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An optical communication link performance between the ground and a geostationary satellite can be im-
paired by scintillation, beam wandering and beam spreading due to its propagation through atmospheric
turbulence. These effects on the link performance can be mitigated by tracking and error correction codes
coupled with interleaving. Precise numerical tools capable of describing the irradiance fluctuations sta-
tistically and of creating irradiance time series are needed to characterize the benefits of these techniques
and optimize them. The wave optics propagation method have proven their capability of modeling the
effects of atmospheric turbulence on a beam but it is known to be computationally intensive. We present
an analytical-numerical model that provides good results on the probability density functions of irradi-
ance fluctuations as well as time series with an important saving of time and computational resources. ©

2017 Optical Society of America

OCIS codes: (010.1080) Active or adaptive optics; (010.1300) Atmospheric propagation;

1. INTRODUCTION

An optical link based on a multiplex of wavelengths around the
1.55 µm spectral band is foreseen to be a valuable alternative to
the conventional radio-frequencies feeder links for next genera-
tion broadband geostationary satellites, targeting a capacity of
around 1Tbps. In addition to cloud obstruction, one of the ma-
jor limitations to optical links is the presence of atmospheric
turbulence during the first 20 km of the propagation. In this
paper, we will focus on the ground-to-satellite link, or uplink.

During its propagation from a ground station to a geosta-
tionary satellite, the optical beam is deflected (beam wandering)
and possibly distorted (beam spreading) by atmospheric turbu-
lence. It induces strong fluctuations of the detected telecom-
munication signal, thus increasing the Bit Error Rate (BER). To
correct these effects, the beam characteristics need to be mod-
ified at the emission (pre-compensation). The envisaged tech-
nique is adaptive optics (AO) in which a servo system modifies
in real time the emitted wavefront in order to make it recover
a plane waveform when reaching the satellite, using the reci-
procity principle as envisioned by Fried and Yura [1]. To do so,
the beam coming from the satellite will be used to estimate the
perturbations that need to be applied to the emitted wavefront.
However, there is a point-ahead angle between the downlink

and the uplink in order for the uplink to intercept the moving
satellite at the position where it will be when the pulse arrives.
This means that the turbulence effects experienced by the down-
link and the uplink are slightly different, leading to partial com-
pensation only. Other effects also have an impact on the quality
of the compensation, such as the optical ground station archi-
tecture through the beam size and aperture mismatch.

Because of the turbulence-induced irradiance fluctuations
(the power detected by the satellite’s terminal), the signal mod-
ulation detection and the link budget are disturbed. To evalu-
ate the degradation, we need to estimate the probability density
function and time series of the received signal. Wave optics sim-
ulations (in this article, we will use TURANDOT [2]) permit to
obtain very precise results for the irradiance fluctuations statis-
tics as well as time series. However, they require a lot of com-
putational power due to the requirements on the phase screens
sampling and sizing in the case of time series[3]. This leads to
long duration simulations. Wave optics simulations are there-
fore not practical for realizing sensitivity studies with many pa-
rameters of the optical ground station and propagation channel
or long time series. Hence, there is a need to obtain similar
results to wave optics simulations while requiring less compu-
tational power.

There have been many studies aiming to give a thorough de-
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scription of the irradiance fluctuations on a ground-to-satellite
propagation. These studies’ objectives are usually to present an-
alytical expressions for the scintillation index (the normalized
irradiance variance), the irradiance probability density func-
tions and even for the probability of fades ([4, 5]). These studies
usually rely on the Rytov perturbation method (RPM) [6]. How-
ever, discrepancies appear for ground-to-space paths which are
usually attributed to beam wander[7, 8]. Moreover, the tempo-
ral aspects of the irradiance fluctuations are usually described
by the number of fades per second and the mean fade time.
With these analytical approaches, it is not possible to create ir-
radiance series and test performance of error. In order to obtain
irradiance time series, we have relied on the existing work re-
garding the impact of the temporal effects of atmospheric tur-
bulence on beam propagation ([9]).

The objective of this article is to present a model that per-
forms time series of irradiance fluctuations as detected by the
satellite, with and without the tracking system. In order to do
so, we will base our work on an existing model from the liter-
ature ([10]) which gives statistical results of irradiance fluctu-
ations in the case of a collimated beam propagating from the
ground to a geostationary satellite. This model is called the
Low-Order of Turbulence (LOT) model. We have compared the
LOT model’s results (cumulative density functions and tempo-
ral power spectral density functions) with wave optics simula-
tions to discuss its validity. We have demonstrated that the LOT
model is not as accurate as we need due to its lack of modeling
the propagation of a beam through multiple phase screens. We
propose a method to improve and expand it in order to take
into account the tracking and obtain time series of irradiance
fluctuations. The final model is called the WPLOT model (With
Propagation Low Order of Turbulence model). All the models
to which we will reference throughout the article are described
in Appendix A.

The WPLOT model will depend on the parameters of the op-
tical ground station and of the propagation channel, and will
take into account the inherent errors within tracking. It should
permit to optimize many parameters of an optical ground sta-
tion architecture. The parameters required to evaluate the tur-
bulence effect on the link performance are introduced in Section
2. In Section 3, the developed model is described. Results ob-
tained with this model are compared with those obtained with
wave optics simulations in Section 4. Finally, in Section5, we
present results when tracking is taken into account.

2. MODEL REQUIREMENTS

Thanks to the optical link budget, an estimation of the general
performance of the system can be assessed by estimating the
received power detected by the satellite. On the other hand,
knowledge of the temporal irradiance fluctuations will permit
to study the viability of envisioned error correction codes cou-
pled with interleaving.

