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COMPETITION IN PERIODIC MEDIA: IIT — EXISTENCE &
STABILITY OF SEGREGATED PERIODIC COEXISTENCE
STATES

LEO GIRARDIN! AND ALESSANDRO ZILIO?

ABSTRACT. In this paper we consider a system of parabolic reaction-diffusion
equations with strong competition and two related scalar reaction-diffusion
equations. We show that in certain space periodic media with large peri-
ods, there exist periodic, non-constant, non-trivial, stable stationary states.
We compare our results with already known results about the existence and
nonexistence of such solutions. Finally, we provide ecological interpretations
for these results.

1. INTRODUCTION

We construct stable periodic sign-changing steady states in one-dimensional spa-
tially periodic media for the equation

(1.1) Oz — Opgz = f (2,2)
and its quasi-linear counterpart

(1.2) O (0(2)2) — Oz = [ (2,2),
where

1 1 1
F () o (@) ( - 52> ) ( ; gz) -
and the positive function o is
1
o:z— 1,50+ Elz<0.

Here L, a1, a2, @ and d are positive constants, u1, ua € L (R, (0,+00)) are positive
L-periodic functions, 2T = max (z,0) and 2~ = —min (z,0) (so that z = 2T — z7).

2000 Mathematics Subject Classification. 35B10, 35B35, 35B40, 35K57, 92D25.

Key words and phrases. Competition—diffusion system, periodic media, segregation, stability.

The research leading to these results has received funding from the European Research Coun-
cil under the European Union’s Seventh Framework Programme (FP/2007-2013) / ERC Grant
Agreement n.321186 — ReaDi — Reaction—Diffusion Equations, Propagation and Modelling held
by Henri Berestycki.
A. Zilio was supported also by the ERC Advanced Grant 2013 n. 339958 — COMPAT — Complex
Patterns for Strongly Interacting Dynamical Systems held by Susanna Terracini.
1 Laboratoire Jacques-Louis Lions, CNRS UMR 7598, Université Pierre et Marie Curie, 4 place
Jussieu, 75252 Paris Cedex 05, France.
2 Laboratoire Jacques-Louis Lions, CNRS UMR 7598, Université Paris Diderot, Batiment Sophie
Germain, 75205 Paris Cedex 13, France.



COMPETITION IN PERIODIC MEDIA, III 2

We also construct stable periodic coexistence steady states for the following
competition—diffusion system:

(13) Opuy — Ozpur = p1(x) (@1 — uy) ug — kw(z)uiug
Opug — dOzyus = po(x) (az — u2) us — akw(z)uius

where w € L™ (R, (0,+00)) is positive and L-periodic (with a normalized mean
value, say).

System ([[L3]) belongs to the wider class of elliptic or parabolic systems of Lotka—
Volterra type in the presence of strong competition, and (1) and (2] are related
to its singular strong competition limit k — +o0o. To our knowledge, the study of
the strong competition limit appeared first in [8] as a way to model biological species
that are fiercely competing for the same resource. The literature on this subject
is very vast, varying from existence and uniqueness results [7], multiplicity results
in presence of strong competition [8] and the rigorous proof of Gause’s competitive
exclusion [18] [9] stating that in the homogeneous case, non-constant solutions are
necessarily unstable (in convex domains). We refer the interested reader to these
contributions and the references therein.

More recently, the strong competition limit in periodic media was the object of
investigation of two papers [16, [I7] by the first author and Nadin. According to
[17], (2] is the equation satisfied, in the strong competition limit, by the quantity
auy — dug with (u1,uz) solution of (IL3]). Notice that, by normalizing (u1,us), we
can assume without loss of generality a; = a2 = 1. This is assumed indeed from
now on. Notice also that, although all results of [I6] [I7] are stated for w = 1, they
are readily extended to the case of non-constant w.

Steady states of (IL1) and of (L2]) satisfy the same elliptic semilinear equation:

(14) - 2"(2) = i (2) (1 - %@)) ) - éug(x) (1 + %@)) (@),

However, due to the different time dependencies, (ILT)) and (2] involve in general
different notions of stability and therefore different eigenproblems. Before going
any further, let us precise this important point.

1.1. Notions of stability. For any functional space X, X e denotes the set of
L-periodic functions whose restriction to any interval of length L are elements of
X. Accordingly, for any second order monotone elliptic operator £, A1 r-per (—Z)
denotes the periodic principal eigenvalue of .Z given by the Krein—Rutman theorem.
Recall that if (u1,u2) is a solution of (I3)), then the system satisfied by (uy, 1 — usg)
is a monotone system, whence its linearization admits indeed a periodic principal
eigenvalue (details can be found in [16]).

Hereafter, a solution z € Hy_,,. (R) of (ILZ) such that the L-periodic function

filz]l rx = 01f (2(x),2),

is well-defined (at least weakly) is referred to as linearly stable in the sense of (L1l
if

d2
)\l,L—pcr <_@ - fl [Z]) >0
and as linearly stable in the sense of (I.2) if

Mt (0212 = 5 ) >0
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with

02— 1,50+ dl,<q.
The constant solutions of ([4) are «, —d and 0. It is easily verified that o and
—d are linearly stable in both senses whereas 0 is linearly unstable (namely, not
linearly stable) in both senses.

The definition of linear stability in the sense of (I.2) can be formally understood
by plugging perturbations of the form e~*y(z), with ¢ L-periodic, into the equa-
tion (I2) linearized at an almost everywhere nonzero steady state z. Indeed, such
a perturbation solves the linear equation if and only if

—Ao(2)e —¢" = fil2lp,
that is, due to the almost everywhere equality o (z(x)) & (2(x)) = 1, if and only if

—0(2)¢" =6 (2) f1[2] 0 = A,
Similarly, a steady state solution (u1,us) of (I3]) is a solution of
as) om0 —keen @
—duy () = po(z) (1 — ua(2)) uz(z) — akw(x)ur (x)ua ()

and is referred to as linearly stable if

42 _ _
Moiper [ - [ 3 + u1 (1 —2u1) — kwus y kwuq > 0.
okwus di + p2 (1 = 2uz) — akwuy

The steady states (1,0) and (0,1) are linearly stable whereas (0, 0) is linearly un-
stable.

By analogy with the spatially homogeneous setting and in view of the stability of
the constant solutions, (1), (I2) and (3] are sometimes referred to as bistable.
However our main contribution is to prove that this terminology can be misleading:
because of the spatial heterogeneity, a third stable state can very well exist.

Let us point out that the previous two parts of the series “ Competition in periodic
media”[16], [I7] only used the notion of stability in the sense of the system (L3]).
This explains why the two notions of stability for the segregated equation (4] are
only introduced now.

