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Various formulations of displacement-based Timoshenko multi-fiber beams are com-
pared in this article.After a short literature review, the presentation of the shape functions
leading to the stiffness matrices and the consistent nodal forces relative to each formu-
lation are presented and their performances are studied using elastic or elastic perfectly
plastic constitutive laws and simple to complex static loadings. The advantages and
disadvantages of each formulation are highlighted and general conclusions are drawn
on the use of displacement-based Timoshenko multi-fiber beams in engineering. An
innovative solution is finally proposed to improve the performance for the case of axial-
bending interactions.

Keywords: Timoshenko; multi-fiber; displacement-based beam; shape functions

1. Introduction

The modelling of engineering structural elements is often made using two approaches:
mesoscopic (stress–strain) 2D or 3D finite element models able to capture local phenomena
such as crack initiation and propagation, bond slip and aggregate interlocking (e.g. rein-
forced concrete beams); and global scale models (e.g. beam, plates or shell elements) where
specific kinematic assumptions are adopted to simplify the global equilibrium equations and
to reduce the required number of degrees of freedom.

The classical Timoshenko beam theory adopts the kinematic assumption that plane
sections remain plane but not necessarily normal to the beam axis. It is often used because
it can (approximately) take into account the influence of shear strains and stresses. On
the contrary, the Euler–Bernoulli theory (sections remain plane and normal to the beam
axis) neglects their influence and provides therefore satisfactory results for the case of
slender beam structures only. Euler–Bernoulli or Timoshenko beam finite elements are either
displacement-based (stiffness approach, see for example Nickel & Secor, 1972; Tessler &
Dong, 1981; Thomas & Abbas, 1975) or force-based (flexibility approach, see for example
Saritas & Filippou, 2009; Spacone, Filippou, & Taucer, 1996).

For non linear calculations, Euler–Bernoulli and Timoshenko beam finite element beams
are divided in two categories: lumped beams where the material non linearity is concentrated
at the element’s ends; and distributed models where the inelastic deformations can spread
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along the element. Considering the sectional behaviour, one can distinguish the stress res-
ultant (e.g. moment – rotation) models (Bui, Ngo, Nikolic, Brancherie, & Ibrahimbegović,
2014; Dujc, Brank, & Ibrahimbegović, 2010; Jukić et al., 2013; Pham et al., 2010) and
multi-fiber beams, where the beam section is divided in “fibers” associated with a local
strain–stress constitutive law.

During the last 20 years, various multi-fiber beam elements have been developed and
implemented in research and commercial oriented finite element codes. One of the first
manuscripts introducing the idea of dividing a beam section in “fibers” with a specific
stress/strain relation is the book of Owen and Hinton (1980), followed by the works of
Chan (1983), Izzuddin (1990), Scordelis (1984), Spacone et al. (1996). Multi-fiber beams
have been proven very efficient for various applications in civil engineering: the non linear
analysis of beam type or bearing wall structures with non homogeneous sections (e.g.
reinforced concrete) (Grange et al., 2009; Ile et al., 2008; Kotronis & Mazars, 2005; Kotronis
et al., 2005), arbitrarily geometrical plane or hollow shape sections (Desprez, Kotronis,
& Mazars, 2014; Grange, Botrugno, Kotronis, & Tamagnini, 2011) submitted to flexion,
shear or torsion (Mazars, Kotronis, Ragueneau, & Casaux, 2006), axial and flexure inter-
actions (Chan, 1983; Izzuddin, 1990; Pinho & Elnashai, 2000; Scordelis, 1984; Spacone &
Limkatanyu, 2000), soil structure interaction (Grange et al., 2011), vulnerability assessment
(Desprez et al., 2014) and fiber-reinforced polymer retrofitting (Desprez, Mazars, Kotronis,
& Paultre, 2013).

