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Abstract

This paper contains a partial result on the Pierce-Birkhoff conjecture on piece-
wise polynomial functions defined by a finite collection {f1,..., f.} of polynomials.
In the nineteen eighties, generalizing the problem from the polynomial ring to an
artibtrary ring %, J. Madden proved that the Pierce—Birkhoff conjecture for ¥ is
equivalent to a statement about an arbitrary pair of points «, 3 € Sper X and their
separating ideal < «, 8 >; we refer to this statement as the local Pierce-Birkhoff
conjecture at «, 5. In [8] we introduced a slightly stronger conjecture, also stated
for a pair of points «, 8 € Sper X and the separating ideal < «, 5 >, called the Con-
nectedness conjecture, about a finite collection of elements {f1,..., f,} C 3. In
the paper [10] we introduced a new conjecture, called the Strong Connectedness
conjecture, and proved that the Strong Connectedness conjecture in dimension
n — 1 implies the Strong Connectedness conjecture in dimension 7 in the case when
ht(< o, >) <mn—1.

The Pierce-Birkhoff Conjecture for r = 2 is equivalent to the Connectedness
Conjecture for r = 1; this conjecture is called the Separation Conjecture. The Strong
Connectedness Conjecture for r = 1 is called the Strong Separation Conjecture. In
the present paper, we fix a polynomial f € Rz, z] where R is a real closed field and
x = (x1,...,2y),z are n + 1 independent variables. We define the notion of two
points «, 8 € Sper R[z,z| being in good position with respect to f. The main
result of this paper is a proof of the Strong Separation Conjecture in the case when
« and 8 are in good position with respect to f.

Dedicated to Professor Felipe Cano on the occasion of his sixztieth birthday.

t F. Lucas passed away in April 2016



1 Introduction

All the rings in this paper will be commutative with 1. Let R be a real closed field.
Let © = (x1,...,zy,) and let z be a single variable. Let B = R[z]. We will use the
notation A := R[z, z] = B|z].

Throughout the paper, by connectedness we mean semi-algebraic connect-
edness (sometimes called definable connectedness, cf. [3], Définition 2.4.5). If
R = R, a semi-algebraic subset of R™ is connected if and only if it is semi-
algebraically connected ([3], Theorem 2.4.5).

The Pierce—Birkhoff conjecture asserts that any piecewise-polynomial function
g:R"— R

can be expressed as a maximum of minima of a finite family of polynomials in n
variables.

We start by giving a precise statement of the conjecture as it was first stated by
M. Henriksen and J. Isbell in the early nineteen sixties ([1] and [7]).

Definition 1.1 A function g : R™ — R is said to be piecewise polynomial if R"
can be covered by a finite collection of closed semi-algebraic sets P;, i € {1,...,s}
such that for each i there exists a polynomial g; € B satisfying g| p = il P

Clearly, any piecewise polynomial function is continuous. Piecewise polynomial
functions form a ring, containing B, which is denoted by PW (B).

On the other hand, one can consider the (lattice-ordered) ring of all the functions
obtained from B by iterating the operations of sup and inf. Since applying the
operations of sup and inf to polynomials produces functions which are piecewise
polynomial, this ring is contained in PW(B) (the latter ring is closed under sup
and inf). It is natural to ask whether the two rings coincide. The precise statement
of the conjecture is:

Conjecture 1 (Pierce-Birkhoff) If g : R" — R is in PW (B), then there exists
a finite family of polynomials g;; € B such that f = supinf(g;;) (in other words, for
i J

allz € R", f(x) = sup il;f(gij (x))).

Here is a partial list of earlier papers devoted to the Pierce-Birkhoff conjecture: [4],
[8], [9], [10], [11], [12], [13] [15] and [16].

The starting point of this paper is the abstract formulation of the conjecture in
terms of the real spectrum of B and separating ideals proposed by J. Madden in
1989 [11].

For more information about the real spectrum, see [3]; there is also a brief
introduction to the real spectrum and its relevance to the Pierce-Birkhoff conjecture
in the Introduction to [8].

Terminology: If X is an integral domain, the phrase “valuation of ¥” will mean “a
valuation of the field of fractions of X, non-negative on 3”. Also, we will sometimes
commit the following abuse of notation. Given a ring 3, a prime ideal p C X, a
valuation v of % and an element x € ¥, we will write v(x) instead of v(z mod p),



with the usual convention that v(0) = oo, which is taken to be greater than any
element of the value group.

Let K be a field and v a valuation of K with value group I'.
Notation. For v € T, let

Py ={9e K\{0}| v(g) =2~} U{0}

and
Py, ={9 € K\{0}] v(g) > v} U{0}.
Let X be a subring of K. We define the graded algebra associated to v to be

ar, (%) = @ S0

e P, NX
For all f € K, f € P, \ P,,, we denote by in,(f) the natural image of f in

Py
— Cgr,(K).
Py,

For a point @ € Sper X we denote by p, the support of a. We let X[a] = p%

and let X(a) be the field of fractions of X[a]. We let v, denote the valuation of
Y(a) associated to « ([9], p. 264), 'y, its the value group, R, the valuation ring,
ke, its residue field and gr,(X) the graded algebra associated to the valuation v,.
For f € ¥ with v = v4(f), let in, f denote the natural image of f in 1’}:_1' For an

ordered field k, we will denote by k, a real closure of k and by k an algebraic closure
of k,. Typically we will work with ordered fields of the form k = ¥(c). Usually we
will write k, (respectively, k) to indicate that we have fixed a real closure k,. of k
(resectively, an algebraic closure k or k,.) once and for all.

Next, we recall our generalization of the notion of piecewise polynomial func-
tions and the Pierce-Birkhoff conjecture from polynomials to arbitrary rings ([9],
Definition 8). Let X be a ring.

Definition 1.2 Let
g : Sper ¥ — H ()
veSper ¥

be a map such that, for each vy € Sper ¥ we have g(vy) € X(vy). We say that g
is piecewise polynomial (denoted by f € PW (X)) if there exists a covering of
Sper X by a finite family (Si)icq1,...sy of constructible sets, closed in the spectral
topology, and a family (g:)icq1,... s}, 9i € ¥ such that, for each v € Si, g(v) = gi(7)-

We call g; a local representative of g at v and denote it by g, (g is not, in
general, uniquely determined by g and y; this notation means that one such local
representative has been chosen once and for all).

Note that PW (%) is naturally a lattice ring: it is equipped with the operations
of maximum and minimum. FEach element of ¥ defines a piecewise polynomial
function. In this way we obtain a natural injection ¥ C PW (%).



Definition 1.3 A ring ¥ is a Pierce—Birkhoff ring if, for each g € PW(X),
there exists a finite collection {g;;} C ¥ such that g = supinf g;;.
i J

Conjecture 2 (the Pierce—Birkhoff conjecture for regular rings) A reqular
ring Y is a Pierce-Birkhoff ring.

J.J. Madden reduced the Pierce—Birkhoff Conjecture to a purely local statement
about separating ideals and the real spectrum. Namely, he introduced

Definition 1.4 [11] Let ¥ be a ring. For o, € Sper ¥, the separating ideal
of a and B, denoted by < «, B >, is the ideal of ¥ generated by all the elements
f € X that change sign between o and (3, that is, all the f such that f(a) > 0 and

f(B) <o0.

Definition 1.5 A ring ¥ is locally Pierce-Birkhoff at o, 5 if the following con-
dition holds. Let g be a piecewise polynomial function, let g, € X be a local represen-
tative of g at o and gg € ¥ a local representative of g at B. Then go —gg €< o, B >.

The statement that, for a certain class X of rings, every ring ¥ € X is locally
Pierce-Birkhoff for all a, 8 € Sper ¥ will be denoted by PB(X). If X' consists of
only one ring ¥, we will write PB(X) instead of PB(X).

Theorem 1.6 (J. Madden [11]) The ring X is Pierce-Birkhoff if and only if PB(X)
holds.

In [8], we introduced

Definition 1.7 (the Connectedness property) Let X be a ring and

«, B € Sper 3.
We say that ¥ has the Connectedness property at o and [ if for any finite
collection fi,..., fs of elements of ¥\ < «a, 8 > there exists a connected set
C C Sper %

such that a, f € C and CN{f; =0} =0 fori € {1,...,s} (in other words, o and
B belong to the same connected component of the set Sper X\ {f1... fs =0}).

The statement that, for a certain class of rings X', every ring ¥ € X has the
Connectedness Property for all «, 5 € Sper X will be denoted by CP(X).

Conjecture 3 (the Connectedness conjecture for regular rings) Let X' de-
note the class of all the regular rings. Then CP(X) holds.

In the paper [8], we proved that CP(X) implies PB(X) where X is the class of
all the polynomial rings over R. The proof given in [8] applies verbatim to show
that CP(X) implies PB(X) for any class X’ of rings whatsoever. One advantage of
CP(X) is that it is a statement about elements of ¥ which makes no mention of
piecewise polynomial functions; in particular, if ¥ is a polynomial ring, CP(X) is a
statement purely about polynomials.



For a field £ and an ordered group I', we will denote by k Htr ]], the ring of
generalized power series over k with exponents in I', that is, the ring formed by all

the expressions of the form ) c¢,t?, where ¢, € k and v and W is a well ordered
yeW

subset of the semigroup I'y of non-negative elements of I'. The ring & [[tp]] is
equipped with a natural t-adic valuation with value group I'. An order on the field
k induces an order on k [[tp]] in a natural way.

Definition 1.8 Let X be a ring and k an ordered field. A k-curvette on Sper X
is a homomorphism of the form

a:S—=k[[]],

where 1" is an ordered group. A k-semi-curvette is a k-curvette o together with a
choice of the sign data sgn x1,...,sgn x, € {+,—}, where x1,...,x, are elements of
Y. whose t-adic values induce an Fo-basis of T'/2T.

In [9] we explained how to associate to a point « of Sper ¥ a @T—semi—curvette.
Conversely, given an ordered field k, a k-semi-curvette o determines a prime ideal
po (the ideal of all the elements of ¥ which vanish identically on «) and a total
ordering on p% induced by the ordering of the ring k Htr H of formal power series.
Hence a k-semi-curvette determines a point in Sper Y. Below, we will often describe
points in the real spectrum by specifying the corresponding semi-curvettes.

