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Abstract

We consider a compact Riemannian manifold M (possibly with boundary) and ¥ ¢ M \ M an interior
hypersurface (possibly with boundary). We study observation and control from Z for both the wave and heat
equations. For the wave equation, we prove controllability from X in time 7" under the assumption (7 GCC)
that all generalized bicharacteristics intersect X transversally in the time interval (0, T'). For the heat equation
we prove unconditional controllability from X. As a result, we obtain uniform lower bounds for the Cauchy
data of Laplace eigenfunctions on X under 7 GCC and unconditional exponential lower bounds on such

Cauchy data.
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1 Introduction

Let (M, g) be a compact n dimensional Riemannian manifold possibly with boundary M and denote A, the
(non-positive) Laplace-Beltrami operator on M. We study the observability and controllability questions from
interior hypersurfaces in M.

To motivate the more involved developments in control theory, let us start by stating (slightly informally)
the counterpart of our observability/controllability results for lower bounds for eigenfunctions, i.e. solutions
to

(=8 =) =0,  Blow = 0. (1.1)

For more precision, see Section 1.3.
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Theorem 1.1. Assume M is connected and let X be a nonempty interior hypersurface. Then there exists ¢ > 0
so that for all 1 > 0 and ¢ € L*>(M) solutions to (1.1), we have

-
plsllzzs) + 10vBlsllzes) = eV NIz (1.2)

Furthermore, if we assume that all generalized geodesics of some finite length cross X transversally, then there
isc>0sothat forall A > 0and ¢ € L*(M) solutions to (1.1), we have

plsllzzs) + 1K 0vplsllzes) > clldllzz - (1.3)

Here, we write (1) := (1+|1]*)!/2. Generalized geodesics are usual geodesics of g inside Int(M), and reflect
on M according to laws of geometric optics (see below). As far as the authors are aware (1.2) is the first
general lower bound to appear for restrictions of Laplace eigenfunctions to hypersurfaces and (1.3) is the first
uniform lower bound for such restrictions without either taking a full density subsequence of eigenfunctions or
imposing restrictive assumptions on M. We will prove Theorem 1.1 in the process of studying controllability
for the heat and wave equations from interior hypersurfaces. Because of this, we postpone further discussion
of Theorem 1.1 (including optimality of (1.2) and (1.3)) to Section 1.3.

We define interior hypersurfaces as follows:

Definition 1.2. We say that X is a hypersurface of M if there is £y a compact embedded submanifold of M of
dimension n — 1, possibly with boundary, such that X is the closure of an open subset of . The manifold X,
shall be referred to as an extension of X.

- We say that X is an interior hypersurface if moreover £ C Int(Xy) C Int(M).

- We say that X is a compact interior hypersurface if it is a compact embedded submanifold of Int(M) of
dimension n — 1, without boundary.

- We say that X is cooriented if X is (i.e. the normal bundle Ts, M/TZ%, is an orientable vector bundle)'.
If not mentioned, all hypersurfaces considered in this paper are assumed to be coorientable.

In the particular case X is a compact interior hypersurface, then it is an interior hypersurface with £, = X. Since
M is endowed with a Riemannian structure, the coorientability assumption is equivalent to that of having a
smooth global vector field d, normal to Int(X). Note that the coorientability condition can be slightly relaxed,
see the discussion in Section 1.5 below.

Given an interior hypersurface Z, the main goal of this paper is to study the controllability of some evolu-
tion equations with a control force of the form

fods + fi65, (L.4)

where the distributions fods and f65 are defined by

odsr @) = fE fopdo, (b ) = - fz fd,¢do. (1.5)

In this expression o denotes the Riemannian surface measure on X induced by the metric g on M. This
contrasts with usual control problems for PDEs, for which the control function appears in the equation:

e cither as a localized right handside (distributed or internal control) 1, f, where w is an open subset of
M, and typically, the control function f is in L*((0, T) X w);

e or, in case M # 0, as a localized boundary term, e.g. under the form ugy = Lrf, where I is an open
subset of M, and typically, the control function f is in L?((0, T) x T') (here, u denotes the function to
be controlled).

Tn case M is oriented, note that Y is cooriented iff it is oriented. However, if M is not orientable, Xy might be orientable without
being coorientable, and vice versa.



Concerning the wave equation, the main result is the Bardos-Lebeau-Rauch Theorem [ , ] pro-
viding a necessary and sufficient condition for the exact controllability with such control forces (see also

eg. [ , , ] for recent developments). Concerning the heat equation, the question of null-
controllability with internal or boundary control was solved independently by Lebeau-Robbiano [ ] and
Fursikov-Imanuvilov [ ]. The aim of the present paper is threefold:

e Formulating a well-posedness result as well as an analogue of the Bardos-Lebeau-Rauch Theorem, for
the wave equation with control like (1.4) (see Section 1.1);

e Formulating an analogue of the Lebeau-Robbiano-Fursikov-Imanuvilov Theorem for the heat equation
with control like (1.4) (see Section 1.2);

o Formulating general lower bounds for restrictions on X of eigenfunctions on M (see Theorem 1.1 above
and Section 1.3). These are analogues of the observability inequalities used to prove the above control-
lability statements and are of their own interest.

1.1 Controllability for the wave equation

In this section, we state our main result concerning the wave equation controlled by an interior hypersurface
X, namely
Ov = fods + fi05 on (0, T) X Int(M),
v=0 on (0,T) x M, (1.6)
W, 0V)i=0 = (v, v1) in Int(M).

where O denotes the D’ Alembert operator on R X M,
O=07 - A,

Before considering the control problem, we need to investigate conditions on fy, fi under which the Cauchy
problem of (1.6) is well-posed. Both the well-posedness and the control statements require the introduction
of some geometric/microlocal definitions.

For a pseudodifferential operator P on R X M, we write

Char(P) = {g € T"R x M)\ 0| o(P)(¢) = 0}

and o(P) denotes the principal symbol of P. In particular, writing |£], = +/g(&, &) the Riemannian norm of a
cotangent vector, we are interested in

c@t, X1, = -1 +I¢},  Char(@) = {(t,x,7,6) e T"R x M)\ 0| |¢2 = 7°).
Next, we define the glancing and the elliptic sets for O above X as

G = Char(@) N «(T*R xInt(X)), &= =.G),

1.7
E={geT"RxM)\0|c@)(g) >0} NuT R xInt(X))), E*=0"'E), (-7

where
t: TP(R x Int(Zp)) — T*(R x M) (1.8)

is the inclusion map. A more explicit expression of these sets in normal coordinates is given in Section 2.3
below.

Roughly speaking, the elliptic set & (resp. &) consists in points (z, x, 7, £) in the whole phase space (resp.
in tangential phase space to X) such that x € Int(Z) in which no “ray of optics” for O lives. The glancing set
G (resp. G¥) consists in points (2, x, 7, €) in the whole phase space (resp. in tangential phase space to X) such
that x € Int(X), through which “rays of optics” for O may pass tangentially. The complement of G U & in
the characteristic set of O above R X Int(Z) is the set of point through which “rays of optics” for O may pass
transversally.



Figure 1: Here M is the standard unit sphere S in R? and ¥ gives an example where (I, 27 + &) satisfies
7 GCC for e > 0.

Definition 1.3. We say that (Z, T') satisfies the transverse geometric control condition (7 GCC) if every gen-
eralized bicharacteristic of O intersects T(*O’T)le(z)(R x M)\ G. We say that X satisfies 7 GCC if (£, T) does
for some 7" > 0.

Definition 1.3 roughly says that 7 GCC is satisfied if every ray of geometric optics intersects Int(X) in the
time interval (0, T') at a transversal point, i.e. a non-tangential point. In case 0M = 0, "generalized bicharac-
teristics" are only bicharacteristics of O and project on geodesics on M (see e.g. [ , Section 2.2]). For
a precise definition of generalized bicharacteristics in case IM # 0 (and the geodesics of M have no contact
of infinite order with dM), we refer to [ , Section 3], [ , Chapter 24], or [ , Section 1.3.1].
For a simple example of a compact manifold M and a compact interior hypersurface X satisfying 7 GCC, see
Figure 1.

With these definitions in hand, our well-posedness result may be stated as follows.

Theorem 1.4. For all (vo,v1) € L*(M)xH™"(M) and for all fy € H (R} XInt(2)) and fi € Loy, (R XInt(X))
such that

WE™2(fy), WFZ(f)) N G = 0, (1.9)

there exists a unique v € L?. (R*; L*(M)) solution of (1.6).

loc\ ™+

We refer e.g. to [ , Definition 1.2.21] for a definition of the H® wavefront set WF*® of a distribution.
The wavefront condition states roughly that (fy, fi) should have improved (namely H:xH %) microlocal
regularity near the glancing set G* (when compared to overall the H~'(R x X) x L*(R x X) regularity) for
the Cauchy problem to be well-posed. A more precise version of this result is given in Theorem 3.7 below
(where, in particular, the meaning of “solution” is made precise in the sense of transposition, see [ D.
This wavefront set condition on fy, f; is far from sharp because we use a very rough analysis of solutions to
the free wave equation near G. A more detailed analysis near G, similar to that in [ ], would yield sharper
regularity requirements.

With this well-posedness result and the definition of 7 GCC, we now give a sufficient condition for the
null-controllability of (1.6) from Z.

Theorem 1.5. Assume that the geodesics of M have no contact of infinite order with OM and that (Z,T)
satisfies T GCC. Then for any (vo,vi) € L>(M) x H™'(M) there exist (fy, fi) € Hc‘olmp((O, T) x Int(X)) x
Lgomp((O, T) x Int(X)) with

WE(fo), WE(f) N (G" U &) = 0,



so that the solution to (1.6) hasv =0fort>T.

Here, WF stands for the usual C* wavefront set. Theorem 1.5 follows from an observability inequality
given in Theorem 4.1 below.
Of course, it is classical to check that a necessary condition for controllability to hold is that all generalized

bicharacteristics intersect 7, (R X M). As for the well-posedness problem, the issue of rays touching R x X

only at points of G* is very subtle, and will be addressed in future work. See the discussion in Section 1.4
below.
1.2 Controllability from a hypersurface for the heat equation
We next consider the controllability of the heat equation from a hypersurface, namely
(0; = Ay = fods + fioy  on (0,T) X Int(M),

v=0 on (0,7) X oM, (1.10)
V=0 = Vo in Int(M).

Well-posedness in the sense of transposition follows from the standard parabolic estimates, and is proved in
Section 5.1. We only state a null-controllability result for (1.10).

Theorem 1.6. Suppose M is connected and X is any nonempty interior hypersurface. Then there exist C,c > 0
such that for all T > 0 and all vy € H™'(M), there exist fy, fi € L2((0, T) x T) with

ollr20.r)xs) + fill2o.r)xs) < CeT vollg-1(ars
such that the solution v of (1.10) satisfies v|.=r = 0.
Note that we also provide an estimate of the cost of the control as T — 0%, similar to the one in case of
internal/boundary control [ s ].

1.3 Eigenfunction Restriction Bounds

As usual, the above two control results (or rather, the equivalent observability estimates) have related impli-
cation concerning eigenfunctions, stated in Theorem 1.1 above. We now formulate these results under the
(stronger) form of resolvent estimates. Below, we write (1) := (1 + [A2)12,

Theorem 1.7 (Universal lower bound for eigenfunctions). Assume M is connected and X is a nonempty
interior hypersurface. Then there exist C,c > 0 so that for all 1 > 0 and all u € H*(M) N Hé(M) we have

lleellz2ary < C€M(||M|2||L2(Z) +1l </l>_l Ovulsllrzsy + I(=Ag = /lz)u”Lz(M))' (1.11)

As far as the authors are aware, estimates (1.2)-(1.11) are the first general lower bounds to appear for
restrictions of eigenfunctions. Moreover, these estimates are sharp in the sense that simultaneously neither the
growth rate e“! nor the presence of both u and d,u can be improved in general. This is demonstrated by the
following example.

Proposition 1.8. Consider the manifold
M = [-m,7] x T,

with variables (z, 0), endowed with the warped product metric
¢(z,0) = dz* + R(z)*d6”.

Assume that R is smooth, that

R(@) =R(-z), R(z)=1forallze[0,n], RO)=1, R(7_2r) = V5, R() = %



LetY = {z = 0} X T! ¢ M. Then, there exist C,c > 0 and sequences /1§ — 400 and ¢>5 € LX(M) such that

CA=@APDe) =0, Hle7llean =1, ¢ (=m) =0,

with
—cAé —cA’
0l =0, gl < Ce™,  and ¢y =0, 110,¢]ll2m) < Ce™ V.

This result is proved in Appendix B.
We expect that the symmetry in this example is the obstruction for removing one of the traces in the right
handside of (1.2), and formulate the following conjecture.

Conjecture 1. Let (M, g) be a Riemannian manifold and X an interior hypersurface with positive definite
second fundamental form. Then there exists C, ¢, 1y > 0 so that for all (1, ¢) € [y, c0)x L>(M) satisfying (1.1),
we have

-1 . -1
Ipllzn) < CeMNiglsllizgy,  and  ligllzan < CeNIA"0,8lsllr2s)-

Note that if X has positive definite second fundamental form, then it is geodesically curved and in partic-
ular, not fixed by a nontrivial involution. This prevents the construction of counterexamples via the methods
used to prove Lemma 1.8.

Under the geometric control condition 7 GCC the estimate (1.11) can be improved.

Theorem 1.9 (Improved lower bound for eigenfunctions under 7 GCC). Assume that the geodesics of M have
no contact of infinite order with 0M and that T satisfies T GCC. Then there exists C > 0 so that for all 1 > 0
and u € H* (M) N H(l)(M), we have

lll 2oy < Cllulslizzsy + KD Byulsllzy + (O I(=Ag = )l 2an))- (1.12)

Conjecture 2. Let (M, g) be a Riemannian manifold and X an interior hypersurface with positive definite
second fundamental form satisfying 7 GCC. Then there exists C,c, 4y > 0 so that for all (1,¢9) € [y, o) X
L*(M) satisfying (1.1) we have

Ipllzam) < Clldlsllzsy,  and  [l@llzan < CIAT'0,¢lsll 2

Other known lower bounds come from the quantum ergodic restriction theorem and apply to a full density
subsequence of eigenfunctions rather than to the whole sequence [ , , , ]. These hold
under a ergodicity assumption on the geodesic (or the billiard) flow, together with a microlocal asymmetry
condition for the surface X. This assumption states roughly that the measure of the set of geodesics through
¥ whose tangential momenta agree at adjacent intersections with  is zero. In another direction, the work of
Bourgain—Rudnick [ , s ] shows that on the torus T¢, d = 2,3 for any hypersurface X with
positive definite curvature, (1.3) holds with the normal derivative removed from the left hand side. While the
results of Bourgain—Rudnick do not hold on a general Riemannian manifold, we expect that either of the terms
in the left hand side of (1.2) can be removed whenever X is not totally geodesic (which is even weaker that £
having positive definite second fundamental form).

1.4 Weakening Assumption 7 GCC

One might hope that Theorem 1.9 and its analog for the wave equation (the control result of Theorem 1.5
above and the observability inequality of Theorem 4.1 below) when the assumption 7 GCC is replaced by the
(weaker) assumption that

every generalized bicharacteristics of O intersects 7°((0, T') X Int(X)) (1.13)

(rather than T*((0, T) x Int(Z)) \ G%). The following example shows that this is more subtle (see Appendix C
for the proof).

Proposition 1.10. Assume M = S2and X is a great circle. Then there exists a sequence (A;, ;) satisfying
(=4 = /15)(151' = 0 together with A; — +o0 and

-1 ~1/4
$ils =0, 147" 8,8lsllzs) < A5 l2 -



In particular, this shows that Theorem 1.9 and associated observability inequality for the wave equation
cannot hold under only (1.13). Moreover, the proof shows that ¢; is microlocalized 17! close to the glancing
set on X, this calculation suggests that one must scale the normal derivative and restriction of an eigenfunction
asin [ ] to obtain an analog of Theorem 1.9 under (1.13). More precisely,

Conjecture 3. Suppose that X is a compact interior hypersurface. Then there exists C > 0 so that if (4, @)
satisfies (1.1), then

(1 + 272A0) *lslle + 1A + 272 As)s + 27 T740710,0l5ll 25y < Bl an)-

Suppose moreover that X satisfies (1.13). Then there exists C > 0 so that if (1;, ¢;) satisfies (1.1), then

Il 2am < CAIL + A72A0) *lsllz + (1 + A72As), + 71742716, 815ll 2 s -

where Ay is the Laplace-Beltrami operator on X induced from (M, g), and the operator (1 + A72Ay), is defined
via the functional calculus, see also [ , Section 1].