1.2. Main results. Let (rg,r1,72) € (0,1)3 such that 2rg + 2r; + 2r9 = 1. Let
(My, Ms) € (0, +00)” and define two 1-periodic functions x} and 3 by

(BD)0,1) = MaLjo,ry) + MLy org 120, 1]

(13) I[0,1] = Mol(r 7o, 4ro+2r]

and, for all L > 0,
T

(1, 15) = 2 (i p13) (Z) :
Our first main result is concerned with the equation (L4).

Theorem 1.1. There exists L > 0 such that, for all L > L, ({I.7) with (g1, p2) =
(uf,ué) or with (w1, pe) = (ulL + uk, pt —i—uQL) admits a linearly stable in both
senses, sign-changing, L-pertodic solution.

Furthermore, for all L > L, there exist a neighborhood Uy, of (,ulL,,ué) in the

topology of (L%?pcr)2 and a neighborhood Vi, of u¥ + u& in the topology of (L%O_pcr)
such that, for all (p, pe) € U, and all p € Vi, ([TF) with (g1, p2) or (p, 1) admits
a linearly stable in both senses, sign-changing, L-periodic solution.
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This first result will be proved by explicit construction of v and non-trivial
application of the implicit function theorem.

In biological terms, the growth rate u + uZ corresponds to a periodic environ-
ment where large favorable areas are separated by large neutral areas. A neutral
area could be, say, in a woodland inhabited by herbivorous animals looking for
glades, an area densely covered by trees where predators live and hide and where
linear death rates roughly equal linear birth rates and no intraspecific competition
occurs. The associated stable steady state describes the situation where one com-
petitor settles in the evenly numbered favorable areas whereas the other settles in
the oddly numbered ones. This particular form is illustrated by Figure 2.2.11

Let us point out that well-known density results yield immediately the following
corollary.

Corollary 1.2. For all L > L, there exists (j1, p2) € (‘Kf_opcr (R, (0, +oo)))2 such

that (14)) admits a linearly stable in both senses, sign-changing, L-periodic solution.

Our second main result is concerned with the system (L)) and states that the
existence of stable steady states for the segregated equation implies the existence
of stable steady states for the strongly competitive system. It will be proved as a
consequence of Theorem [[.T] and of degree theory.

Theorem 1.3. Forall L > L, there exist k* > 0 and (1, pi2) € (‘Kf_opcr (R, (0, +oo)))2
such that, for all k > k*, (L) admits a linearly stable, component-wise positive,

L-periodic solution.

1.3. Discussion and comparison with known results. Theorem [[.T and The-
orem [[3] complement interestingly a result of the first author [16, Theorem 1.2]
stating that, provided L is sufficiently small, that is

-3 -3
Le (O,ﬂ' ((maxul) —|—\/E(maxu2> )) ,
[0,L] [0,L]

and provided k is large enough, all L-periodic coexistence states are unstable and
vanish as k — +oc.

Theorem [[T] is also directly related to a result due to Ding, Hamel and Zhao
[10, Theorem 1.5] which shows in particular that the regular bistable equation

atz - awwz = gL(wa 2)7

with g1, : (z,2) — ¢ (z, %), g 1l-periodic with respect to  and independent of L, 0
and 1 linearly stable steady states (in the standard sense) and 6 € €1—per (R, (0,1))
intermediate zero of g, admits bistable pulsating fronts connecting 0 and 1 provided
L is large enough and the nonlinearity g satisfies

. ! . Og
135%1/0 g(x,z)dz > 0 and xlgf&] 2 (x,0(z)) > 0.
Their proof is based on a very important result by Fang and Zhao [I4] stating
in a general setting that bistable pulsating fronts exist if all intermediate periodic
steady states are unstable and invadable. Therefore the proof of Ding-Hamel-Zhao
basically shows that the above conditions imply the nonexistence of stable periodic
steady states. Importantly,
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e on one hand, the family of scaled functions (fr),~ ; in Theorem [ Tlsatisfies

min / fo(z,z)dz=0 forall L>L
z€[0,L] —d

(recalling that here the two constant stable states are —d and « instead of
0 and 1);

e on the other hand, any family of regularized and positive functions obtained
from Corollary [[.2] satisfies indeed the above two positivity conditions, but
by the result of Ding—Hamel-Zhao cannot be of the prescribed scaled form
as L varies (in other words, the neighborhoods Uy, and Vi, obtained with
the implicit function theorem are not uniform with respect to L and shrink
as L — +00).

We point out that a recent paper by Zlatos [2I] constructed an example of
periodic bistable nonlinearity admitting no pulsating front. His result is very related
to ours but remains qualitatively different: we focus on stable intermediate steady
states whereas Zlatos focuses on nonexistence of transition fronts. Furthermore,
our construction has a very simple ecological interpretation and is valid for all large
periods, whereas the construction of Zlatos requires a very precise period. In this
regard, our paper is an interesting complement.

Theorem [[.1]is also related to a family of results stating, loosely speaking, that
the geometry of a homogeneous domain with boundary can block bistable propa-
gation. See for instance Berestycki-Bouhours—Chapuisat [2] and references therein.
Although we do not prove that our periodic stable steady state is able to block the
propagation of a constant stable steady state, its mere existence makes it impossi-
ble to apply the theory of Fang—Zhao [14] so that the existence of pulsating fronts
remains unclear. We might study in a future work whether blocking occurs or not
in our case.

Ecologically speaking, Theorem shows that strong interspecific competition
and heterogeneity of the habitat can lead together to spatial segregation and there-
fore to speciation and increased biodiversity. Having this interpretation in mind, we
notice that the strength of the competition is crucial: indeed, in the weak compe-
tition case, Dockery—Hutson—Mischaikow—Pernarowski [IT] showed on the contrary
that heterogeneity leads to extinction of all competitors but the one with the lowest
diffusion rate. Ecologically, strong competition occurs for instance when resources
are rare. Mathematically, it is known to lead indeed to spatial segregation, or in
other words pattern formation, in homogeneous domains with appropriate bound-
ary conditions or initial conditions (see for instance [5] 6] 9] and references therein).
As such, our result can be seen as a contribution to the overarching research pro-
gram on pattern formation in strongly competing systems and as one of the first
results in spatially heterogeneous domains.

It is worthy to recall that by a result of Berestycki-Hamel-Rossi [4, Proposi-
tion 6.6], the periodic principal eigenvalue of a self-adjoint periodic scalar elliptic
operator coincides with the decreasing limit as R — +oo of its Dirichlet principal
eigenvalue in the ball (—R, R). Consequently, if the domain of a linearly stable
in both senses, periodic, sign-changing steady state solution z of ([L4)) is restricted
to a periodicity cell (y,y + L) with y chosen so that z(y) = 0, then we obtain a
steady state for the corresponding Dirichlet problem which is linearly stable in the
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following senses:

d2
A1,Di1r <_@ - fl [Z] ’ (yay + L)) > Oa

N
Mo (=02) 5 = 6L Gy + 1)) >0
1.4. What about more general bistable equations? The particular shape
of function f in (I4) is due to the underlying ecological model. With very few
modifications, Theorem [[L1] can be extended to more general bistable equations in
periodic media, like for instance the familiar Allen—Cahn equation

01z — Opaz = pp(x)(1 — 2%)2.