We will use the following notation throughout the paper. We denote /< a, 5 >
by p; set fio == vo(< @, 8 >) and pg = rvg(< a, 5 >).

Let X be a class of rings. We use the following notation:
CP,(X) means that CP holds for all the rings ¥ € X such that dim ¥ < n;
PB,,(X) means that PB holds for all the rings ¥ € X such that dim ¥ < n;
CP<,(X) means that the Connectedness Property holds for all the rings ¥ € X
and «, 8 € Sper X such that ht(p) < n;
PB<,(X) means that the local Pierce-Birkhoff Conjecture holds for all the rings
Y € X and a, B € Sper ¥ such that ht(p) < n.

In the situation of CP,, for a certain regular ring ¥ of dimension n, assume that
ht(p) < n. If one wants to proceed by induction on n, a natural idea is to try to
reduce CP,(3) to CP,_1(%;).

The difficulty with this approach is that the CP,,_; cannot be applied directly.
Indeed, let fi,..., fs be as in the CP and let A, C I', denote the greatest isolated
subgroup not containing v, (p).

The hypothesis f;¢ < a, 8 > does not imply that f;¢ < o, f > %,: it may happen
that vo(fi) < tas Va(fi) — Va(p) € Ay and so f; €< o, > X, as shown by the
Example below.

Example. Let I' = leex. Let «, B8 € Sper R[z,y, z] be given by the semi-curvettes

z(t) = t3) (1.1)
y(t) = tO 4 pt10) (1.2)
2(t) = 0% 4 (b)) (1.3)



where b € {ba, b3} C R, ¢ € {ca,cs} C R and tOV > 0,00 > 0. The constants
ba # bg, co # cg will be specified later. Let fi = zz—y?, fo = 23 —yz, f3 = 2%y —2%;
consider the ideal (fi, f2, f3). The most general common specialization of a, f is
given by the semi-curvette

z(t) =13 (1.4)
y(t) =t*
2(t) =17, (1.6)

t > 0. The corresponding point of Sper R[z,y, z| has support (f1, f2, f3), so

p=v<ao,B>=(f1,f2 f3)

Let (za(t),ya(t), za(t)) and (z5(t),ys(t), 28(t)) be the semi-curvettes defining o and
B asin (1.1)-(1.3). Let us calculate f;(zqo(t),ya(t), zo(t)) and fi(zs(t), ys(t), 25(t)).

In the notation of (1.1)—(1.3) we have
Fila(t),u(8),2(0) = (e — ) + (17)
fo(z(t 2(t) = —(c+ o)t + fy (1.8)
fa(z(t 2(t)) = (b—2c)t19 + f, (1.9)

— —
<
—~
4~ o
S~—

where f, stands for higher order terms with respect to the ¢-adic valuation. Choose
ba,bg, ca, cg so that none of f1, fo, f3 change sign between o and 3. The smallest
vq-value of an element which changes sign between a and ( is

(1,4) +(0,4) = (1,5) + (0,3) = (1,8),

50 fia = (1,8).
Thus we have f;d < a,3 >, but f; €< a, 8> R[z,y,2],.

In this way we are naturally led to formulate a stronger version of CP, one which
has exactly the same conclusion but with somewhat weakened hypotheses.

Definition 1.9 (Strong Connectedness Property) Let ¥ be a ring and
a, B € Sper %

two points having a common specialization . We say that ¥ has the Strong Con-
nectedness Property at o, 5 if given any fi,..., fs € X\ (pa U pg) such that for
allie{l,...,s},

Va(fi) < pras v3(fi) < pg (1.10)

and such that no f; changes sign between o and 3, the points o and B belong to the
same connected component of Sper X\ {f1--- fs = 0}.

We say that 3 has the Strong Connectedness Property if it has the Strong
Connectedness Property at o, 8 for all a, 8 € Sper A having a common specializa-
tion.

Let n € N\ {0}. We say that X has the Strong Connectedness Property up
to height n if it has the Strong Connectedness property at «, 8 for all a, 5 € Sper A
having a common specialization such that ht(< o, 8 >) < n.

6



Let X be a class of rings. We use the following notation:

SCP(X) is the statement that every ring ¥ € X has the Strong Connectedness
property;

SCP,,(X) is the statement that every ring in X of dimension at most n has the
Strong Connectedness property;

SCP<,(&X) is the statement that every ring in A" has the Strong Connectedness
property up to height n.

Remark 1.10 One advantage of the Strong Connectedness Property is that its hy-
potheses behave well under localization at prime valuation ideals. Namely, let 3, «,
B and f1,..., fs be as in Definition 1.9. Let & be a common specialization of o and
B. Let ag be the preimage of a under the natural inclusion o : Sper X, — Sper X
and similarly for By. Then, for alli € {1,...,s},

Vao (fi) < Vao (< a, B >) = vy (< ap, Bo >), (1.11)
v, (fi) S vy (< o, B >) = vg,(< a0, Bo >) (1.12)

and f; does not change sign between ag and By.

Conjecture 4 (The Strong Connectedness Conjecture)
Let X be the class of all the reqular rings. Then SCP(X) holds.

Let ¥ be a ring and «, 8 € Sper Y. Let the notation be as in Remark 1.10. We
have the following result (see [10]):

Theorem 1.11 If %, has the Strong Connectedness property at o, Bo, then ¥ has
the Strong Connectedness property at o, [3.

Corollary 1.12 Let X be a class of rings closed under localization.
We have SCP,(X) = SCP<y,(X) (the implication SCP<,(X) = SCP,(X) is
trivial and does not depend on X being closed under localization).

The Connectedness Property with s = 1 will be referred to as the Separation
Property. The Separation Conjecture asserts that any regular ring has the
Separation Property; this is equivalent to the Connectedness Conjecture for s = 1
and to the Pierce-Birkhoff Conjecture for s = 2. Analogously to CP, we have the
following stronger version of the Separation Property.

Definition 1.13 Let ¥ be a ring, f a non-zero element of ¥ and «, 8 two points
of Sper ¥ having a common specialization. Consider the following conditions:

(1) vo(f) < pa, va(f) < pg and f does not change sign between o and 3

(2) o and (3 lie in the same connected component of {f # 0}.

The strong separation property for the triple (f,o,B) is the implication
(1) = (2). The ring ¥ has the strong separation property if the strong sepa-
ration property holds for any triple (f,«, 3) as above.

Remark 1.14 Assume that o« and S have a common specialization. Let £ be the
most general such specialization. If f(§) # 0, then o and (3 lie in the same connected
component of {f # 0}, so (f,«, ) trivially satisfy the Strong Separation Property
in this case. In the rest of the paper, we will tacitly assume that f(§) = 0.

7



Let X be a class of rings. We use the following notation:

SP(X) is the statement that the Separation Property holds for all the rings in
x;

SSP(X) is the statement that the Strong Separation Property holds for all the
rings in X’;

SP,,(X) (resp. SSP, (X)) is the statement that the Separation Property (resp.
Strong Separation Property) holds for all the rings in X’ of dimension at most n.

SP<,(X) (resp. SSP<, (X)) is the statement that the Separation Property (resp.
the Strong Separation Property) holds for all rings ¥ € X and all o, 5 € Sper X
having a common specialization, such that ht(p) < n.

Conjecture 5 (Strong Separation Conjecture) Let X be the class of all reqular
rings. Then SSP(X ) holds.

As explained above, we have so far proved the following implications for any
class of rings X and any natural number n:

SC P, (X) SSP,(X) (1.13)

SC P, (X) SS P, (X)

ﬂ

CP,(X) == PB,(X) =—> SP,(X)

If, in addition, the class X is closed under localization at prime ideals, then the
two upper vertical arrows of the above diagram are, in fact, equivalences. In other
words, SCP,(X) <= SCP<,(X) and SSC,(X) <= SSC<,(X).

Consider the Euclidean space R"*! with coordinates (x, z), where = (x1,...,2,).
Let 7 : R"*! — R™ denote the natural projection onto the z-space. Let D C R"
be a connected semi-algebraic subset of R". A cylinder in R"*! is a set of the
form C' = 7=1(D) for some D as above. Using the same notation as in [3], given a
basic semi-algebraic set F C R, we denote by F the subset of Sper BJz] defined
by the same equations and inequalities as F in R"*!'. More generally, if F is a
boolean combination of basic semi-algebraic subsets of R"™!, F is defined in the
obvious way. Similarly, we denote by 7 : Sper B[z] — Sper B the natural projection
corresponding to . We will refer to C' as the cylinder lying over D.

Definition 1.15 Let g € B[z]. Let ¢ : D — R be a semi-algebraic continuous
function and let h = z — ¢ : C — R. If, for each a € D, the element ¢(a) is a
simple root of the polynomial equation g(a,z) = 0, we call h a branch of g over D.
We call h = z — ¢ a branch over D if h is a branch of g over D for some g. It is
called a real branch over D if the image of ¢ is contained in R.



Let K be an algebraically closed field and v a valuation on K|z]. Let g € K|[z]

d
be a monic polynomial and let g = ] g; be the factorization of g into linear factors.
i=1

Definition 1.16 For i € {1,...,d}, we say that g; is a v-privileged factor if
v(gi) > v(gj) for all j € {1,...,d}.

Definition 1.17 Assume given a real closed field L C K such that K = L. For
i€ {l,...,d}, if gi € L|z], we call g; a real factor of g.

Let v € Sper B. Fix a real closure B(yy), of B(7) and an algebraic closure B(yp)
- d

of B(7p),, once and for all. Take g = 2% + a4 1291+ + a9 € B[z]. Let g = [[ gi
i=1

be the factorization of ¢ into linear factors over B(7p).

Definition 1.18 We refer to the g; as yo-branches. If

9i € B(v),[2],

we say that g; is a real yo-branch of g.
Take an element v € 77 !(y9) € Sper A. A ~-privileged branch of g is a
v,-privileged ~p-branch of g.