A. Optical link budget

The optical link budget gives an estimation of the received
power PR as a function of the emitted power PE, taking
into account all losses during the beam propagation: PR =
GRLTURBLOTHERSGEPE. LTURB are the losses induced by
the irradiance fluctuations due to turbulence. LOTHERS are
those induced by other contributors such as transmission losses
through the emitter and receiver, atmospheric absorption and
scattering losses, cloud margin, fiber injection and the free-

space losses. GE and GR are the gains respectively at the emis-
sion and reception taking into account the diameters of the tele-
scopes at the emission and on the satellite (and the waist size at
the emission).

Atmospheric turbulence is a random phenomenon and thus
implies that detected irradiance fluctuations are random as well.
A statistical approach is therefore considered, focusing on one
quantity: the irradiance threshold IT defined by estimating the
probability P(I > IT) = 0.95, where I is the instantaneous de-
tected irradiance. Finding IT provides the loss term LTURB due
to atmospheric turbulence at a 5%-probability of the cumula-
tive distribution function. The other losses (LOTHERS, LFS) in
the optical link budget are set and static. The gains GE and GR

can be easily determined[11].
In order to find the irradiance threshold IT, we need to have

access to the irradiance cumulative density function, and thus
to the irradiance probability function.

B. Temporal fluctuations

The irradiance threshold is defined at a 5%-probability of the
cumulative distribution function. This means that the instanta-
neous irradiance will spend 5% of the time below the thresh-
old. During these periods, interleaving (coupled with the error
correction codes) will permit to mitigate the losses and signifi-
cantly improve the BER. In order to optimize the codes, there
is a need for realistic irradiance time series in order to estimate
the probability density functions of the fading times, the num-
ber of fadings per second, etc. These statistics will be obtained
with long time series of irradiance.

In conclusion, the model we aim to develop must be able to
provide not only the cumulative density functions of the irra-
diance fluctuations but also be able to generate irradiance time
series.

3. MODEL DESCRIPTION

We will consider a ground to satellite optical link that corre-
sponds to a weak turbulence regime, for which the scintillation

index (σ2
I = 〈I2〉−〈I〉2

〈I〉2 ) is lower than 1. Baker [10] describes dif-

ferent regions of distinct behavior for Gaussian beam on-axis
weak scintillation. In one region, named D1, the Rytov pertur-
bation method (RPM) fails to give an accurate description of
the beam-wave scintillation[? ]. Baker proposes to bound this
region using Eq. 18 with the metrics NL and Nτ defined re-
spectively in Eq. 15 and 16 in Appendix B. These bounds im-
ply that the majority of the turbulence is in the near-field of
the beam while the satellite is in far-field. Due to the distance
between the ground and the geostationary satellite (36000 km),
the bound on NL is never predominant over the bound on Nτ,
which therefore bounds the minimum waist size w0 at the emis-
sion as a function of the turbulence strength distribution along
the path.

A. Low-order turbulence solution

Baker proposes to describe the irradiance fluctuations by es-
timating the deformations of a Gaussian beam propagating
through the atmosphere with the first and second order Zernike
polynomials [12, 13]: tip/tilt, defocus and astigmatism. This is
the Low-Order of Turbulence (LOT) solution. The LOT’s major
results are recalled in Appendix B. This solution is equivalent to
integrating the refractive index fluctuations present along the
path into a single phase screen placed at the transmitter (Figure
1).
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Fig. 1. Presentation of the LOT model. This model is equiva-
lent to a single phase screen resulting from tilt, defocus and
astigmatism placed in the emission plane of the beam.

A.1. Effects of propagation and LOT solution

The LOT solution assumes that the turbulence can be integrated
in a single phase screen placed at the transmitter prior to propa-
gation. This assumes that the effects of the propagation through
multiple atmospheric layers are negligible inside the turbulence
volume. In order to validate this assumption, we have com-
pared in Figure 2 the detected irradiance results obtained with
the LOT solution with results obtained after Fresnel propaga-
tion through phase screens evenly distributed along the prop-
agation path. The phase screens are constructed as a linear
combination of tip, tilt, defocus and astigmatism. The Zernike
coefficients are obtained from the Noll variances in Eq.23 and
Eq.24 for the atmospheric parameters presented in Section 4.
For this study, we will consider a Gaussian beam with a waist
size w0 = 8 cm. This leads to the metrics NL = 3.6 × 10−4 < 1
and Ntau = 9.4(N2

tau ≫ 1) being well within the D1 region.

To illustrate the effects of the propagation through multiple
phase screens, we will consider only a two layer atmosphere.
The first layer is placed at the transmitter while the second layer
is at a 10km altitude. This will be called the 2L-WO simula-
tion (for 2-Layer Wave Optics simulation). The objective of the
2L-WO simulation is to highlight the effects of the propagation
through multiple atmospheric layers using the hypothesis of
the LOT model that tip/tilt, defocus and astigmatism are suf-
ficient to describe the beam deformations resulting from atmo-
spheric turbulence in the D1 region. Using only two layers is
sufficient to make these effects appear.

In order to keep with the different used models in this article,
Table 1 summarizes them with their specificities in Appendix A.

We observe, in Figure 2, a good correlation of the results
even though some differences appear. Studying the effects of
each optical aberration separately, we can see that for tip/tilt
and astigmatism, there is a near-perfect fit whether one or more
layers are used. However, differences appear for the defocus
aberration, as can be seen in Figure 3.

An irradiance threshold appears for the LOT model com-
pared to the 2L-WO simulation. This is because the focusing
effects are limited by diffraction when using only one phase
screen. The volume effects from propagating through multiple

Fig. 2. Random draws of irradiance statistics between LOT
model (1 layer) and the 2L-WO model, for an emitted waist of
8cm. In this case, NL = 3.6 × 10−4 and Ntau = 9.4, well within
the D1 region.

Fig. 3. Random draws of irradiance statistics between LOT
solution and 2L-WO model when considering only defocus,
for an emitted waist of 8cm. In this case, NL = 3.6 × 10−4 and
Ntau = 9.4, well within the D1 region.

phase screens lead to a more focused beam than when using
only one phase screen.