The Euler–Bernoulli multi-fiber beams are used for cases where shear effects are not
significant (Spacone & Limkatanyu, 2000). They fail therefore to account for axial, shear
and flexure interactions. This is the reason why Timoshenko multi-fiber beams have been
also developed: (Bairan Garcia & Mari Bernat, 2006; Caillerie, Kotronis, & Cybulski,
2015; Jukić, Brank, & Ibrahimbegović, 2014; Kotronis & Mazars, 2005; Mazars et al.,
2006; Marini & Spacone, 2006; Navarro Gregori et al., 2007; Petrangeli et al., 1999; Ranzo
& Petrangeli, 1988; Šćulac et al., 2014). One has to keep in mind however that Timoshenko
multi-fiber beams are unable to capture the real behaviour of structures with very small
slenderness since the latter no longer behaves like a beam (see Mazars, Kotronis, & Davenne,
2002). For these cases, 2D or 3D finite element models (Ile & Reynouard, 2000) or other
adequate simplified modelling strategies should be preferred (Mazars et al., 2002).

Another important aspect concerns the material constitutive behaviour adopted in the
context of multi-fiber beams. Different choices can be found in the literature: damage models
(see for example Kotronis & Mazars, 2005), plasticity models (Dujc et al., 2010), coupled
plasticity and damage models (Ibrahimbegović et al., 2007), simplified models for confined
concrete columns (Desprez et al., 2013) or approaches based on the modified compression
field theory introduced by Vecchio and Collins (1986, 1988).

The main purpose of the article being the influence of the different shape functions inter-
polating the displacement field on the element response, we focus hereafter on displacement
based Timoshenko multi-fiber beams with simple uniaxial linear elastic or elasto-plastic
constitutive laws. The shear strains are constant in the beam section, the shear stresses are
supposed linear elastic and are multiplied by the classical shear correction factor k (Bathe,
2006; Cowper, 1966). Force-based beam elements – see for example (Ciampi & Carlesimo,
1986 and Spacone et al., 1996) – are out of the scope of the article. Furthermore, non linear
axial, shear and flexure interactions are not specifically addressed, the interested readers
can among others refer to Bui et al. (2014), Ceresa et al. (2007), Ceresa, Petrini, Pinho, &
Sousa (2009, Saritas and Filippou (2009), Xu and Zhang (2012), Zona and Ranzi (2011)).

In the following, we present and compare the performance of three (3) displacement-
based straight Timoshenko multi-fiber beam finite elements under the small rotations
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assumption. The formulations differ on the shape functions interpolating the displacements
and rotations fields. The first formulation, called hereafter (Full-Linear-Independent) FLI,
adopts linear polynomials while the transverse displacements and rotation fields are in-
terpolated independently, see (Guedes, Pegon, & Pinto, 1994 and Pegon, 1994). Because
of the low degree of the adopted polynomials, this formulation is prone to shear locking
problems (see Beirão da Veiga et al., 2012; Ceresa et al., 2009; Crisfield, 1991; De Ville
de Goyet, 1989; Ibrahimbegović & Frey, 1993; Mukherjee et al., 2001; Rakowski, 1990;
Reddy, 1997; Stolarski & Belytschko, 1982 and Yunhua, 1998) if specific measures are not
considered. A way to avoid this is to calculate the shear strains approximately, as proposed
by Donea and Lamain (1987) and adopted in Guedes et al. (1994) and Pegon (1994).
In the second formulation, referred hereafter as (Full-Cubic-Quadratic-Material) FCQM,
proposed by Friedman and Kosmatka (1993) for Timoshenko beams (further bibliography
on Timoshenko beam finite elements can be found in Kiendl et al. (2015), Litewka and
Rakowski (1998), Nickel and Secor (1972), Papa Dukić et al. (2014), Tessler and Dong
(1981) and Thomas and Abbas (1975) and adopted in Kotronis and Mazars (2005) and
Mazars et al. (2006) in a multi-fiber context, the degree of the shape functions is of order
three (3) for the transverse displacements and two (2) for the rotations. Displacements and
rotations are now interdependent and the shear locking problem is avoided. The particularity
of this formulation is that the shape functions depend on material properties, and therefore
their use for non linear problems can be problematic. The third formulation, called hereafter
(Full-Cubic-Quadratic) FCQ, is proposed by Caillerie et al. (2015) and uses shape functions
of order three (3) for the transverse displacements and two (2) for the rotations and an
additional internal node. This results to a finite element free of shear locking and to shape
functions independent on the material properties. The choice to compare these formulations
is motivated by the fact that the first two elements FLI and FCQM are implemented,
respectively, in the general purpose finite element codes (Aster, Retrieved from http://
code-aster.org/ and Castem, Retrieved from http://www-cast3m.cea.fr/). The more recent
FCQ element is chosen in order to study its performance.

