.

Proof. The proof is by induction on d+ 1 —i < d+ 1. For i = d + 1, there are
two cases to be considered.

— If d = d* (i.e., the condition on Line 2 is not satisfied), then, before the first
iteration, lgy1 = 1,pg41 = k and T[d+1,d*] = 0, and so AL (D) = lg11—1=0
and w(0) = k—pg41 = 0. So the induction hypothesis is satisfied for i = d+1.

— Otherwise, d < d* and T,,,,,---,T,,. are rooted paths. That is, T[d +
1,d*] € S. Then, the induction hypothesis for i = d + 1 is satisfied by
Claim 2 and Lines 2 to 5 of Algorithm 2.

Let us assume that the induction hypothesis holds for 1 < i+1 < d+1. That
is, at the end of the (d — i)' iteration of the for-loop, A (T'[i +1,d*]) = lix1 — 1
and 7(T[i + 1,d*]) = k — pi+1. We will prove that it is also true after the next
iteration of the for-loop, i.e., \E(T'[i,d*]) = 1; — 1 and n(T[i,d*]) = k — p;.

It is very important to note that, Lines 2 and 3 imply that A\; > 0 and m; > 0,
for every 1 < < d.

There are five different cases to be considered depending on the values of
Di+1,Ti, /\i, and li+1-

— Case 0 <m; < Di+1, Zi+1 =X+ 1
By induction hypothesis, A\l (T[i+1,d*]) = l;+1—1 = X\; and n(T[i+1,d*]) =
k—piy1-
Because the value of [ at the beginning of this iteration of the for-loop is
li+1 = A\i+1, then a = m;. Then, since 7; < p;11, p becomes p—a = p; 1 —;
and [ is not modified. Hence, I; = l;11, and p; = p;41 — ;.
We now prove that A\E(T[i,d*]) = l;11 — 1 and 7(T'[i,d*]) = k — pis1 + mi.

27



By Claim 10, AXE(T[i, d*]) > ME(T[i + 1,d*]) = l;41 — 1.

To prove that AL(T[i,d*]) < Me(T'[i + 1,d*]) = l;+1 — 1, it is sufficient to
describe a strategy ¢ for AF(T[i,d*]) with a total of at most l;11 — 1 steps.
Let ¢’ be an optimal strategy for T'[i + 1, d*] probing at most 7(T[i + 1, d*])
vertices during the first step. Let also ¢” be an optimal strategy for T'[i]
probing at most 7; vertices during the first step.

The first step of ¢ consists of probing m; vertices of T[i] (as ¢”) and 7(T[i +
1,d*]) = k — p;11 vertices of T[i 4+ 1,d*] (as ¢'). By assumption, m; < p;y1,
and, by induction hypothesis, 7(T[i + 1,d*]) = k — piy1, so m; + ©(T[i +
1,d*]) < k and at most k vertices are probed. By Claim 1, this first step
allows to decide if the target is in T'[i] or not (in the latter case, it is in
T[i 4+ 1,d*]). If the target is in T'[i], then continue the strategy ¢ in T[i]
which will locate the target in at most \; —1 = ;11 —2 extra steps. Otherwise
(the target is in T[i + 1, d*]), continue the optimal strategy ¢’ for T'[i + 1, d*]
which will locate the target in at most AL (T'[i + 1,d*]) — 1 = l;11 — 2 extra
steps. In all cases, ¢ locates the target in at most [;1; — 1 steps.

We prove that 7(T[i,d*]) = k — p;+1 + m;. For purpose of contradiction, let
us assume that there is a strategy locating the target in T'[i, d*] in at most
Ai = liy1 — 1 steps and probing < k — p;11 + m; vertices during the first
step. By definition, at least m; vertices of T'[¢] must be probed during the
first step to locate the target in at most A; = ;11 — 1 steps. Thus, it means
that < k — p; 41 vertices of T'[i + 1,d*] can be probed during the first step.
This contradicts that the strategy performs in at most A\; = l;41 — 1 steps
since T(T[i + 1,d*]) = k — piy1.

Case m; > Pit1 > 0, li+1 =\ + 1.

In this case, it can be checked that o = 7; and that the “else” (Line 12) is
executed and so l; = ;11 +1 and p; = k—1. We will prove that AL (T[i, d*]) =
li—i—l and W(T[i, d*]) =1.