1.5. Structure of the paper. In Section 2, we prove Theorem [T} focusing first
on the construction of v and then using the implicit function theorem to obtain the
open neighborhood U. In Section 3, we prove Theorem [[.3] thanks to Theorem [T
and topological arguments.

2. THE SEGREGATED BISTABLE EQUATION

Our goal in this section is to prove that (L4]) admits sign-changing solutions that
are also stable in the sense of (IT]) and (2.
Before going any further, we observe the following: replacing (%, %) by (u1, p2),

([T4) reads
(2.1) 2 = (a—2)z" —pa(d+2)z".

Hence up to end of this section we have in mind the above more compact form. The
piecewise-constant functions p7 and p3 defined in the introduction are accordingly
modified, with (%, %) replaced by (M7, Ms).

In order to construct a sing-changing, periodic and stable solution to (21I), we
need a preliminary result concerning its linearization.

2.1. Linearization near a non-constant stationary solution. Since the right
hand side of (2] is only Lipschitz continuous at z = 0, we need some caution in
order to properly introduce the linearization of the equation around a sign-changing
steady state. Many authors have already addressed similar issues (see, for instance,
[9, Section 4.1]). Since we could not find the precise statement that we needed, we
decided to present a complete proof. We wish to point out that the result can be
adapted to more general equations (for instance bounded domains with Neumann
boundary conditions).

For all (p1,p2,2) € (Lzo_per)2 x H? .., we define

per’
F (L)’ X HE por — L

L-per L-per

such that, for all test functions ¢ € H7 .,

L L
22 Fmae = [ 2= [ (- —md+n)e

1
We recall that, by Sobolev embedding, the inclusion H%_pcr — (lejS or holds true.
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Lemma 2.1. Let O C H? be an open set in the topology of H? such that

L-per L-per
for all z € O, the closed set 2= ({0}) has zero Lebesque measure.
Then F € € ( (L)’ X O, L%_pcr).

For any (p1, p2,2) € (L%‘fper)z x O and any (nN1,m2,w) € (L%‘fper)z X H%_per, the

differential d.F [p1, pz, 2] evaluated at (n,n2,w) is
L L
g0|—>/ w’w’—/ (771 (a—2z)z" —ng(d+z)z_)<p
0 0

L
— / (/1,1 (CY — 22’) 1z>0 + w2 (d + 22) 1z<0) wep.
0

Remark. Some assumptions on the open set O are necessary. In general, the
Gateaux differential of .# at (u1, 2, z) in the direction (11,72, w) fails to be linear
with respect to (m1,72, w). More precisely, it is the sum of the linear functional
above and of

L
s —/ (pow™ — padw™) 1o,
0

which is non-linear with respect to w. We can prove this by partitioning R = {z >
0}U{z=0}U{z<0}.

Proof. The linear mapping appearing in the statement above is readily continuous.
Thus we only need to show that it is indeed the Gateaux differential.

Fix (p1, po,2) € (L%fpcr)2 x O and (n1, M2, w) € (L%fpcr)2 X Hf ., Forallt >0
and all ¢ € H%_pcr,

| =

(F (1, p2, 2) +t (1, m2, w)] — F [(p1, p2, 2)]) (p) =

L 1 L
W'’ =4 / (2 +tm) (@ = (2 + tw)) (z + tw) " — (o = 2)v*) ¢
0 0

1

L
+ n / (2 + tna) (d+ (2 + tw)) (z + tw) ™ — p2(d — z)z*) ®.
0

The first term in the right hand side does not depend on t. We only need to consider
the second one, as the third one can be dealt with in a similar way. Rearranging
the terms, we find

1

L
2] ) 0= ) () = o= 2

L
_ /0 m (= (2 + tw)) (z + tw)

L —(z+tw)) (z+tw)” — (a—2)v
+/0m(04(+t))(+t)+( ot

¢ L&

The dominated convergence theorem yields

L L
/ m (a— (z + tw)) (z+tw)+go—>/ m(a—z)vhe ast — 0.
0 0
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Rearranging the last term of the preceding equality, we find

L —Z—lw)(z w+—a—zz
/Om(m tw) (= + tw) " — >+>¢

t
L +_ 4+ L
z+tw) —z
:/ [ (%) (a—z)gp—/ pwe (z 4 tw) " .
0 0
By dominated convergence,
L L
lim prwa (z +tw) " p = / pwazT .
t—=0 /o 0

Since by assumption z71({0}) has zero Lebesgue measure and the map ¢ — (7 is
smooth away from 0, the dominated convergence theorem yields once again

L +_ 4+ L
t _
lim 1 GHtw)” —27 (a—2)p= / prwlyso (o — z) p.
t—0 Jq t 0

This concludes the proof. (Il

2.2. Construction of the solution. We now proceed by constructing the solution
of (2I)). To do so, we first consider the equation with piecewise-constant coeflicients.
In this case, solutions can be constructed by gluing together different profiles. The
implicit function theorem then leads to an open neighborhood of valid coefficients
near this piecewise-constant pair.

2.2.1. Piecewise-constant coefficients. In the following result we collect some prop-
erties of the solutions of the logistic equation with non-zero Dirichlet conditions.
These properties are well known and straightforward consequences of the compari-
son principle. For this reason, we do not present here a fully detailed proof.

Lemma 2.2. For all A >0, M >0, v € [%, 1) and R > 0 there exists a unique

positive solution wa y g € €% ([—R, R]) of

{—w” =M(A-w)w in (—R,R)

w(£R) = vA.
The function wa, R 15 even and satisfies
VA<wamyr(z) <A for all x € (—R, R).
Furthermore, let

b: (A, M,v,R) — w;\’Mﬂny (-R).

The following properties hold true.

(1) @ is positive and continuous;

(2) it holds
lim ®(A, M,v,R) = 0;
R—0+

(8) there exists ya m, € (0,400) such that

YAM,y = Rgr-iI—loo ® (A, M,v,R).

Moreover, (A, M,v) «— 7y m, is continuous with respect to A, M and v,
increasing with respect to A and M and decreasing with respect to v. In
particular 0 = limy, 1 ya, M0 < Ya,M,0 < YA,M, LS
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(4) the function R — ®(A,M,v,R) is an increasing homeomorphism from
(07 +OO) onto (Oa ’YA,M,U);
(5) the function v — ®(A, M, v, R) is a decreasing homeomorphism from [%, 1)
onto (O, D(A, M, %, R)}
We point out that the upper limit 4 a7, can actually be determined explicitly.

Proof. We perform the following change of variables
w(z) = AW, , (v AM:Z:) and p=VAMR.
Here the function W, , is a solution to the scaled equation

“W"=(0-W)W in (=p,p)
(2:3) {W (£p) = .