The article is organised as follows: in the first section, the main equations of the
Timoshenko beam theory are recalled as well as the general form of the displacement
and strain fields, the stiffness matrices and the consistent nodal force vectors within a multi-
fiber beam approach. In the second section, the specific equations for the FLI, FCQM

and FCQ formulations are provided. The performance of each formulation is studied in
the third section considering an elastic or elasto-plastic behaviour and monotonic loadings.
Of particular interest is the last example where we study the specific case of non linear
axial-bending interactions. Shape functions of order three (3) are proposed for the axial
displacements of the FCQ element in order to increase its accuracy (Section 4.5.1). The
article ends with general conclusions and guidelines.

2. Timoshenko multi-fiber beams

2.1. Kinematic assumptions

Consider the case of a 2D straight beam, with a length Łand a normal cross-section S(x),
its middle axis � = (0, Ł) oriented towards the x direction. The small rotations hypothesis
is adopted and the classical Timoshenko assumptions are made (the cross-section S(x)
remains plane but not necessary orthogonal to the deformed middle axis). The generalised
displacements vector U (x) of the cross-section S(x) – G(x, 0) being a point of the section
S(x) on the middle axis, see Figure 1 – takes the following form (in the following, the upper
index T states for “transpose”, the term “generalised” and the capital symbols U and �
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Figure 1. Kinematics of a Timoshenko beam.

refer to the section):
U (x) =

[

Ux (x) Uy(x) �z(x)
] T (1)

Ux (x) being the longitudinal displacement, Uy(x) the transverse displacement and �z(x)
the rotation of the section S(x) where the point G(x, 0) is situated (see Figure 1). The
displacements ux (x, y), u y(x, y) of another point P(x, y) of the section S(x) (or of a
“fiber” f (x, y)) are evaluated using the section displacements as follows:

ux (x, y) = Ux (x) − y�z(x),

u y(x, y) = Uy(x)
(2)

The strain field becomes (the symbol ′ defines hereafter the derivative with respect
to x):

εx (x, y) =
∂ux
∂x

= U ′
x (x) − y�′

z(x),

γxy(x, y) =
∂ux
∂y

+
∂u y
∂x

= U ′
y(x) − �z(x) = βy(x)

(3)

with εx (x, y) the axial strain and γxy(x, y) the transverse shear strain of the fiber f (x, y).

2.2. Constitutive laws

At each fiber f (x, y) of the section S(x) a constitutive law can be adopted (e.g. based on
elasticity, on damage mechanics or plasticity) linking the axial and the shear terms. For the
case of an isotropic elastic material, it takes the following form:

σx (x, y) = E f (x, y)εx (x, y),

τxy(x, y) = kG f (x, y)γxy(x, y)
(4)

where E f (x, y) and G f (x, y) are the Young and the Shear modulus, respectively, and k
is the shear correction factor adopted in Timoshenko beam finite elements (due to the fact
that the resulting shear stresses do not respect the boundary conditions on the beam section
Bathe, 2006; Cowper, 1966). The values of the shear correction factor for different cross-
sectional shapes can be found in Cowper (1966).Adiscussion on the shear correction factors
can be also found in Dong et al. (2010).

In the following and for sake of clarity and simplicity the dependencies on x or x, y are
omitted.
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2.3. Virtual work principle

The virtual work principle becomes Guedes et al. (1994) and Pegon (1994):
∫ Ł

0

∫

S
(δεxσx + δγxyτxy)dSdx − wexternal = 0 (5)

where the first term is related to the work of the internal loadings and wexternal the work of
the external loadings.

Introducing (3) in (5), yields
∫ Ł

0

∫

S
(δ(U ′

x − y�′
z)σx + (δU ′

y − δ�z)τxydSdx − wexternal = 0 (6)

where δUx is the virtual axial displacement, δUy the virtual transversal displacement and
δ�z the virtual rotation.