Figure 4 compares the Probability Density Functions (PDF)
of irradiance for cases where only defocus is applied at 1, 2 or
10 layers. It shows that using only one layer greatly reduces the
dynamic of irradiance fluctuations: the PDF for only one layer
is narrower than for multiple layers. However, the differences
between 2 or 10 layers are not significant. This means that at
least 2 atmospheric layers should be used.

In order to take into account the propagation through multi-
ple phase screens, we propose to use the ABCD matrix propa-
gation method [4], where the ABCD matrix is obtained from





A B

C D



 =





1 Lprop

0 1





N

∏
i





1 0

∆κi 1









1 ∆zi

0 1



 ,

(1)
where ∆κi is the curvature (in meters−1) resulting from defo-
cus at the ith layer, ∆zi is the distance between two succes-
sive phase screens i and i + 1 and N is the total number of
considered layers.Lprop is the remaining distance to the satel-

lite: Lprop = L − ∑
N
i ∆zi, where L is the distance between the

ground and the satellite (L = 36000 km). Usually ∑
N
i ∆zi is of

the order of 20 km.
Considering the following initial complex radius of curva-
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Fig. 4. Probability Density Functions of irradiance statistics
between LOT solution, 2L-WO model and a 10L-WO model
when considering only defocus, for an emitted waist of 8cm.

tures:
1

qx0
= (c2

5 + c2
6)

1
2 +

λi

πw2
0

, (2)

1

qy0
= −(c2

5 + c2
6)

1
2 +

λi

πw2
0

, (3)

where w0 is the waist size at emission, λ is the wavelength and
c5,6 are the curvatures resulting from astigmatism [10].

Using the ABCD matrix, the complex radius curvatures after
propagation through multiple phase screens are1:

qx =
Aqx0 + B

Cqx0 + D
. (4)

This leads to a modified estimation of the beam radii wx and wy

compared to Baker’s approach[10]:

w(x) =

√

√

√

√

λ

πℑ
(

1/q(x)

) , (5)

where ℑ means the imaginary part. These beam radii are im-
plemented in the LOT solution presented in Equation 19. This
permits to obtain the same irradiance estimation as wave op-
tics propagation through multiple screens when only defocus
is considered. We call this model WPLOT (for With Propaga-
tion Low-Order of Turbulence).

Fig. 5. Random draws of irradiance statistics between WPLOT
model (for 2 layer) and the 2L-WO model, for an emitted waist
of 8cm.

1We present the results in the x direction but the method is exactly the same in
the y direction.

A comparison between the WPLOT model and the 2L-WO
simulation is given in Figure 5. The WPLOT model considers
the same two layers as the 2L-WO simulation. We observe that
the higher irradiances are much better modeled. For lower ir-
radiances - which are the most interesting ones - the results
were already convincing. It is because these lower irradiances
are principally due to beam wandering. The remaining errors
are due to neglecting the effects of propagation through multi-
ple phase screens for astigmatism. For tilt, the contributions of
each layer can be summed while keeping a perfect fit in the far
field regardless of the number of atmospheric layers. This ap-
proach taking into account the propagation through multiple
phase screens does not significantly change the estimation of
the irradiance threshold at 5% of the CDF in the case without
tracking. However, it will significantly improve the validity of
the results when tracking is taken into account.

A.2. LOT Applicability

The LOT solution does not take into account Zernike polyno-
mials higher than astigmatism. Using Noll’s results for phase
variance[14] for a plane wave, the phase variance correspond-
ing to higher orders is

σδφ (j > 6) = 0.065

(

d0

r0

) 5
3

, (6)

where r0 is the Fried parameter[15], d0 = 2w0 and j is the
number of the considered Zernike polynomial (in our case, all
the polynomials of higher order than astigmatism). Statistical
equivalence between the model and a case where the whole
phase is taken into account is achieved when there is less than
0.1 wave squared difference (within a circle of radius w0) be-
tween the two[10]:

σδφ (j > 6) ≤
(

2π

10

)2

. (7)

This adds a constraint on the maximum waist size of the beam:

w0 ≤ 1.5r0. (8)

This condition ensures that the higher order (j > 6) Zernike
coefficients’ impact on the beam are negligible.

B. Telescope truncation - far field angle

The model takes into account the parameters of the optical
ground station. In particular, one of those parameters is the
truncation of the infinite Gaussian beam by the telescope. The
truncation will have two effects. The first one is that it will re-
duce the transmitted power by the telescope [11]. The second
one is that it will add a diffraction effect in the far-field. The
effects of the diffraction of a Gaussian beam by a circular aper-
ture usually leads to a convolution whose result is not easy to
use. Because we consider telescope sizes that will always be
larger than the Gaussian beam diameter at emission (2 × w0),
it is usually considered that the effects of the diffraction of the
beam by the aperture will only slightly modify the shape of the
beam and in particular, it will become wider while keeping its
Gaussian shape. We can use the results from Belland & al. [16],
acquired using energy conservation, to obtain a simple expres-
sion of the size of the diffracted waist by the telescope in the
case of a propagation without atmospheric turbulence:

wL =
λL

πw0

√

1 − exp
(

− 2R2
Tel

w2
0

)

1 − exp
(

− R2
Tel

w2
0

) , (9)
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where RTel is the radius of the telescope. To take into account
the truncation effect of the emitter on the beam size, the far-field
diffraction expression in Eq.21 is replaced by the waist expres-
sion of Eq.9. This leads to a modified expression of the waist in
the satellite plane, in the case of Baker’s LOT approach:

w{x,y} = w0 ×
[

[

1 + L

(

∆κ ±
√

c2
5 + c2

6

)]2

+









λL

πw0

√

1 − exp
(

− 2R2
Tel

w2
0

)

1 − exp
(

− R2
Tel

w2
0

)









2









1
2

. (10)

This result can lead to an alternate effective beam waist De f f at

1/e2 in irradiance at the emission in order to take into account
the effects of the diffraction of the Gaussian beam by a circular
aperture. In this paper, we will use Yura’s result [17] for the
effective beam diameter at 1/e2 in irradiance at the emission,
which is given by:

De f f = d0[tanh
(

D2
Tel/2d2

0

)

]
1
2 . (11)

This effective beam diameter yields accurate results well as long
as d0 < DTel (where d0 = 2w0). The encircled power distribu-
tions are valid to better than approximately 2%.