In §4, we will recall results from [3] which canonically associate to each real
branch g; of g an element g;(v) € A(v),.-

Consider a monic polynomial f = 2%+ ag_12%!---+ag € A. For a point b € D,
denote by f(b) the polynomial f(b) = 2% + ag_1(b)2% - + ao(b) € R|2].

o)

Notation. For a polynomial ¢ € A we will use the notation ¢() := %a%:.
Definition 1.19 Assume that p is a mazimal ideal of A so that p = supp(§). As-
sume that there exist connected semi-algebraic sets D C R™ and C = 7w~ 1(D) C
R as above, having the following properties:

(1) a,peC

(2) For each k € {0,...,d—1}, the number of real roots of f¥)(b), counted with
or without multiplicity, is independent of the point b € D.

In this situation we say that o, B are in good position with respect to f,x, z.

Remark 1.20 Condition (2) of Definition 1.19 is satisfied in the following situa-
tion. Assume that there are d pointwise distinct continuous functions ¢; : D — R

d
such that f = [[ (z—¢;) in C (in other words, f has d pointwise distinct real roots
j=1

in C). Then, for alli >0, A (f(i)) £ 0 and fO has d — i pointwise distinct con-
tinuous real roots in C. In this case, any o, 5 € C having a common specialization
are in good position with respect to f,x,z.

Remark 1.21 The condition that p is a mazimal ideal of A is equivalent to saying
that o and B have a unique common specialization whose support is a maximal ideal

of A.



We can now state the main theorem of this paper.

Theorem 1.22 Assume that o, 8 are in good position with respect to f,x,z. Then
the Strong Separation Property holds for f, a and 3.

At the end of the paper, we will explain that the hypothesis of good position in
the theorem can be relaxed somewhat (see Remark 8.4).

Open question. We do not know whether, given f € A and «, 8 € Sper A, there
exists an automorphism o : A — A such that, letting Z; = o(x;) and Z = o(z), the
points a and § are in good position with respect to f,Z and Zz.

Remark 1.23 We note that the following slightly more general result holds.

Let Bp C R(x) denote the ring of rational functions having no poles in D.

To each polynomial g in A whose first coefficient has no zeroes in D we can
naturally associate a monic polynomials in Bp|z], namely, g divided by its leading
coefficient.

The above definitions, in particular, Definition 1.19, extend in an obvious way
to polynomials in Bp|z]. Theorem 1.22 holds for f € Bplz], alternatively, for non-
monic f € A whose first coefficient has no zeroes in D. The proof is exactly the
same as the proof of Theorem 1.22 given in the present paper. We chose to work
in the more restrictive setup of monic polynomials in A in order not to overburden
the notation.

Remark 1.24 As we explained earlier the reason for introducing strong versions of
all the conjectures is the fact that the strong versions are stable under the localization
at p. This would allow us to proceed by induction on the dimension of A and reduce
the case when p is not maximal to the case when p is mazximal by localization. The
difficulty is that in the preset paper we use in an essential way the hypothesis that
the ground field is real closed. Localization at p destroys this hypothesis. If the
results of the present paper could be generalized to a non real closed ground field R,
the hypothesis on the maximality of p would become unnecessary.

Remark 1.25 In the proof of Theorem 1.22, we may assume that the polynomial
f is reduced. Indeed, suppose the Theorem is true when f is reduced. Assume that
f € A satisfies I/a(f) < fa, I/g(f) < pg and that f does not change sign between o
and B. Let f = freq. We have va(f) < va(f) < pia and the same for 8. If

Va(f) = Va(f)’ (1'14)

then vo(f/f) = 0, so f/f is a unit in R, and Rg. Therefore f does not change
sign between o and B. Thus, in all cases (that is, regardless of whether the equality
(1.14) holds) f satisfies the hypotheses of the Strong Separation Conjecture. Then
a and 8 belong to the same connected component of {f # 0} and hence also to the
same connected component of {f # 0}, as desired.

This paper is organized as follows.
d .
In §2 we let K be an algebraically closed field. Let g = ) a;2", where a; € K

i=0
and ag = 1, be a monic polynomial. Let v be a valuation of K|z].

10



We define the notion of Newton polygon of g. The main result of §2, Proposition
2.19, says that if k € {1,...,d — 1} and v, (¢9) > v,(g) for all i < k then, for each
Yo-branch g; of g and each v-privileged branch & of g(*), we have v, (h) > v,(g;).

In §3 we start with a monic polynomial g in the variable z whose coefficients are
continuous functions over a semi-algebraic set U C R™. We assume that for a € U
the number s of real roots of g(a), counted with multiplicities, is independent of a.
We define continuous functions ¢; : U — R, 1 < ¢ < s, such that for all a € U we

S

have g(a) = [] (2 — ¢i(a)). This result is well known in the case when R = R, but
we did not ﬁ;ldl it in the literature in the case of an arbitrary real closed field R. If,
in addition, the coefficients of g are semi-algebraic functions on U then the ¢; can
also be chosen to be semi-algebraic : [5] Lemma 1.1.

In §4 we recall results from [3] which canonically associate to each real branch
g of g an element g;(vy) € A(7),.

In §5 we study, for a point v € Sper A, the extension vy of v, to A(y). The
main result of §5 is Proposition 5.1; it says that this extension is unique and that
for every branch h over D we have

vy(h) = min{vy(Re h), v5(Imh)}. (1.15)

Most of §6 is devoted to using the Newton polygon to prove comparison results
between quantities of the form v, (g;) and v.,(h) where g; is a yp-branch of g and h
is an p-branch of ¢/, as well as relating inequalities of size to inequalities of values.
Lemma 6.2 says that if hy, he are two real branches such that 0 < hy(y) < ha(y)
then v, (1(7)) > v, (ha(7)).

If g1, g2 are two real branches of g and h a real branch of A’ between ¢g; and go,
then ~ cannot have strictly higher contact with both g; and g» than it does with
h. The equidistance Lemma (Lemma 6.7) is a valuation-theoretic generalization of
this fact to the case when the branches are not necessarily real.

§7 is devoted to reducing the problem to the case when I', =2 Z and I'g = Z and
ko = kg = R.

Finally, in §8 we use the results of the preceding sections to complete the proof
of Theorem 1.22 by induction on deg(f).

Acknowledgement. We thank Michel Coste for sharing his insights on semi-
algebraicity of roots of polynomials over real closed fields.

We would also like to thank the Institute of Mathematics of UNAM in Cuer-
navaca (Mexico) for inviting D. Schaub in February 2018; the work on this paper
was completed during our stay there.

2 Graded algebra and Newton polygon

Let K be an algebraically closed field and z an independent variable. Fix a valuation
v of K(z) with value group I'.
Let v, denote the valuation of K (z) defined by

v, (Z bizi> =min {v (b;z") | b; #0}.
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For each g € K|z], we have v,(g) < v(g). We will write in, instead of in,_.

Remark 2.1 Let X be an independent variable. Since v|, = vl and inyz is
transcendental over gr,K in gr,(K|z]), we have a natural isomorphism

(g7, K)[X] = gr

z

(KT[2])
of graded algebras.

d
For g = a;27, let S.(9) = {i € {0,...,d} | v(a;z*) = v.(g) }. We have
=0

in,g = Z in, (a;)in, (2)".
1€52(9)

Assume that there exists g € K[z] such that

v:(g) <v(g). (2.1)

For such a g, the polynomial in,g is not a monomial.

Let 6(g,z) = deg(in,g) and § = (g, 2).
The inequality (2.1) is equivalent to saying that

Z in, (a;)in, ()" = 0.
€S, (g)
Since K is algebraically closed, the polynomial g(X) := Y. in,a;X" factors into

iGSz(g)
linear factors in gr, K[X] :

5
9(X) = inyas [J(X = ¢)).
j=1

Thus there exists a unique ¢ € gr, K such that in,z = ¢. Take a representative
¢ € K such that ¢ = in,¢. We have v(z — ¢) > v(z).
We summarize the above considerations in the following Remark:

Remark 2.2 Take g € K[z]. We have the following implications:

v.(9) <v(g) = iny(z) is algebraic over gr,(K) < in,(z) € gr,(K)
<= there exists ¢ € K such that v(¢) = v(z) < v(z — ¢).

The second implication uses the fact that K is algebraically closed; the first and the
third one are valid without any hypotheses on K.

Assume that the strict inequality (2.1) holds. Consider the change of variables
Z =z — ¢ as above. Write g = > a;7". Let S, :(g) = {z ! v, (diii) =1,(9) } Let

Kk =max S, 3(g).
We have v; (@;2") = v (a;) + iv(z) because v; (4;) = v (a;) and
v: (2) = v2(z — ¢) = min{v(2),v(9)} = v(2) = v(¢).

12



Lemma 2.3 We have:
(1) v:(g) = min { v, (@) | aZ#O}
(2) ing= Y. in, (@) in.(z — ¢)°.
€S 2(9)
Proof: (1) The fact that v,(g) > min { v, (@;Z") ‘ a; # 0} follows from the definition
of valuation. Now, v,(g) = min { v (aizi) ‘ a; # 0}. Replacing z by Z 4+ ¢ in g and
expanding in z, we see that a; is a sum of terms of the form cai+k¢k where ¢ € N.

Hence v (a;") > 1};{11n{y(a wdF )} > Ognn {v (a;27)} = v.(g). This proves (1).

From (1), we deduce that S; :(g) = {i | vz (@:2") = vz(g) }. We have

Z a3 +h

Z'ESZ,g(g)

with v,(h) > v,(g). This proves (2). O

Remark 2.4 With the above notation, we have k = 4.

Lemma 2.5 Consider two integers i,j € {0,...,d}. Assume that
v (diii) <v (djij) and v, (@;Z ) >, (a]z]) (2.2)
We have:
(1)i<3j;

(2) If at least one of the inequalities (2.2) is strict, then i < j.

Proof : We have v (a;) +iv(Z) = v (a;2") < v (a;27) = v (a;) + jv (2), so
v(a) —v(a;) < (G —iJv(2).
On the other hand,
v (@) +iv(z) = v (@) +iv. (2) = vz (@:2") > v. (a;27) = v (@) + jv(2),
o (j—i)v(z) <v(a;) —v(a;). We obtain
(G —iv(z) <wv(ai) —v(a) < (G —iv(2).

From this we deduce both (1) and (2). O

Let 6 = 6(g, 2) = deg(ins(g)).
Lemma 2.6 We have:

(1) 6 <6;
(2) If equality holds in (1), then in,g = in,(as)in.(z — ¢)°.