The following definitions are adopted for the generalised forces:

Fx =
∫

S σxdS, Fy =
∫

S τxydS, Mz = −
∫

S yσxdS
Axial force Shear force Bending moment

(7)

introducing them in (6) one obtains:
∫ Ł

0

(

Fx
d

dx
δUx + Fy

d

dx
δβy + Mz

d

dx
δ�z

)

dx − wexternal = 0 (8)

where

βy =
dUy

dx
− �z = U ′

y − �z (9)

Considering (3),(4) and (7) gives:

Fx =

∫

S
σxdS =

∫

S
E f εxdS =

∫

S
E f

(
dUx

dx
− y

d�z

dx

)

dS =

∫

S
E f dSU

′
x −

∫

S
E f ydS�′

z

Fy =

∫

S
τxydS =

∫

S
kG f γxydS =

∫

S
kG f (βy)dS =

∫

S
kG f dSβy

Mz = −

∫

S
yσxdS = −

∫

S
yE f εxdS = −

∫

S
yE f

(
dUx

dx
− y

d�z

dx

)

dS

= −

∫

S
E f ydSU ′

x +

∫

S
E f y

2dS�′
z

(10)

and the generalised force vector FS of the section can be written as:
⎡

⎣

Fx
Fy
Mz

⎤

⎦

︸ ︷︷ ︸

FS

=

⎡

⎣

∫

S E f dS 0 −
∫

S E f ydS
0

∫

S kG f dS 0
−

∫

S E f ydS 0
∫

S E f y2dS

⎤

⎦

︸ ︷︷ ︸

KS

.

⎡

⎣

U ′
x

βy
�′
z

⎤

⎦ = KS .

⎡

⎣

U ′
x

βy
�′
z

⎤

⎦ , (11)

where U ′
x , βy,�

′
z are the generalised strains and KS is the multi-fiber section stiffness

matrix, independent of the neutral axis position (Guedes et al., 1994).
Finally, considering (8) and (11), one gets for the virtual work principle:

∫ Ł

0
δ
[

U ′
x βy �′

z

]

KS
[

U ′
x βy �′

z

]T
dx − wexternal = 0 (12)
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The extension of the previous equations in 3D is straightforward and follows the same steps
(Guedes et al., 1994).

2.4. Finite element discretisation

The beam of length Ł is discretised into n finite element beams e = [xi ; x j ] of length Le =

x j − xi and external nodes i and j . The generalised displacement vector is approximated
by an equation of the form U = NUe as follows:

⎡

⎣

Ux

Uy

�z

⎤

⎦ =

⎡

⎣

N1 N2 N3 N4 N5 N6
N7 N8 N9 N10 N11 N12
N13 N14 N15 N16 N17 N18

⎤

⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Uxi

Uyi

�zi

Ux j

Uy j

�z j

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (13)

whereUe is a vector containing the external nodal displacements of the element e and N is
the matrix of the shape functions depending on x .

The generalised strains are evaluated as:

⎡

⎣

U ′
x

βy
�′
z

⎤

⎦ =

⎡

⎣

U ′
x

U ′
y − �z

�′
z

⎤

⎦ =

⎡

⎣

B1 B2 B3 B4 B5 B6
B7 B8 B9 B10 B11 B12
B13 B14 B15 B16 B17 B18

⎤

⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Uxi

Uyi

�zi

Ux j

Uy j

�z j

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡

⎣

Baxial
Bshear
Bflexion

⎤

⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Uxi

Uyi

�zi

Ux j

Uy j

�z j

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

(14)
where B is a matrix containing the derivatives with respect to x of the shape functions.

Introducing (14) in the virtual work expression (12) provides the expression of the
stiffness matrix Kelement of the element e (Guedes et al., 1994):

Kelement =

∫ Le

0
BT KSBdx (15)

while the assembly of the latter gives the total stiffness matrix of the beam structure:

Ktot =

n

A
e=1

∫ Le

0
BT KSBdx (16)

The calculation of the internal nodal forces due to a state of (internal) stresses follows
the same procedure:

Fint,element =

∫ Le

0
BT FSdx =⇒ Fint,tot =

n

A
e=1

∫ Le

0
BT FSdx (17)

The consistent nodal force vector of the finite element beam e due to a distributed vertical
load p(x) (Figure 2), is again evaluated using the virtual work principle. The external virtual
work in (12) for one (1) element e takes the following form:

wexternal =

∫ Le

0
δUy(x)p(x)dx =

∫ Le

0
δ(NshearUe)