1.5 Finite unions of hypersurfaces

In all of our results, one may replace X by any finite union of cooriented interior hypersurfaces U | %; where
we replace the distribution fodx + f165 by

m

Z fos, + £i6%,)- (1.14)

i=1

Then, all above results generalize with the sole modification that generalized bicharacteristics need only
intersect one of the X;’s transversally. This furnishes several simple examples for which our controllabil-
ity/observability results for waves holds. Take e.g. T? ~ [-xr,7]> with £; = {0} x T! and , = T! x {0}.

This remark can also be used to remove the coorientability assumption. If the interior hypersurface X is
not coorientable, we can cover it by a union of overlapping cooriented hypersurfaces ¥ = U | %; and control
from X by a sum like (1.14). In this context, we still obtain controllability results with controls supported by
the hypersurface Z, but the form of the control is changed slightly.

1.6 Sketch of the proofs and organization of the Paper

We start in Section 2 with the introduction of coordinates, some geometric definitions and Sobolev spaces on
2.

Section 3 is devoted to the proof of (a slightly more precise version of) the well-posedness result of The-
orem 1.4. The definition of solutions in the sense of transposition follows [ ]. The well-posedness result
relies on a priori estimates on an adjoint equation — the free wave equation. The well-posedness statement
then reduces to the proof of regularity bounds for restrictions on X. This is done in Section 3.1. Namely,
we show that if u is an H' solution to Ou = 0, then the restriction (uly, d,uls) belong to H > x H™2 overall
R x Z, and have the additional (microlocal) regularity H' x L? everywhere except near Glancing points (G¥).
This fact is already known (see e.g. [ ]) but we rewrite a short proof for the convenience of the reader.
Then, Section 3.2 is aimed at defining the appropriate spaces for the statement of the precise version of the
well-posedness result. These are needed in particular to state the stability result associated to well-posedness,
as well as to formulate the duality between the control problem and the observation problem. They are (loc
and comp) Sobolev spaces on R x X that have different regularities near and away from the Glancing set G*.
With these spaces in hand, we define properly solutions of (1.6) and prove well-posedness in Section 3.3.

Section 4 is devoted to the proof of the control result of Theorem 1.4. Before entering the proofs, we
briefly explain how Theorem 1.9 is deduced from the observability inequality of Theorem 4.1. Firstly, we
prove in Section 4.1 that the condition 7 GCC implies a stronger geometric statement. Namely, using the
openness of the condition and a compactness argument, we prove that all rays intersect in (g, 7 — &) an open
set of X “e-transversally” (i.e. & far away from the glancing region) for some & > 0. Secondly, this condition



is used in Section 4.2 to prove an observability inequality, stating roughly that the observation of both traces
(uls, 0,uls) of microlocalized & far away from the glancing region in the time interval (g, T — €) determines the
full energy of solutions of Ou = 0 (in appropriate spaces). The proof proceeds as in [ ] by contradiction,
using microlocal defect measures. It contains two steps: first, we prove that the strong convergence of a
sequence (uils, Oyuils) — 0O near a transversal point of ¥ implies the strong convergence of the sequence
u; in a microlocal neighborhood of the two rays passing through this point (using the hyperbolic Cauchy
problem). Then, a classical propagation argument (borrowed from [ , ] in case M # 0) implies
the strong convergence of (1) everywhere, which yields a contradiction with the fact that the energy of the
solution is normalized. This observability inequality contains, as in the usual strategy of [ ], a lower
order remainder term (in order to force the weak limit of the above sequence to be 0). The latter is finally
removed in Section 4.3 by the traditional compactness uniqueness argument of [ ], concluding the
proof of the observability inequality. Finally, in Section 4.4, we deduce the controllability statement Theorem
1.5 (or its refined version Theorem 4.8) from the observability inequality (Theorem 4.1) via a functional
analysis argument. The latter is not completely standard, since we do not know whether the solution of the
controlled wave equation 1.6 has the usual C°(0, T;L*(M)) N C'(0, T; H"'(M)) regularity, but only prove
L0, T; L*(M)). As a consequence, we cannot use data of the adjoint equation at time ¢ = T as test functions.
The test functions we use are rather forcing terms F in the right hand-side of the adjoint equation, that are
supported in ¢ € (T, T)), that is, outside of the time interval (0,7). Also, we construct control functions
having HY regularity near G* and prove that they do not depend on N, yielding the statement with the C*
wavefront set.

Section 5 deals with the case of the heat equation and the universal lower bound of Theorem 1.7, in the
spirit of the seminal article [ ]. First, Section 5.1 states the well-posedness result, in the sense of transpo-
sition. Again, it relies on the regularity of restrictions to X of solutions of the adjoint free heat equations. The
latter are deduced from standard parabolic regularity combined with Sobolev trace estimates. Then, to prove
observability/controllability, we proceed with the Lebeau-Robbiano method [ ]. The starting point is a
local Carleman estimate near X, borrowed from [ ], from which we deduce in Section 5.2 a global inter-
polation inequality for the operator —% — A,. Theorem 1.7 directly follows from this interpolation inequality.
To deduce the observability of the heat equation, we revisit slightly (in an abstract semigroup setting) the orig-
inal Lebeau-Robbiano method (as opposed to the simplified one [ , , ], relying on a stronger
spectral inequality) in Section 5.3. The interpolation inequality yields as usual an observability result for a fi-
nite dimensional elliptic evolution equation (i.e. cutoff in frequency), from which we deduce observability for
the finite dimensional parabolic equation, with precise dependence of the constant with respect to the cutoff
frequency and observation time. The latter argument simplifies the original one by using an idea of Ervedoza-
Zuazua [ , ]. The observability of the full parabolic equation is finally deduced using the iterative
Lebeau-Robbiano argument combining high-frequency dissipation with low frequency control/observation.
We in particular use the method as refined by Miller [ ]. We explain in Section 5.4 how the heat equation
observed by/controlled from X fits into the abstract setting.

Appendix A contains some background information on pseudodifferential operators used in Sections 3
and 4. for the wave equation. Appendix B proves Proposition 1.8, i.e. constructs an example showing that
Theorem 1.7 is sharp. Finally, Appendix C gives a proof of Proposition 1.10.

Acknowledgements. The authors would like to thank John Toth for having encouraged them to write a proof
of (1.2). The first author is grateful to the National Science Foundation for support under the Mathematical
Sciences Postdoctoral Research Fellowship DMS-1502661. The second author is partially supported by the
Agence Nationale de la Recherche under grants GERASIC ANR-13-BS01-0007-01 and ISDEEC ANR-16-
CE40-0013.

2 Preliminary definitions

2.1 Fermi normal coordinates in a neighborhood X,

Throughout the article we shall use Fermi normal coordinates in a (sufficiently small) neighborhood, say V.,
of ¥y. Namely since X is cooriented, for & sufficiently small, there exists a diffeomorphism (see [ s



Appendix C.5])

[—&,e]l X Int(Zy) — V,

(x1,X") > x,
so that the differential operator —A, takes the form
~®, +r(x1, X, Dy) + c(x, D),

where c(x, D) is a first order differential operator and r(x, x’, D,/) is an x;-family of second-order elliptic
differential operators on Int(Xo), i.e. a tangential operator, with principal symbol r(x, x’, &), & € T}, Int(Zo),
that satisfies

r(e, ¥, €) €R, and  Cil¢'P < r(n, ¥, &) < CHIET, 2.1)

for some 0 < C; < C; < 0.
In these coordinates, note that we have in particular |x;(p)| = d(p,X), 0, = dy, (up to changing x; into
—x1), as well as
T(=Ag) = & +r(x1, %, &)
and
—As, = r(0,x',Dy), with o(-Ag)(,&) =r0,x,&) = ro(x', &),

where —As, is the Laplacian on Int(Xy) given by the induced metric on Zy. We also recall that
o(@) = -7 +0(-Ay) = —T +|él; = -7 + & + r(x1, X, ).

With a slight abuse of notation, we shall also denote by (x|, x’) € R x R*! (and (£;,¢’) € R x R*! associated
cotangent variables) local coordinates in a neighborhood of a point in Int(Z).
In these coordinates, the Hamiltonian vector field of O is given by

Hy@y = =210, + 2£10y, — 0y, (X1, X', E)0¢, + Opr(x1, X', )0y — O r(x1, X', &)0p (2.2)

and generates the Hamiltonian flow of O (these coordinates beeing away from the boundary R x dM).

2.2 The compressed cotangent bundle over M

This section is independent of the hypersurface X and is only aimed at defining, in case M # 0, the space Z
on which the Melrose-Sjostrand bicharacteristic flow is defined, as well as some properties of the flow. In case
OM = (), this set is Char(O0) c T*(R x M) \ 0, the flow is the usual bicharacteristic flow of O, and this section
not needed and may be skipped. We refer to [ 1, [ , Appendix A2] for more complete treatments.

We first embed M < M into a manifold, M, without boundary and write
T* (R X M) := T,y (R X M).

Let *T*(R x M) =~ (T*(R x Int(M)) \ 0) LI (T*(R x M) \ 0) denote the compressed cotangent bundle of of
R x M and
JiT*RX M) - T*R x M)

be the natural “compression” map. In any coordinates (x’, x,) on M where x,, defines M and x,, > O on M, j
has the form

](t9 -xs Ts f) = (t’ x’ T7 f,,xnfn)- (2'3)
The map j endows ?T*(R x M) with a structure of homogeneous topological space. We then write
Z = j(Char(m)), Z=ZU j(Tp, o R X M)), (2.4)
and
SZ=(Z\ R xM)/R}, (2.5)

the associated sphere bundle, which, endowed with the induced topology, are locally compact metric spaces.



Away from the boundary, j is a bijection and we shall systematically identify ®7*(R x Int(M)) with T*(R x
Int(M)) and Z N °T*(R x Int(M)) with Char(c) N T*(R x Int(M)). This will be the case in particular near the
hypersurface R x X.

Under the assumption that the geodesics of M have no contact of infinite order with M, and with Z as
in (2.4), the (compressed) generalized bicharacteristic flow for the symbol %(—‘r2 + |§|§) is a (global) map

w:RXZ—>2Z, (s,p) ¢(s,p) (2.6)

We refer to [ , Section 3], [ , Chapter 24], [ , Section 3.1] or [ , Section 1.3.1] for a
definition. In particular, it has the following properties

e ¢ coincides with the usual bicharacteristic flow of O (i.e. the Hamiltonian flow of ¢-(00)) in the interior
Char(0) N T*(R X Int(M));

o ( satisfies the flow property

@t o(s,p)) =@t +s,p), forallt,seR,peZ; 2.7)

e ¢ is homogeneous in the fibers of Z, in the sense that
My o p(sd,-) = ¢(s, M), (2.8)
where M, denotes multiplication in the fiber by A > 0; Hence, it induces a flow on § Z.

e ¢ :R X Z — Zis continuous, see [ , Theorem 3.34].

2.3 Glancing Sets over X

For the following definitions, we use the above identification ? T§><20 RXM) = Tf&xz(, (Rx M) for the cotangent
bundle of Rx M with foot points at R XX, since in this case, we may assume in Definition 1.2 that ZyNdM = 0.
Using the coordinates of Section 2.1, the map ¢ defined in (1.8) reads

L(t7 -x” T7 g/) = (t7 O’ -x” T7 07 é‘:,)'
Still in coordinaltes, we define for € > 0, the sets

Ge ={(1.0,.X ., 7.61.8) € Ti gy RX M)\ O | £ + (0, X', &) =72, & < &1},
Te =110, X, 7.61.8) € Th ey X M)\ O | & + (0, X, &) = 7°, ] > eT°)}.

Let also
G:={t.x,7.&) e TR X Int(Zp) \ 0| ' € Int(Z), &7’ < 7° — ro(x', €) < 677}
T2 =¥, 1.8) e TR X Int(Zp) \ 0| & € Int(Z), &7? < ° = ro(x', £, (2.9)
E =2, 7.€) e T"R x (X)) \ 0| ¥’ € Ini(X), 7° = ro(x', £) < —&7°}.

Observe that G% # n1(G,) (although G5 = m(Gy)) where
e Tl*m(zo)(R X M) - T*(R x Int(Zy)) is projection along N*(R x Int(Zy)). (2.10)

In the above coordinates, 71(z,0,x’,7,&1,&) = (1,x',7,&). Observe also that Gy = G and G5 = G~ where G
and G* are defined in (1.7).

Remark 2.1. In these coordinates, Xy = {x; = 0} and, according to (2.2), we have (dx;, Hyr) ) = (dx1,2£10,,) =
2¢;. Since &, # 0 on 7 this implies in particular that the vector field Hy ) is transverse to the Hypersurface
R X Z on this set (which explains its name 7).

With these definitions, 7 GCC can be written as
Assumption GC-(0,T). Forall p € Z,

| Jtets, pn 7 0 70, 7) x M) # 0.

seR
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2.4 Spaces on interior hypersurfaces

In case X is a compact internal hypersurface, then the Sobolev spaces H*(X) have a natural definition. Here,
we give a definition adapted to the case 0% # 0.

Definition 2.2. Let S be an interior hypersurface of a d dimensional manifold X, and let S be an extension
of S (see Definition 1.2). Given s € R, we say that u € H*(S) (extendable Sobolev space) if there exists
u € HS . (So)such that uls = u.

comp 2
To put a norm on H*(S), let y € C’(Int(So)) such that y = I in a neighborhood of S. We denote by
(Uj,¥})jes an atlas of §¢ such that for all j € J

U;Nsuppy =0 or UindSe=0,

and write Jg = {j € J,U;Nsuppy # 0} and J5 = {j € J,U; N (suppx \ Int(S)) # 0} C Js (possibly empty).
Let () jes be a partition of unity of S subordinated to (U) e;. Given , we define

lleell sy = Z ICy ju) © lﬁ,_-1||Hf(Rd-') + L}&f Z IO jxw) o ‘/’j_‘l”H‘(Rd“)’
JjeJs\Ja = ey (2.11)
E, :={u € Hy,, ,(Int(Sy)), uls = u}.

comp

The definition of the norm H*(S) depends on S g, x, the choice of charts (U j»¥;) and the partition of unity
(x ;). One can however prove that, once S and y are fixed, two such choices of charts (U}, ;) and partition
of unity (y;) lead to equivalent norms H*(S). In what follows, (U}, ;, x;) shall be traces on S of charts and
partition of unity on X. In case S is a compact interior hypersurface, then the spaces H*(S), ||- || as(s) coincides
with usual H*(S) space.

3 Regularity of traces and well-posedness for the wave equation

The ultimate goal of the present section is to prove the well-posedness result for (1.6), see Theorem 1.4.
Defining solutions by transposition as in [ ], this amounts to proving regularity of traces on X of solutions
to the free wave equation.

3.1 Regularity of traces
We start by giving estimates on the restriction to X of a solution to
Ou=F on R X Int(M),

u=0 on R X dM, (3.1)
(u, du)li=o = (o, 1) (uo, ur) € H'(M) x L*(M).

These bounds, indeed stronger bounds, can be found in [ ], but we choose to give the proof of the simpler
estimates here for the convenience of the reader. They are closely related to the semiclassical restriction
bounds from [ , , , , I

Proposition 3.1. Fix T > 0. Then for any A € ‘Pghg(R X Int(X)), with principal symbol vanishing in a
neighborhood ofgg and all ¢ € CZ(R), there exists C > 0 so that for any (up,u;) € H' (M) x LA(M) and

F € L>(R x M) with supp F C [0, T] x M the solution u to (3.1) satisfies
leOulslF 2 gy + IO UIsIF 2 s, + IAGOWUIDIG: g + IAGD@ UL g,
To prove Proposition 3.1 we need the following elementary lemma.

Lemma 3.2. Suppose that S is an interior hypersurface of the d dimensional manifold X (in the sense of
Definition 1.2) and P € ‘Pgﬁlg(lnt(X)) is elliptic on the conormal bundle to Int(S¢), N* Int(S¢). Then for any
s€R, k>0ande >0, there exists C = C(e, k, s) > 0 so that for all u € C*(M),

k
||avu|S||H\‘(S) < C(||M||Hx+k+l/2(x) + ||PM||H1/2+k+e—ru(X)).

11



Proof. We start by proving the case k = 0. In case s > 0, the stronger inequality [luls|l7ss) < Cllullgsix)
holds as a consequence of standard trace estimates [ , Theorem B.2.7] (that the H*(S) norm is the
appropriate one in case S is not compact is made clear below).