However, the strength of the Zernike polynomials coeffi-
cients still have to be estimated for a beam of diameter size
d0 at the emission. Both the methodologies from Yura and
Belland&al. yield similar results. In the rest of the article, we
will consider only the methodology from Yura, which is simpler
to implement.

The improvement of taking into account the truncation of
the beam by the telescope in the WPLOT model can be observed
in Figure 6. The results are compared to result from a 2L-WO
simulation taking into account a truncation.

Fig. 6. Random draws of irradiance statistics between WPLOT
solution taking into account, or not, the truncation of the Gaus-
sian beam by the telescope compared with 2L-WO simulation
taking into account a truncation.

Taking into account the truncation of the Gaussian beam re-
duces the maximum irradiance that can be reached (at the cen-
ter of the Gaussian beam) while increasing the width of the
beam. This means that at the extremities of the Gaussian beam,
when beam wander shifts the Gaussian by a distance equivalent
to the beam size, the detected irradiance with a truncated Gaus-
sian beam will be slightly higher than in a no truncation case.

The results show that assuming that the shape of the beam is
still Gaussian is relevant.

C. Presentation of the model process

There are two aspects to the process of the WPLOT model:
the estimation of the Zernike coefficients and the propagation
through multiple phase screens. We have shown in Section
3.A.1 that propagation through multiple phase screens essen-
tially impacts defocus and we have proposed a solution to
model these effects. For tilt and astigmatism, the turbulence
can be integrated and placed at the transmitter prior to propa-
gation.

In a no tracking case, the random draws for tilt and astigma-
tism can be obtained using the variances given in Eq. 23 and 24
in Appendix C. These variances are estimated over the whole
turbulence volume and assume the beam can be modeled as a
plane wave. This results from our assumption that the major-
ity of the turbulence is located close to the emitter, where the
beam is collimated. If tracking is taken into account, then the
estimation of the correlation has to be done over the whole tur-
bulence volume, using multiple layers, because the decorrela-
tion between the downlink and the uplink is usually a function
of the altitude. Chassat’s correlation functions [18] provide an
analytic estimation of the correlation between two beams cal-
culated over the whole turbulence volume and can permit to
estimate the tilt contribution of each layer. These contribution
can than be integrated and placed at the transmitter prior to
propagation.

For defocus, Zernike polynomials have to be estimated for
each atmospheric layers. The turbulence strength division be-
tween these layers is made to keep the same overall phase
variance. In Eq. 24, this implies a change in the estimation
of the Fried parameter r0, which is now estimated for turbu-
lence volume corresponding to each layer. In our analysis, we
will assume that the beam is collimated during its propagation
through atmospheric turbulence. This means that we will con-
sider the initial beam diameter d0 for each atmospheric layer.

We assume that the Zernike coefficients are Gaussian ran-
dom variables with zero mean[14], and that they are decorre-
lated [19].

Times series of each Zernike coefficient can be obtained from
their respective temporal Power Spectral Density (PSD). Their
PSD are well-known in the literature, especially in the case of
plane waves[9] when using Taylor’s hypothesis of frozen tur-
bulence, and are given in Eq. 25. The time series of the different
Zernike coefficients can be obtained from Eq.12:

ai(t) =
∫

√

Waj ( fn)e
iφn e2iπ fn.td fn, (12)

where φn is the phase attributed to the spectral component at
the frequency fn and Waj ( f ) is the temporal PSD of the aj coef-
ficient.

The tilt Zernike coefficients a{2,3} are transformed into an
angular deviation θ{x,y} using Eq. 27, the defocus Zernike co-
efficient a4 into the defocus curvature ∆κ using Eq. 28 and the
Zernike astigmatism coefficients a{5,6} into the astigmatism cur-
vatures c{5,6} using Eq. 29. The final step is to insert the ob-
tained Zernike coefficients described in Appendix B with the
waist solution from Eq. 10.

4. MODEL VALIDATION

We have validated our model by comparing its results to
wave optics simulations (TURANDOT model[2], dedicated to
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ground to space optical communications). TURANDOT mod-
els the propagation of a beam through a realistic atmospheric
turbulence. The phase screens are obtained from a von Kár-
mán spectrum and the sampling of the atmospheric turbulence
is done using 24 atmospheric layers non uniformly distributed
with their locations optimized. For the WPLOT model, we are
going to consider the same atmospheric profile as TURANDOT,
i.e. 24 layers with the same distribution. Because we focus on
the lower irradiances, we need an important number of samples
in order to obtain a sufficiently precise of the lower percentages
of the irradiance CDFs. However, with TURANDOT, we are
limited by the computation time. In our study, we have taken
2000 samples for each case considered with TURANDOT and
this led to a computation time of approximately 5 hours each
time. On the other hand, with the WPLOT model, we are able
to consider a very large number of draws (chosen arbitrarily at
250 000 samples) in a approximately 1 minute.