We can rephrase all the statements of the result in terms of the dependence of W, ,,
on p and v. Here we consider only the dependence on p. The same arguments can
be adapted to show the corresponding results in terms of v.

For any value of p > 0 and v € [%, 1), the previous equation admits a unique,
positive solution which is even and is such that v < W(z) < 1 for all z € (—p, p).
This follows by standard arguments. We just observe that the functions = —
v cos(yx)/ cos(yp) are sub-solutions of ([2.3)) for v small enough, while the constant
1 is always a super-solution.

Notice that, for all kK > 1:

— (kW) = (1 =W,,) kW, > (1 — kW, ,) kW, in (—p,p).
For all p’ > p > 0, the following quantity is well-defined:
k*=inf{x > 1| kW, >W,,in (—p,p)}.

Assuming by contradiction that £* > 1 and applying the strong maximum principle,
we get a contradiction. Hence the family (Wpﬂ,)p>O is non-decreasing, and once
more by the strong maximum principle, it is in fact increasing.

It follows that the function p — max_, ; W, () is increasing with limit 1 as
p — +o0o. By classical elliptic estimates (see Gilbarg—Trudinger [15]) the family
converges locally uniformly to a bounded and positive solution of (23] defined on
the whole line R. Hence, as p — +o0, we find that W,, — 1 locally in €.

We now consider the shifted family of functions

Wou(x) =W, (z —p) for x €[0,2p].
The family p — Wm, is increasing. In particular, by the Hopf lemma,
—/
p—=W,,(0)

is increasing as well. Once again, classical elliptic estimates show that, as p — +o0,
the family W, , converges locally uniformly to the unique solution W of

W' = (1-W)W in (0,+00)
(2.4) W (0)=v
v<W<1 in (0,+400)
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o

’I"QL

7“1L ’I’oL

—I/2d

FIGURE 2.1. Visual representation of the construction of v. In
red, areas where ut = Mj. In blue, areas where uf = M,. In
gray, the bounds given by v, and 7z. In black, the solution v.

(see Du-Lin [12] 13| Proposition 4.1]). Thus, the limit as p — +oo of W:))V(—p) is
finite and positive. We can figure out its value by testing (24]) against W . This

yields the identity
— 1 2
1 — = — 2 — —
Jm W, (=p) \/3+v (3u 1>.

Observe that the limit is always positive and bounded.
We conclude by observing that the continuity of W

/!
- pv
classical consequence of the uniqueness of W, , and of compactness arguments. [

with respect to p is a

From the previous result we deduce a property which is crucial for our construc-
tion. For sake of brevity, from now on we will simply write

(1)1(1/, L) = (I)(Oé,MhI/, TlL)a

®5(v, L) = (d, Ma, v, 72L),

(recalling that My > 0, M2 > 0, r1 > 0 and r2 > 0 were fixed in the introduction).
We can finally construct the periodic stable solutions of (2] with the piecewise-
constant coefficients.

Proposition 2.3. There exists L > 0 such that, for any L > L, (21) with either
(1, o) = (ph, 1) or with (uy, po) = (ub + pd, pl + p&) admits a nonzero sign-

changing solution v € H? . satisfying, for all L-periodic test functions ¢ € H}

per L-per’

/OLW'—/OL (11 (=) vt — po (d+v)v7) .

Furthermore, v is linearly stable in the sense of (L) and (1.2).

Proof. Let
0:(w,L)— —®1 (v,L)roL + aw.
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The function v — ¢ (v, L) is, for all L > 0, an increasing homeomorphism from

[%,1) onto
1 «@
|:—(I)1 (5,[/) TQL+ 5,0{) .

Since L — —®, (%,L) roL is decreasing and goes to —oo as L — 400, we can
define the unique Lo > 0 satisfying

1 o
—(1)1 <§,L0) ’I”()L() + 5 = —d.

Then for all L > Lo, we can define the unique vy € (%, 1) and the unique 7p €
(I/_L , 1) satisfying respectively

d

§(vp,L) = —dand 6 (v, L) = —5

Now let

¥ (L) &, (v, L) — By (-5(';’”,1:),

well-defined in (V_L, ﬁ} for all L > Lg. For all L > Lo, v — ¢ (v, L) is a decreasing
homeomorphism satisfying

avy +d
li L)y=—>0
ngw@, ) o 0
pom =T g, (L
v = — — - .
L TQL 2 27

Since L — ¢ (vr, L) goes to —Vd, My, < 0 as L — +o00, we can define L > Lg such
that, for all L > L,

Y (vr,L) <0
and deduce that for all L > L, there exists a unique v; € (l/_L, ﬁ) satisfying
¥ (v, L) =0, that is

&y (v, L) = Dy <—M,L).

d

Next, we fix L > L and define w1 = wa,ny vp,,m Ly W2 = Wa My, —d—15(vr, , L),ro L S
well as the nonzero, sign-changing, L-periodic function v by

wy () if x €]0,7L)
—® (v, L) (x —mL)+via ifee[mL,rL+roL)
vj0,0)(x) = § w2 (x —ri L —roL — roL) ifee[rmL+rol,mL+rol+2ryL)
Oy (v, L) (x—L+rL)+vra ifxé€[rmL+rol+2roL,r L+ 2roL + 2r3L)
wy (x — L) ifexe[rL+2r0L+2rL,L)

Since, by construction, v is a ‘KLI_’;H cCH %_pcr juxtaposition of piecewise solutions
of 1)), we readily deduce that it is a solution of 21).
Regarding the stability of the solution v, from Lemma 2] we evince that the

linearized elliptic operator at v, denoted £ € L (H}_op, L7 per) 1

L= 0"+ [ (a0 = 20) Lyso + p2 (d+ 20) Lo<o] 1.
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First we verify the stability in the sense of (LI)). Let A be the corresponding

periodic principal eigenvalue and @ € H%_per be the associated unique periodic

positive eigenfunction, normalized in L? ((0, L)). From the identity

L
/0 (=LY = Ap)p =0

we deduce

L 5 L
/ (W) = / 1 (0 = 20) Lo + iz (d + 20) Toco] 92 4+ A
0 0

:Ml/ (a—2v)z/12+M2/ (d + 2v) % + A
{p1>0}n{v>0} {p2>0}n{v<0}

Since by construction
UZl/La>%in{u1>O}ﬂ{v>O}
and

vS—(—%>d<—g in {u2 >0} N{v < 0},

we deduce .
A > / (') > 0.
0
Similarly, we verify the stability of v in the sense of (L2]). The same computations
as before lead us to the desired conclusion.

This conclude the proof of existence and stability of sign-changing solutions for
piecewise-constant coefficients (I

Remark. Going carefully through the proof, using 7 < 1 and assuming that L is
minimal, we obtain the estimate L < L*, where L* > 0 is the unique solution of

T o), 1 d o
@2(2,L>L —Tomax(a—i—z,Q—i—d).