We now assume that s < 0, and estimate each term in the definition (2.11) of [luls |l in local charts.
For this, we use charts (€;, «;);er of Int(X) such that So C (J;; €; and such that (©; N So, «ils, )ier satisfy the
assumptions of Definition 2.2. In a neighborhood of S, we have u = }; ¥;u (where (¥;) is now a partition
of unity of S associated to €;, and hence, (¥;ls,) satisfies the assumptions of Definition 2.2), and estimating
|leels |l 755 amounts to estimating each

~ —1 v
||((Xj”)|so) OK; ”Hl“(Rl’*l) = ||(XW)|x1:0||Hs(RIH)

with y = y; o KJ_-I andw =uo KJ_-I. We may now work locally, where S is a subset of {x; = 0}, and estimate
the trace of z = yw.

Let y € CX(R) have y = 1 on [-1, 1] with suppy € [-2,2],0 < y < I and fix § > 0 small enough so that
P (which, by abuse of notation, we use for the operator in local coordinates) is elliptic on a neighborhood of

{11 > 67" o N* ({0} x R = {¢ = 0)

and let ys5(¢1,&) = x (%) for &; # 0 and y45(0, &) = 0. Then, we have

2
el = [ €| [ 2680de| de <24+ ),
Ré-1 R

with

2 2
d¢, and B= f (&) de'.
Rdfl

A= f @
Rd-1

We now estimate each term. With the Cauchy Schwarz inequality, the first term is estimated by
(I =xs)

A= f & En @122, &)déy

N\2S(] — 2
< f ( wdgl)( f <§>2“'|2|2(§1,§’)d§1)d§’
Rd-1 R <f> R

2
S CS,6||Z||H:+I/2(Rd)’

EVA =y . 1 2 \V
fR @ dfl‘fR(Hﬂ)”W (1‘)‘(5@:)) a

1
< ——dt =: C{
»f;|52/6 (1 + £2)s+172 0

fR (1 = o260, €)dé fR Xo2(EnE)de:

2
d¢

since

(which is large since s < 0).
Again with the Cauchy Schwarz inequality, the second term is estimated by
Oy,

B = jR:d?l@;l)Zs R Wz(é‘:l’f,)dfl

< O e\ [(@ ere. e e | de
= Jre e @2\ g S 1

S CE|IX5(D)Z||%_11/2+5(RGI)»

2
d¢’

since
<§/ >2s
R <§>1+25

1
déy = () fR et = €7
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with C. finite as soon as € > 0, and (¢")*72¢ < 1 since s < 0. Combining the last three estimates and recalling
that z = yw yields

W] =0l oty < Cs sl ey + CelltsDWIp 21eqzay» (33)
Now, according to the definition of y, the operator P is elliptic on a neighborhood of supp(¥) X supp(xs),

a classical parametrix construction (see for instance [ , Theorem 18.1.9]) implies, for any N € N,
“,Y(;(D)/\V/W”HI/ZH(RH) < CN(Hj/PWHHI/ZH—m(RzI) + |L%W||H’N(Rd))’ (34)

where y is supported in the local chart and equal to one in a neighborhood of supp(y). Recalling that w is the
localization of u, and summing up the estimates (3.3)-(3.4) in all charts yields the sought result for £ = 0.
We now show that the k = 0 case implies the k > 0 case. Let Pe ‘I’;”hg(lnt(X)) be elliptic on N*(Int(S ))

with WE(P) c {o(P) # 0} (see e.g. Appendix A for a definition of WF(A) for a pseudodifferential operator
A). Then, applying the case k = 0 to the operator P, we obtain

18l < € (105ull oy + POy ) < C (Il ey + 1Pl 1) (3.5)
Now, we write
Po*u = 8*Pu + [P, " u.
Since P is elliptic on WF(P), by the elliptic parametrix construction, we can find E; € ‘I”;hg(lnt(X)), and
E, € ‘P’;;' (Int(X)) so that

2
*P=EP+R, [P,0"] = E;P + R,

with R; € ‘I’;ﬁ;(lnt(x)). Hence, we obtain

D ak
1PO5ull 3 s < C (VETPUN g+ NE2PUl g + ]y )

< C(I1Pull, g s + ] iy )

which, combined with (3.5), yields the result. |
We now proceed with the proof of Proposition 3.1.
Proof of Proposition 3.1. First, observe that standard estimates for the Cauchy problem imply that for any
P € CP(R),
l@ullgr < Crg(l(uo, ulp yxizony + WE 20,702 09))

so we may estimate by terms of the form ||@u||z:.
Second, notice that N*(R x Int(Zy)) C {r = 0}, so O is elliptic on N*(R X Int(Xy)) and hence Lemma 3.2
implies
le@ulsllgir@xs) + leO0vulsllg-12@xs) < CUOUllm + 1GFIl2)
where ¢ € C°(R) with @ = 1 on supp ¢.
Now, observe that since X is an interior hypersurface, we may work in a fixed compact subset, K of Int(M).
Note also that there exists < an interior hypersurface with £ c Int(Z) so that A = 13A1s.

We proceed by making a microlocal partition of unity on a neighborhood 7*(R x K). It suffices to obtain
the estimate

IAOPCOPDOUILZ s + IA@, OPOOOWIZ 2 sy < CCIw0s U Fp1 41122000, + IFIT)s (3.6)

for y supported in a conic neighborhood of an arbitrary point, gy = (¢, 7o, X0, o) in T*(R X K). We will focus
on four regions: go ¢ Char(O) (an elliptic point); go € Char(O) but away from X; gy € Tnzxi(R XM)NTy (a
transversal point); and gy € T};Xi(R X M) N Gy (a glancing point).

In all regions, we shall use that given y € § ghg a cutoff to a conic neighborhood, U of gy, we have

18 OpO)eull: < 1[0, OpOelullzz + 1| OpO)eaull2 < C (1@ully + I@F.2) - (3.7
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First start with g¢ in the elliptic region: gy ¢ Char(O). Shrinking the neighborhood if necessary, the
microlocal ellipticity of O near gy with (3.7) yields

1OpC)eully2 < C (ll@ullp + 1@F|lL2) -

Hence, rough trace estimates imply

10y OpO)ew)lzll2rxs) + IOPO)PWIsll a1 rxs) < C (1@ullp + 1QF|22)

and boundedness of A proves (3.6) in this case.
Second, suppose that gg € Char(0) but xy ¢ X, then clearly there is a neighborhood U of g and y elliptic
at go with supp y C U so that

100y OpO)e)lzll 2 rxs) + IOPOPWIsll 71 rxs) < Cll@ullz:

and again boundedness of A proves (3.6).

Third, suppose go € Ty, - (RXM) is a transversal point. In that case, we use local Fermi normal coordinates

(see Section 2.1) near X, so that xo — (0,0). Note that since go € Char(O), we have o(O)(go) = —Té +

(.fo)% + r(xo,&)) = 0. Since gp € 7o, we have moreover ro(0, &) < 7(2) and hence 0, 0(0)(qo) = 2(ép)1 # 0.
Therefore, by the implicit function theorem, there exist a neighborhood U of gy and real valued symbols
b(t, x,&") € C*((-e¢, e);S;hg(T*(R x {x; = 0}))) and e(t, x, &) € S;hg(T*R x R™) elliptic near g so that in U
we have
(D) = e(7, x,£)(é1 — b(7, x,£).
Thus, letting ¥ € Sghg(R x R") with ¥ = 1 on suppy and supp ¥ N N*({x; = 0}) = O (this is possible since
we have Char(0) N N*({x; = 0}) = 0 and gy € Char(O), so that we may assume supp y N N*({x; = 0}) = 0),
we have by € § ll)hg(T*R X R™) (see [ , Theorem 18.1.35]) and in particular Op(b) Op(}) € ‘P;hg(R X R™).
Therefore,
0O0p(x) = Op(e)(Dx, — Op(b) Op()) Op(x) + R,

where R € ‘P[')hg(R x R™) and hence, using a microlocal parametrix for Op(e) on supp y, we have, using (3.7)

I(Dx, = Op(b)) Op)pullm < C(llullyr + 1@FI|2)

and also

(D, — Op(b))d., (Op(x)e)llr: < Cl|@ullpr + I|@F2).
So, by Lemma A.1, we obtain
IOPCPW)|x =olla < CI@ullg + IQF]12),
1002, OpC)e)lx,=ollz2 < CIGullen + [1PFI|z2).

Boundedness of A and (3.8) implies (3.6).
Finally, it remains to show that for g9 € Ty (R X M) a glancing point (i.e. with T(Z) - 19(0,&)) = 0) and y
supported sufficiently close to gy, we have

(3.8)

lA(Op x10)|x,=0ll a1 ®xx) + A0z, Op xpu)lx,=oll2mxs) < 1Pull -
Let ¢y € C°(R) with ¢ = 1 near 0 and define y.(x;) = W(e7'x1). Then define

Agu(xy, x') = [Ye(x)Au(xy, (X)),

so that Agulxlzo = A(uly,=0)- Then by [ , Theorem 18.1.35], A, Op(y)e(t) € ‘I’ghg(R X M) and for £ > 0
small enough and y supported sufficiently close to gg, (A, Op(x)) = 0. In particular, A, Op(y)¢(t) € P2 (Rx

N phg
M). Similarly, A.0,, Op(y)¢(?) € ‘Pghg(R X M). Rough Sobolev trace estimates thus yield

lA: Op()e()uly,—oll i wxs) < Cll@ullm @sxan,
||Asax. OP(X)QO(I)MUI :0||L2(sz) < C||¢M||H1(R><M),

and the proof is finished.
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3.2 Microlocal spaces on the hypersurface

This section is aimed at defining the appropriate spaces for the statement of the well-posedness and control
results in the present context. All along the section, a sequence S = (&))jan, £; — 0 is fixed and g,&’ € S.
This precision is sometimes omitted for concision. Fix a family of interior hypersurfaces X, with

Yo cInt(E,) Cc I, c Int(T), &<é&, U ¥, = Int(Y). (3.9)
>0
Let
I' c T*(R x Int(X)) \ 0 be a closed and conic set. (3.10)

We define spaces adapted to I, i.e. measuring different regularities near and away from I'. In the applications

below, we shall take I' = G* for the study of the Cauchy problem and I' = £* U G* = EZ for the study of the
control problem.
To this end, let € > T', € € S, be a family of closed conic subset of 7*R X Int(Z) \ 0 such that

’

I'; is closed and conic for any &, I'.chnt@y), e<é, = ﬂ I,. (3.11)

&0
Next, fix a family of cutoff functions
@e € C2((0,T) X IntX), p.=1lonle, T —¢g] XZ.. (3.12)
and a family of cutoff operators
B e ¥’ ((0,7)x Int(X)), B selfadjoint on L*(R x Z),

phg
WE(B,) NT, =0, WF(e.(1 - B))NT} s RXInt(E)) \ I =0, (3.13)

WF(BL) CEI(BL), e<é& €S, Bly. = B = ¢.BL.

Note that once I' will be fixed, (see Sections 3.3 and 4), a more explicit expression for the symbol of the
operators BL will be given.
Next, we define for k > s, the Banach space

HY% - (Er) = {f € Hiop((0.T) x Int(X)), supp(f) C [&, T — ] X T, (1 = BL) f € Hey ((0.7) x Int(2))),

comp,l’,e

normed by
2 o 2 _nl 2_
||f||H;;)’;‘1p,r,g(zT) L “f” _'Y([O,T]XE) + ”(1 BS)f”H"([O,T]XE)

Notice that (1 — BL) measures regularity in I, and therefore, for f € Hcs(’)';n prer We have f = ¢, f and WF'(f) C
T*(R x Int(Z)) \ I';. We define the Fréchet space

Hok o Er) = | H 1 Er) = {f € Hiyp((0,T) x Int(2)), WF(f) N T = 0

>0

with topology given by the seminorms || - ||+« s ) (taken for a sequence of & going to zero). Func-

comp e

. . . . . 5.k
tions/distributions in the space H_

+(E1) = Hemp((0, T) X Int(E)).

p’F(ZIT) are H* overall and microlocally H* (k > s) onT. In case k = s, we

simply have H**

comp,
Similarly, we define for k < s, the vector space

HY L (Sr) = {u e D((0.T) x Int(E)), @ott € H (0. T) X Int(E)), BLu € Hioro (0. T) x Int()},

loc,I"e comp
endowed with the seminorm

2

o— 2 o2
Hll:;i]',g(z'l') L ||§0£u||Hk([O,T]XZ) + ||Bgu||

”M” 73([0,T]><Z)'
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We define as well the Fréchet space

Hyt ) = [ Hik o)

>0

={f € D'((0.T) x Int(2)). f € H}, ((0.T) X Int(%)), Bf € Hiop (0, T) x Int(E))

0
for all B € ‘Pphg

((0,T) x Int(%)), s.t. WE(B)NT =0},

with topology given by the seminorms || - [|s« (v ;. Functions/distributions in the space Hfolé (Zr) are locally
loc,Ie B

H* overall and microlocally H* (s > k) outside of I. Remark again that in case k = s, we simply have

H* &) = HE ((0,T) x Int()).

loc, loc

Lemma 3.3. For s,k € R, s > k the sesquilinear map

CZ((0,T) x Int(X)) x C7((0, T) x Int(X)) — C, (fou)— S, xu(t, x)dtdo(x),
(0.1)x=

extends uniquely as a continuous sesquilinear map

—s,—k s,k
Hcomp,F X Hloc,F

— C,

which we shall denote (f, u) Hogk s Moreover, for (f,u) € Hg(;;;)kr . X Hls(;/; re We have
l0C Ll ) 9l HC

(It VS Wl ol s
Proof. Let (f,u) € CZ((0,T) x Int(X)) x C*((0, T) x Int(X)). Fix & > 0 so that ¢, f = f. We compute
I(f, W) 20,1)xx)] = 1(fs @) 120,1)%5)
r r
s |(f’ Bb‘%u)Lz((o,T)xz) + |(f’ (1- Bb‘)%u)ﬂ((o,nxz)

T r
< ||f||[rx([0,T]xz)||Bg‘PaM||HX([0,T]xz) +I(1 - Bg)f'|FI*"([0,T]><2)”(;DEMHFIk([O,T]XZ)

< ||f||H;;’“KI-,5(ZT)||M||HSJ( =)

loc,I'e

Then, the density of C2°((0, T') X Int(X)) in Hc_(jr’xl_plfl"(ZT) and that of C*((0, T) X Int(X)) in Hf(;’;r(ZT) prove the

statement. m}

Lemma 3.4. Forall s,k € R, k > s, we have (H:*_ o En) = H &),

0 loc,
Proof. Lemma 3.3 proves H_S’l_.k(ZT) c (H** (7). Suppose u € (H** (7). Then, since C°((0,T) x

loc, comp, comp,
() c B3 o (E1), 1 € D'((0,T) X Int(E)). Fix & > 0. Then for y € CZ((0,T) X Int(L)),

[@atts )OI = [t @) < C£(||(;06/\/||FF([O,T]><Z) +I(1 = Bg)‘ﬁa)(||1-’1k([0,T]><z))-

So, since k > s, we obtain in particular

K@etts I < Cellpexllaro.rixs) < Cell¥llaxo.r1xz)
and hence ¢.u € HZX _((0,T) x IntX) with

comp
petlla-+o.riwey < Ce (3.14)

Fix any € € Sand y € C°((0, T) x Int(X)). Then there exists &y > 0 depending only on & such that for
g>e €S8, Bg)( e H* (Z7). Choose &’ < gy small enough so that WF[(1 — Bg,)Bg] = (0. Then, we have

comp,T"&’
KBLu, ) = K, Boy)l < Cs’(||B£X||I:I“([O,T]><Z) +I(1 - Bg')BgX”Hk([o,T]xz))
< Ca’(”BE)(”FP([O,T]XZ) + llg-~o,rixz))
< Collellzso.71xs)-
Therefore, BLu € HZS, ((0,T) x Int(X)) with

comp
r
1Bl g-sqo.11xs) < Cer-

This, together with (3.14) proves that 4 € H, Z}k (Z7), and hence the lemma. ]
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3.3 Definition of solutions and well-posedness

Observe that G* and & := GFUET satisfy (3.10) and for k > s, we therefore have Fréchet spaces Hg;)'in b= (2T
(Z7) with dual spaces H_S (ZT) H X E).

comp,E* loc,&*
W1th these definitions in hand, we can reformulate Proposition 3.1 as follows: For any 7' > 0, the map

Hy(M) x L*(M) x L*(0, T; L*(M)) — H Zgz(zT) x H”

loc. gz (ZT)
(o, u1, F) = (ulz, 8,uls)

(3.15)

(where u is solves (3.1)) is continuous.
We can now study the well-posedness for the control problem (1.6). We first recall that, given fy, fi €
CZ(R X Z), foos and f105 are usual distributions defined by (1.5).