By induction hypothesis, A\l (T[i+1,d*]) = l;+1—1 = X\; and n(T[i+1,d*]) =
k—pit1.

We prove that A\E(T[i,d*]) > AE(T[i + 1,d*]) + 1 = ;1. For purpose of
contradiction, let us assume that A2 (T'[i,d*]) < l;+1 and let ¢’ be a strategy
for T'[i,d*] locating the target in at most [; 11 — 1 steps. Since l;11 — 1 = A,
then at least m; vertices of T[i] must be probed during the first step. Since
)\i’(T[Z + l,d*]) =liy1—1 =) and W(T[Z + 1,d*]) = k — piy1, at least
k — piy1 vertices of T'[i + 1,d*] must be probed during the first step. This
means that at least m; + k — p;4+1 > k vertices must be probed during the
first step, a contradiction.

We now prove that AL(T[i, d*]) = l;41. It is sufficient to design a strategy ¢
for T'[i,d*] locating the target in at most [, steps. By Claim 11, there is a
strategy ¢ for T[¢] that locates the target in at most A; + 1 steps and probes
a single vertex during the first step. Let also ¢’ be an optimal strategy for
Tli +1,d*].

The first step of ¢ consists of probing one vertex of T'[¢]. If the target is in
Ti], the strategy continues with ¢’ (in at most A; = ;11 —1 steps), otherwise,
the strategy continues with ¢” (in at most AL (T[i +1,d*]) = l;41 — 1 steps).
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We deduce that 7(T[¢, d*]) < 1 and by definition of 7, we get that = (T'[i, d*]) =
1.

— Case DPi+1 = O7 li+1 > )\1 + 1.
In that case, because of the “if” (Line 7), p is set to k and I; = l;41 + 1.
Then, o = 1 and so (“if” on Line 10) p; =k — 1.
We will prove that A\-(T'[i,d*]) = l;41 and 7(T[i,d*]) = 1.
By induction hypothesis, AL (T[i+1,d*]) = l;+1—1 > X\; and n(T[i+1,d*]) =
k.

e We prove that AE(T[i,d*]) > AE(T[i + 1,d*]) + 1 = l;41. For purpose
of contradiction, let us assume that AL(T[i,d*]) < ;41 and let ¢ be a
k-strategy for T'[i,d*] locating the target in at most ;41 — 1 steps. First,
if a vertex of T[i] is probed during the first step of ¢, it means that at
most k — 1 < k — p;y1 = k vertices of T[i + 1,d*] are probed during
the first step of ¢, contradicting that k — p;y1 = 7(T[¢ + 1,d*]) is the
minimum number of vertices of T[i + 1, d*] that must be probed during
the first step of an optimal k-strategy for T'[i + 1,d*].

Hence, neither ¢ nor any k-strategy locating the target in T'[i,d*] in at
most ;11 — 1 steps can probe some vertex of T'[i] during its first step.
Below, we will build such a strategy ¢’ (that probes some vertex of T'[i]
during its first step) from ¢, which leads to a contradiction.

Since ¢ does not probe any vertex of T[i] during its first step, then
lir1 —1 > \; (otherwise, a target hidden in T'[i] will not be located in at
most I;11 — 1 steps, by definition of \; > 0).

Let & > 1 be the first step of ¢ that probes a vertex of T'[¢] if the target
is in T'[7] (such a step exists since T'[i] is not a rooted path by definition
of d, i.e., since \; > 0). Then, ;41 —x > \; since, otherwise, a target
hidden in T[i] could not be located by ¢ in at most l;11 — 1 steps. If
liv1 — x = ), then the 2" step of ¢ must probe 7; vertices of Ti].
Otherwise, if I;1; —x > );, we may assume that the 2" step of ¢ probes
a single vertex of T'[i] (by Claim 11).

Let i +1 < j < d* be such that the first step of ¢ probes some vertex
of T'[j]. Because the subtrees have been sorted, A\; < A; < ;11 — 1 and
we may assume that the first step of ¢ probes one vertex in T[] (by
Claim 11).