Hence estimating L is only a matter of estimating L — P4 (%, L). Unfortunately,
being unable to find any satisfying estimation of ®5, we do not pursue further.

2.2.2. With regular coefficients. The function v constructed in Proposition 2.3 is
linear around v = 0. Thus there exists an open neighborhood O C H? __ satisfying
the assumptions of Lemma 2.1

per

Proposition 2.4. Under the assumptions of Proposition [2.3, for any L > L there
exists an open neighborhood U C (L%‘fper)z of (p1, p2) such that for all (p1,p2) € U,

(1) with (p1, p2) admits a sign-changing, L-periodic, weak solution. The solution
is also linearly stable in the sense of (L) and (L.2).

Proof. Let L > L and let (ju1, pu2,v) € (Li‘fper)2 XH por
in Proposition

The prerequisites of the implicit function theorem are readily satisfied for the
functional .7 at (u1, u2,v). In particular, since the solution v is linearly stable in
the sense of (L.IJ), the functional %—f [11, po,v] is invertible in the following sense:
for all f € L7_,,, there exists a unique weak solution zy € Hy_,,. of

a
P

be the solution constructed
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This follows by standard regularity results.

By virtue of the implicit function theorem, there exists an open neighborhood
UcC (Li‘fperf of (p1,p2), an open neighborhood V.C O C Hj_,, of v and a ¢!
diffeomorphism ¥ : U — V such that, for all (p1,p2) € U,

Z [p1,p2, ¥ [p1, p2]] = 0.

Finally, since the map ¥ is €', we find that the linear stability of the solution is
preserved in a open neighborhood of (p1, p2). O

3. THE STRONGLY COMPETITIVE COMPETITION-DIFFUSION SYSTEM

In the previous section we have considered the equation
M1 H2 _
3.1 — =" (a—2) 2T =S (d+2) 2.
(3.1) a2t -tz

For this equation and particular choices of p; and po, we have constructed a sign-
changing solution v € %”Lljllm for periods L greater than a threshold L. We have
also shown that this solution is linearly stable in the sense of (II]) and (2.

In this section, we aim at using this result to prove the existence of linearly stable
solutions of (L. Specifically, fixing L > L and a positive L-periodic smooth
function w, our aim is to prove that for any & > 0 large enough there exists a

positive and stable solution of (LI (u1,k, u2,k) € ‘KLI_’;H such that

U—) as k — +o0

+
v
(ul,k7u2,k) — (;7 d

in Hy .., and ‘nggcr for v € (0, 3).

We will show the result in a series of steps: first, we give some a priori estimates
of the solution of a more general class of systems. Then, by means of topological
arguments, we deduce from these estimates the existence of solutions. Finally we

establish the uniqueness and the linear stability of the solutions.

3.1. A priori estimate. We start by showing a priori estimates for the solutions
of a family of systems that contains (3] as a special case. We are here interested
in the L-periodic positive solutions of

(3.2)

—uf = tp1 (1 —wu)ur + (1 — )5 (o — (qur — duz)™) (aur — dug)t — kwuiug

—duly = tpo(1 —ug)us + (1 — )53 (d — (auy — duz)™) (quy — dug)™ — akwuiusg
where k > 0 and ¢ € [0,1]. Observe that if we take ¢ = 1, then (82 reduces to the
original system (L.H]).
Lemma 3.1. Let n > 0. There exists a constant C > 0 such that for any t € [0,1]
and k > 1, if (u1,u2) is a nonnegative nonzero solution of (I3) and

leur — duz) — oll e <7
then
O<up <C;, 0<us<C and ||(u1,u2)||Lip§C.

Proof. We start by showing that nonnegative nonzero solutions are necessarily
strictly positive. Indeed, assuming that us > 0, we have that 0 is a solution of
the equation in wuj, since in this case (a0 — dug)™ = 0. We thus conclude by the
comparison principle that u; > 0.
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In order to show the upper uniform bound, we first observe that by assumption
dus > auy +v—mn
and that, moreover, there exists a constant C’ > 0 such that
1
tpr (1 —ug)ug + (1 — t)% (o = (quy — dug)™) (auy — dug)™ < .
As a result, any u; positive solution of ([B.2)) satisfies the differential inequality
k
—uf <O — Ewul(aul +v—n).
It follows that any maximum M > 0 of uy satisfies
k
EwM(aM +v—mn)<C,

whence u; is bounded by some constant C' > 0. We can conclude similarly for the
component us.

To prove the uniform Lipschitz estimate, we integrate the equation in u; on the
interval [0, L]. Exploiting the L-periodicity of u1, we find
(3.3)

L L L

k/ WU UL = / t/l,l(l — ul)ul +/ (1 - t)% (CY - (au1 - duQ)+) (aul - du2)+.

0 0 0
Once again, the right hand side is bounded by C'L for any ¢ € [0,1] and k& > 1.
Since u; is periodic and smooth (¢1'1) for k£ bounded, there exists zo € [0, L] such
that v} (zo) = 0. Integrating the equation in u; on the interval [xg, 2] We find that

u)(z) = — /z [tul(l —uy)uy + (1 —1) M (o — (auy — dug)™) (quy — dug)ﬂ +k /z wuU

)
9 « Zo

which yields, together with (B3], the estimate for any x € [0, L]

L L
[uj(x)] < 2/ tpr |l —ug|ug + 2/ (1- t)% lov = (ouy — dug) ™| (auy — dug) ™.
0 0
We conclude that the component u; is bounded in the Lipschitz norm uniformly in

t €[0,1] and k > 1. We can proceed in a similar way for the component us. (Il

Lemma 3.2. Letn > 0 be sufficiently small. For any e > 0 there exists k> 1 such
that any nonnegative solution (ui,us) of (33) with k > k such that

[(qur — duz) — vl <7

satisfies

) - (47| + loan — du — o] <
U, u2) — | —, — au; —aug — v 1S E.

a d Hlll_perﬁ%o’% Cl,,”l 2
Proof. By the uniform Lipschitz estimate of Lemma [B.] and the Ascoli—Arzela
theorem, we find that the set of solutions in the statement is compact in the €%
topology for any v € [0,1) and limit points are Lipschitz continuous. Let (41, 4g) €
Lipy,_per be the limit of a converging sequence of solutions ((u1,k, u2,k))k as k — +00.
Integrating the equation in us j over [0, L] and taking the limit & — +oo (see also
the identity in [3.3])), we find that @42 = 0 must be satisfied. In particular, it
follows that

(34) (0417,1 - d’l_l,2)+ = Qu] and (0417,1 — d’l_LQ)_ = dl_l,g.
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Moreover, since the function v changes sign in [0, L], by taking > 0 small enough,
we find that @; and @43 cannot be identically zero. Testing the equation in u; j by
uq, ), itself, we find