Proof : We have v (ELSES) < v (asz°), because 5 € S:(g), so v <a5 8) is minimal

among all the v (diii)
On the other hand, we have v (as) = v (as). By Lemma 2.3,

v, (aéz > >v.(9) =v. <a526) =, <d5§6> .

13



Applying (1) of Lemma 2.5 with § =i and § = j, we deduce (1).

Now, if equality holds in (1), S, :(g9) = {6}. Indeed, let i € S, :(g); then i <.
Now, by definition of 4, we have v (a;z") > v (dgi‘;) = v (a52°) (as 0 = 5). On the
other hand, because i, € S, 3(g), we have v, (diii) = v, (dgé‘;). Applying (1) of
Lemma 2.5 to the pair (,d), we deduce that 6 <i. Thus § = and S, ;(g) = {J}.
Now the conclusion follows from Lemma 2.3 (2). O

Remark 2.7 Let g(z) = ag + a1z +--- + agz? € K[z].

(1) We have the following implications: §(g,2) = 0 <= v(ag) < v(ajz?) for
allj >0 = v,(g9) =v(g).

(2) Assume that in,(z) € gr,(K). Let ¢ € K be as in the Remark 2.2 and put
21 =2z —¢. We have v,(g) =v(g9) = d(g,21) =0.

Lemma 2.8 Let ¥ be a noetherian domain and pu o rank 1 valuation of the field
of fractions of X, non-negative on %. Then every bounded subset of the semi-group

w(X\ {0}) is finite.

Proof: Localizing 3. at the center of u does not change the problem. Assume that
(3,m) is local and p is centered at m. Take a subset T' C (X \ {0}) such that
T < B for some 3 € u(X\{0}). Let Ig = {y € ¥ | u(y) > B}. Since rk(p) = 1, we
have m™ C Ig for some n € N. A chain of elements 8; < 32 < ... < 8 of T induces
a chain of submodules

1o C Tois C...C I 2.
mn mn mn mn
Hence 5
#T < lengthm < 00.
O

The set of isolated subgroups of I' is naturally ordered by inclusion. In the
applications the rank of I' will be finite by Abhyankar’s inequality. In particular,
the set of isolated subgroups of I will be well ordered.

From now till the end of this section, assume that char K = 0.

Lemma 2.9 Assume that the set of isolated subgroups of I' is well-ordered. Fizx a
polynomial

d
g(z) = Zaizi € K|[z]. (2.3)
=0

(1) There exists ¢ € K such that, letting Z = z — ¢, we have vz(g) = v(g).
(2) Let z be as in (1). Assume that in,(Z) € gr,(K). Then there exists ¢* € K
such that, letting z* = Z — ¢*, we have §(g,2*) = 0.

Proof: By Remark 2.7, (1) implies (2). Let us prove (1). Let § = (g, 2).

Let Ag be the smallest isolated subgroup of I' such that v(g) — v,(g) € Ap. If
Ag = (0), there is nothing to prove. Assume that (0) & Ag. Let A_ be the union of
all the proper isolated subgroups of Ag. We have A_ & Ag since

v(g) —v(g) € Ao\ A—.
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Thus A_ is the greatest proper isolated subgroup of Ag.
It is sufficient to show that there exists ¢ € K such that, letting Z = z — ¢, we
have

v(g) —vz(g) € A_. (2.4)
The proof will then be finished by transfinite induction on Ag.
Let R, C K(z) denote the valuation ring of v. Let
Py ={ye R, |v(y)gA_} (2.5)
Py, ={y € Ry | v(y)¢Ao}-

Write v = vgov_ o where vy is the valuation of K'(z) with valuation ring (R,)p,,,
v_ is the rank one valuation of the residue field x(Py,) of P, with valuation ring

(RV)PA,
PAo (RV)PA,

and p is the valuation of the residue field (P, _) of Pj_ with valuation ring

R,
Py

Replacing v by vy o v_ does not change the problem. In this way, we may assume
that A_ = (0) and rk(Ap) = 1.
In what follows, we will consider changes of variables of the form

Z=z—0, (2.7)

such that vz(g) > v.(g).
We proceed by induction on §(g,z). The case 6 = 0 is given by Remark 2.7.
Assume that § > 0. If

v:(g9) = v(9), (2.8)

that is, the conclusion of Lemma 2.9 (1) holds with ¢ = 0 and Z = z, there is
nothing to prove. Assume

v:(g) <v(g). (2.9)

By the algebraic closedness of K, in,(g) decomposes into linear factors in
in,K|in,z] = gr, K|[z].
Hence, by (2.9) and Remark 2.2, there exists b € K such that

v(z) =v(b) <v(z—0). (2.10)

Claim 1. It is sufficient to prove (1) in the case when
v(z) =0 (2.11)

and
v(a;) > v(as) forallie{0,...,d}. (2.12)
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Proof of Claim 1. Assume that (1) of the Lemma is known in the case when (2.11)
and (2.12) hold. Put 2, := 7. We have

v(z) = 0. (2.13)

For i € {0,...,d}, put a; := b'a;. Using the definition of 6, for each i € {0,...,d}
we obtain ' '
v (az’bzé) =v (aizl) >v <a5z5) =v (agbzg) . (2.14)

Together with (2.13), this implies that v (a;) > v (ag) for all i € {0,...,d}.
d .
Let gp := > ajpzj,. By assumption and in view of (2.13), there exists ¢, € K

=0
such that, letting Z, = z, — ¢, we have

vz, (9) = v(gp)- (2.15)

Put ¢ := bgy,. We have inz, g, = (inzg). In particular, S;(g) = S3,(g5). Now, (2.15)

is equivalent to saying that > in, (@Z;) # 0. Then Y in, (@:") # 0, so
€55, () i€52(0)

that

vz(g) = v(g). (2.16)
This completes the proof of Claim 1.
From now till the end of the proof of Lemma 2.9, assume that (2.11)—(2.12) hold.

Replacing g(z) by %j) does not change the problem. In this way, we may assume
that
as =1 (2.17)
and
v(a;) >0 forallie{0,...,6 —1}. (2.18)
Let
Pp, :={w € Qlag, . ..,aq) | v(w)gAo} = Pa, N Q[ao, ..., ad] (2.19)
mg = {w € Qlag, ..., aq] | v(w) >0} =m, NQ|ag, ..., aq] (2.20)
Assumption (2.18) imply that Py, and mg are prime ideals of Q[ao,...,aq]. The
valuation v induces a valuation of Q(ayo,...,aq), centered at mg.
Let zg := 2.

Assume that, for a certain integer s > 0, we have constructed elements

¢17¢27---7¢s—1 €K

and monic linear polynomials zy, ..., zs € K|z], having the following properties (if
s = 0 we adopt the convention that both sets {¢g,...,¢ps—1} and {z1,...,25_1} are
empty, only zy is defined) :

1) zix1 = 2zi — ¢i, © < s — 1; we have

v(zi) = v(¢i) <v(zig1); (2.21)
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2) g € Q[CLO, o 7ad]mo [ZZ] and ¢07 cee 7(258—1 S Q[CLOa cee 7ad]m();
d .
3) write g = > ajsz%; we have a5 s € 1+ mgQJag, . - . , aglmg-
J=0
In the case s = 0 condition 3) clearly holds and 1) and 2) are vacuously true,
since only z( is defined and the set {¢y, ..., ds_1} is empty.

Remark 2.10 1. By (2.21) we have v(¢o) < v(p1) < ... < v(ps—1).
2. By Lemma 2.6, 6(g,2) > 6(g,21) > ... > (g, z5)-

If s > 1 and 6(g,25) < d(g,%), the proof is finished by induction on (g, 2).
Assume that

6(g, 2s) = 6(g,2) = 6 (2.22)
if s > 0 this implies that 0(g, zs—1) = (g, 2s)-
If
vz, (9) = v(9), (2.23)

s—1
that is, the conclusion of Lemma 2.9 (1) holds with ¢ = > ¢; and Z = z,, there is
j=1

nothing more to prove. Assume that

vz, (9) <v(g) (2.24)

Let X be an independent variable and consider the polynomial

gX) = > inyaX" (2.25)
Z'GSZS (g)

By (2.22) we have degy (g) = 6. By Remark 2.2 and considerations which precede
it, we have g(in,zs) = 0.
Since K is algebraically closed , we can factor g into linear factors over gr, K. If
g is not of the form
g= inuaé,s(X - Tzz))(sv (2.26)

take an element ¢5 € K such that inyz = in,¢s. Put 2541 1= 25 — ¢s.

By Lemma 2.6 (2) and in view of Remark 2.1, we have 6(g, zs+1) < ¢ and the
proof is finished by induction on §.

Assume that g is of the form (2.26). By Newton binomial theorem and in view
of (2.17), equating the coefficients of in_(z,)°~! on the right and left hand sides of
(2.26), we see that
inzs (a5—1,s)

Y=

Define ¢, to be —2=-2. By definitions, (2.21) holds for i = s.
Repeat the procedure to construct a sequence ¢q, @1, ¢2,... € K such that

V(¢0) < V(¢1) < V(¢2) <... (2.27)

having the properties 1), 2), 3) preceding Remark 2.10.

It remains to show that at some point of this construction we obtain
vz (g9) = v(g)
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or
8(g,2i) < 6(g,2).
In both cases, the Lemma will be proved. Therefore, the proof of the Lemma is
reduced to the following Claim:
Claim 2: The above procedure cannot continue indefinitely.

Proof of the Claim 2: We give a proof by contradiction. Assume that the procedure
does not stop, in other words, the sequence {¢;} is infinite. By construction,

¢i € Qlag, . ..,a4)m, forallieN.

Write vy = 6 o €, where 6 is a valuation of Q[ao, ..., aq], centered at Py,. We have
rk(e) = rk(Ap) = 1. Since
Qlao, - - -, adlme
Pr,Qlag, . . ., ag)m,

is noetherian, (2.27) and Lemma 2.8 imply that the sequence {e(%)}ieN is un-
bounded in Ag. Hence so is the sequence {I/(%)}ZEN.