Lemma 3.5. Given T > 0, assume that the functions v € C*([0,T] x M \ £) n C'((0, T); L*(M)) u, F €
C*([0, T x M) and fy, fi € C2((0,T) X Int(X)) solve

av = fyby + fidg in D'((0,T) x Int(M)), and 0Ou=F.

Then, we have the identity

T
[(5% W — (v, arM)LZ(M)]O + O, F)20,r)xm) = f (f0M|z - flavu|z)dfd0'-
O.T)XE

The duality property of Lemma 3.3, together with the formula of Lemma 3.5, valid for smooth functions,
and (3.15) suggest that taking fy € Hcom g,_(ZT) and f € HS(’)fnp G (Z7) could be an appropriate set of spaces

for control functions, as well as the followmg definition of transposition solutions for the control problem.

Definition 3.6. Given T > 0, (vo,v1) € L*(M) x H\(M), f, € H QE(ET) fie H": o=(Er), we say that v

comp, comp,

is a solution of (1.6) if v € L*((0, T); L>(M)) and for any F € L*((0, T); L*(M)), we have

T
f W, F)peandt = (vi, w(0)) g1y, 11 11y — Vo, 0:u(0)) 1201
0
+<fo,ulz> il - <f1’aVM|Z>H0,%

_1 .
2 H, 4 D) S EDH )

comp comp,

where u is the unique solution to

{I:Iu - F on (0, T) X Int(M) (3.16)

(u, )= = (0,0) in Int(M).

Note in particular that taking F € C°((0, T) x Int(M)) implies that such a solution is a solution of the first
equation of (1.6) in the sense of distributions.

Theorem 3.7. Let T > 0. For all (vo,v1) € L*(M) x H'(M) and for all f € HCom gz(ET) and fi €

H 2 (Zr), there exists a unique v € L*((0, T); L*(M)) solution of (1.6) in the sense of Definition 3.6. The

comp,G*
linear map

L>*(M)x H™! (M)xH GZ(ET)XH 3 o) = L*(0,T; L*(M))
vo,vi, fo, f1) v

is continuous.

Remark 3.8. Note that, given two different times 7T < 7”, an initial data (vo, v;) and control functions fp, fi
compactly supported in (0, 7) c (0,7’), the above definition/theorem yield two different solutions: one de-
fined on (0, T) and one defined on (0, T”). However, one can observe that these two solutions coincide by ex-
tending all test functions F € L*((0,T); L*(M)) by zero on (T, T’) to obtain test functions in L*((0, T"); LX(M)).
With this in mind, Theorem 1.4 is a direct consequence (and a simplified version) of Theorem 3.7.
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Proof of Theorem 3.7. First, we define

EF) = i, u0)y1n,m ) — Vo, 0:u(0)) 2 ary
+ o, uls) i1 = (fi,0yuls) oy -t s
mengz( T)H 292(27) coxnpgz( 7),H. c,g_Z(ZT)

and prove that it is as a continuous linear form on L0, T; L3(M)), with appropriate norm. We have

[ECO < villg— ||M(0)||H(g + Ivollzzan 04Ol 2y + R
< o, vOllzzxa-t 1E 20, 7:020m) + R,
with
= (fo, uls) _ 1 = {f1,0yuls) o1
u)]mp Zgz Gr). Hlngz Gr) ?(\mp GE &), H] oc. 922 (ZT)

From the definition of the spaces in Section 3.2, there exists € > 0 such that (fy, fi) € HCOmp e ) %

H": . (Z7) and hence, we obtain from Lemma 3.3,
comp,G*.&

R < el u 1 + 1 o, u 1
||fo|| -3 Il IzIIHI,2 ) [L1ll o )II y IzIIHU, !

cnmp QZ T loc.G= & 7)

e

comp Gre loc,G= &

Proposition 3.1 with A =1 — sz (satisfying the appropriate conditions) then yields

R<C, Sl + F . .
(||f0|| e I1f11] o (zr)]” lz20,7:2200)

comp, gE x.omp gz

Coming back to £, we have obtained the existence of € € S, C,; > 0 such that

[C(F)| < Ce (”(VOaVl)”szH-l + Cll(fo, SOl ! ok ]||F||L2(0,T;L2(M))-

u)mpgz (Zr)xH comp.GE & Gr)

Hence, ¢ is a continuous linear form on L*(0, 7; L*(M)). There is thus a unique v € L*(0, T; L>(M)) such that
UF) = fOT(v(t) F(1) 12yt for all F € L*(0,T; L*(M)), that is precisely the deﬁnition of a solution of (1.6)

in Definition 3.6. This solution moreover satisfies, for (f, f1) € H Er)x H (Z7), the estimate

comp,| gz comp G*.e

IVllz20,7: 200y < N0 VOl + Cell(fo, fOIl i1 0l ,
H 2 (SpxH 2 o (3r)
comp,G=~.& comp,G~.&

which is the continuity statement. This concludes the proof of the Theorem. O

4 Observability and controllability for the wave equation

The aim of this section is to study the observability of (3.1) from Z. In particular, we prove

Theorem 4.1 (Observability). Let y € C*(R) have y = 1 on (—co,—1] and suppy C (—c0 ——] Under
Assumption GC-(0,T), there exists 6o > 0, so that for all 5§ € (0,6), all As € ‘I’ghg((O, T) x Int(X)) with

principal symbol/\{(m(x;;#) @s, where s € C((0, T) X Int(Z)) with s = 1 on [6, T — 6] X X5 where Zs is as
in (3.9), for all N > 0, there exists cy > 0 so that for any solution u to (3.1), we have

CN”(MO? ul)”i]leZ S ||¢6a u|20||§.’] N(RXZ) + ||()D§u|20||2]:] N(RXZ) (4 1)
+ 114509y ”'20)”L2(sz) + ”A5("‘|20)”H1(sz) + 1Fll20,1yxa)-

Let us briefly explain why the observability inequality of Theorem 4.1 implies Theorem 1.9.
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Proof of Theorem 1.9. We apply Theorem 4.1 to the function u(t, x) = "*v(x) with v € HO1 (M)N H?*(M). First
observe that As is bounded on L? and hence

1450, ulsll2@xsy < Clldyvulsllizgorixsy < ClOWIsl2 ).

Observe also that there exists ¢p > 0 so that ¢;, D is elliptic on WF(As) and therefore,

||A6M|Z||ﬁl(Rx2) < C(||9060Dtu||L2(sz) + ||M|z||L2([0,T]xz) < C</l>“V“L2(Z)~
Note also that
Ou = e”’l(—Ag -

and hence the right hand side of (4.1) is bounded by

C (||3VV|E||L2 + (DIVIzllz + I(=Ag - /lz)V”U(((),T)xM))-
Finally, noticing that
(u|[:0’ at“'[:()) = (V, i/lV),
gives
(Dell2ary < ||(u|t:0,3zu|z:0)||H5(M)><L2(M),

finishing the proof of Theorem 1.9. O

4.1 The geometric assumption 7 GCC

To prove Theorem 4.1 we start with a dynamical lemma where we show that the a priori weaker assumption
GC-(0,T) implies the stronger assumption

Assumption GC-(&,T). For all p € Z, we have

Jlets, YN Te N T s, R M) # 0.
seR

Recall that Z is as in (2.4).

Lemma 4.2. Suppose that Assumption GC-(0,T) holds. Then there exists € > 0 so that Assumption GC-(g,T)
holds.

Proof. We define Zli :=ZN{rt = =1, = 0}. We shall show that Assumption GC-(0,T’) implies the existence
of £ > 0 such that
| Jtels. Y N T AT ppys, R M) £, forall p € Z3. 4.2)
seR

We first show that (4.2) implies the lemma. With the identification *T*(R x M) =~ T*R x *T*M, consider
p = (ty,T,q) € (T*R X bTMYNZ. Let M, be multiplication in the fiber by A > 0. Then,
P = (tosgnt, Mi-1(t0,7,9)) € Z{ UZ;.

According to the homogeneity of ¢, see (2.8), and the flow property (2.7), we have

|tMires, )} = | JleGstel, Mg} = |ttt oo sgn e, Mg p)) = (Jte(s, o)) (4.3)

seR seR seR seR

But, by (4.2), since p’ € Z] U Z;, we have

| Jtels, PN TN T g5, R M) £0,
seR

*

and hence homogeneity of ¢, 7, and T,
from (4.2).

T-e)xs (R x M) together with (4.3) completes the proof of the lemma
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We now prove (4.2), writing explicitly the argument for Z. The case of Z; is handled similarly. Notice
first that since ¢ is the generalized bicharacteristic flow for %(—T2 + Iflé), we have for p € Z|, t(¢(s, p)) = s.
This, together with Assumption GC-(0,T') implies that for each p € Z", we have

| tets.pin 7o # 0.
s€(0,T)

Therefore, for each p € Z7, there exists g, > 0 and s, € (g, T — &,) such that
@(5p:P) € T, N T(, g s, (R X M).

Let 8 be a defining function for X4 near ¢(s,, p), and consider g(s,q) = 8 o my o ¢(s, g) for (s, g) in a neigh-
borhood N, of (sp,, p), where my : T*(R X Int(M)) — R X Int(M) is the canonical projection. By [ ,
Theorem 3.34], the Melrose—Sjostrand generalized bicharacteristic flow ¢ is continuous and so g is continu-
ous on N,,.

Moreover, since X is an interior hypersurface, there exists ¢, so that

8(q) : (sp =8, 5, +6,) = J(T*(R x Int(M)) N Char(D0)) € Z

is C! for g in a neighborhood of p since ¢ coincides with the usual bicharacteristic flow of O near ¢(s,, p).
Notice that ¢(sp, p) € T, implies

0,8(p, p) = {dB(mo © ©(sp, P)dmo(@(Sp, P)), Hr@(@(sp, p))) # 0.

according to Remark 2.1. Hence by the implicit function theorem [ ], the equation g(s, g) = 0 defines a
continuous function s = s(q) near ¢ = p. In particular, set

(D T-5,
60 = mln(?, T)
Then there is a neighborhood, U, of p and a continuous function s : U, — R with s(p) = s, such that
Os@)(@) € Te,2 N T(*s,,/Z,T—a,,/Z)XEEP/z (R x M) and |s(q) — s,| < & for all g € U),.
Since
Z; = j(Char(@) N{r = -1, =0})

is compact, we may extract from the cover Z; C | pez: Upa finite cover {U,}!_,. Then taking & = min; <, &,,/2,
we have that for all p € Z,

| tels, PN TN T g5 (R X M) # 0.
s€(0,T)

In particular, (4.2) holds, which concludes the proof of the lemma. m]

4.2 Observability at High Frequency

The aim of this section is to prove the following proposition, which is a high-frequency version of Theo-
rem 4.1. The estimates in these results differ in two respects: here in Proposition 4.4 there is ||(u, "‘1)“in -1
in the right handside, so that this estimate does not care about low frequencies. The treatment of low frequen-
cies in Theorem 4.1 (see Section 4.3 below) requires the addition of observation terms in an arbitrary weak

norm ”90(561/1/420”?_‘1_[\1 . ||ga§u|20||§?_,V (zxx) Which is not needed here.

Proposition 4.3. Let y € C®(R) have y = 1 on (—oo,—1] and supp y C (—oo, —%]. Under Assumption GC-
(0,7), there exists 69 > 0, so that for all 6 € (0,0), all As € ‘I’ghg((O, T) x Int(X)) with principal symbol

X(M) @s, where o5 € CZ((0,T) X Int(X)) with 5 = 1 on [0, T — 8] X X5 where Zs is as in (3.9), there

ot?
exists ¢ > 0 so that for any solution u to (3.1), we have

2 2 2 2 2
C”(”O? MI)HHIXLZ < ”AE(M'ZO)”I:II(RXZ) + ||A6(avu|20)||L2(RX2) + ||F||L2((0,T)><M) + ||(l/t(), MI)HLZXH—I' (44)
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We begin with two preliminary lemmas. We again work in fermi normal coordinates near ¥. A more
general of version of the following Lemma is given in [ , Lemma 23.2.8], but we decided to include a
short proof in this particular context for the sake of readability.

Lemma 4.4. Denote O = —Dl2 +D)2(] +r(x, Dy)+c(x)Dy,, where r is defined in Section 2.1. Forany 0 <v <1,
there exist € > 0 and Ay, A, € C¥((—€, €); ‘I’éhg(R x R"™1Y) with

o(As) = 0(As) = T2 —r(x,&) on (72 —r(x, &) > v?)

such that for all b € CZ ((—e€, €); Sghg(T*(R x R 1)) with supp b C {t? — r(x, &) > v1?},

Op(b)a = Op()[(Dy, — A_)(Dy, + A,) +R]
Op(b)a = Op(b)[(Dy, + A )(D,, —A_) +R]

where R,R € C*((—¢, €); ‘P;h"z (R x R*™ 1Y),

Proof. Throughout this proof, we will write SX  for C*((~¢, €); S’;hg(T*(R x R"1))) and W for the corre-

tan tan
00

> We will write

sponding quantization C*((—¢€, €); ‘P’;hg(R x R"™1)). For an operator A € ¥

WF@) = | JWF@,),

X1

where Ay, is the pseudodifferential operator acting on R"~! at x; = y;.
Given 0 < v < 1, we let (¢, x, 7, &) € SO with

tan
Y=1on {‘r2 —r(x,&) > VT2/3}, suppy C {12 —r(x, &) > VT2/4}.

Then, for (¢, x, 7,£’) € supp ¥, we have the following factorization

(@)= -7 +& +r(x.&) = 6 + P - r@ )6 - 2 - 8.

We thus let Ag(t, x, 7, &) = 72 — r(x, &) and Ay = Op(¥ o).
Now, write D,, = Dy, — Ao + Ag so that

0 = (D, — Ag)Dy, + AoD,, — D? + r(x, D) + (Dy, — Ag)e(x) + [e(x), Dy, 1+ Age(x)
= (Dy, = Ao)(Dy, + Ag + c(x)) + Af + [Ag + c(x), Dy, 1 = D} + r(x, D) + Agc(x)
= (D,, — No)Qo + Ry,

where

Qo = D, + Ao + c(x) € Y2, D,, + P!

tan tan>
Ro = A} +[Ag + c(x), D1 = D7 + r(x, D) + Aoc(x) € P2,
First, we remark that o(Qg) = & + yAo. Second, noting that o(Ry) is independent of &, we take & = Ay on
¥ =1lin
o(@) =& -7+ r(x.&) = (& — W) (Qo) + T(Ro)

to obtain o(Ry) = 0 on that set. This yields Ry = Ry + Ey with Ry € ‘Pllan and E; € ‘Pgdn with WF(Ey) N
{2 = r(x,&") > vr*} = 0. Indeed for y; € SO with suppy; C {¥ = 1} and y; = 1 in a neighborhood of

~ tan
2 — r(x, &) > vr*}, o(Op(x1)Ro) = 0. Thus,

Ry = Eo + Ry, Ep = Op(x1)R € P, Ro = Op(1 — x1)R.

1

This implies the first factorization formula with R € ¥,

remainder term.