A. Turbulence conditions

The vertical C2
n profile used is the Hufnagel-Valley profile[20]

defined by:

C2
n(h) = 0.00594

( v

27

)2
(10−5h)10e−

h
1000

+ 2.7 × 10−16e−
h

1500 + Cge−
h

100 . (13)

In this paper, we consider Cg = 1.7 × 10−14 m− 2
3 and v =

21 m/s, which results in a r0 calculated at zenith equal to 19 cm
for a 1.55 µm wavelength. The elevation angle will be con-
sidered equal to 45◦ , making the effective r0 equal to 15 cm.
The outer scale L0 is fixed by the wave optics simulations: we
have taken the outer scale to be equal to TURANDOT’s phase
screens’ sizes, which gives L0 = 2.5 m in our case.

The temporal effects are modeled using Taylor’s hypothesis
of frozen turbulence and a Bufton wind profile[20], described
in Equation 14, in which the atmospheric layers move with a
5 m/s speed at ground level and with a 30 m/s speed at an
altitude around 12.5 km:

V(h) = SG + SPe
−
(

h−HP
WP

)2

, (14)

in which we have taken SG = 5 m/s, SP = 25 m/s, HP =
12448 m and WP = 4800 m.

We will consider only the case in which the wind moves in
the x direction for all layers. Extension to the wind moving in
multiple direction is straightforward ([9, 18]).

Using these atmospheric conditions and Baker’s conditions
on NL and Ntau presented in Eq.18 to define the D1 region lead
to a minimum waist size of 4.9 cm (and a maximum waist size
of 4.2 m but our assumptions on phase variance already impose
the maximum bound w0 ≤ 1.5r0 = 22.5 cm presented in Eq.8).

B. Average irradiance and scintillation index

In this example, we will consider the telescope diameter DTX
=

2
3
2 w0, which is a value often proposed in the literature[21]. It

optimizes the losses due to beam truncation and beam diffrac-
tion. We have compared the mean detected on-axis irradiance
(Fig.7) and on-axis scintillation index σ2

I (Fig.8) obtained with
wave optics simulations and our model as a function of the
waist size at emission.

There is good agreement between both TURANDOT and
WPLOT model, which tends to validate WPLOT model.
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Fig. 7. Mean detected on-axis irradiance as a function of the
emitted waist size. The mean on-axis irradiance has been cal-
culated over 2000 samples for the TURANDOT simulations
and over 250000 samples for the WPLOT model, for waist
sizes ranging from 5 to 14 cm.
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Fig. 8. On-axis scintillation index as a function of the emitted
waist size. The on-axis scintillation index has been calculated
for over 2000 samples for the TURANDOT simulations and
over 250000 samples for the WPLOT model, for waist sizes
ranging from 5 to 14 cm.

C. Cumulative Density Function

We also compare the Cumulative Density Functions (CDF)
obtained with TURANDOT simulations and WPLOT model.
Some examples are given in Figures 9, 10, 11 and 12 for waist
sizes of 5 , 8 , 11 and 14 cm.

There are some differences between our model and the re-
sults coming from TURANDOT. However, there is a good fit
for the lower irradiances, which are the interesting parameter
for our study. The threshold at 5% of the CDF for different waist
sizes at the emission is given in Figure 13.

We observe a very good fit for the smaller waists but a gap
starts to appear for waist sizes bigger than 9 cm. The error on
the estimation of the threshold starts to be bigger than 1dB for
waists bigger than 12 cm. There can be a multiple reasons for
this gap. It might mean that the impact of higher order phase
effects, such as spherical aberration or coma for example, which
are not taken into account, are no longer negligible. This would
mean that the condition from Equation 8 may not be sufficiently
strong.

N.B.: The envisioned diameters for the emitting telescopes
will probably not be bigger than 40 cm. Therefore, a waist size
of 14 cm is the maximum that needs to be considered in a case
where the emitting telescope diameter DTX

is equal to 2
3
2 w0.

D. Temporal Power Spectral Density

We have also compared the on-axis irradiance temporal PSD
obtained with TURANDOT and the WPLOT model. These tem-
poral PSDs are obtained from time series estimated over a du-
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Fig. 9. Cumulative density function of the detected on-axis
irradiance comparison between the TURANDOT simulation
and the WPLOT model for a waist size of 5 cm. The CDFs
have been calculated over 2000 samples for the TURANDOT
simulation and over 250000 samples for the WPLOT model.
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Fig. 10. Cumulative density function of the detected on-axis
irradiance comparison between the TURANDOT simulation
and the WPLOT model for a waist size of 8 cm. The CDFs
have been calculated over 2000 samples for the TURANDOT
simulation and over 250000 samples for the WPLOT model.

ration of 4s with a 2500Hz sampling. Some examples are given
in Figures 14 and 15 for waist sizes of 8 and 14 cm.

Both figures show good agreement between the WPLOT
model and TURANDOT2. As the WPLOT model is much faster
than TURANDOT, it is able to create much longer time series
in reasonable time. For example, the 4 second time series with
a 2500Hz sampling considered were obtained in a few seconds
with the WPLOT model whereas it took around a day with TU-
RANDOT. Because we have shown that we have a precise esti-
mation of the irradiance threshold at 5% of the irradiance CDF
(cf. Figure 13), the fact that we can obtain very long time series
means that the WPLOT model can be used to study the fade
statistics.

E. Justification of model particularities
E.1. Impact of taking into account the beam truncation

Most models found in the literature do not take into account the
impact of the beam truncation ([5, 8, 21]). However, we show
that its influence is not always negligible and it is therefore an
important parameter to take into account if the objective is to
optimize the architecture of an optical ground station. In Figure
16, we use the scintillation index as an indicator of the influence
of the beam truncation as a function of the emitting waist size.

The beam truncation is DTX
= 2

3
2 w0.