Take ¢ sufficiently large so that

Gi
ov <%> > v(g) —v.(9g). (2.28)
We have
vz(g) = ov(¢o) (2:29)
vz,(9) = ov (). (2.30
Hence
V(g) - Vz(g) < 5(V(¢z) - V((bO)) = Vzi(g) - Vz(g) < V(g) - Vz(g)7 (2'31)

which is a contradiction. This completes the proof of the Claim and with it the
Lemma. 0

Corollary 2.11 Given a finite family of polynomials f1,..., fs € K|[z], the follow-
ing hold.
(1) There exists ¢ € K such that letting Z = z — ¢, we have

vz(fi) = v(fi) (2.32)
fori=1,...,s.
(2) Assume that in,(Z) € gr,(K). Then there exists ¢* € K such that, letting
2" =Z—¢*, we have §(f;,z*) =0 fori=1,...,s.

Proof: As before, (1) implies (2) by Remark 2.7, so it is enough to prove (1). It
follows from Lemma 2.3 that if 2* = 2z — ¢ with v(z*) > v(z) = v(¢), then

vy-(g) > v,(g) forall g € K[z]. (2.33)
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We construct Z satisfying (2.32) recursively in i. Take the greatest integer j €
{0,...,s — 1} such that

vo(f)) = v(f;) forallie {1,...,5}. (2.34)

Apply Lemma 2.9 to f;j;1. We obtain an element Z = z — ¢ such that (2.32) holds
with i« = j + 1. Moreover, by (2.34) and (2.33), equality (2.32) also holds for all
i < j. This completes the proof by induction on j. [J

Definition 2.12 Let S = {v1,...,vs} be a finite subset of Q ® (I' ®z Q). The
convex hull of S is

{t1v1+~-+t8vseQ@(P®ZQ)

s
Zti = 1,ti €@>0}.

i=1
Fix a polynomial g = agz? + ag_12%'--- +ap € K|[2].

Definition 2.13 The Newton polygon of g, denoted by A(g, z), is the convex hull
of the set

d
U{Gv(@)} cQe (e Q).
i=0
d
Let g = aq [] g; be the factorization of g into linear factors, with g; = z — ¢;.
j=1

From now till the end of the paper, assume that v(z) > 0.

Let L :=[(i,¢€), (j,0)] C Q&I be a segment with ¢ < j. The slope of L, denoted
sl(L), is defined by
0 —
—“erT ®z Q.
Jj—i

sl(L) =

Remark 2.14 The Newton polygon A(g;, z) is the segment [(1,0), (0, v(¢;))]. Now

d

A(g,2) = (0,v(ag)) + D Alg),2)

i=1

where the sum stands for the Minkowski sum. For each j € {1,...,d}, A(g,z) has
a side Lj; parallel to [(1,0),(0,v(¢;))].

Definition 2.15 In this situation, we say that g; is attached to L;.

Remark 2.16 1. Note that, for ¥ € K, we have v(z) > v(¢) if and only if
v(z) >v(z—1).
2. Take g € K|[z] and let h = z—1) be a v-privileged factor of g. Thenv(z) > v(v)
if and only if v(z) > v(¢;) for all j € {1,...,d}. Indeed, “if” is trivial. “Only
if 7 follows from (1) of this Remark:

v(z) >v(Y) <= v(z) >v(z—¢) = v(z) >v(z —¢;) < v(z) > v(;).
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Lemma 2.17 Take g € K[z] monic and let h = z — 1 be a v-privileged factor of g.

1. The following are equivalent:

(a) v(z) > v(¢)
(b) 6(g,2) = 0.

2. If 6(g,2) = 0, every v-privileged factor h = z — 1) of f is attached to the side
of A(g, z) of the smallest slope.

Proof: 1.(a) = (b) We number the ¢; in the increasing order of their values. Then,
for each j € {1,...,d}, we have

d—j
v [T ¢q] <via.
q=1

Hence v(z) > v(¢) <= v(z) > v(z — ¢;) for all j € {1,...,d} = v(ag) =

v (ﬁ ¢i> < V(ajzj) for all j € {1,...,d} < d(g,2) =0.
i=1

d .
(b) = (a) We must show that the inequalities v <H <Z5z'> < v (a;27) for all j €
i=1
{1,...,d} imply that v(z) > v(¢;) for all i € {1,...,d}.
We argue by contradiction. Number the ¢; so that

v(p1) < -+ < w(da)- (2.35)

d
Since v (H QSZ-) < v(2%), we have v(¢;) < v(z). Assume that there exists i €
i=1
{2,...,d} such that
v(¢i) 2 v(z) (2.36)

and take the smallest such ¢. We have ag_;11 = ¢1---pi—1 + II O Y
(J1,--di—1)

where (ji,...,ji—1) runs over all the (i — 1)-tuples of elements of {1,...,d} other

than (1,...,7—1). By (2.35) and (2.36), for each such (i — 1)-tuple we have

V(¢1 T ¢i—1) < V(¢j1 T ¢ji71)-

Hence v(ag—;+1) = v(¢1 -+ ¢i—1) and

v (ad—i+1zd_i+1> =v <¢1 E ¢i—1zd_i+l> <v (ﬁ ¢é> :
=1

This is a contradiction. This completes the proof of the first part of the Lemma.
2. By Part 1 of this Lemma, we have v(z) > v(¢)). By Remark 2.16, we have
v(z) > v(¢;), for all j € {1,...,d}. Hence v(z — ¢j) < v(z) for all j € {1,...,d}.

Now, sl([1,0), (0,v(¢;)]) = —v(¢;). Thus {—v(¢1),...,—v(¢q)} is a complete
list of slopes of sides of A(g, z) of the form Li. The result follows immediately. O
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e=—lv(z)+ u(alz‘}')

-

V(ao)-‘.‘ \

o [

i j d 14

Remark 2.18 We have §(g,z) = 0 if and only if §(greq,z) = 0.

d
Proposition 2.19 Let g = [] g; be as above. Take an integer k € {1,...,d —1}.
j=1

d—k

Let g = T] h; be a decomposition of g'"®) into linear factors in K[z] and let h be
i=1

a v-privileged factor of ¢%). If

v (g(i)> >v(g) foralli<k (2.37)

then
v(h) > v(g)) for1<j<d. (2.38)

Proof: By Lemma 2.9, we can choose coordinates so that one of the following
conditions holds:

(a)
6(g,2) =0 (2.39)

or

(b) in,zdgr, K.

Next, we show that (b) = (a). Suppose (b) holds, that is, in,z¢gr, K. By
Remark 2.2, we have v(g) = v.(g).

Let 6 = d(g,z). We give a proof of (a) by contradiction. Assume that § > 0.
Then (6 — 1,v(as)) is a vertex of A(¢, z). We have

v(g) =v.(9) = min {v(a;2’)} =v (a(;z‘s) .

]6{077[1}
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On the other hand,

N=v,(¢) = min (a2 )= min (w(a;z))—v(z
v (o) =v= (o) = min (a2 ) = min (v(a;7) (=)
= min_ (v(a;)) ~ v(2)) = vala) - ¥(2) = vlg) — (2) < o).

This contradicts (2.37). This proves the implication (b) = (a).

Therefore it is sufficient to prove the Proposition under the assumption (a). By
Remark 2.7, we have v(g) = v.(g). More precisely, we have

v(g) = v:(g9) = v(ag) <v(aj2’) forall je{1,...,d}. (2.40)
By the implication (b) = (a) of Lemma 2.17, formula (2.40) implies that
v(z) > v(gj).

If v(2) < v(h), the proof is finished.

Hence we may assume that v(z) > v(h). By Lemma 2.17 (1), we have

o <g(k),z> =0.
In particular,
v (g(k)> = v(ag). (2.41)
We have
vlay) = v- (90) =v (4M) = vlg) = v:(9) = v(ao). (242)
Let

L =[(0,v(ap)), (¢, v(ac))]

be the side of A(g, z) of minimal slope. Let

L0 =1(0, v(ar)), (€ — k,v(al)] € A <g<k>,z) .

Let L) be the side of A (g(k), z) of minimal slope. We have (0,v(a;)) € A (g(k), z).
Now let g; be a v-privileged factor of g. Using (2.42) we obtain
v(ag) — v(ae v(ag) — v(ae
) () = M) =100 _ vlow) ~ vlag

€

= —sl (I:(k)) < —sl (L(k)) =v(h).

This completes the proof of the Proposition. [
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3 Semi-algebraicity of roots of polynomials

Fix a monic polynomial g in one variable z of degree d whose coefficients are con-
tinuous semi-algebraic functions defined on a semi-agebraic set U C R™.

Recall the following definition from [6]:

Definition 3.1 A multiple-valued function F from a space X to a space Y will
be called a continuous n-valued function from X toY and will be denoted by
F: X ="Y provided

(i) to each x € X, F assigns my values yi,...,Ym, in'Y with associated multi-

My
plicities k; such that > k; = n;

i=1
(ii) to each neighborhood N(y;) in Y there corresponds a meighborhood U(x)
in X such that for z € U(z) there are k; values of F(z) in N(y;), counted with
multiplicities.

Theorem 3.2 The root F in R of g(a), a € U, is a continuous d-valued function
from U to R.

Remark 3.3 This Theorem is well known in the case R = C, but the proofs found in
the literature ([14], p. 8)) usually use complex analysis (namely, the characterization
of the number of roots in a disk as a contour integral) and so are not applicable in
our more general situation. The proof given below uses only the Fuclidean topology

on Ed and some elementary facts about finite group actions on varieties.

Proof of the Theorem: Fix a point a € U. Let ¥(a) = (¢1(a),...,%q(a)) € R’
be the roots of g(a), let £ < d be the number of distinct roots among the ;(a).
Renumbering the 1;(a) if necessary, we may assume that there exist integers

O=ig<i1 <ig<---<ipy=d

such that:
(1) for all j € {1,...,£} we have ¥;,_,+1(a) = ¥i;_,12(a) = ... = ¥y, (a)
(2) for all j,j" € {1,..., £}, j # j', we have ¢y, (a) # ¢, (a).

We want to check the definition of continuity at a. In other words, we must
show that for any € € R, € > 0, there exists § € R such that for all ' € U,
|a" — a| < &, there exists a numbering v1(a’),...,%4(a’) of the roots of g(a’) such
that [¢j(a) —¥;(a’)| < eforall j € {1,...,d}.