We now proceed with an induction to improve this
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Suppose we have for some j > 0

O = (Dxl - A—,j)(Dxl + A+’j) + Rj + Ej (45)

with A, € W1, with principal symbol Ao¥, R; € ¥/, and E; € W2, with WR(E,) N {2 = r(x,&’) = vt2} = 0.
Now, we want to adjust A, ; to improve the error R;. Let 4,1 € § 1_a:1 have

o(Rj) + Ajs10(Ayj+A_j) =0 inaneighborhood of ¥ = 1. 4.6)

This is possible since o-(A+ ;) = ¥Ao is elliptic on a neighborhood of y = 1.
Now, observe that

Op(Aj+1)(Dyx, + Ay j) + Rj = Op(Aj5 (A j + Ay j) + R; + Op(A;41)(Dy, — A j)
= Op(Ajs ) )(A—j + Ay j) + Rj + (Dy, — A ) Op(A11)
+[Op(441), Dy, — A_j]
=Rj1+Ejr1 +(Dy, — A_j) Op(4js1),

where, according to (4.6), we have R, | € ‘I’t_afl and Ej, ) € ‘Ptla;j with WF(E41,1) N {y = 1} = 0. So, coming
back to (4.5), we now obtain

0= (D, —A_)D,, + A_,_’j) +R; +E;
=Dy, = A_))(Dx, + Ay ) = Op(Aj1)(Dy, + Ay )+ Ejr11 +Rjp + (D, — A_ ) Op(441)
=Dy, —A_ ;= O0p(Ajs1)( Dy, + Ay j) + Ejp11 + Rjpr 1
+(Dy, — A_j = Op(4;41)) Op(dj41) + Op(A41)*
=Dy, —A_j = Op(Ajs Dy, + Ay j +O0p(djs1) + Ejy1 + Ry

where R, € ¥/ and Ej.; € ¥,/ with WE(Ejy;) N {¥ = 1} = 0. Putting A_;; = A_; + Op(4,,,) and

tan tan

Ay jr1 = Ay j + Op(dj41), we have (4.5) with j replaced by j + 1. Since we modified A_; and A, ; by terms
in W=/, summing asymptotically and composing on the left with Op(b) gives the desired result. Repeating the
argument but starting with Dy, + Ao on the left, we obtain the second factorization. O

Lemma 4.5. Let gy € 79 N T*((0,T) X R"). Suppose by € Sghg(T*((O, T) x R*1)) with suppby C 7'0Z
and by(n(qo)) = 1 (with m as in (2.10)). Then there exists a neighborhood U of qy so that for all ¥ €
Sghg(T*((O, T) X R™)) with supp ¥ C U there exists € CZ((0,T) x R") such that

1OpCulln < C(I1Op(bo) Dyl =oll 12 + | Op(bo)ulx,=ollgr + I@0ull2 + |lull2)

Proof. Write qo = (1,0, x;, 7o, (0)1,&,). We consider the case (&)1 > 0 (the case (§p); < 0 is treated
similarly) and denote by 1 € C®((-e, e);Sghg(T*(R x R"1)) a smooth symbol such that A(t,x,7,£") =

\/72 = r(x, &) on a neighborhood of (—¢, €) x supp(bp). Let b € C¥((—¢, €); Sghg(T*(R x R™ 1)) solve

0y,b—Hb=0, bly,=0 = bo. 4.7)
Denote by A. the two operators given by Lemma 4.4 associated to A, so that
Op(b)(Dy, = A-)(Dy, + Ay) = Op(b)(T + R),

with R € C¥((—¢€, €)y,; ‘I‘;;;(]R x R"™1)). Letting Q, = {x; € (—€/2, €/2)}, by Lemma A.1, we have

10p(B)(Dy, + Aullrza,) < CUIOPBO)(Dy, + Ap)ully=ollz2 + I(Dx, — A+) Op(D)(Dyx, + Aulliz,)
< C(10p(bo)[(Dy, + Aullx,=ollz2 + | Op(b)(Dy, = Ar)(Dy, + Apullia,)
+ Cll(Dx, = A4), Op(D)I(Dy, + Apullrza,))- (4.8)

22



Let us now estimate each term in the right hand-side. First, taking ¢ such that ¢ = 1 in a neighborhood of the
support of the kernel of Op(b) intersected with Q., and € C’((0, T) x R") with @ = 1 in a neighborhood of
supp ¢, we have
[10p(B)(Dy, — A )(Dy, + Apull2o,y = 10p)(O + R)ull2q,)

< Clig(@ + Rullrz o,y < CI@oull: +[1@ull2), (4.9)
where we used the L? boundedness of R and Op(b) together with the fact that the quantization Op gives
operators whose kernels are compactly supported in ((0, T) x R")?. Second, with by € Sghg(T*((O, T) xR 1))
with supp by C 7'0Z and by = 1 in a neighborhood of supp(by), we obtain

1Op(bo)[(Dx, + A)ullx,=ollz2 < [|Op(bo) Dy, ulx,=ollz2 + | Op(bo) Avttlx, =oll2
< 10p(bo) Dy, utl,=ollz2 + 1A+ Op(bo)ul,=ollzz + [10p(Bo)ul, =oll2
< 10p(bo) Dy, utl <ol + | Op(Bo)tls, ol - (4.10)

Third, according to (4.7), the tangential operator [(Dy, — A,), Op(b)] € C*((—€, €)y,; ‘I‘ghg((O, T) x R"™)) has

principal symbol ¢, — 4,6} = 1(8,,b — Hyb) = 0 and is hence in C¥((—¢, €)y,; ‘I’;ﬁg((o, T) x R"™1). This
yields

I(Dx, = A4), Op(D)(Dy, + Apullrza,) < Dy, = Ay), Op(D)]Dy, ullr2q,) + Cllul| 2. (4.11)

To eliminate the first term in the right handside, we let ¢ € SOh (R x R™) with ¢ = 0 in a conic neighborhood
of |(,&")| < €l¢1] and ¢ = 1 in a conic neighborhood of |(7, &)| > 2¢&|é,|, with € > 0 small enough so that ¢ = 1
on Char(O0). We write

[(Dx, = A), Op(D)]Dy u = [(Dy, = Ay), Op(b)1Dy, Op(@)u + [(Dy, — As), Op(b)]Dy, (1 — Op(p))u

and remark first that [(D,, —A.), Op(b)]1D,, Op(yp) € ‘I’ghg (RxR™) due to pseudodifterential calculus (see [
Theorem 18.1.35]), and hence

Dy, = A+), Op(D)IDy, Op()ullizo,y < Cligull;. (4.12)

Now, 1 —¢ vanishes in a conic neighborhood of |(7, £')| > 2¢&lé1], and hence we have [(Dy, —A+), Op(b)1D,, (1-
Op(p)) € ‘Prl)hg(R X R™) with principal symbol vanishing in a neighborhood of Char(x). The ellipticity of O
there yields

[(Dy, - A). Op(b)IDy, (1 - Op(¢)) = EO + Ry, with E € W5 (RXR"), R; € ¥ (R X R").

ph
In particular,

Il(Dy, — A+), Op(D)1Dy, (1 — Op(p)ullrz,) < C(ll@Oull2 + lI@ullL2),
which, combined with (4.9)-(4.10)-(4.11)-(4.12) in (4.8) implies

|Op(b)(Dy, + Aulliq,) < C(1OP(Bo) Dy, ttly,=ollz> + 110pBo)ul =0l + I@0ull 2 + lipull.2)

For ¢ € Sghg(R X R") vanishing near |(7,£")| < ¢€lé1| and such that ¥ = 1 at g9, Op(¥) Op(b)(Dy, + A) €
‘{’éhg(R x R"). Moreover, since (£p)1 > 0 and b(t, 0, x;, 70, &) = 1, the operator Op(y) Op(b)(Dy, + A) is
elliptic at go. Therefore, for ¥ supported near enough to gg, adjusting @ if necessary, we finally obtain
10pC)ully < C(>I1OpW) Op(B)(Dyx, + Mullg + lI@ull2)
< C(I|Op(bo) Dy, ul,=ollz> + | Op(Bo)ul, =ollr + 1@0ull > + lI@ullz),

which concludes the proof of the lemma (up to changing by into by in the statement). O

We now turn to the proof of Proposition 4.3. We follow the general structure of proof introduced by Lebeau
in [ ], using the microlocal defect measures of Gérard [ ] and Tartar [ ]. Note that from the
quantitative estimate of Lemma 4.5, and in case M = 0, “constructive proofs” (i.e. using no contradiction
argument, and hence no defect measures) of Proposition 4.3 are possible, see [ Jor[ ].
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Proof of Proposition 4.3. We prove estimate (4.4) by contradiction. Assuming that estimate (4.4) is false,
there exist a sequence of data F € L*((0,T) X M) and (uox, u1 x) € Hy(M) x L*(M) with

(o, x> =1 (4.13)

such that the associated solution (i) to (3.1) satisfies

2 2 2 2
||A5(Mk|20)”]:1](R><2) + ”Aé(avuklZo)”LZ(sz) + ||Fk||L2((O,T)><M) + ||(M())k, ul,k)”LZXHfl - 0 (414)

Classical energy estimates for then yield |[ug|lg1 o.rjxa < C together with |lullz2o.rjxa — 0. Hence uy — 0
in H' and, possibly after taking a subsequence, we may assume (see [ , ] in the case without
boundary and [ Jor[ ] in the general case) there exists a nonnegative measure y on SZ (see (2.5)
for a defintion) so that,

(Auge, W) i wxemry = f(j_l)*O'(A)d,U, (4.15)

forall A € ‘Pghg((o, T) x Int(M)). Moreover, letting (x;, x") be Fermi normal coordinates near M, then the
convergence (4.15) also holds for A € C*([0, &); ¥*(R x OM,.)), for £ > 0. Note that in both cases (j')*o"(A)
lies in C%(S Z) since o(A) is independent of £, for x; small enough.

Let us first show that 4 = 0. Notice that Lemma 4.2 implies there exists £ > 0 so that Assumption GC-(g,T)
holds. We first prove that 4 = 0 on a neighborhood of 7_”8 N T(Z,T—g)ng (Rx M). Then, since y is invariant under
the generalized bicharacteristic flow (s, -) defined in (2.6) (which passes to the quotient space SZ according
to homogeneity (2.8)), see [ s ], Assumption GC-(&,T) implies u = 0 (note that it is sufficient that
supp(w) is invariant).

Suppose g € T-NT* ZS(R X M). Then for 6 < &, we have 0(As)((qo)) = 1. Therefore, Lemma 4.5

e, T—&]x

applies with Op(bg) = As and hence for y supported close enough to g,

10Okl < CAlAs Dy el =ollr> + [|Asuelx =0l + 1@0ukll 12, + 1@uellr2@,))-

Now, the right hand side tends to 0 by assumption. Thus, pseudodifferential calculus together with (4.15),
imply the existence of a conic neighborhood U of ¢gq so that u(U/R7) = 0. Since this is true for any gy €
‘7_'5 ol T[*g,rfs]xzs(R X M), there is a conic neighborhood U, of‘7_',,; ol ng,H)ng(R X M) so that u(U; /R%) = 0.
Invariance of u and Assumption GC-(&,T) imply that i vanishes identically, which precisely means

uy — 0in H'((0,T) x M). (4.16)

Now, we denote
. 2 2
Ek(t) = “Vuk([’ )||L2(M) + ”atuk(ts .)”LZ(M)’

and observe from (4.13)-(4.14) that E;(0) — 1. Moreover, for all s, s, € [0, T], we have

1
— O:E()dt
2L E)

In particular, since this convergence is uniform in s, s»,

|Ex(s2) — Ex(sp)l < < Fll2llugllgn — 0.

T T
f E(t)dt = f E(t) — Ex(0)dt + TE(0) > T.
0 0

Together with (4.16), this yields

2
< leagl [z =0,

T
0<T « U Ex(t)dt
0

and hence the sought contradiction. O
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4.3 Observability: the Low Frequencies. From Proposition 4.3 to Theorem 4.1

There are different ways of writing the compactness-uniqueness argument of [ ] (both reducing the
problem to a unique continuation property for Laplace eigenfunctions). The first one is the precise argu-
ment of [ ]: it uses again the geometric condition together with the propagation of wavefront sets (see
also [ 1). A second form seems to be due to [ ]: it is a bit longer but uses only that the observation
region is time invariant. We write this version of the proof in the present context.

We first need a weak unique continuation property from a hypersurface. This is a weak version of Theo-
rem 1.7, but we chose to give a proof since it is much less involved. Note that no compactness is assumed and
no boundary conditions are prescribed here.

Lemma 4.6 (Unique continuation). Let ¥ be a nonempty interior hypersurface of a connected manifold M
and assume
(~Ag = Pu=0 inM, uls=0duls=0,

then u vanishes identically.

Proof. Let Q be a nonempty connected open set of M such that QNX # @ and Q = Q" U(QNX)U Q™ where
the union is disjoint. Then, setting

v(ix) =u(x) forxeQ", v(x)=0 forxeQ,
we have v € L2(Q), with, moreover (9, pointing towards Q%)
(=Ag = %) = 0 = [v]gdy + (c(x)[V]x — [0,v]5)ds = —ulsdy + (c(x)uls — dyuls)ds = 0.

This follows from the jump formula written in Fermi coordinate charts (x;, x’) with Q* = {x; > 0} N Q and
-A = —6)261 + R(x1,x',D") + c¢(x)D,, with R tangential (see Section 2.1).

A classical unique continuation result for elliptic operators (see e.g. [ , Theorem 4.2]) then implies
that v = 0 in all Q. From the definition of v, this yields u|o- = 0, and, using again the elliptic unique
continuation result and the connectedness of M, implies that u vanishes identically in M. O

We next define for any T > 0 and & > 0 the set of invisible solutions from [e, T — &] X X, where X, is as
in (3.9):

N(e, T) = {(uo, u1) € Hy(M) x L*(M) such that the associated solution of (3.1) with F = 0
satisfies dyuls = uly = 0in D'((e, T — &) X Z,)},
We have the following lemma, which is a consequence of Proposition 4.3.

Lemma 4.7. Suppose GC-(0,T) holds. Then there exists &y > 0 such that for all 0 < & < &), we have
N, T) = {0}.

We denote by A the generator of the wave group, namely

A= ( BV ) D(A) = (H? 0 HY(M)) x HY(M), @17
8

so that the wave equation (3.1) with F = 0 may be rewritten as
U+ AU =0, Ul=o = Uy = (ug, u1). (4.18)

Proof. Step 1: N(g,T) is finite dimensional. First, Proposition 3.1 implies that N(g, T) is a closed linear
subspace of Hé(M) x L*>(M) for all & > 0. Since Assumption GC-(0,T) holds, we may apply Proposition 4.3.
The kernel of the operator A in (4.4) is compactly supported in (0, 7) X Int(X), and hence in (g9, T — £p) X Zg,
for some gy > 0. Thus, for all 0 < & < &, the relaxed observability inequality (4.4) applied to elements of
N(e, T) gives

elito, unIy 2 < w0, )l for all (o, 1) € N T), (4.19)
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since the kernel of the operator A; is compactly supported in (g9, T’ — &9) X X, and uls, d,uls vanish on this
set.

Using the compact imbedding Hy x L* c L* x H™', this implies that the unit ball of N(e, T) for the
H(‘) x L%-norm is compact, that is, N(g, T) has finite dimension. Note also that it is thus complete for any
norm.

Step 2: N(g,T) c C*(M) and AN (e, T) c N(g,T).

Taking n > 0, sufficiently small (namely n < & — &), we remark that (4.19) is also satisfied by all
Uy = (ug, 1) € N(e+1,T). Taking Uy € N(e, T) implies that, for all € € (0, n), we have e U, € N(e+n,T).
We also have, for Ay sufficiently large,

1 1
(Ao + A =(d e MUy = —~(Ad e~y + A) ' Uy = Al + AUy in Hy x L2,
€ € e—0*

as (Ao + A)'Uy € D(A). As a consequence, the sequence (é(ld —e’fﬂ)UQ)6>0 is a Cauchy sequence in
N(T’ - n), endowed with the norm ||(1y + A ||H& «2- As all norms are equivalent in N(¢ + n,T), the
sequence (é(Id —e~“MUy)_., is thus also a Cauchy sequence in this space, endowed with the norm || - || HIXI2>
which yields AU, € Hé x L?. Hence, we have N (g, T) € D(A). This argument may be inductively repeated
to prove that N(e,T) C D(A*) for all k € N, and yields in particular, that functions in N(g, T) are C®(M).

Take now Uy € N(e, T), and denote by U(¢) the associated solution of (3.1), or equivalently (4.18). Then,
ue C?Rx M), and using the fact that 9, is tangential to the manifold R X X (thus commuting with 4,), we
obtain that d,uls(f, x) = 0 and 0,(0,u)|x(t, x) = 0 for all (¢, x) € [e, T — &] X Z; (since this Uy € N(g, T) implies
that this is satisfied by ). This is 9,U|,=o € N(g, T). Remarking then that we have AUy = —0,U|,=9 € N(e,T),
this implies AN (e, T) c N(g, T).

Step 3: reduction to unique continuation for Laplace eigenfunctions: end of the proof. Since N(g, T)
is a finite dimensional subspace of D(A), stable by the action of the operator A, it contains an eigenfunction
of A. There exist u € C and U = (ug,u;) € N(e,T) such that AU = uU, that is, given the definition of A
in (4.17), =Apug = —Pup and u; = —uuy. Hence ug is an eigenfunction of the Laplace-Dirichlet operator
on M, associated to —u> € R*, i.e. u = id, A € R. The associated solution to (3.1) is u(z, x) = e"uy, and
Uy € N(g, T) implies d,upls = ugls = 0. This, together with the fact that ug is a Laplace eigenfunction and
Lemma 4.6 proves that 1y = 0 and then U = 0. This proves that N'(e, T) = {0}. O

From Lemma 4.7, we can now conclude the proof of Theorem 4.1.