2 We observe a floor on the temporal PSD obtained with TURANDOT, which
resembles aliasing effects. It would mean that the phase screen sampling of TU-
RANDOT is insufficient. However, since these effects appear after the cutoff fre-
quency, we have not look further into this subject.
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Fig. 11. Cumulative density function of the detected on-axis
irradiance comparison between the TURANDOT simulation
and the WPLOT model for a waist size of 11 cm. The CDFs
have been calculated for over 2000 samples for the TURAN-
DOT simulation and over 250000 samples for the WPLOT
model.
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Fig. 12. Cumulative density function of the detected on-axis
irradiance comparison comparison between the TURANDOT
simulation and the WPLOT model for a waist size of 14 cm.
The CDFs have been calculated for over 2000 samples for
the TURANDOT simulation and over 250000 samples for the
WPLOT model.

We therefore observe that, if the beam truncation is not taken
into account, there is an overestimation of the scintillation in-
dex. This is because the waist size at satellite level is smaller.
Therefore, beam wander induces more important irradiance
fluctuations.

E.2. Comparison of WPLOT model to Rytov Perturbation Method

We justify here our choice of Baker’s model[10] as base for
our model by comparing it with other usual models in the lit-
erature where the defocus and the astigmatism are not taken
into account and rely for the higher orders on the Rytov
approximation([5, 8, 21]). In Figure 17, we compare the scintilla-
tion results from the LOT model to results obtained from Dios’
methodology[8]. In order to take into account the truncation,
we have taken the waists obtained from Yura (see Eq.11).

We observe that results from Dios slightly overestimate the
scintillation index compared to TURANDOT and the WPLOT
model. This proves that the effects of defocus and astigmatism
can’t be neglected. Moreover, using the Rytov perturbation
method does not permit to compensate the effects of defocus
and astigmatism on irradiance fluctuations.

5. MODEL APPLICATION TO TRACKING

Taking into account tracking within the model is pretty straight-
forward using the literature ([9, 18]). The important results are
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Fig. 13. Comparison of the estimation of the threshold at 5%
of the CDF between the TURANDOT simulations and the
WPLOT model for different waist sizes at the emission. The
bars correspond to a 1dB margin from TURANDOT’s results.

Fig. 14. Temporal power spectral density of on-axis irradiance
comparison for a waist size of 8 cm calculated for an irradi-
ance time series of 4 s with 2500Hz sampling.

presented in Appendix D.
It is now possible to compare the statistical results as well

as the time series when tracking is added. We present in this
Section the results obtained for a specific example in which
the point-ahead angle is considered equal to 18.5 µrad. The
delay between the measurement on the downlink and the pre-
compensation of the uplink is considered equal to 4 ms. There-
fore, tracking will not be perfect. The pupils of downlink and
uplink are merged at ground level. The atmospheric parame-
ters are the same as in Section 4.

While the limitations on the quality of the correction due to
the point-ahead angle will always be present, the limitations
due to the delay can easily be dealt with by increasing the band-
width of the correction loop. In the considered case, the tilt cor-
relation obtained from Chassat’s functions is equal to 0.86 for a
waist size of 8 cm. This leads to a residual tilt variance of 0.03
rad−2, which then leads to a standard deviation of the displace-
ment in the satellite plane of 38 m. If the delay before the cor-
rection is zero, then the tilt correlation becomes 0.9, the residual
tilt variance becomes 0.02 rad−2 and the standard deviation of
the displacement is 33 m. Compared to the beam radius in the
satellite plane, equal to 254 m, this 5 m displacement error is
negligible, which means that there is no need for a lower delay
time.

A. Validation

We have compared the results obtained with the WPLOT model
and TURANDOT when taking into account tracking. Figures
18shows the estimation of the threshold at 5% of the CDF be-
tween TURANDOT and the WPLOT model for different waist

Fig. 15. Temporal power spectral density of on-axis irradiance
comparison for a waist size of 14 cm calculated for an irradi-
ance time series of 4 s with 2500Hz sampling.
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Fig. 16. Impact of not taking into account the beam truncation
on the on-axis scintillation index, for waist sizes ranging from
5 to 14cm and estimated over 250000 samples.

sizes at emission. This shows that the estimation of the thresh-
old is with a precision lower than 1 dB. Figure 19 shows the
temporal PSDs of irradiance fluctuations for the specific case of
a 8cm waist size at emission obtained with TURANDOT and
the WPLOT model. We observe that there is a good match.

B. Improvement on link budget

We have compared the mean detected irradiance (Fig.20) and
scintillation index σ2

I (Fig.21) with and without tracking as a
function of the waist size at emission, using the WPLOT model.
In this section, we will consider two layers.

The results are consistent with what one would expect: track-
ing the tip/tilt significantly reduces the scintillation and in-
creases the mean irradiance. These effects are stronger for the
larger waist sizes at the emission than for the lower waist sizes.

We can also observe the evolution of time series with and
without tracking in Figure 22. With tracking, we observe the
disappearance of the very low irradiance fadings. This means
that, if we keep the irradiance threshold at 5% of the CDF, the
fading times are going to be shorter, but more numerous. It also
shows the significant increase of the irradiance threshold at 5%
of the cumulative density function and therefore the important
decrease of the losses due to turbulence LTURB, as can be seen
in Figure 23.

6. CONCLUSION

We have presented a model which performs time series of the
irradiance fluctuations induced by the atmospheric turbulence
on the axis in the satellite plane in case of uplink. Moreover, this
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Fig. 17. Impact of not taking into account the defocus and
astigmatism on the on-axis scintillation index and estimated
over 250000 samples.
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Fig. 18. Comparison of the estimation of the threshold at 5% of
the CDF between the TURANDOT simulation and the WPLOT
model for different waist sizes at the emission. The bars corre-
spond to 1 dB margin from TURANDOT’s results.

model is directly linked to the optical ground station character-
istics and turbulence profile. Compared to wave optics simu-
lation (TURANDOT), the computation time is considerably re-
duced (approximately 5 hours to obtain 2 000 samples using
TURANDOT while the WPLOT model provides the results for
250 000 samples in less than a minute). This allows sensitivity
studies and longer time series generation.