Let S; denote the symmetric group on d elements. Let Sy x R = R be the
action of S; on I by permutation of coordinates. Let o : R = Rd/Sd ~ R
be the resulting quotient map, where the last isomorphism is obtained using the

symmetric functions. Let b = (by,...,bq) be coordinates on the source R’ Then
the symmetric functions oy(b),...,04(b) form a natural coordinate system on the
target Ed.

Definition 3.4 Let & = (&1,...,&q) be a point ofﬁd and € a strictly positive element
of R. The e-polydisk neighborhood of & is the set

D& ={(&, - &) eR"| |6~ ¢y <eje{l,....d}}.
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Continuity of the d-valued function a — 1(a) follows from the fact that the map
o is open at ¥(a), that is, for each e-neighborhood D.(v(a)) of ¥ (a), its image
o0(D¢(1(a))) contains a J-neighborhood Ds(g(a)) of g(a). It remains to prove that
o is open.

For j € {1,...,¢}, put k; =i; —i;_1. We consider the stabilizer of ¢(a) in Sg:
Stab(y(a)) = Sk, x -+ x Sg,. Let

d!
kple- kgl

Cc =

Let p1,...,p. € Sq be a set of representatives of the left cosets of Stab(i(a)). Then
{p1¢(a),...,p.(a)} is the orbit of 1 (a) under the action of Sy.

Take e sufficiently small so that all the D.(p;v(a)), 1 < j < ¢, are disjoint. The
group Sy permutes the polydisks D.(p;¢(a)), 1 < j < c. Thus the action of S; on

R restricts to an action on I De(pjvr(a)). For each j € {1,...,c}, the action of Sy
j=1

on B’ induces an action of ijtab(pjl/J(a))pj_l on D¢(p;ji(a)). We have the induced
action of Sy on [] DE(pjw(a))/pjStab(pjw(a))pj_l, having no fixed points.
j=1
Consider the quotient og; : De(10(a)) — Dc(¢(a))/Stab(y(a)) of De(1(a)). In
view of the above, it remains to show that og; is open at ¥(a). Write

De(ip(a)) = De(¥1(a), ..., ¥i (a)) X De(tiyt1(a), ..., ¥ir(a)) x -+
o X De(Yi,_41(a), ... i, (a)).

Now, Sk, X Sk, X --- x S, acts diagonally on Dc(a), that is, given

p:(pl,...,pZ)ESkl XSkQX...XSkZ

and (A1,..., ) € De(¥(a)), we have pA = (p1A1, p2Aa, ..., peAe). Thus to show that
ost is open at ¥ (a), it is sufficient to show that, for each j € {1,...,¢}, the quotient

map Of De(¢ij71+l(a)a o 71/}ij (CL)) by Skj is open at (1/%]-71—%1(@)7 .. 7¢ij (a’))
This reduces the proof of the Theorem to the following lemma (where we have

replaced k; by d and (v;;_,+1(a),...,v;;(a)) by the origin in Ed). O
Lemma 3.5 The map o is open at the origin of Rd.

Proof: Take a strictly positive ¢ € R. Let § = min{(ﬁ)d! , %} Take a point

a = (ai,...,aq) € Ds(0) and a point b = (by,...,bq) € 0~ (a). We want to prove
that
b e D0). (3.1)

We will prove (3.1) by induction on d. For d = 1 the result is obvious. Assume that
d > 1 and (3.1) holds with d replaced by d — 1.
Without loss of generality, assume that |b;| < |bo| < --- < |bg|. Since

d
laal = loa®)] = [ ] bi| <,

j=1
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we have |by| < 6/ < e.
Let
24 faz? g

2471 4 C1Zd_2 + - tcgo =
zZ — bl

Each ¢; is a sum of at most d terms, each of which has absolute value strictly less

than 6%/¢. Thus
(d—1)! c (d=1)!
. 1/d ~ £ < (-
al<at<a(g) < <(d—1)!> '

By the induction assumption, we have |b;| < e for i € {1,...,d} as desired.
This completes the proof of Lemma 3.5 and Theorem 3.2. [J

Assume that for a € U the number of real roots of g(a), counted with multiplic-
ities, is independent of a. Let s denote this number of real roots, common for all
a. We define the following functions ¢; : U — R, i € {1,...,s}. For each a € U,
define (¢1(a), ..., ¢s(a)) to be the s-tuple of real roots of g(a) in R arranged in the
increasing order.

Corollary 3.6 The functions ¢; are continuous.

First of all, we recall two Lemmas from [6], generalizing the first one from R to any
closed real field R:

Lemma 3.7 (Lemma 1, p. 431) For any F : X =™ R, the least value f(x) of F(x)
18 a continuous function.

The proof is exactly the same as the one given in [6], but we prefer to reproduce
it here for the sake of completeness.

Proof : Let g € X. By the property (ii) of Definition 3.1, for any € € R, ¢ > 0,
there exists a neighborhood U of xg such that for all z € U, all n values of F(z)
are greater than f(zg) — e. Similarly, using the property (ii) again, there exists a
neighborhood V' of xy in which at least one value of F(z) is less than f(zg) + €.
Hence, if z € U NV, we have f(xg) — e < f(z) < f(xg) + €, so f is continuous at
xZQ. O

Lemma 3.8 (Lemma 3, p. 432) If F : X =" Y has always exactly m values in
an open or closed subspace W of Y, then the restriction of the values of F(x) to W
defines a continuous multi-valued function F' : X —™ W.

Proof of Corollary 3.6: We proceed by induction on d. For d = 1 the Corollary
is obvious. Together with Theorem 3.2, the preceding Lemmas imply that ¢; is
continuous. Now, z — ¢ divides g, so § = & is a polynomial of degree d — 1,
whose coefficients are continuous functions. We may apply the induction hypothesis
to ¢ and conclude that all the real roots of § are continuous. This completes the

proof of the Corollary. [J
For 1 <i < slet G; := graph(¢;) = {(a, ¢pi(a)) | a € U}.

The next Proposition is a special case of a general result by H. Delfs and M.
Knebusch in 1981 : Lemma 1.1 of [5] which proves the semi-algebraicity of the roots
of a polynomial whose coefficients are semi-algebraic functions of x.
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Proposition 3.9 Let the notation be as above. Assume, in addition, that the co-
efficients of g are semi-algebraic functions of x. Then for each i € {1,...,s} the
set G; is semi-algebraic. The functions ¢; are semi-algebraic (in other words, for
each i the linear polynomial z — ¢; is a real branch of g over U). The projection
7|, : Gi = U is a semi-algebraic homeomorphism.

4 Value of a semi-algebraic function at a point
of the real spectrum

Recall the following notation from the Introduction. We consider the Euclidean
space R"T! with coordinates (z, z), where z is a single variable and z = (1, ..., 2,).
Let m : R**1 — R" be the projection onto the z-space and

7 : Sper B[z] — Sper B

be the corresponding morphism of real spectra. Let D C R"™ be a connected semi-
algebraic set; consider the cylinder C = 7=1(D).

Let v € Sper B[z] be a point of the real spectrum of B[z], v € C' (where C is
the cylinder in Sper Blz], corresponding to C); let o := 7(v) € D. Recall that for
g € Blz], g() denotes the natural image of g in B[z](y). Let h = z — ¢ be a real
branch of g over D (cf. Definition 1.15).

Following [3] §7.3, we can associate to ¢ a map ¢ : D — ][ B(no),. Let h(y)

no€D
be the image of z — ¢(7p) under the natural homomorphism B(vg),[2] — B[z](7),-

Let U be a connected semi-algebraic set such that the number of real roots of g
over U, counted with or without multiplicity, is constant. Let s be the number of
distinct real roots of g.

We have the functions ¢; : U — ][] B(no), and continuous semi-algebraic
77060
functions ¢; : U = R, i € {1,..., s} such that, for each closed point a € U C U, we
have ¢;(a) = ¢;(a) (here we identify a € U with its natural image under the natural
injection U C U and B(a), with R).

For cach ng € U (vesp. a € U), (d1(n0), -, $s(m0)) (resp. (¢1(a), ..., ¢s(a))) is
the s-tuple of distinct real roots of g(ng) in B(np), (resp. real roots of g(a) in R)
arranged in the increasing order.
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For g € B, let g(y0) € B(70)[z] be the polynomial obtained from g by replacing
all the coefficients by their images in B (:yo). This way we have associated to each
Y0 € D a collection of s real factors z — ¢1(70),---,2 — ¢s(70) of g(70). Conversely,

given a real factor z — @(70) of g(70), there exists j € {1,...,s} such that ¢(y) =
¢;(70)-

Remark 4.1 The above results show that, for any vy € D, there is a natural order-
preserving bijection between real branches of g over D and real ~y-branches.

5 Real and imaginary parts of branches

Denote by A the ring B[z] = Rlx,z]. Let v € Sper A. The point v determines
morphisms

Ap) = pé o AR, = A().

Now, Sper A(7y), consists of a single point 7. The valuation associated to this point

is a natural extension of v, to A(y), which we denote by vs.
We can view A(7y) as the field extension A(y), (i) where i* = —1. Thus any

¢ € A(y) can be written as { = u + iv where u = Re {,v = Im & € A(y),.

The purpose of this section is to study the extension of vy to A(7); by abuse of
notation this extension will also be denoted by v5y. The main result is

Proposition 5.1 The valuation v5 admits a unique extension to A(7y), also denoted

by vs. This extension is characterized by the fact that for each h € A(vy) we have

vy(h) = min{vy(Reh), v5(Imh)}. (5.1)
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Proof: Let v/ be an extension of v5 to A(y). Take an element h € A(’y)*. Since
V(i) =0, we have

v'(h) > min{v5(Reh),vs(Imh)}. (5.2)
Similarly, letting h denote the complex conjugate of h, we have
V' (h) > min{vy(Re h),v5(Imh)}. (5.3)

To prove that (5.2) and (5.3) are equalities, we may assume that Reh # 0 and
Imh # 0. Since (Reh)? >5 0 and (Im h)? > 0, we have

(Reh)? + (Imh)? >= (Reh)?.

and (Reh)? + (Im h)* > (Im h)*.

e o ((ReM)? + (I < v () 64
and s ((Reh)? + (Imh)?) < s ((Tmh)?) (5:5)
o that vy ((Reh)? + (Im h)?) < min {vg (Reh)?) v (ImB)?)}.  (5.6)

Combining (5.2), (5.3) and (5.6), we obtain
min {vs (Re h)?) ,vs ((Im h)2)} = 2min {vs (Re h) s (ImB)} < v/ (k) + V' (B)
= V/(hh) = v=((Re h)? + (Imh)?)
< 2min{v5((Reh), vy(Imh)}.
Thus all the inequalities are equalities. Hence
V' (h) = v/'(h) = min{vy(Re h),vs(Imh)}.
(]

Corollary 5.2 Let h € A(y). We have v5(Imh) > vy(h).