Proof of Theorem 4.1. We proceed by contradiction and suppose that the observability inequality (4.1) does
not hold for any 6 > 0. Thus, for any 6 > 0, there exists a sequence (u’(j, u’l‘,Fk)keN of Hé(M) x LAH(M) x
L*((0, T) x M) such that, with u* the associated solution to (3.1), we have

Ity D)l = 1, (4.20)
IOt 51y sy + 105t el ey + I 20, yxan) = 05 @.21)
1A @ Dl 2exs) + 1AW G sy = O- (4.22)

From (4.20), we may extract a subsequence of (u’é, u’l‘) converging weakly in H(') x L? to some (uy, u1). Denote
by u the associated solution to (3.1), with F = 0. Since F¥ — 0 in L?> we may further extract from u* a
subsequence converging to u weakly in H'((0, T)x M). According to Proposition 3.1, we have d,uf|s — 0,uls

and u*|z — uly weakly in H~'((0, T") x ). But according to (4.21), this yields

psOyly = @suls = 0,

and in particular, taking ¢ < &,
Oyuly =uls =0, onl[e T —g]xZ,.

Thus,
(g, ur) = (u(0), 0u(0)) € N(&,T).
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So, from Lemma 4.7, we obtain (ug, u;) = 0. The imbedding Hé XL* < [2xH! being compact, this implies

Gt W2t = Mo, w21 = 0. (4.23)

Finally, Proposition 4.3 implies that (4.4) holds for any 6 < §y. Therefore, taking 6 < min(e, dp) and
using (4.20), (4.21), (4.22), (4.23) in the relaxed observability inequality (4.4), we obtain at the limit 0 < ¢ < 0,
which is a contradiction. O

4.4 Controllability of the Wave Equation
Theorem 1.5 is a straightforward corollary of the following theorem. Recall that & = E* U G*.

Theorem 4.8. Assume (X, T) satisfies Assumption GC-(0,T). Then there exists a continuous map

LX(M) x H' (M) 3 (vo,v1) = (fos fi) € [ Ho o (Er) X HIY L (E1)
NeN

(the latter space being a Fréchet space when endowed with the seminorms of all Hc_oll;fz & ZEr)x Hgolrvn o )
so that the associated solution to (1.6) hasv =0 fort > T.

Proof. Fix 0 < T < Ty. Then define
L*(IT, T11 x M) = {F € L*([0, T1] x M), supp F C [T, T1]}

and for N > 1 the map

K: LT, T\]x M) — H 5 (Sr) X H) 5 (5r)

given by
F = (ulo,rxs, —0,ul0,1)xz)

where u solves
Ou=F on (0, Ty) X Int(M),

u=0 on (0,T)) x OM,
(ule=r,, Osttli=1,) = (0,0) in Int(M).

This map is well defined by (3.15). Define also the operator S : LA([T, T1] x M) — H)(M) x L*(M) by
S(F) := (uli=0, Osul1=0). (4.24)

Now, suppose that Assumption GC-(0,7') holds and let A; as in Theorem 4.1. For £ > 0 small sz is
elliptic on WF(A,) and hence using the elliptic parametrix construction we write

As=GBY +R

with R € ‘I’;}‘]’; (0, T)x Int(X)), and G € LI’ghg((O, T) x Int(X)). Therefore Theorem 4.1 implies that there exists
€ > 0 small enough depending only on (X, T') and for all N € N, there exists Cy > 0 so that

1N (F)”H(I](M)XLZ(M) < CN”I((F)HHII»*S’YZ ;(27')XHIUVTg2 =) (4.25)
Let (vo,v) € H" /(M) x L*(M) and define the linear functional £y : ran(K) — C by

ENCK(F)) = (S (F), (=15 VO 1 (w12 (), H- ()< L2 (M)

where S is defined in (4.24). Then, £y is well defined and continuous by (4.25). In particular,

IEn(K(F))I < Call(vo, Vl)||H-1(M)xLZ(A/l)||K(F)||Hl'«-gZ Er)xH) Y (1)
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Since £y is a continuous linear functional defined on a subspace of Hllo’;gz Zr) x Hl(:)’;gz (Z7) by the Hahn-
Banach theorem ¢y extends to a continuous linear functional on the whole space (still denoted ¢) with

[En (w1, wo)| < CN“(VO’V1)||H*1(M)><L2(M)”(Wl,WZ)”H]L*gZ (ZT)XH?"T%/; )

Thus, by Lemma 3.4, there exists (foy, fin) € HolNSE(zT) X HON o (&) so that for all (wi,w2) €
Hl -N (ZT)XH0 -N (ZT) we have

In(wi, wa) = (w1, wa), (fon, f1 N))Hl NN N N
loc,EX” compa2 comp,&X

and hence for some &’ > 0,
”(fO,N’ fl,N)”[-]ll“vi\’gE y (ZT)XHﬁ;ng}: p =) < CN,E,E’ ”(VO, Vi )”H" (M)xL2(M)+
Let v be the unique solution to

av = fonds + finos  on (0,T) x Int(M),
v=0 on (0,7)) X M,
(v,0m)li=0 = (vo,v1)  in Int(M),

given by Definition 3.6 and Theorem 3.7. Then for any F € L*([T, T] x M) we have

W F)orxamy = Vi w0 g1y 10 (ry — Vo, 0:14(0)) 12 ary

oo ulediy ot N n v Ol dies om0 s

= {1, =v0)s S (F)) 51 (ayx2 (). HY (M)xL2 (M)
+ <(f0 N> f] N) K(F))H—IN SH"W  HYN O

compE T comp.8E Toe. 82~ ioc.&2
={(vi,—v0), S (F»H*l(M)xLZ(M),Hé(M)xLZ(M) + On(K(F))
= V1, =v0)s S (F)) 11 (ayx2 (). L (M)xL2 (M)
+{(=v1,vo), S(F»H’l(M)><L2(M),H(1)(M)><L2(M) =0.
Since this is true for all F € L*([T, T;] x M), we obtain v = 0 on [T, T{] X M.
Now, for k > N, the inclusion H;O‘prv £ (1) X HS(’)’; o5 (E1) © HC‘O‘[;]’Z &) X HS(’)’IVH o (E1) is dense and
N (ET) xHO’fN Zr) C Hll(;;];ji Zr) XH&;I(%Z (Zr) is dense. So, in particular, £y extends to a linear functional
on H 1 -+ (ZT) X H0 (ZT) by density. This yields

(w1, wa), (f()k,f()k»yl NN Y = = (w1, w2), (fon, fi N)>H‘ N XHON

loc,E%"" " comp,E* comp,EX loc,&%’ comp,Sz comp,EX

for all (wy, ws) € Hll(;c_gz(ZT) X HO ~%:(Z7). This implies that fox = foy and fix = fi v and hence that

Jon = Jo € Hcompaz
N

Er),  fin=fie€ ﬂ o e,

which concludes the proof of the theorem. O

5 Controllability of the heat Equation

5.1 Well-posedness for the heat equation controlled from a hypersurface

The well-posedness theory is easier than that of the wave equation since the regularity theory for the heat
equation directly implies that the traces of the solution on Z are “admissible” observations, in the usual sense,
see [ , Chapter 2.3] and [ , Chapter 4.3].
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Lemma 5.1. Given T > 0, assume that the functions v € C*®([0,T]1 x M \ ) N C°((0, T); L2(M)) u, F €
C*([0,T1x M) and fy, fi € C2((0,T) x Int(Z)) solve

0, — Ay = fods + fidg in D'((0,T) x Int(M)), and (-0, — Ayu = F.
Then, we have the identity
[0 wzan], + 00 P = ‘f (fouls — fi0yuls)dodt.
O,T)xE
Also, we have the following “admisibility result” (regularity of traces).

Lemma 5.2. Given T > 0, there is C > 0 such that for all F € L2((0,T)x M), it € H(l)(M) and u associated
solution of

(=8, —Au=F on(0,T)xInt(M),

u=>0 on (0,T)x 0M, (5.1
U=y = 1t in Int(M),
we have
116, x| + uls Il < C||IF|I; + Cllall;
Y L2(0. Tﬁ%(Z)) LZ(O,T;ﬁ%(Z) L2(O.T)xM) H(M):

Proof. This is a direct consequence of the regularity theory for the heat equation (5.1), namely u € C°([0, T]; Hé (M)N
L*(0,T; H*(M)) N H'(0, T; H)(M)), with

”u”i"“(O,T;H‘(M)) + ”u“iz(O,T;HZ(M)) + HMHIZ‘I‘(O,T;H‘(M)) s C”F”LZ((O Tyxm) T C|Iﬁ||12LII(M)’
see e.g. [ , Chapter 7.1.3, Theorem 5]. The standard trace estimates then yield
el g IP <l
(0.T:H? () L2(0,T:H? (%))
which concludes the proof of the lemma. O
This suggests the following definition (see [ , Chapter 2.3]) of solutions of the controlled heat equa-

tion (1.10).

_3 _1
Definition 5.3. Given T > 0, vo € H"'(M), fy € L*(0, T'; Heomp(Int(X))), f1 € L*(0, T; Heomp(Int(X))), we say
that v is a solution of (1.6) if v € C°([0, T]; H~'(M)) and for any ¢ € [0, T], for any ii € Hé(M), we have

VO, g gy = Vo, u(0) g1 g

f (fo(s), ulz(s)) 3~ (i(9), 0yuls(s)

comp(E) Hy (D) mmp(Z) H,ﬁc ®

where u is the unique solution to

(=8, = Au=0 on (0,7 x Int(M)

u=0 on (0,1) X M (5.2)
Uly=y = 0t in Int(M),
ie. u(s) = 9%,
The following result is a direct consequence of (a slight variation on) [ , Theorem 2.37] and the

admissibility estimate of Lemma 5.2.

Theorem 5.4 (Well-posedness of the controlled heat equation). Let T > 0. There exist C > 0 such that for

all v € H'\(M), fy € L*(0,T; Hcomp(Int(E))) fi € LX0,T; Hcomp(lnt(E))) there exists a unique solution v
of (1.10) in the sense of Definition 5.3 and we have:

V|| [~ H- SC(V - + 3 + __1 )
Wliearion < € (olon + Wl Il
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5.2 Global interpolation inequality and universal lower bound for traces of eigen-
functions

We follow the general Lebeau-Robbiano method [ ] and use moreover a Carleman estimate of [ ].
‘We refer to [ ] for an exposition of these works.
The global strategy [ ] is the following:

1. Local Carleman estimates

2. = local interpolation estimates

3. = a global interpolation estimate

— finite dimensional observability/controllability for an elliptic evolution equation

= finite dimensional observability/controllability for the heat equation

SANES U

= observability/controllability for the heat equation.

Also, the unique continuation estimate for eigenfunctions of Theorem 1.7 can be deduced from the global
interpolation estimate. The present section proves steps 1,2, 3. The next section is devoted to that of steps
4,5,6.

In the following, for @ > 0, we set Y, = (—a, @) X M, Z, = (—a, @) X Z, and denote Q = —6? — A,

Theorem 5.5 (Global interpolation). Let S > 8 > 0. For all y € C(Zp) not identically vanishing, there exist
C,6 > 0 such that

0
1-6
Ml < € (IQVllz2qyvy) + Vs, llacsy) + Iduvls, lias,y) Iy, (5.3)
forallv e H*(Ys) such that Vl=s,s)xam = 0.

If we were considering a second order elliptic operator Q on a manifold Yg with smooth boundary, and
with Dirichlet condition on the whole dYs, this estimate would simply read

IVl vy < C(”QV”LZ(YS) + lYvis, llrz ) + ||l//5vV|20||L2(zU))-

However, here Y5 = (—S, ) X M is not smooth at (—S,S) X dM and it is crucial for the next arguments that
no boundary condition is prescribed at the boundary ({—-S} U {S}) x M.

The proof of Theorem 5.5 follows from arguments of Lebeau and Robbiano [ s ]. The idea is
that such interpolation inequalities follow locally from Carleman estimates, and then propagate well. Hence,
our task is only

(i) to deduce from a local Carleman estimate near Xz that the traces at the boundary “control” a small
nonempty open set near Xz (i.e. that (5.3) holds with, in the Lh.s. the local H ! norm in this set)

(ii) to use a global interpolation inequality implying that such a small set “controls” the H'(Y;) norm, and
then put the two inequalities together.

For the second point (ii), we can start from the following result of [ , Section 3, Estimate (1)].

Theorem 5.6. Let U C Ys be any nonempty open set, then there is C > 0 and 8y € (0, 1) such that we have

% 1-4
”V”H](Yﬁ) < C(||QV”L2(Y5) + ||V||H1(U)) ||V||H1((;;S) (5.4

for all v e H*(Ys) such that Vl=s.s)yxam = 0.
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As a consequence, it suffices to prove the first point (i), namely, that there exists such an U such that, for
some C, §; > 0 we have

o1 1-6
IVl @y < C(”QV”LZ(YS) + ||¢/V|zﬁ||L2(zﬁ) + ||W5vv|2ﬁ||L2(zﬁ)) ||V||H1(;/S), (5.5)

which is now a local estimate. Indeed, (5.4) together with (5.5) directly yield (5.3) for § = §pd; (see
eg. [ , Lemme 4]).

To prove (5.5), we shall take m € X a point for which y(m) # 0, and assume that the set U is a small
neighborhood of m intersected with a single side of X. Also, we shall say that d, is pointing towards U.
We now work in the local Fermi normal coordinates near m € Z, described in Section 2.1. The operator
Q = —8% - A,, still denoted by Q in these coordinates, is given, modulo conjugation by a harmless exponential
factor, by

6)(’ . . .
0= —6)%1 - 6? + r(xy,x’, —), with principal symbol ¢ = f% + ff + r(xy, x', &),
i

where
e (s,x’) are the variables in (=S, §) X X, & € R is the cotangent variable associated to s;

e variables are in a neighborhood of zero in the half space R%*! = Ry x Ry, X R"! (we only estimate
things on {x; > 0}, where U is);

e 0, is given by d,, in these coordinates.

Now, the proof of (5.5) relies on the following Proposition [ , Proposition 1]. Here, the variable s
does not play a particular role: hence, in what follows, we only write (with a slight abuse of notation) x € R"*!
for the overall variable, and accordingly g = q(x, &) = q(s, x1, X', &, &1, E7). We also use the notation

qp(x,€) = q(x,& + idep(x)).
Proposition 5.7. Let R > 0 and ¢ € C* in a neighborhood of K := R"*' n B(0, R) and such that
e 0, ,p#00nKk,
o (Hormander subellipticity condition) V(x, &) € KxR™!, go(x,6) =0 = {Re(gy), Im(gy)}(x, &) > 0.

Then, we have

hlle?/ ul2 + 13)le?"Vull7,

LARY ®y™h

41,0 12 h 2 31| 0/h 2
< W llef!" Qull + Alle? " ul gy =oll 72y + 1 11€#" Bl =olI7

LZ(RTI) LZ(R" (56)

®")

forallu e CW(RTI) such that supp(u) € B(0, R) and h € (0, hy).
The end of proof of Theorem 5.6 is then similar to [ Jor[ , Appendix].

End of the proof of Theorem 5.6. We first fix R > 0 small enough such that B(0, R) is contained in the coordi-
nate chart and that the set B(0, R) N {x; = 0} (where the observation shall take place) is contained in the set
{¢y > 0} (where y is the cutoff function appearing in (5.3)). Second, we define the weight function ¢(x) =

e ¥l — 7l where u > 0 (large, to be chosen) and, for a € (0,R), we have x* = (0,---,0,—-a) ¢ R}*".
Hence, ¢ is smooth and satisfies d,,¢ # 0 on K = RTI N B(0, R).
According to classical computations (see e.g. [ , Lemma A.1]), ¢ satisfies the Hormander subellip-

ticity condition on K for u large enough (depending on R and a, and fixed from now on).

Note that levelsets of ¢ are balls. Moreover, we have ¢(0) = 0 and ¢(x) < O if |[x — x| > |x%|, and in
particular on {x; > 0}.