Because we focus on a ground to satellite propagation case,
we have been able to make justified hypotheses that signifi-
cantly simplify our model by restricting its range of validity to
telescope diameters between 10 cm and 40 cm. This model has
been validated by comparing it to wave optics simulations.

The model takes into account the different parameters of the
optical ground station architecture. So we are able to evalu-
ate the optical link budget as a function of them and optimize
the performance of the ground station. Besides, different errors
can be considered for the correction (point-ahead, angle, servo-
loop delay, and even pupil misalignment between the measur-
ing pupil of the downlink and the emitting pupil of the uplink)
as well as effects due to the finite telescope diameter on the in-
finite gaussian beam. These effects are not usually taken into
account in the literature [8, 21].

Contrary to many works in the literature ([4, 5, 22]), which
focus on the mean fade duration and mean number of fades per
second, our model can create time series of the irradiance fluc-
tuations. This approach will be useful to work on the contribu-
tions of interleaving and on the error correction codes. Despite
some discrepancies that appear for the greater irradiances, the
time series obtained with the WPLOT model enable a precise
study of the fades as they occur in the lower irradiances which

Fig. 19. Comparison of the on-axis irradiance temporal PSD
between the TURANDOT simulation and the WPLOT model
with tracking taken into account for a 8cm waist size at emis-
sion calculated for an irradiance time series of 4 s with 10000
samples.
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Fig. 20. Comparison of the mean detected on-axis irradiance
as a function of the emitted waist size calculated over 250000
samples with and without tracking, using the WPLOT model
with 2 layers.

are well modeled. The WPLOT model therefore provides the
possibility to estimate the fade duration occurrence probability
and the cumulative fade duration exceedance probability as de-
fined in [23] from the International Telecommunication Union
(ITU) recommendations [24].

Some work has already been done on the optimization of an
optical ground station using this model [25]. The time series
provided will be useful for future work, notably the optimiza-
tion of interleaving and error correction codes in the presence
of turbulence.

A. MODELS DESCRIPTION

Throughout this article, we use multiple models, which are pre-
sented in Table 1 for improved clarity.

B. LOT IRRADIANCE MODEL PRESENTATION

Hypotheses and range of validity

In order to determine the range of validity, Baker[10] proposes
two dimensionless parameters to define the region of interest in
which beam wander becomes predominant. These parameters
are

NL =
πw2

0

λL
, (15)

Nτ =
πw2

0

λzτ
, (16)
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Fig. 21. Comparison of the on-axis scintillation index as a func-
tion of the emitted waist size calculated over 250000 samples
with and without tracking, using the WPLOT model with 2
layers.

Fig. 22. 2 s on-axis irradiance time series with a 2500Hz sam-
pling for a waist size of 8 cm, obtained with the WPLOT
model with and without tracking.

with zτ defined by

zτ =

∫ L
0 zC2

n(z)dz
∫ L

0 C2
n(z)dz

. (17)

w0 is the waist radius at 1/e of the amplitude, λ is the wave-
length, L is the distance between the ground and the satellite
and C2

n is the refractive index structure constant, corresponding
to the variance of the refractive index between two points sepa-
rated between 1 m. zτ gives an estimation of the centroid of the
turbulence strength on the path. The shorter it is, the stronger is
the turbulence near the emitter. The parameters NL and Nτ cor-
respond to Fresnel numbers of the initial beam observed at, re-
spectively, distance L and zτ . They compare the Rayleigh range
of the beam to, respectively, the distances L and zτ. According
to Baker, the bounds of this region are given by:

NL < 1 & N2
τ ≫ 1. (18)

Low-Order Turbulence solution

Baker[10] proposes a solution to describe the irradiance fluctua-
tions relying on an approach that describes the deformations
of a Gaussian beam propagating through the atmosphere as
dependent on the first and second order Zernike polynomials
[12],[13]: tip/tilt, defocus and astigmatism. He has shown that
the resulting irradiance of a Gaussian beam, of wavelength λ
(and wavenumber k = 2π

λ ) and of waist size w0 (at 1/e2 of
the Gaussian irradiance) at the emission, propagating through

Fig. 23. LTURB estimation with and without tracking for dif-
ferent emitted waist sizes, obtained using the WPLOT model
using 250000 samples.

atmospheric turbulence up to a satellite at a distance L is ex-
pressed

I (x, y, L) =
2

π

1

wxwy

× exp

(

− 2

w2
x

[

(x − δx) cos (ω) +
(

y − δy
)

sin (ω)
]2
)

× exp

(

− 2

w2
y

[

(x − δx) sin (ω)−
(

y − δy
)

cos (ω)
]2

)

, (19)

where the beam wander, partial beam radii, and astigmatism
parameters in Eq.19 are given by, respectively,

δ{x,y} = Lθ{x,y}, (20)

w{x,y} = w0

√

√

√

√

[

1 + L

(

∆κ ±
√

c2
5 + c2

6

)]2

+

(

2L

kw2
0

)2

, (21)

and

ω =
1

2
arg(c5 + jc6). (22)

θ{x,y} corresponds to the angular tip/tilt in radians. ∆κ corre-
sponds to the defocus curvature and c{5,6} to the astigmatism

curvature (given in m−1).

In Eq.21, the first term under the root square expresses the
broadening of the beam induced by defocus and astigmatism
and the second term is the broadening induced by diffraction.