Corollary 5.3 Let f € A. Let h., be a y-privileged branch of g. For every ~yo-branch
g of g we have v5(Imhy) > v,(7).

Proof: This is an immediate consequence of Corollary 5.3 and the fact that h, is
~-privileged. [

Corollary 5.4 Assume that v, (g(k)) > vy(g). Let hy be an y-privileged branch of
g and § a yo-branch of g. Then vy(Imhy) > vy(hy) > v4(7).

Proof: This follows from Corollary 5.3 and Proposition 2.19. [J

Remark 5.5 For any branch h : D — R, we can define two continuous functions
Reh:D — R (resp. Im h: D — R) by setting, for each a € D,

(Re h)(a) = Re(h(a))

(resp. (Im h)(a) = Im(h(a))). There exists a connected semi-algebraic set U C D
containing vo such that Re h and Im h are real branches over U. We can apply the
preceding construction to define, for any v € C, Re h(7y) and Im h(y) as elements
of A(),.. It is precisely in this situation that the results of this section will be most
frequently applied.
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6 Rolle-type theorems for the real spectrum

In order to prove Theoreg 1.22, we start with some lemmas.
Assume that (0,0) € D\ D.

Let hy = z — ¢1 and ho = z — ¢ be real branches over D for some connected
semi-algebraic set D C R™, ¢1(0) = ¢2(0) = 0. Let  be a point of the real spectrum
Sper Blz].

Definition 6.1 If 0 < hy(y) < ha(y) or ha(y) < hi(y) < 0, we say that hy lies
between v and ho.

Lemma 6.2 If hy lies between v and ha, then vy(hi(y)) > vy(ha(7)).

Note: geometrically 0 < hi(7y) < ha(7y) means that the curvette v is on the same
side of the hypersurfaces hy = 0 and ho = 0.

Proof: Recall that by definition of v, the valuation ring R, is given by

R, = {z e BE),

Jy € B[z][y] such that |z| < |y|} .

By hypothesis, |h1| < |h2], so
V’y(hl) > I/-y(hg). O

h1
ha

< 1. Hence Z—; € R, from which we deduce that

Definition 6.3 The ring of Puiseuzr series R[[tY]] puisscus 15 the ring of general-
1zed series over R whose exponents are non-negative rational numbers with bounded
denominators. Denote its quotient field by R((t9)) puisseus

We will now restrict attention to points v € C defined by Puiseux
series. In the next section we will show how to reduce the general case to the case
of such semi-curvettes.

For g € A and v € Sper A given by a curvette v(t) = (z1(¢),..., z,(t), 2(t)),
where x;(t) and z(t) are generalized power series over R whose exponents are ra-
tional with bounded denominators, put g(z,t) = g(z,x(t)). This is a polynomial
in z over the ring of Puiseux series in t. As before, let 79 = =w(v). Fixing a
curvette as above is equivalent to fixing a homomorphism L : A[y] — R[[tQ]]puiSCux.
Below we will be interested in the restriction of L to B[], which induces a ho-
momorphism Lo : Blyo][z] — R[[t?]]puiseux|2]. Since the field R((t9))puiseux is
real closed, the homomorphisms L and L extend naturally to homomorphisms
L A(), — R((t9))puiseux and g : B(v),[2] = R((t9))puiseux respectively.

Now let g = 2% + ag_1(2)2% ' + -+ 4+ a1 (2)z + ag(x) be a monic polynomial in
A = Blz], where a;(x), i € {0,...,d — 1}, are elements of B. Let hi, hy be two real
branches of g over D. Write h; = z — ¢;, i = 1,2 such that ¢1(0) = ¢2(0) = 0.

For each a € N, the map ¢t — t* induces a homeomorphism of the half-plane
{t > 0} onto itself. We can choose a positive integer a such that, replacing t by t*
in g, we may assume that g is a formal power series over R with integer exponents.
By the results of §4, we can canonically associate to ¢; an element $; € B (70),.- Let
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¢; = Lo(q;,-). Up to performing a new change ¢ — t*, we may assume that all g and
¢; are series with integer exponents.

— _ o0 . _ _ [ee) .
Write hy = 2z — ¢1(t) = 2z — > bit" and ha = z — ¢y(t) = z — > ¢;t’. Let
i=1 =1
s=max{i € N | b =¢}.
s+1 )
Replacing z by z — > ¢;t*, we may assume that c;41 = 0 and ¢; = b; = 0 for
i=1
i < s. Also, up to interchanging ¢, and ¢2, we may assume that bsy1 > 0. Let

k=min{j € N | ¢s1; # 0}.

For h = é} e € R[[t]][2], let

vs(h) = min{(s + 1)i + v (e;) | e; # 0} (6.1)
ingh = Z ez’ (6.2)

(s 1)ty (i) =vs(h)

In order not to overload the notations, from now to the end of the section, we
will write g instead of g.

Lemma 6.4 (equidistance) (1) Let h € R[[t]][z] be a polynomial such that
ingh = ingg .
There is at least one real factor of h of the form z — dy 1ttt + h.o.t. with
0 <dsy1 < bsyr.

(2) For each such factor v, there is no unique minimum amonyg the three values
vy(h), vy(h2), vy(v).
FEquivalently, we have
min{vy (ha), vy (v)} < vy(he), min{vy (ha), vy (v)} < vy(he),
min{vy (h1), vy (h2)} < vy (v).

Proof: Let g = S cjp2th € R[[t]][z]. We view R((t)) as a valued field with the
ok
t-adic valuation. Let

A(g) = convex hull U G, k)})
cjk#0

be the Newton polygon of g (see Definition 2.13).
Let
L= [(j(),k()), (jl,kl)], with jo < j1, ko > k1 (63)

, be an edge of A(g) with strictly negative slope. The initial form of g with respect

to L is defined to be ‘
ing(g9) = Z cinth.
(j,k)eEL
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Let L' = [(jo — 1, ko), (1 — 1,k1)] if jo > 0 and L' = [(0, ko — Bty (5 — 1,1<:1)]
otherwise. Note that, if j; > 2 (resp. j; = 1), L is a side (resp. a vertex) of A(g)
and (ing(g))" = inp/(g).

By construction, A(g) has an edge L with slope —(s + 1). Let the notations be
as in (6.3). Let g denote the polynomial in one variable u such that

_ 2 ing(g(zt)
g(tS—l—l) T p(s+D)jo+ko

Since {g = 0} has a factor of the form z — cext5F + -+ with s + kK > s + 1,
L cannot be the leftmost edge of A(g). In particular, jo > 1, so g(0) = 0. As
g(bst+1) = 0, by Rolle’s theorem (see for instance [2]), there is at least one root dg41q
of ¢’ in the open interval (0,bs4+1). This proves (1).

Now fix one such dsy; and let v be a factor of {h = 0} of the form v = z —
ds+1t5Tt + h.o.t. It remains to prove that v satisfies the conclusion of (2) of the
Lemma.

Consider the set {v,(z —ct*™1) | c € R}. We have #{v,(z —ct*T!) | c € R} < 2.
In other words, either v, (z — ct**1) is constant for all ¢ € R or there exists a unique
¢* € R such that v, (z — c*t*t1) > v, (2 — ct5T1) for all c € R\ {¢*}.

If #{v,(z —ct*1) | c € R} =1 or ¢*€{0,bs11,ds11}, then v, (hy) = vy(h) =
vy(v) = min{v,(2), (s + 1)v4(t)} and (2) of the Lemma holds.

If #{vy(z — ct*T') | c € R} =2 and ¢* coincides with one of 0, bs41,ds+1, then
the corresponding factor among hq, ha, v has strictly greater v,-value than the other
two, whose v,-values are equal. This completes the proof of the Lemma. [

Definition 6.5 Let o, 3 € Sper A, let h be a real branch over D. We say that h is
between v and 3 if h(y) > 0 and h(B) < 0 or vice versa.

Definition 6.6 Let z — 1),z — ¢1 be real branches over D and z — ¢o a yo-branch,
not necessarily real. We say that 1 lies between ¢1 and ¢ if

$1(70) < ¥(70) < Re(¢2) or Re(d2) < 9(v0) < ¢1(70)- (6.4)

Lemma 6.7 (generalized Rolle’s Theorem) Let ¢1 € R(z)(y), and ¢2 € R(x)(v0)
be roots of g (o) such that v (h1) < v, (hg) where h; stands for z — ¢;.
There exists a real root v € R(x)(70), of g% (y0) between ¢y and ¢o such that

vy(z —v) = vy(h1) < vy(hg).

Proof : Let

hohs

Note that
vy(h1) < vy(he) (6.5)

implies that, after a change of variables, we may assume that hy = z — ¢, t°T! +
h.o.t. and hy = z — bg xtT" + h.o.t. where k > 1. Another consequence of (6.5) is :

vy (hn) = (5 + Lo (1) < min{vs (), (s + m)w (1)} (6.6)

31



By Corollary 5.2 and (6.6), we have z = ins(hg) = ins(Re(hz)) and the same for
hy. Hence ing(g®)) = in,(h). Hence
ing (g 1)) = ing(R). (6.7)

Let L be the side of the Newton polygon of h whose slope is —(s+1). Let (jo, ko)
be an integer point on L.
Consider the polynomial §(u) in one variable, defined by

-, % N inLil
g(ts—i-l) s+ D)jo+ko

Let L be the side of the Newton polygon of i’ whose slope is —(s + 1).
Consider the polynomial ©(u) in one variable, defined by

z iHL/ n

@(ts—l—l) - t(s+1)(Go—1)+ko

We argue as in Lemma 6.4 : the polynomial §(u) has real roots at 0 and cs41,
hence its derivative ©(u) has at least one real root dsy1 €]0, cs41].