For € > 0 sufficiently small (depending on R, a and u), the set {¢ > —4e} N RTI is contained in B(0,R) N
R™*1, where (5.6) holds. Also, the set {¢ > —4&}N{x; = 0} c B(0,R)N{x; = 0} is contained in the set { > 0}.
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Finally, setting
Ui=lp>-2)nlxn >0,

we have U # 0 since ¢(0) = 0 and ¢ < 0 on {x; > 0}.
We let y € C(R""!) such that y = 1 on {¢ > —2¢} and y = 0 on {¢ < =3¢}, and apply (5.6) to u = yv. We
have ¢ < 0 on the support of u so that

h 2 2 2
||e¢/ 1u|x1:0”L2(R”) S |IX|X1=OV|X]:0||L2(Rn) S Cllw‘}'Xl:OHLZ(Ru)
h 2 2 2
||e<p/ 1ax1u|x1=0||L2(Rn) < ||ax1)(|x1=0v|x1:OHLZ(Ru + |IX|x1—Oax1 lel—OHLZ(Rn)
<

ClV] a0l + ClBs, V<0l -
Usingthaty = lonf{p > -5} C{p>—gland U = {p 2 -5} N R™*!, we have that

e ul? + B3)e?" V)

\%

hlle"ull}, , + B lle? " Vull7,

LZ(R"H) LZ(R””) = ) )

1\

3 —¢g/h h
We oMl = e 2 IR,

(%] y*

Finally, we have Qyv = xyOv + [Q, x]v, where [Q, x] is a first order differential operator with coefficients
supported in {—& > ¢ > —2&} N R"*1, Thus, we have

4 h h h 2
W1 Qull] sy S 1€ X OV gery + 1€ QI )
—2¢/h 2
S NQVIG g, + €2 VI k-

Combining the last three estimates with (5.6), we find that there is C, iy > 0 such that for any v € C®(R™"),
for all i € (0, hy), we have

3e/h —2g/h
eI ) < CIVL =0l + CIOs V=0 l2a gy + CIQVIE ) + Ce M VI,

and hence, for all & € (0, hg),

h —z¢&lh
V21 ) < Ce2* (1lvleyoll2aqgun + 10, Vi =0ll22 gy + 1OV 4, ) + Ce™ 2 Il

After an optimization in the parameter £ (see [ 1), this yields the existence of C > 0 and 6; € (0, 1) such
that

1 2(1-61)
2,10y < € (V=i gy + 160 V0l gy + 10V ) VIS0,

which, coming back to the original variables, implies (5.5), and then according to Theorem 5.6 and [ s
Lemme 4]), concludes the proof of Theorem 5.5 (see the above discussion). O

From Theorem 5.5, we deduce a proof of Theorem 1.7.

Proof of Theorem 1.7. For a non identically vanishing function i such that supp(y/) C Xz, we apply Theo-
rem 5.5 to v(s, x) = eu(x) € C¥((=S,S); H*(M) N Hé(M)), which satisfies

Qv = e/”(—Ag - Py, in Int(Ys),

as well as v|—s syxam = 0. Hence, Equation (5.3) gives

2 2 2 2(1-6
W2y, < c( SN2 = Al + WV, s, + 100, v@ﬂmﬁ)) [ etoes (5.7)

and we estimate each remaining term. First, we have

oA

ZC

2
123y 2 €Il
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Second, we write

2 2 2 2
Ml vy N5V L2y + VML) + VI v
S S
IIMIIiz(M)f 2226 + s + ((—Ag — Pu, M)L2<M>f IS

IA

- 2 2
CeL/l(||M||Lz(M) + ”(_Ag -A )M||L2(M)||M||L2(M))~

We may assume that [|(—A, - 2)ul] 2y < llullz2ry since otherwise the inequality (1.11) holds trivially, and
therefore obtain

2 A 2
||V||H1(Y5) S Cec ”u”Lz(M)

Third, we have

S
2 2 2
[ sl + 10l )
s

2 2
”wvhﬁ”[}(zﬁ) + ||¢6VV|2ﬁ||Lz(Zﬁ) S
< 28 (sl + 10vuls] g, ) -
Plugging the above three inequalities in (5.7) and dividing by ||u||i(21(;j)) (if non zero) yields the sought result.

[m]

5.3 From interpolation inequality to observability in an abstract setting: the original
Lebeau-Robbiano method revisited

In this section, we explain how to deduce the observability estimate for the heat equation from the interpolation
inequality of Theorem 5.5. This follows the Lebeau-Robbiano method introduced in [ ] in its original
form (used also in [ 1), as opposed to the simplified version (see e.g. [ , 1) which uses the
stronger spectral inequality [ , ] (which we do not prove in the present context). We explain how
this method can be simplified using [ , , ].

We consider an abstract setting containing the above particular situation of the heat equation. Most results
presented here still hold in the much more general abstract setting of [ ]. In Section 5.4 below, we explain
how the problem of the heat equation controlled by a hypersurface is put in this general framework.

We denote by H (with norm || - ||) and K (with norm || - ||¢) two Hilbert spaces, namely the state space
and the observation space. We denote by A : D(A) € H — H a non-positive selfadjoint operator on H, with
compact resolvent. We denote by (¢;) an orthonormal basis of eigenfunctions associated to the eigenvalues
/l? > 0 of —A (we keep the notation used for the Laplace operator) and set

E, :=span{¢;,4; <1}, 1>0. (5.8)

The operator A generates a contraction semigroup (¢4) on H. We denote by B € L(D(A); K) the obser-
vation operator. We say that B is an admissible observation for (¢*) if there is T > 0 and Caamr > 0 such
that

”BetAy“LZ((O,T),K) < Cuamrllyll,  forally € D(A). (5.9)

On account of the semigroup property, (5.9) holds for all 7 > 0 if it holds for some T (see [ , Sec-
tion 2.3]). Hence, under the above admissibility assumption, for any T > 0, the map uy — (¢t — Beug)
extends uniquely as a continuous linear map H — L[*(0, T; K), which we shall still denote Be'?.

In our next lemma, we use the notation, for s € N and 7 > 0,

s

H = (| H" (~r.m:D(=A)"),

n=0
normed by

12
Wl = (107G =AY PV )

n+m<s
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Lemma 5.8. Let S > 8 > O and ¢ € CX(=S,S). Assume there is C > 0 and 6 € (0,1) such that for all
Ve 7—(§ we have

5 _
Wil < € (=02 = Al + le()BVlz5.5:59) My (5.10)

Then, there exists S, C,c > 0 such that

lIvoll* + 11> < Cetllp()BV(s)Ilja s 5.5y > Jor all 1> 0, (vo,v1) € Eg X Ey,
with
inh(s V-A
(s) = cosh(s VoA + SRONA), 5.11)
V-A
Note that in the formula (5.11), we extend cosh(s V—A) (resp. %\/ﬂﬁ)) by continuity by Id (resp. by

s1d) on ker(A). Thus, denoting by Iy the orthogonal projector on ker(A) and I1, = Id —-Ily, (5.11) can be
rewritten more explicitely by

sinh(s ﬂ)n

V(S) = COSh(S V—A)H Vo + H()VO +
" V=A

v + slyvy.

Hence v(s) in (5.11) is the unique solution to
(=0; =AW =0, (,0,V)ls=0 = (vo, v1).

Proof of Lemma 5.8. Note first that with vin (5.11), we have (—8? —A)v(s) = 0 so that, in (5.10), it suffices to
estimate ||v||,H; from above and ||v||(Hﬁ1 from below. For (v, v;) € E, X E,, we denote by wy = Ilpv, k =0, 1,

and w* = $(IL,vo £ (~A)™/*I1,vy). This is
v =w"+w, ILv, = V-Aw' — V-Aw™,
and the parallelogram law yields
=AY TLevo |2 + [1(=A) T TLv [P = 2(I(=A) w | + [I(=A) TwIP).

We also have, with w* = 351 <1 w]ixf)j,

inh(s V-A
v(s) = cosh(s V=A)vy + MV] = VAT e VA wo + swq
V-A
= Z (e”f'w; + e‘”fw]_.)¢j + wo + swy.

0<a;24

Now, we estimate ||V||(H; and ||v||7,,/; in terms of A. Firstly, we have

B B

. TS I )

Vo 2= Vil = ew: +e TTw s+ wo + Swq s

Iz, = VI, Mt + e | d I I”d

’ ’ o oin=adB B
28

U —e P e gy 2 20
= > (WP + W P) + 4BReCwi wy) + 2Bllwoll? + 25wl
0<1;<1 24; 3

— 2
=28 > Q] w). (w5 w)) + 28wl + SNl

0<1;<4

where Q; is the matrix

! Xj

sinh(X;) 1
Q/ = [ Xj sinh(X,') ), Xj = 2,8/lj
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sinh(X;)

v 1= £e%i/% on the set [2,3;10, +oo[, where A is the first non-zero eigenvalue
7

of —A, and & only depends on 281,. As a consequence, we obtain

The eigenvalues of Q; are

2 2 2
Il = € (Ivol® + IhaIF)

Secondly, we also have

S
2 2 12 2
IVilz = f”asV” + (7 = A)2vlI” + |lI°ds
=S
S
< D Wi +wiP) f QA% + 4)e>Vds
0<1,<4 -
S S
+2f ||w0+sw1||2ds+f llwil* ds
=S -S
352 2 2
< Ce (ol + ImilP).

Combining the last two estimates together with (5.10) yields

1-6
2 2 26 354 2 2
ol + 117 < Cllp()BYIES g 5., (Ce¥Ivoll® + Ivall?))

and hence the sought result when dividing by (|[voll® + [v1][*)' ™ . m]

The next step of the Lebeau-Robbiano method relies on a so-called “transmutation argument” to deduce
from the observability of the elliptic system on E, the observability of the heat equation on E,, with a pre-
cise estimate on the cost in terms of A and T (observation time). Here, we use an idea of Ervedoza and
Zuazua [ , ] to simplify the original argument of Lebeau and Robbiano [ ] (who used the
moment method of Russell to pass from the elliptic system to the parabolic system, and was quite technically
involved, see [ ] for a review of the method).

Lemma 5.9. Assume that there exists S, C,c > 0 such that

Bsinh(s ﬂ)v
VA

[Ivoll < Ce* , forallA>0,vy€E,.

12(=5.5:K)
Then, there exist C,c > 0 such that

le™ uoll < Ce“** 7||Be upll 2075, for all T > 0, > 0,uq € Ey.
9, M can equivalently be replaced by cosh(s V-A).
We need the following lemma, which is a slight variant on [ , ].

Note that in the assumption of Lemma 5.

Lemma 5.10. Given S, T > 0,6 € (0,1), and a > S?(1 + 1), there exists a function kr € C*([0, T1x[-S,S])
satisfying

0, —0Hkr =0, for(t,s) € (0,T)x(=S,S), (5.12)
krli=0 =0, krl=r =0, fors € (=S,8),
L (5.13)
krls=o =0, dkrli—o = e*(*75), fort € (0,7),
l(ﬁ_L)
k7 (t, ) < |sle™\° "™/ t=min(t,T — 1), for(t,s)e€ (0,T)x(-S,S). (5.14)
For the proof of Lemma 5.10, we follow [ , Section 3.1], where the authors go from the wave
equation to the heat equation. Here, we use the method to go from an elliptic equation to heat equation. The
only difference is that we take gox+1 = g(lk) where Ervedoza and Zuazua [ s ] take gox+1 = (— 1)k g(lk)

in the proof below.
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Sketch of proof of Lemma 5.10. The starting point is that, if it converges, then the function

Sn
kr(t,s)= )~ su=gy sun =g’ kel (5.15)
neN "’

solves (5.12). Choose gy = 0 and, for @ > 0, choose g; to be the Gevrey function

—a(i+7s)
a0 = {e if e (0,7),

0 otherwise.
Then, [ , Lemma 3.1] yields for all € (0, 1), |ga+1(0)] = 1870 < %e—ﬁ with 7 = min(t, T — 7).
This implies (see [ , Equation (3.8)]) that forall 6 € (0,1), S > 0 and o > §2 (1 + }5), the series (5.15)
converges towards kr € C*([0, T] x [-S, S ]) with (5.14)-(5.13). O
With this lemma, the proof of Lemma 5.9 follows [ , Section 3.1].

Proof of Lemma 5.9. We first pick § € (0, 1), and > S2 (1 + }5), and denote by k7 the kernel then furnished
by Lemma 5.15. Given uy € E,, we define

T
v(s) := f kr(t, s)e ugdt.
0

From the above properties of k7, the function v(s) satisfies
T
(V, 65")'&:0 = (O,I gl(t)etAuodt) € E,1 X E/l,
0
where g(f) = ea(i+75), together with
T T T
Pv(s) = f FPhp(t, syu(t)dt = f dkr(t, s)e updt = — f kr(t, $)0,e" uodt
0 0 0

T T
=- f kr(t, $)Ae updr = —A ( f kr(z, s)e“‘uodz) = —Av(s).
0 0

Hence, v(s) = %‘&Aﬁ” ( fOT g1 (t)e’Auodt), so that Lemma 5.9 yields the estimate

T
”f gi(Ou)dt| < Ce“IBv(s)ll2s.5:x)-

0

Now, writing ug = ), jaj¢;, we have

T 2 T 2
2
f g1 updt|| = Z ‘f gl(t)efmfajdt
0 = 1Jo

T ? 2 T ? 2 T? o 2
> Z(f gl(t)dt) e‘zmilajl2 = (f gl(t)dt) ||eTAuo|| > —e 7T eTAu()H .
J 0 0 9
Also, we have from (5.14) the estimate
S T 2
”BV(S)HE‘Z(,S,S;K) = f f kT(t, S)BetAI/t()df dS
=S 0 K
T
< ( f kr(t, s)zdtds) f | Be" uodt||%.dt
10,7[x1-S,S [ 0
T
< CsT f | Be uodt|%dt.
0
Combining the last three estimates concludes the proof of Lemma 5.9. O
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From the low frequency observability estimate with precise cost, we may now deduce the full observability

estimate. The original Lebeau-Robbiano strategy [ ] does not provide with an optimal dependance on the
blow-up of the constant as 7 — 0*. The modified and simplified argument of [ ] does so, and we follow
it here.

Lemma 5.11. Assume B : D(A) ¢ H — K is an admissible observation for (¢"4). Assume for some ag,a,b > 0
we have

le™ Yl < ape™ 7 |Be*yll ooy forally € E,A>0,T > 0. (5.16)
Then there is C,c > 0 such that we have

le™ I < CeT IBe“W201:5), forally € H,T > 0.

A proof of this lemma (in much more generality) is included in the proof of [ , Theorem 2.1], but we
give it for the sake of readability. The key feature of the semigroup (e'4) we shall use is that

le™ Yl < e yllg,  forally e EX, 1> 0,1 > 0. (5.17)

We also make use of the following particular case of [ , Lemma 2.1].

Lemma 5.12. Let T, >0, g€ (0,1) and f : (0, T.] = R} increasing, such that lim,_,o+ f(t) = 0. Assume that
B is an admissible observation for (e and that

Tl I = f@DIVIP < 1B Moo .y Sforall T € (0,T.) and y € H.
Then we have
S =@Dlle™YIP < 1B} 75y Sorall T € (0,T.)and y € H.
Proof of Lemma 5.11. For'y € H, we decompose y = y, + r, with y, € E, and r, € Ey. Then, we estimate
lle™ 11 < lle™ yall + lle™ rall. (5.18)
Concerning the second term in (5.18), we only use (5.17) to write
e rall < e Tlirall < el
Concerning the first term in (5.18), we write e’4 = ¢74¢1=9T4 and apply (5.16) to e1=®T4y, € E; to obtain

b _
aoe®™ 7 || Bt 1-OTA

TA
lle”“yall < Yallzzo.e7:x)
A+ L A _(1-8)TA A _(1-&)TA
< ape o (1Be eV A 20 o1y + 1B e T AR 20,07 1))-
We remark that [|BeA e T4y 20010 = IBeY21-oyrrx) < IBe™yllr20.7:x) and estimate the last term

using (5.9), and then (5.17) as

_ —22(1-
”BetAe(l e)TA A7(1 8)T||r,1||

IN

1-e)TA
Cadm,sT”e( €) r/l” < Cadm,sTe
ATy

ralle2o.67:5)

< Cadm,sT e

Combining the above three estimates in (5.18) implies forally € H, T > 0 and A > 0,

TA A+ L A -2(1-8)T A+ L —e2T
lle™ I < age™ T I1Be* Y21 + €T (a0e™ T Caamer + ¢ ) 1D

We notice that Cygmer < Cagmr, for T < T, and € € (0, 1), and denote m; := Cugmr, + % ‘We then rewrite

1

> with r > 0 to be chosen, as

this estimate for A =

I _1cayty, 74 " =
—e D)™y < 1Be Yl ik + mie” A Tyl T < T

ao
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Writing f(T) = 2176_%(%+£), and assuming the parameters € € (0, 1),7 > 0, g € (0, 1) are such that
0

1{a b 1-¢
o :
g\r ¢ r2
1

2
(which we may, taking e.g. £ = ¢ = 1/2 and r sufficiently small) we have (mle_f%) < f(gT)forT € (0,T']

for some T’ € (0, T, ], and we obtain
SN YIP < 1B MIF o 7. + F@DIYIP
Lemma 5.12 implies
S =@Dle™yI? < 1B Mg 7ps T €O, Ty € H,

which is the sought result for € (0,7’]. The case T > T’ follows from the boundedness of the semigroup
and thecase T < T". O

5.4 From interpolation inequality to the observability estimate for the heat equation

Let us now put the above context of the heat equation in the present abstract framework, and state the con-
sequences of the above abstract setting. We have H = Hé(M), A = Ap (the Dirichlet Laplacian) with
D(A) = {ue H3(M), ulgm = 0, Agqulsy = 0}. We also have K = LX(Z) x L*(Z) as well as

B:DA)Cc H3(M) — L[*Z)xL3Z)
u =  (uls,0uls).