L L
/ (ull,k)Q + kwuikulk = / tuy (1 — ul,k)uik
0 0

L
H1
+/ (1- t); (a — (o1 — du27k;)+) (quy g — dug ) Tug g
0

from which we obtain that the sequence (u1)x is bounded in Hi_pcr. By the
compact embedding of Hi_pcr in L%_pcr we also obtain that (u1 ), converges to
weakly in Hi_pcr. Testing now the equation by u;  — 41 and using (3] to bound
the coupling term as in the proof of Lemma [3.I] we obtain

L L L
2 ) ) )
/ [(w e —)]” < — / wh (ur e — 1) + 2 sup [uy  — @ [/ tpa |l = utfu g
0 0 0

[0,1]

L
-I—/ (1- t)% |a — (quy g — duzﬁk)ﬂ (o, — du21k)+] .
0

As a result, the sequence (uj x)r converges to 4y also strongly in Hi_per. Similar
conclusions hold for the sequence (ug)g-
We now consider the equation verified by au; r — dus ;. We find
— (a1 p — dug k)" = atpr (1 = uy g)ur g — tpa(l — ug k)ug i
M1
+(1- t)g (a — (urp — du21k)+) (quy g — dug i)™
M2 _ _
-(1- t)ﬁ (d — (ouy i — dug i) ) (ouy — duz i)™ .

Passing to the limit in the equation and exploiting ([B.4]), we obtain

— (aﬂl — d’ﬁg)” = aty (Oé - (aal - da2)+) (aal - d’ag)Jr

e
H2
Bz
That is, the function aii; —das is a solution of ([B1]) that is n-close, in L topology,
to the solution v. Since v is an isolated solution of the equation, by taking 7
sufficiently small we find that necessarily atiy — dus = v. As this is true for any
sequence of converging solutions ((u1,x, U2 k))k, we find the sought conclusion. O

(d — (aal — d’az)i) (aal — d@2)7

An interesting consequence of the previous result is that the solutions of (82,
%, %), inde-

pendently of the value of ¢ € [0,1]. More precisely, we have the following corollary.

when 7 is small and k is large , are close to the segregated state (

Corollary 3.3. There exists 1 > 0 such that for any e > 0, t € [0,1] and k >
k(e) > 0, if (u1,us) € €}, is a solution of ([32) such that

per

[(qur — duz) — v][Le <m

(25

then
<e.

1 0,3
Hprerm(g 2
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3.2. Existence of solutions. We now show the existence of solution of (I3) when
k is large. We will prove this result in two steps, first proving the existence of
solutions of the auxiliary problem when ¢ = 0, and then, making use of a homotopy
argument, we will transfer this result to the original problem. Our argument is
inspired by the method proposed in [§] to prove the existence of solutions of a
related problem.

Lemma 3.4. There exists no > 0 such that, for any k > 0, there exists a unique
positive solution (uy,us) € €11 of

L-per
(3.5) —uf = 5 (o — (aur — dug) ™) (aur — dug)™ — kwuqusg
' —duy = 53 (d — (qu1 — dug)™) (auy — duz)™ — akwuiug
satisfying

HOZUl — dug — UH < 72.

This solution is L-periodic and linearly stable.

Proof. First, we claim that there exists 72 > 0 so small that solutions satisfying the
preceding assumptions verify in fact the identity au; —dus = v. Indeed, combining
the two equations in (3.3 we find that au; — dusz is a solution of BI]) that is also
close to v in the L* topology. Since v is a stable, whence isolated, solution of (3.1))
, necessarily au; — dus = v.

We proceed by showing that there exists a unique pair (u1, u2) in the class of all
(u1,u2) satisfying cu; — dug = v. We notice that in the set of all (uy,us) € (le ;er
satisfying au; —dus = v, the two equations of (3.0) are equivalent. Indeed, assuming
au; — dug = v,

( + & (a — v+) vt — kwu1u2) =" + duj + ﬂ (a —v) vt — akwuius

52 (d+v)v™ + duly — akwuius
= duly + ﬁ (d — vf) v — akwuqus

Therefore it suffices to prove the existence, uniqueness and linear stability of
%”L per Such that
H kw
3.6 —u == (a—vH) vt + Zu(v — au).
Notice as a preliminary that, up to the forcing term &3 (a — vT)vT > 0, this
equation falls in the general theory of periodic KPP reaction—diffusion equations
developed by Berestycki, Hamel and Roques in [3].

On one hand, % is a nonnegative nonzero sub-solution for [B.6]). On the other
hand, any sufficiently large constant is a super-solution. The existence of a bounded
positive solution u satisfying au > v+ follows. The uniqueness is easily established
thanks to a classical comparison argument relying upon the logistic form of v —
k(v — au) (we refer for instance to Berestycki-Hamel-Roques [3, Theorem 2.4];
regarding uniqueness, the forcing term £% (o — vT) vt does not play any role). The
periodicity then follows directly from the uniqueness. Finally, by definition, the

solution w is linearly stable if

d? kw
A1,L7per <_@ - 7 (’U — 2au)) > 0.
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It is well-known that the preceding inequality is satisfied if v — 2au < 0, which is
true indeed since § < vt < aw. O

We now pass to the second step of the construction. For notation convenience,
let X = ¢/? (any Holder exponent v € (0,1) would do) and let L € K(X; X)

L-per
be the linear compact operator such that, for all z, f € X, z = Lf if and only if
'+ 2=

We consider the homotopy H : X2 x [0,1] — X? defined by
H(u;t) =u—L(u+ f(u;t)),
where
Fust) = < tpr (1 —ur)ur + (1 — 1) 5% (o — (auy — dug)™) (quy — duz)™ — kwuyug )
’ L (tpo(1 —ug)ug + (1 — t)E2 (d — (aur — duz) ™) (qur — dug)™ — ckwuiuz) )

Observe that the homotopy H is of the form Id — K; where Id : X2 — X?2 is
the identity operator, and K; € K(X? x [0, 1]; X?) is a compact operator for any
t € [0,1] and is continuous in ¢, by standard elliptic estimates. In this regard, we
observe that k is fixed.

We have that H(uy,u9;0) = 0 if and only if (u1,uz) is a solution of ([B.5]), while
H(uy,uz;1) =0 if and only if (u1, uz) is a solution of (). Our goal is to apply the
theory of the Leray—Schauder degree in order to evince the existence of solutions

of (LA from the existence of solutions of [B3.5]), Lemma 341
Now, we fix 7 = min (11, 72) (see Corollary B.3] and Lemma [B4) and define, for

any € > 0, the set
vt v
u—(—,— < 2.
a’ d x2

It is a connected open subset of X?2. Moreover, it should be noticed that provided
¢ is small enough, then O, does not depend on 7 and reduces to

(&%)l )
u— | —,— Ep.
a’ d x2
Lemma 3.5. For any ¢ > 0 there exists k > 0 such that the equation

H(ul,u2;t) =0
has no solutions for any t € [0,1] and k >k on 9O,.

ng{ue)(2|ul>07 ug >0, [|aur —dus — vl <,

ng{u€X2|u1>O, ug > 0,

This result follows directly from Corollary [3.3

Lemma 3.6. For any € > 0, the equation
H(uj,u2;0)=0
has a unique solution in O.. Moreover there exists k > 0 such that if k > k, then
this solution has fized point index 1, that is
indexx2(O¢; (u1,u2)) = 1.