Let us define the k-strategy ¢ as follows. The strategy ¢’ follows ¢ but,
during its first step, it probes one vertex of T[] instead of probing some
vertices of T[j]. If the target is detected in T'[i], ¢’ applies an optimal
strategy in T'[¢] and locates the target in at most A; < l;41 —1 extra steps.
Otherwise, ¢’ continues to mimic the strategy ¢ until its z** step. If the
target has been detected in some subtree before the x!* step, Strategy
@' continues to act as ¢. Otherwise, the z'* step of ¢/ mimics the zt"
step of ¢ but, instead of probing one vertex of T'[i] (resp. m; vertices of
T[i] if ;41 —x = A;), Strategy ¢’ probes one vertex of T'[j] (resp. m; < m;
vertices of T'[j] if l;4+1 — x = A;). Then, ¢’ proceeds as ¢.
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It is easy to show that ¢ is a k-strategy for T'[¢, d*] locating the target
in at most /;11 — 1 steps, and probing some vertex of T'[i] during its first
step, a contradiction.

e We now prove that A:(T[i,d*]) = l;41 and that m(T[i,d*]) = 1. It is
sufficient to design a strategy ¢ for T'[i, d*] locating the target in at most
l;+1 steps. By Claim 11, there is a strategy ¢’ for T'[i] that locates the
target in at most \; + 1 steps and probes a single vertex during the first
step. Let also ¢” be an optimal strategy for T[i + 1, d*].

The first step of ¢ consists of probing one vertex of T'[¢]. If the target is in

Ti], the strategy continues with ¢’ (in at most \; < I; 11 —1 extra steps),

otherwise, the strategy continues with ¢/ (in at most A\F(T'[i + 1,d*]) =

lix1 — 1 extra steps).

We deduce that m(T[i,d*]) < 1 and by definition of 7, we get that

m(T[i,d*]) =1

— Case Ppit1 > 0, li+1 >\ + 1.

In this case, the condition of the “if” (Line 7) is not satisfied, « = 1 and so the
condition of the “if” (Line 10) is satisfied. Hence, I; = l;11 and p; = p;o1 — 1.
We will prove that A\-(T'[i,d*]) = l;41 — 1 and «(T[i, d*]) = k — piy1 + 1.
By induction hypothesis, AL (T[i+1,d*]) = l;+1—1 > X\; and n(T[i+1,d*]) =
k—pit1.
By Claim 10, AL (T[i, d*]) > M\ (Ti + 1,d*]) = li41 — 1.
To prove that AL (T[i,d*]) < Me(T[i + 1,d*]) = l;+1 — 1, it is sufficient to
describe a strategy ¢ for AF(T'[i,d*]) with a total of at most l;11 — 1 steps.
By Claim 11, there is a strategy ¢’ for T[] that locates the target in at most
A; + 1 steps and probes a single vertex during the first step. Let ¢” be an
optimal strategy for T'[i+1, d*] probing at most w(T'[i+1,d*]) = k—pi11 < k
vertices during the first step.
The first step of ¢ consists of probing one vertex in T'[¢] (as ¢’) and 7(T[i +
1,d*]) = k—pi41 vertices of T[i +1,d*] (as ¢"'). By assumption, 0 < p;41, S0
1+ n(T[i+1,d*]) < k and at most k vertices are probed. By Claim 1, this
first step allows to decide if the target is in T[i] or not (in which case, it is
in T[¢ 4+ 1,d*]). If the target is in T'[i], then continue the strategy ¢’ in T[4
which will locate the target in at most A\; < l;11 — 1 extra steps. Otherwise
(the target is in T'[i + 1, d*]), continue the optimal strategy ¢" for T[i+ 1, d*]
which will locate the target in at most AL (T'[i + 1,d*]) — 1 = ;11 — 2 extra
steps. In all cases, ¢ locates the target in at most /;;1 — 1 steps.
Let us prove that 7(T'[i,d*]) = k—p;+1+ 1. For purpose of contradiction, let
us assume that there is a strategy ¢ locating the target in T[¢, d*] in at most
l;+1—1 steps and probing < k—p;11+1 vertices during the first step. We will
show that we can construct a strategy ¢’ in T[i+1, d*] that locates the target
in at most ¢;11 — 1 steps and probes at most k — p;41 — 1 vertices during the
first step, a contradiction. If the first step of ¢ probes at least one vertex of
T'[i], then it probes at most k — p;+1 — 1 vertices of T'[i + 1, d*] contradicting
the fact that A2 (T[i+1,d*]) = l;41—1 and 7(T[i+1,d*]) = k—p;+1. Hence,
we may assume that the first step of ¢ probes k — p; 1 vertices of T'[i + 1, d*]
and no vertices in T[]
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Let ¢ > 1 be the minimum integer such that at least one vertex of T'[i] is
probed during the ¢/ step of ¢. After step t, at most l;; 1 —t— 1 steps remain
and so l;11—t—1> A\;—1. Let j € [i+1,d*] be such that at least one vertex
of T'[j] is probed during the first step of ¢. Note that j > i and, because the
subtrees are ordered in non-increasing lexicographical order, either A; < A;
or (A; = \; and m; < ;).