Lemma 5.2 implies that B is an admissible observation for (¢") in the sense of (5.9).
The first lemma is a consequence of the interpolation inequality of Theorem 5.5 and Lemma 5.8. Here,
E, is defined by (5.8) where ¢, A; are an orthonormal basis of solutions to

(—Ag — )¢ = 0.

Lemma 5.13 (observability of finite dimensional elliptic equation). Assume M is connected and X is nonempy.
Then, for all S > 0, there exists C,c > 0 such that for all 1 > 0, all (vo,vy) € E, X E, and associated solution

vof
(~ — Ay =0 on (=S, 8) x Int(M),
v=0 on (—S,5)x oM, (5.19)
v, 0sV)ls=0 = (vo,v1) in Int(M),
we have
Vo, villzzxan < Ce ™ (||V|2||L2((—S,5)xz) + ||3VV|2||L2((—S,S)><2))~

This together with Lemma 5.9 this implies the following result.

Lemma 5.14 (observability of finite dimensional heat equation with precise cost). Assume M is connected
and Z is nonempy. Then, there exists C,c > 0 such that for all A, T > 0, all uy € E, and associated solution u

of
@;—MNu=0 on(0,T)xInt(M),
u=0 on (0,T) X OM, (5.20)
Uli=o = uo in Int(M),

we have

A+ S
(Tl < Ce™F (lulslio s + 10vlslio s

Lemma 5.11 finally yields the following observability result.
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Theorem 5.15 (observability for heat equation). Assume M is connected and X is nonempy. Then, there exist
C,c > 0 such that for all T > 0, all uy € H'(M) and associated solution u of (5.20), we have

lu(D)||gr < CeT (||M|z||L2((o,T>xz) + ||5vu|z||L2((o,T)x2))-

From this observability estimate and the duality with the control problem (1.10), given by Definition 5.3,
we deduce the null-controllability of the heat equation Theorem 1.6. The proof is classical and we omit it (see
eg. [ , Chapter 2.3]).

A Facts and notations of pseudodifferential calculus

Here, we follow [ , Section 1.1] or [ , Section 2.1] for the notation. We denote by X an open
set of a d dimensional manifold, which, in the main part of the article, is, withd = n — 1,n,n + 1, one of the
following:

X=RY, X=Int(M), X=@0,T)xInt(M), X=IntE), X=(0,7)xIntE), X=IntT). (A.l)

We also denote by x the variable in X (whereas, in case X = (0,7) X Int(M) the variable in denoted (¢, x) in
the main part of the article). We denote by mp : 7*X — X the canonical projection.

We write Si* (T*X) for the set of positively homogeneous degree m functions on T*X with compact
support in X. Thatis, a € Si¢ (T*X) if and only if a € C*(T*X), mo(supp(a)) is a compact of X, and there is
R > 0 (depending on a) such that for (x,&) € T*X, with |¢] > R A > 1, we have a(x, 1) = A"a(x, €). For any

m, the restriction to the sphere $*X = T*M/R}

Sg’hg(T*X) - C2(S™X), a(x,¢&) — }im A™"a(x, A¢), (A.2)

is onto, which identifies, for m fixed, smooth functions on the sphere with homogeneous symbols of degree m.

We also write Sg’hg(T*X) for the set of polyhomogeneous symbols of order m on X with compact support
in X. Thatis, a € Sg’hg(T*X) if and only if a € C*(T*X), mo(supp(a)) is a compact of X, and there exist
aj € Sfo_mj(T*X), such that forall N € N, a — Z?/:o a; € §m=N=1(T*X). We recall that symbols in the class
S g’hg(T*R") behave well with respect to changes of variables, up to symbols in S glh‘g' (T*RY) (see [ ,
Theorem 18.1.17 and Lemma 18.1.18]).

We denote by ‘Pg’hg(X) the space of polyhomogeneous pseudodifferential operators of order m on X, with
a compactly supported kernel in X X X: one says that A € ‘I’;”hg(X) if

1. its kernel K(x,y) € D’(X x X) is such that supp(K) is compact in X X X;
2. K(x,y) is smooth away from the diagonal Ay = {(x, x); x € X};

3. for every coordinate patch X, € X with coordinates X, 3 x — «k(x) € X, c R? and all ¢y, ¢, € Cr(Xo)
the map
= 1 (') Ak (gou)
is in Op(S g‘hg(R” x R%)). Note that fora € S g’hg(Rd x R?) we write Op(a) for the standard quantization
of a.

In case X is not compact (which happens in most examples of (A.1)), we also define a non-canonical

quantization procedure Op : Sglhg(T*X) - kI’;”hg(X). For this, fix x, € C2(X;[0,1]) so that y,(x) T 1

for all x € X uniformly on compact sets. Then fix (X;, «;) a coordinate atlas for X. Let ¢; € C:°(X) be a
partition of unity subordinate to X; and ¢; € C2(X;) with suppy; C (i = 1). Fora € Sgﬁg(X), notice that
ai(x, &) = ik (0))alki(x), [0k (0)]71)E) has a; € Sghg(Rd x R?). We then define

Op(@) = D xwki[(( )" F) Opian('y @oxnw], N :=inf{n | suppa 1 supp(1 = x,) = 0}.
i
Note that for all A € lI’;”hg(X), there exists a € S glg(T*X) so that
Op(a) —A=Re ¥ 2(X)

phg
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(see e.g. [DZ, Appendix EJ).

ForA € ‘I’g;g(X), we denote by 0, (A) € S{ (T*X) the principal symbol of A (see [ , Chapter 18.1]).
Note that the principal symbol is uniquely defined in Si* (T*X) because of the polyhomogeneous structure
(see the remark following Definition 18.1.20 in [ 1. When it will not lead to confusion, we abuse
notation slightly and write o(A) for the principal symbol of a pseudodifferential operator without reference to
the order. The applications o, and Op enjoy the following properties:

e The sequence

T'm

X) 2% S™ (T*X) = 0

hom

m—1 * m
0— ‘I‘phg (T°X) —» ‘I’phg

is exact.

¢ 0,00p:S" (T"X) - S"

phe e (T X) is the natural projection map.

e Forall A € '*I’ghg(X), (A" = op(A).
e Forall A; € ‘Pg'hlg(X) and A, € \I’;"lfg(X), we have A1A; € ‘I’;L‘g“'“ (X) with
O—m1+m2(A1A2) =0Om (A1)0—1112(A2)-

e Forall A € ‘I’;"hlg(X) and A; € ‘I’;"lfg(X), we have [A],A2] = AjAr — AyA| € ‘I‘;ﬁgmz_l(X) with

1
0-1711+1112—1([A1’A2]) = ?{(Tml(Al)’ O—mz(AZ)}'
Here, {a;, a,} denotes the Poisson bracket, given in local charts by

{ai,ax}) = Z(ag,alax,az = 0y,a105a2).
7

(X) into H*>™ (X). In particular, for m < 0, A is compact

comp

e IfAe ‘I’g’hg(X), then A maps continuously Hﬁ) .
on H*(X).
Given an operator A € ‘P;"hg(X), we define Char(A) = {p € T*X \ 0, 0,,(A)(p) = 0} its characteristic set and
Ell(A) = (T*X \ 0) \ Char(A)
its elliptic set.

We define the wavefront set of an operator A € ‘I’g’hg(X), denoted by WF(A) as follows (see [ , Propo-
sition 18.1.26 p88]). We say (xg,&p) € T*X is not in WF(A) if there exists B € ‘Pghg(X) with o7o(B)(xp, &) = 1
and

BA : D'(X) - C(X).
Note that in local coordinates, the wavefront set this is given by the support of the full symbol of A (seen as a
subset of S *RY).

Also, in the main part of the article, we use so-called “tangential” symbols, pseudodifferential operators

and pseudodifferential calculus. We write a € C*((-¢, e);Sghg(T*Rd)) if a = a(x;,x',¢&") is a smooth xi-

dependent family of symbols in the (x",&’) variables. We write A € C*((—¢, &); ‘I’?hg(Rd )) for the associated
operators. The rules of pseudodifferential calculus are then as above.

Finally, in the main part of the article, we use estimates for the hyperbolic Cauchy problem. We state the
following Lemma from Hormander [ , Lemma 23.1.1].

Lemma A.1. Let € > 0, suppose that A = A(x;,x',&) € C*((-¢, 8);Srl,hg(T*Rd)) is real valued and write
A = Op(Q). Then for all s € R, there exists C > 0 so that for x1,y; € (¢, &) and all u, f solutions of
(Dy, = Mu = f,
we have
lleeCxr, Mesray < CUlu(yr, Meseay + 1 fl2(=s.e0:m5@))
and moreover
leeCxr, Mpps@aey < Cllull2—e.ey:m@ay + 1 fllz2(=ee):H5®aY)-

Note that the second estimate is obtained from the first one by integrating in y;.
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B Sharpness of Theorem 1.7: Proof of Proposition 1.8

We start with an abstract simple lemma linking the symmetries of the manifold with that of solutions to related
elliptic problems.

Lemma B.1. Let (M, g) be a compact Riemannian manifold possibly with boundary and suppose that there
is an isometric involution j : M — M (i.e. a diffeomorphism such that j*g = g and j> = 1d) and a compact
hypersurface £ C M such that

M=M,UM_UZ, Fix(j) =: X

where
Fix(j) :={x e M| j(x) = x}

and j(My) = M_. Let V € C*(M) such that V o j = V. Suppose that u, v solve

(A +V)u=0in IntM,, uls =0, uloy = 0,
(A, +V)y =0 in Int M, dvlz =0, Vlgm = 0.
Then,
ju(x) xeM,UZ, () xXeEM,UZ,
2T —u(j(x) xe M, - vGix) xe M.,

satisfy uy, u, € C*(M) and solve

(=Ag + V)u, =0 in Int M, olom = 0, uols = 0,
(=Ag + V)u, =0 in Int M, Uelomr = 0, Oyttels = 0.

Proof. Notice first that 0M, = £ LI (M N M) and by elliptic regularity, we have u,v € C *(M,). Moreover,
if w, € C*(M.,), then, in the distribution sense (with 0, pointing towards M., )

(=Ag + VIW(X) = Ly, (=Ag + VIwy + Ly (=Ag + VIw- — (Wyls — w-[5)65 — (Oywils — d,w_£)ds.

Hence,
(=Ag + Vue = (=Ag + VYu, = 0

as distributions and by elliptic regularity, u,, u, € C* and hence have the desired properties. O

We may now proceed to the proof of Proposition 1.8.

Proof of Proposition 1.8. The Riemannian volume element is R(z)dzd6 and the Laplace Beltrami operator is
given by
1 1 R
9.R(2)0. + 9 =07+ 0+

_ 12
* R@ ° R(z) %-

R

The map
T : L*(M,R(z)dzd0) — L*(M,dzd6)
u v Tu, (Tu)(z,0) = R(z)% u(z, 6)

is an isometry and the conjugated operator of A, is

X 1(R\* 1R 1
A = TAT'"=RVARV =+ -|—]| - 2— + =&
¢ ¢ " 4\R) 2R "R
1
= &+ —082-Vi(2),
z R(Z)zﬂ l(Z)

where 5
__IRE@* 1R
V@ =1 %07 T 2RG?

is a smooth #-independent potential on M.
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We now construct eigenfunctions of A under the form ¢ (z,0) = e*”y(z). Setting h = k™!, this amounts
to find eigenfunctions of the operator

Py, = —h26§ + + h2 Vi(2)

R(z)?

with Dirichlet boundary conditions on +r. We shall rather consider this operator on (0, 7r) and then com-
plete the construction by symmetry with Lemma B.1. Recall that the potential V(z) = R(Z)2 satisfies V(0) =

1,V(n/2) = 1/5,V(r) = 2. Denoting by EZ” the eigenvalues of Pj, on (0, 7) associated to Dirichlet on 7 and
Neumann on 0 for Ej, resp. Dirichlet on O for E). The Weyl law (see e.g. [ , Corollary 9.7], [ s
Theorem 6.8] or [ , Theorem 1.2.1]) implies

1 _

HE, SSEy s

1
= 5} ~h—0* (27Th)_1

{(Z,f) € (0,7 xR,é <E+ V()< %}I

so that, recalling the form of V, there is hg > O such that for & € (0, hg), the set {E 2", ; <E, To } is nonempty.

We pick such an eigenvalue E; (S [ ] and denote z///" an associated eigenfunction, i.e., Wthh satisfies

Py —EfWl =0, Wrlzon 20, ¢lm=0, d450)=0, y50)=0

Applying now Lemma B.1 on M = [-x, 7] with j(z) = —z, so that Fix(j) = {z = 0} allows to extend z,bh by
parity/imparity as solutions of

(Py— EPry =0on (=7, Wy lleerm # 0, iz =0, 045(0)=0, 7(0)=0

Now, since E/" € [5, and v(0) = R(%))Z =1> %, 0 is in the classically forbidden region, so that classical
Agmon estlmates (seee.g. [ , Chapter 6] or [ , Chapter 6]), yield for &, hy > 0 small enough, for
any N > 0, the existence of C, ¢ > 0 such that for all 4 € (0, )

h o
W v eey < Ce™ M W1 12 -

Coming back to the variables (z, §), setting (/lZ")2 = KPE € K*[£, 1] and ¢)/" (z,0) = e’kgt,b/” (2), we have
obtained for k > kq solutions to

(A=)l =0, Frm) =0, ¢l #0,
together with
Gl =0,  110,lsli2e) < Ce Nz < Ce Mgl
Odils =0, NBflslie) < Ce M B{lian < Ce MBI um)-
Setting qb/“ (z,0) = R(x)™V 2(1)/" (z, 9)||¢/"|| Lzl concludes the proof of the lemma. O

C About 7 GCC: Proof of Proposition 1.10

Proof of Proposition 1.10. Here, M = S? and X is an equator. We take the following coordinates on S 2:
[0,27) X [0, 7] > (6, ¢) — (cos O sin @, sinHsin @, cos ¢) € S2,

and let X := {¢ = 7}.

Then an orthonormal basis of Laplace eigenfunctions is given by

. d-ml+1\"?
Y, (9,¢)=(W e 0P1 (cos ¢), -l<m<l,
where P}" is an associated Legendre function (see for example [ , Section 14.30]). For the definition
of P see [ , Section 14.2]. Note that

(—As2 = )Y =0, A= A+ 1)~ L
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We take ¢; = Yll‘l, and recall that X = {¢ = 5}. By [ , Section 14.30ii and Section 14.5(1)], we
have

R
gl =Y, (9, —) =0,

2
since P;‘I(O) = 0. Moreover, using [ , Equation (14.5.2)] together with the definition of Y lH , we have
~ Ql+1) \'* 2g12
O\blsl = |0,Y! 1(9,5) = ~ P, C.1
Indeed, note that for [ > 1,
P o 1 S ol VI RO L o VA
277 A b @) L@j-1)

and .
_j=1(zj—1)2: L 2j-1_ 5
Q-1 L12j-2

by log(l+ﬁ).

Then, note that

1
Zlog(l + 2]_1_2) = %10gl+0(1)
j=2

and in particular,
mQi-h
VQ2I-1)!

The above four lines finally prove (C.1). Therefore, for / large enough, we obtain
A~ = P sy 2 el 05Y i),

which concludes the proof of the lemma. O
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