This result follows from Lemma [3.4l We also recall that the fixed point index of
an isolated solution can be computed by linearization if the equation involves €
operators, [I, Theorem 4.2.11].

We can thus conclude by virtue of the Leray—Schauder theorem (see [I9] and [11
Theorem 4.3.4]).
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Lemma 3.7. For any € > 0, there exists k > 0 such that, for all k > k, {I.3) has
a solution (u1 g, uzk) in Os. Moreover,

( ) vt v
U U - —,—
1,k, U2k o 3 d

If needed, one can improve the convergence result, by stating that the solutions
are uniformly bounded in the Lipschitz norm and converge in the €% norm for
any v € (0,1). See, on this subject, the results in [5].

lim
k—+oo

| Hllaur e — dugy — UH%&L% =0.

1 0,5
HLipcrm(g 2

3.3. Linear stability for k£ large. We now investigate the linear stability of the
solutions obtained in Lemma Bl To this end, we consider the linearized system
(LH) at the solution (uj,us) and introduce its periodic principal eigenvalue.

For all k > k, let

2
_ i (1= 2u ) — kwug g kwuy
)\1 k = )\1 L-per | — v 42
’ ’ akwug dim= + po (1 —2ug ) — akwuy

and assume that the associated periodic principal eigenfunction (¢, ¥y ) is normal-
ized in such a way that

d —1.
Jnax (vpr + dpy) (z)

Observe that since both ¢y and 1y are positive, this automatically implies that the
two functions are globally bounded.

We start by showing a priori estimates on the principal eigenvalue and the prin-
cipal eigenfunctions.

Lemma 3.8. The principal eigenvalues are uniformly bounded from below. There
exists C € R such that
A > —C for all k > k.

Proof. Tt suffices to take

C= sup (|pa(1—2urk)|+ |p2(l = 2ugk)]).
k>k,xeR

Indeed, the solution (uq ,u2,r) € O are uniformly bounded. Thus C is finite. We
then consider the sum of the equation in ayy and in v,. The conclusion follows
from the fact that the equation

— (apr + do)” = pa(1 — 2ug k) gk + pa(l — 2ug &)k + A1k (o + ¥r)
where the right-hand side is smaller than or equal to (C + A1 k) (apr + 1), has no
positive L-periodic solution if A\; ;, < —C. O
Lemma 3.9. For any ¢ >0 and § > 0, there exists k > 0 such that

sup @ + sup P <0
{v=>e} {vt>e}

for any k > k.

Proof. We prove only the estimate in 1)y, since the estimate in ¢y, follows the same
reasoning. From now on, € > 0 and ¢ are fixed and we wish to show that

sup Y < 4.
{vt>e}



COMPETITION IN PERIODIC MEDIA, III 19

First, we observe that, since v € €', the constant
1
- >0
Aot || o

satisfies
{vT > e} + (—Le, be) C {vT >¢/2} and
{vt >¢e/2} + (—Le, be) C {vT >e/4}.
By uniform convergence of the sequence (uj k) to v* /a, we have that, for k large

enough, uy ;> g5 on {vt > e/4}. We now consider the equation satisfied by us .
We find that

—du’ik = pg (1 — ug k) ug k — akwuy Uz
1 €
< 5H,u2||Loo - ei?)fL]w(a:)kg ugp < —Akeug i on {vt >¢e/4}

with a positive constant A that can be chosen independently of k and ¢ whenever
k is sufficiently large.

Observe that the function S : z — §cosh(y/Ake/dx), B > 0, is a super-solution
of the previous differential inequality and that us j < 1 in [0, L]. Thus, choosing
in such a way that S(x) <1 for z € (—{e, fe), through a simple covering argument,
the comparison principle yields

ug k() < 9¢~V/Ake?/dt for all x € {vt > ¢/2}.
Finally, by the previous estimates, we deduce
—dyy = akwus kpr + [p2(1 = 2uzk) + A — akwur, k] i
< Bke VAR /AL _ Ceyy, on {v" >e/2}

where, as before, the constants B and C' can be chosen independently of k and
¢ whenever k is sufficiently large. We can make use again a comparison with a
super-solution, see [20, Lemma 2.2|, and conclude that

D Yy
Ckey(x) < pTE + BkeVAke?/dt for all z € {v' > ¢}
for D universal positive constant. The result follows by taking k large enough. [

With the uniform estimates of Lemma 3.8 and Lemma[3.9we are now in position
to show that the solution (uj,us) constructed in the previous section is indeed
linearly stable if % is sufficiently large.

Of course, if 116131 inf A1,k = +00, then the proof is done. Hence we assume from

o0

now on that lkim inf A, < 4+00. Up to extraction of a subsequence, we also assume
—+o0

that Ay — lkim inf A\  as k — +oc. In particular, (A1), is bounded.
—+o00

Lemma 3.10. For all k > k, we define Zj, € (lej;er as
Zy = apr + dig.

Then the sequence of positive functions (Zy), is uniformly bounded in ngger and

Cnglgcr for any p < 0o and v < 1. Each Zj, solves

vt 1 v
7= [ul <1 - 2;) i <1 i 27” Zi + Mo (0) 2 + ox(1)
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where ok (1) is a sequence of functions, bounded uniformly in L* and such that

or(1) = 0 in L§_,., for any p < cc.

Proof. Once again, we take the sum of the equation in apy and the equation in ¥y.
We thus find

(3.7) — (app + dibg)” = pa (1 — 2uy k) apr, + o (1 — 2ug.1) Vi + Mk (upr + g) -

We observe that the terms in the right hand side of [B7) are uniformly bounded.
Thus there exists Z € (H?N67)_per such that, up to subsequence, Z, — Z > 0.
By uniform convergence we have max Z = 1. As a consequence of Lemma 3.9 we
also have that

1
(apr + Vi) — <1v>0 + alv<0> Z=0()Z

in L? for any p < oo.
We now rearrange the terms of ([B7)) as follows:

20 = [ (1225) + 2 (1422)] 24 4 Apo(0)2
k= |M1 o d,uz d k 1,0(V) 4L

+ Ak (o + i) — o(v) Zy)

vt vo
+ 201 | — —urk | or —2p2 | = +u2k | Y
« d
+ 1 —
(1= 25 ) dun + = pn (1425 ) g ) -
« d d

In order to conclude, we need to show that the second, third and fourth lines in
the previous equation are small contributions in the L’i_pcr norm. Now, we just
proved that the second line converges to zero in the LP topology. The third line

. + o\ .
also converges to zero, since (u,u2)r — (%, ”7) in ¢%7. Finally, by Lemma [3.9]

the fourth line also converges to zero in Lg_pcr. O

We now recall that the solution v is, by construction, linearly stable in the sense
of (LZ). This implies in particular that any eigenpair (), Z) satisfying

+ 1 -
(38) - z" - |:/L1 (1 - 2%) 1,50+ Eug (1 + 2%) 1v<0] 7 = )\U(’U)Z

is such that A has a positive real part. More precisely, using the uniqueness part of
the Krein—Rutman theorem, we can establish the following convergence result.