C. ZERNIKE COEFFICIENTS

Variances

The variances of the Zernike coefficients are very well known
in the literature[18] in the case of a von Kármán spectrum for
atmospheric turbulence. The variance for tip and tilt, of radial
order n = 1, is

σ2
a2,3

= 0.451

(

d0

r0

) 5
3

×
[

1 − 0.77

(

2πd0

L0

) 1
3

+ 0.09

(

2πd0

L0

)2

− 0.054

(

2πd0

L0

) 7
3

]

,

(23)
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Model Phase screens dis-
tribution

Propagation
method

LOT 1 phase screen
obtained from
the linear combi-
nation of tip/tilt,
defocus and
astigmatism.
It is placed at
transmitter.

Analytic propaga-
tion of Gaussian
beam (wx and wy

estimation).

WPLOT Multiple phase
screens obtained
from the linear
combination of
tip/tilt, defocus
and astigmatism.
They are dis-
tributed along the
propagation path.

Analytic propa-
gation of defocus
leading to another
estimation of wx

and wy.

2L-WO 2 phase screens
obtained from
the linear combi-
nation of tip/tilt,
defocus and astig-
matism (one at
ground layer and
one at a 10 km
altitude)

Fresnel propaga-
tion between the
phase screens and
up to the satellite

TURANDOT Multiple phase
screens obtained
from a von Kár-
mán spectrum
and distributed
along the propa-
gation path

Fresnel propaga-
tion between the
phase screens and
up to the satellite

Table 1. Models description.

where L0 is the outer scale. The defocus and astigmatism
Zernike coefficients variances, of radial order n = 2, are

σ2
a4,5,6

= 2.34 × 10−2

(

d0

r0

)
5
3

×
[

1 − 0.39

(

2πd0

L0

)2

+ 0.27

(

2πd0

L0

) 7
3

]

. (24)

N.B.: In the case of the WPLOT model, σ2
a4

has to be estimated
for each layer. This means that the Fried parameter r0 in Eq.24
has to be calculated between the bounds of each atmospheric
layer.

Power Spectral Densities

The PSDs for each Zernike coefficient are [9]:

Waj
(ν) =

∫ L

0

∫ ∞

−∞

1

V(z)

∣

∣

∣

∣

M̃aj

(

ν

V(z)
, fy

)∣

∣

∣

∣

2

Wφ

(

ν

V(z)
, fy

)

dzd fy, (25)

where Wφ is the phase spatial power spectrum and
∣

∣

∣
M̃aj

(

~f
)∣

∣

∣
is

the Fourier transform of the Zernike polynomial:

∣

∣

∣M̃aj

(

~f
)∣

∣

∣ =
√

n + 1
2 |Jn+1(πd0 f )|

πd0 f

×



















√
2 |cos (mθ)| f or m 6= 0 & j even

√
2 |sin (mθ)| f or m 6= 0 & j odd

1 f or m = 0

, (26)

where ~f =
(

fx, fy
)

when the frequency vector is described in

cartesian coordinates or ~f = ( f , θ) when it is described in po-
lar coordinates, n is the radial degree and m the azimuthal fre-
quency of the jth Zernike polynomial. These results are for a
plane wave.

From Zernike coefficients to phase coefficients

Once the Zernike coefficients are obtained, they can easily be
converted into the corresponding phase coefficients in order to
insert them in the model.

The angular deviation due to tip/tilt is

θx,y =

(

2λ

πd0

)

a2,3, (27)

while the defocus curvature is

∆κ =

(

8
√

3

π

)(

λ

d2
0

)

a4, (28)

and the astigmatism curvature is

c5,6 =

(

4
√

6

π

)(

λ

d2
0

)

a5,6. (29)

D. TAKING INTO ACCOUNT TRACKING

The idea is to inject the opposite of the Zernike tip/tilt coef-
ficients (a2/a3) measured on the downlink to pre-compensate
the uplink. The pointing error at the exit of the atmosphere is

ai,res (t) = ai,U (t)− ai,D (t) , (30)

where ai,res, ai,U (t) and ai,D (t) are respectively the residual
tip/tilt error (i = 2, 3) , the tip/tilt on the uplink without pre-
compensation and the tip/tilt measured on the downlink.

A. Reciprocity principle and implications

The idea of compensation relies on the reciprocity of light prop-
agation. However, a difficulty is that, while the downlink is a
plane wave, the uplink is a Gaussian beam. It has been shown
([26],[27]) that the upward propagation of a Gaussian beam can
be modeled by the downward propagation of a plane wave.
This result simplifies the estimation of the correlation between
the downlink and the uplink. It justifies our use of the Zernike
polynomials compared to Laguerre polynomials that used in
the case of a Gaussian beam. It is also consistent with the as-
sumption that the beam is collimated throughout its propaga-
tion in the atmosphere.
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B. Statistical approach

The variance of the residual Zernike coefficient is

σ2
ai,res

=
〈

(

ai,U − ai,D

)2
〉

. (31)

This leads to

σ2
ai,res

=
〈

a2
i,U

〉

+
〈

a2
i,D

〉

− 2
〈

ai,Uai,D

〉

, (32)

where
〈

ai,Uai,D

〉

is the covariance between the ith Zernike coef-
ficients of the uplink and the downlink. An estimation is given
in F. Chassat’s thesis[18].

Power Spectral Densities after tracking correction

In the case of tracking, the results are obtained from the differen-
tial phase. Assuming the on-ground pupil is the same diameter,
we obtain the phase related quantity G[9]:

G (~r) =
[

φ
(

~r + ~D, t
)

− φ (~r, t)
]

∗ Zj(~r), (33)

where Zj(~r) is the jth Zernike polynomial defined on a pupil of
diameter d0.

If we consider that ~D is oriented along the x axis, the spec-
trum from Equation 25 becomes

∣

∣

∣
M̃G

(

~f , h
)∣

∣

∣

2
= 4 sin2

(

πD
ν

V(h)

)

×
∣

∣

∣
M̃aj

(

~f
)∣

∣

∣

2
, (34)

where
∣

∣

∣M̃aj

(

~f
)∣

∣

∣ is obtained from Equation 26.
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