Let us consider the following strategy ¢’ for T'[i 4+ 1,d*]. The first ¢t — 1 steps
of the strategy ¢’ follow the ones of ¢ but do not probe any vertex of T'[j].
That is, for every j' € [i +1,d*] \ {4} and for every t' < ¢, the step t’ of ¢’
probes the same vertices of T'[j'] as the step ¢’ of ¢. In particular, the first
step of ¢’ probes at most k — p; 11 — 1 vertices.

If the target has been detected in a subtree different from T'[j] during the
first ¢ — 1 steps, then ¢’ continues as ¢ (but without probing the vertices
of T[i] since ¢ is a strategy for T[i + 1,d*]). Otherwise, the t'* step of ¢’
proceeds as follows. For every j' € [i+1,d*]\{j}, the step t of ¢’ probes the
same vertices of T'[j'] as the step t of ¢. Again, the strategy ¢’ does not probe
any vertex of T[i]. Note that, during its step ¢, the strategy ¢ probes at least
one vertex of T[], and it probes at least m; vertices of T'[i] if l;41 —t = A;.
Therefore, there are two cases to be considered.

o If ;41 —t > A;, then ¢’ probes one vertex of T[j] during step ¢. If the
target is detected in T'[j] then the next steps of ¢’ follow an optimal
strategy in T'[j] and will locate the target in at most \; extra steps.
Otherwise, the next steps of ¢’ follow the ones of ¢.

o Ifl; 11—t = \j, then it implies that l; ;1 —t = A; (since {1 —t > X\; > Aj)
and that the step ¢ of ¢ was probing m; vertices in T'[i]. The strategy ¢’
replaces these m; probes by probing 7; < m; vertices of T'[j]. If the target
is detected in T'[] then the next steps of ¢’ follow an optimal strategy in
T[j] and will locate the target in at most A\; — 1 extra steps. Otherwise,
the next steps of ¢’ follow the ones of ¢.

Overall, ¢ is a strategy that locates a target in T[i+1, d*], in at most ;11 —1
steps, and probing at most k — p;;1 — 1 vertices during the first step. This
contradicts the fact that «(T[i + 1,d*]) = k — p;41. Hence, n(T[i,d*]) =
k — Pi+1 + 1.

Case li+1 <A+ 1

In this case, because of the “if” (Line 7), p is set to k and I; = A; + 1. Then,
a =m; and so (“if” on Line 10) p; = k — ;.

We will prove that A\E(T'[i,d*]) = \; and 7 (T[i,d*]) = m;.

By induction hypothesis, AL (T[i+1,d*]) = l;+1—1 < \; and n(T[i+1,d*]) =
k —pisa.

By Claim 10, AE(T[i, d*]) > AE(Ti]) = \i.

To prove that AE(T[i,d*]) < \;, it is sufficient to describe a strategy ¢ for
AE(TTi,d*]) with a total of at most \; steps. Let ¢’ be an optimal strategy for
T[i] probing at most m; vertices during the first step. Let ¢”" be an optimal
strategy for T'[i + 1, d*] that locates the target in at most I; 11 —1 < \; steps
and probing at most 7(T[i + 1,d*]) = k — p;41 vertices during the first step.
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The first step of ¢ probes m; vertices of T'[i] (as ¢'). By Claim 1, this first
step allows to decide if the target is in T'[¢] or not. If it is in T[i] then ¢
follows ¢’. Otherwise, ¢ executes ¢ in T'[i + 1, d*].

To conclude, let us prove that w(T[i,d*]) = m;. The previous strategy ¢
shows that m(T[i,d*]) < m;. Since A\E(T'[i,d*]) = i, any strategy for T'[i, d*]
must probe at least m; vertices of T[i] during the first step by definition of
m;. This concludes the proof. ad
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