Lemma 3.11. There exists k > 0 such that for any k > k the solution (U1 1, U2,)
is linearly stable.
Furthermore, the sequence ((A1x, Zx)),, and the principal eigenpair (A1, Z) given
by the notion of stability in the sense of (I.Q) satisfy the following equalities:
liminf A\; , = A1 >0 and lim Z,=27

k—+oo k—+oo

in Wg:’;cr and ‘to”Lligcr for any p < oo and v < 1.

Proof. In view of Lemma BI0l (Zx)i, converges to some limit Z, in Wg:f)er and
€17 for any p < oo and v < 1. This limit is obviously an eigenfunction associated

with the eigenvalue lkim inf A1, and, moreover, Z, is L-periodic, max Zo, = 1 and
—+0o0
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Zso > 0. Hence, by uniqueness up to normalization of the positive eigenfunction,
the result follows. (|

ACKNOWLEDGMENTS

The authors thank Grégoire Nadin for the attention he paid to this work and

Cécile Carrére and Henri Berestycki for pointing out the interest of this problem.

1

[2

3
4
[5

[6

[7
8

[9

[10
[11
[12
[13
[14
15
[16

[17

[18

[19
[20

[21

REFERENCES

| Antonio Ambrosetti and David Arcoya. An introduction to nonlinear functional analysis
and elliptic problems, volume 82 of Progress in Nonlinear Differential Equations and their
Applications. Birkhauser Boston, Inc., Boston, MA, 2011.

| Henri Berestycki, Juliette Bouhours, and Guillemette Chapuisat. Front blocking and prop-
agation in cylinders with varying cross section. Calc. Var. Partial Differential Equations,
55(3):—44, 2016.

| Henri Berestycki, Frangois Hamel, and Lionel Roques. Analysis of the periodically fragmented
environment model. I. Species persistence. J. Math. Biol., 51(1):75-113, 2005.

| Henri Berestycki, Frangois Hamel, and Luca Rossi. Liouville-type results for semilinear elliptic
equations in unbounded domains. Ann. Mat. Pura Appl. (4), 186(3):469-507, 2007.

| Monica Conti, Susanna Terracini, and Gianmaria Verzini. Asymptotic estimates for the spa-
tial segregation of competitive systems. Adv. Math., 195(2):524-560, 2005.

| Elaine C. M. Crooks, Edward N. Dancer, and Danielle Hilhorst. On long-time dynamics
for competition-diffusion systems with inhomogeneous Dirichlet boundary conditions. Topol.
Methods Nonlinear Anal., 30(1):1-36, 2007.

| Edward N. Dancer. On the existence and uniqueness of positive solutions for competing
species models with diffusion. Trans. Amer. Math. Soc., 326(2):829-859, 1991.

| Edward N. Dancer and Yi H. Du. Competing species equations with diffusion, large interac-
tions, and jumping nonlinearities. J. Differential Equations, 114(2):434-475, 1994.

| Edward N. Dancer, Danielle Hilhorst, Masayasu Mimura, and Lambertus A. Peletier. Spatial
segregation limit of a competition-diffusion system. European J. Appl. Math., 10(2):97-115,
1999.

| Weiwei Ding, Frangois Hamel, and Xiao-Qiang Zhao. Bistable pulsating fronts for reaction-
diffusion equations in a periodic habitat. Indiana Univ. Math. J., 66(4):1189-1265, aug 2017.

| Jack Dockery, Vivian Hutson, Konstantin Mischaikow, and Mark Pernarowski. The evolution
of slow dispersal rates: a reaction diffusion model. J. Math. Biol., 37(1):61-83, 1998.

| Yihong Du and Zhigui Lin. Spreading-vanishing dichotomy in the diffusive logistic model
with a free boundary. STAM Journal on Mathematical Analysis, 42(1):377-405, 2010.

| Yihong Du and Zhigui Lin. Erratum: Spreading-vanishing dichotomy in the diffusive logistic
model with a free boundary. STAM Journal on Mathematical Analysis, 45(3):1995-1996, 2013.

| Jian Fang and Xiao-Qiang Zhao. Bistable traveling waves for monotone semiflows with ap-
plications. J. Eur. Math. Soc. (JEMS), 17(9):2243-2288, 2015.

| David Gilbarg and Neil S. Trudinger. Elliptic Partial Differential Equations of Second Order.
Classics in Mathematics. Springer-Verlag, 2001.

| Léo Girardin. Competition in periodic media: I — Existence of pulsating fronts. Discrete and
Continuous Dynamical Systems - Series B, 22(4):1341-1360, 2017.

| Léo Girardin and Grégoire Nadin. Competition in periodic media: II — Segregative limit of
pulsating fronts and “Unity is not Strength”-type result. Journal of Differential Equations,
265(1):98-156, 2018.

| Kazuo Kishimoto and Hans F. Weinberger. The spatial homogeneity of stable equilibria of
some reaction-diffusion systems on convex domains. J. Differential Equations, 58(1):15-21,
1985.

| Jean Leray and Jules Schauder. Topologie et équations fonctionnelles. Ann. Sci. Ecole Norm.
Sup. (8), 51:45-78, 1934.

| Nicola Soave and Alessandro Zilio. Uniform bounds for strongly competing systems: the
optimal Lipschitz case. Arch. Ration. Mech. Anal., 218(2):647-697, 2015.

| Andrej Zlatos. Existence and non-existence of transition fronts for bistable and ignition re-
actions. Ann. Inst. H. Poincaré Anal. Non Linéaire, 34(7):1687-1705, 2017.



E-mail address: 1

E-mail address:

2

COMPETITION IN PERIODIC MEDIA, III

girardin@ljll.math.upmc.fr
azilio@math.univ-paris-diderot.fr

22



	1. Introduction
	1.1. Notions of stability
	1.2. Main results
	1.3. Discussion and comparison with known results
	1.4. What about more general bistable equations?
	1.5. Structure of the paper

	2. The segregated bistable equation
	2.1. Linearization near a non-constant stationary solution
	2.2. Construction of the solution

	3. The strongly competitive competition–diffusion system
	3.1. A priori estimate
	3.2. Existence of solutions
	3.3. Linear stability for k large

	Acknowledgments
	References