Hence, by (6.7), g%+ (o) has at least one real root v of the form dy 1+ +h.o.t.
with 0 < ds11 < Cs41-

This completes the proof of the Lemma. [

7 Reduction to the case when a and [ are
curvettes with I' =7Z and £k, = k3 = R

Lemma 7.1 Let o, 8 € Sper A. Assume that « is not a specialization of 8 and
vice-versa. Then < «, 8 > is generated by all the elements g € A such that g(a) < 0
and g(p) > 0.

Proof : Let g1,...,gs be a set of generators of < «, 8 > such that, for each 7, we
have g;(a) > 0,¢9;(8) < 0. It suffices to show that for each i € {1,..., s}, there exist
hii, ha; € A such that hli(a), hgi(a) > 0, hlz(ﬁ), hgl(ﬁ) <0andg; € (hlia hgi).

Since, by assumption, « is not a specialization of (3, there exists h; € A such
that h;(«) > 0 and h;(8) < 0. Similarly, 8 is not a specialization of «, so there
exists k; € A such that k;(«) > 0, k;(8) < 0.

Let hi; = g; + h; + k; and ho; = 2g; + h; + k;. So the desired hy; and ho; are
constructed. [J

Notation Let A be a ring and o € Sper A. Let P be a y,-ideal of A. We will
denote by P the greatest v,-ideal of A, strictly contained in P.

Proposition 7.2 Let A be a ring, C an open set in Sper A and o, B € C such
that p = /< o, B > is a mazimal ideal. There exist &, 3 € Sper A satisfying the
following conditions :

(1) The wvalue groups T's of vs and FB of v are both isomorphic to Z and
ko = kg = R.

(2) <&, pB>d<a,8> <& f>Id<a,f>E, <ap >§3< a,B >

(3) @€ C and f e C.
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Proof : Let gi,...,9s be as in the proof of Lemma 7.1. Let ¢f,..., g5 be a set of
generators of < «, 3 >1. Similarly let glﬁ ey gf 5 be a set of generators of < a, >§.
Let hq,..., h, be a complete list of inequalities with appear in the definition of C.

Let m : X — Sper A be a sequence of blowings up with non singular centers
having the following properties. In what follows, ”prime” will denote strict trans-
form under . For example, o/, 3’ are the strict transforms of «, 3 respectively. We
require that :

1. the centers of o/, 8’ in X are disjoint;

2. for all indices ¢, the elements g;, g*, giﬁ , h; define normal crossing subvarieties
of X;

3. for all indices 4, the sets {g} = 0}, {g& = 0}, {giﬁl = 0}, {h; = 0} do not
contain the center of o or the center of 3.

Let & be an R-semi-curvette with exponents in Z whose center is a sufficiently
general closed point of the center of o and similarly for 3'. Then & := 7(a/) and
B := 7(p') satisfy the conclusions of the proposition. (]

8 Proof of the main theorem

We give a proof by contradiction. By Remark 1.14, we may assume that «a, 5 have
a common specialization ¢ and f(§) = 0. Assume that o and f§ lie in 2 different
connected components of {f # 0}. Note that, because f does not change sign
between a and 3, there are at least two real branches f1, fo of {f = 0} over D, not
necessarily distinct, containing &, between « and 3. Hence there exists at least one
real branch h of {f’ = 0} over D between « and 5.

Let § = min{k > 0; vo(f®)) < v4(f)} (the set over which the minimum is taken
is not empty because it contains d).

Assume that there exists a real branch of £ over D between a and 3, so «
and S lie in two different connected components of C' N {f ®) £ 0}. Note that by
the above this holds if §# = 1. By definition of 6, v, (f)) < va(f).

If f® changes sign between a and 3, f e< «,8 >, which implies that
Va(f@) > o and Vﬁ(f(e)) > pg. This contradicts the hypothesis vo(f) < pa
(and the same with 3). Hence, f(¥) does not change sign between a and .

Remark 8.1 If v, () < va(f), then fO¢ < o, 8 > and hence vs(f @) < pg.

Thus, if v,(f@) < vo(f), then the triple (f©), o, 8) satisfies the hypothesis of
the Theorem 1.22. By induction on deg(f), « and § lie in the same connected
component of {f ®) £ 0} N C. This is a contradiction. This completes the proof of
the Theorem assuming there is a real branch of f(?) between o and f (in particular
in the case 6 = 1).

It remains to prove the existence of a real branch of () between a and 3. Since
the Theorem has been proved in the cae 8 = 1, we have reduced the problem to the
case

va(f') = va(f) and vg(f') = vs(f) (8.1)
We proceed by induction on d = deg(f).
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To prove the base of the induction, let us consider the cases deg(f) = 1 and
deg(f) = 2. First, let deg(f) = 1. The set {f # 0} has two connected components
Cy and Cb; up to interchanging Cy and Cq, we have f(C7) > 0 and f(C3) < 0.
Since f does not change sign between o and §, o and f lie in the same connected
component of {f # 0}.

Next, let us consider the case deg(f) = 2. Assume that « and ( are in different
components of {f # 0}, aiming for contradiction. Write f = (z — ¢1)(z — ¢2) where
fi=2z—¢1, f —2 =z — ¢y are branches. Since (f,a, ) are in good position, up
to interchanging f1 and fo, we have f1(a) < fa(a) for all a € D and either equality
holds for all a € D or strict inequality holds for all a € D (this is due to the choice
of D, see Definition 1.19 (2)). Hence C'\ {f = 0} = C44 [[C__ ][] C+- where
Ciy = {fl,fQ > 0}, C__= {fl,fQ < 0}, Ci_= {fl <0, fo > 0}, where C_ may
be empty; f is strictly positive on Cy4, C__ and strictly negative on C;_. Hence
we may assume that fi(a), fo(a) > 0 and f1(8), f2(8) < 0. We have fi(a) < f'(«).
Apply Lemma 6.2 to f; and f’. We obtain v4(f’) < v4(f1). Since vo(f2) > 0, we
have v, (f") < va(f). Which is a contradiction.

The base of the induction is proved, let us now prove the induction step.

Let f = H?:l fi, let f= H;-l;i h; where f; are ag-branches of f and h; are ag-
branches of f’. Let h, be an a-privileged branch of f’. Then, since v, (f’) > vo(f),
we have

Vo(Imhy) > vo(ha) > va(f;), for 1 <j <d. (8.2)

The first inequality is by Lemma 5.1 and the second is just (2.38).

Claim : Let i € {0,...,[4]}. There exist :

- branches over D, go; 1, g2i 2, of @) and ﬁ2i+1 of f(2it+1)

- a branch hgj1 q0f f (2i4+1) gver a suitable neighbourhood U, of ag and a branch
hoit1,8 of @+ oyer a suitable neighbourhood Ug of By

such that :

(1) g2i1,92i2, ﬁgiH are real and separate « from 3 and

0 < g2i1(a) < 712,~+1(a) < g2i2(a) or 0> go;1(a) > il2i+1(04) > g2i2() (8.3)
92i1(B) > haiy1(B) > gai2(B) > 0 or goi1(B) < hais1(B) < gain(B) <0 (8.4)

(2) for i > 0 we have

a(h2i—1(@)) < vo(h2i—1a(@))

5(h2i-1(8)) < vg(h2i—1,5(8)); (8.6)

IN
N
I
N

a(92i,1(a))
V6(92i,2(5))

Va(92i,2(04))
v5(g2i,1(5))

IN
I
N

(3) hoit1,q is an a-privileged branch of f (2i+1) (and similarly for ho;y1 8);

(4)

Va(g2i,1 () > Va(hoiz1 () = va(gai2())
v5(92i2(8)) > va(hair1(B)) = vg(g2i1(B))- (8.8)

Proof of Claim : We use induction on i. First let ¢ = 0. We put go1 = f1,902 =
fo, h1 = h with the convention that f; is between o and fs and fs is between § and
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f1. Fix an a-privileged branch hy, of f’ and similarly for 8. Statements (1), (3)
are clear, (4) follows from Lemmas 6.2 and 6.4. (2) is vacuously true.

Let 0 <i < [g] We assume the Claim holds up to i — 1.

As i < [4], we have v (f®=Y) > vy(f). Using (2.38), we have vq(hoi—1,4(a)) >
va(g901(c)). By (8.3) at step (¢ — 1), we may apply Lemma 6.2 to go1,92i—2,2-
We obtain va(go,1()) > va(g2i-22(a)). According to (4) at step i — 1, we have
Va(g2i-2,2(@0)) = Va(h2i—1(a)). So

I/a(ilgi_l(oé)) < I/a(hQi_La(Oé)). (8.9)

Let g2i1(a) be a real factor of f(Zi)(oz) between ﬁgi_l(a) and hg;_1 whose
existence is given by Lemma 6.7. Let go;1 be a real branch of f (29) associated to
g2i1 () by Remark 4.1. Similarly, let go; 2 be a real branch of f (29 over D between
hai—1 and hg;_1 5.

Let ﬁ2i+1 be a real branch of fZ*1 over D between g2i,1 and gz; 2 whose exis-
tence is guaranteed by Rolle’s theorem.

Let hgijt+1,o be an a-privileged branch of f (2i+1) and similarly for 5. Statements
(1) and (3) are clear. (2) follows from (8.9) and Lemma 6.2. Now (4) follows from
(1) and Lemma 6.4.

This completes the proof of the Claim. [

We continue with the proof of Theorem 1.22. Let i = [g] Apply the Claim to
this 4. By the Claim, there exists a real branch of f() over D between a and 3.
This completes the proof of the Theorem. [

Given a monic polynomial g € Bl[z], write g = szl g;j, where each g; is a
linear polynomial over the algebraic closure of the field of fractions of B.
Definition 8.2 A partial reduction of g is a polynomial of the form g = szl g;j,
where 0 < a;- < aj for all j. A deriwative reduction of g is a polynomial of the form
g where g is as above.

Definition 8.3 (f,a, ) are in generalized good position if there exists a sequence
of polynomial having the following properties :

(1) For each i € {0,...,k}, the polynomial fU*+1*) is a derivative reduction of
f(z*),
(2) va(f) < valF), o va(FO70)) and vo(f) > va(f5);

(8) The number of real roots of each of f, FO9 @) counted with or without
multiplicity is constant over D.

Remark 8.4 With the same proof, the main theorem holds for (f,a, ) in gener-
alized good position.
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