T p(x)dx = δU T
e

∫ Le

0
N T

shear p(x)dx

= δU T
e × Fext,element (18)
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Figure 2. A finite element beam e subjected to a vertical distributed load p(x).

with N T
shear =

[

N7 N8 N9 N10 N11 N12
]

and the consistent element nodal force vector that
becomes:

Fext,element =

∫ Le

0
N T

shear p(x)dx =

∫ Le

0

[

N7 N8 N9 N10 N11 N12
]T

p(x)dx (19)

3. FLI, FCQM and FCQ formulations

We present hereafter the shape functions, the stiffness matrices and the consistent nodal
force vectors for the FLI, FCQM and FCQ formulations.

3.1. FLI formulation

Linear independent shape functions are adopted for the generalised displacement fields
(Guedes et al., 1994; Pegon, 1994):

⎡

⎣

Ux

Uy

�z

⎤

⎦ =

⎡

⎣

N1 0 0 N4 0 0
0 N8 0 0 N11 0
0 0 N15 0 0 N18

⎤

⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Uxi

Uyi

�zi

Ux j

Uy j

�z j

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (20)

where

⎧

⎪
⎨

⎪
⎩

N1 = N8 = N15 = 1 −
x

Le

N4 = N11 = N18 =
x

Le

(21)

The adopted generalised strain field has the following form:

⎡

⎣

U ′
x

βy
�′
z

⎤

⎦ =

⎡

⎢
⎣

− 1
Le

0 0 1
Le

0 0

0 − 1
Le

− 1
2 0 1

Le
− 1

2
0 0 − 1

Le
0 0 1

Le

⎤

⎥
⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Uxi

Uyi

�zi

Ux j

Uy j

�z j

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (22)
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where following the proposal of Donea and Lamain (1987), the expression of βy is modified
by eliminating the linear terms in the shape functions N15 and N18 (βy component) in order
to avoid the shear locking problem. The section and the element stiffness matrices are
evaluated according to (11) and (15). For the case of an homogeneous elastic section (a
classical Timoshenko elastic beam) the element stiffness becomes:

Kelement =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ES
Le

0 0 − ES
Le

0 0

0 kSG
Le

kSG
2 0 − kSG

Le
kSG

2

0 kSG
2

E I
Le

+
kSGLe

4 0 − kSG
2 − E I

Le
+

kSGLe
4

− ES
Le

0 0 ES
Le

0 0

0 − kSG
Le

− kSG
2 0 kSG

Le
− kSG

2

0 kSG
2 − E I

Le
+

kSGLe
4 0 − kSG

2
E I
Le

+
kSGLe

4

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (23)

where E and G the Young modulus and the Shear modulus, I and S the quadratic moment
and the section surface, respectively. The consistent element nodal force for a n-order
polynomial p(x) = qxn , using (19) and (21), is found as:

Fext,element =
qLn+1

e

(n + 1)(n + 2)

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0
1
0
0

n + 1
0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (24)

3.2. FCQM formulation

Cubic and quadratic interdependent polynomials, functions of the material properties, are
used for the transverse and rotational displacements and the formulation is free of shear
locking (Friedman & Kosmatka, 1993). The generalised displacement and strain fields are:

⎡

⎣

Ux

Uy

�z

⎤

⎦ =

⎡

⎣

N1 0 0 N4 0 0
0 N8 N9 0 N11 N12
0 N14 N15 0 N17 N18

⎤

⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Uxi

Uyi

�zi

Ux j

Uy j

�z j

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (25)

⎡

⎣

U ′
x

βy
�′
z

⎤

⎦ =

⎡

⎣

N ′
1 0 0 N ′

4 0 0
0 N ′

8 − N14 N ′
9 − N15 0 N ′

11 − N17 N ′
12 − N18

0 N ′
14 N ′

15 0 N ′
17 N ′

18

⎤

⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

Uxi

Uyi

�zi

Ux j

Uy j

�z j

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (26)
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and the shape functions:
⎧

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

N1 = 1 −
x

Le

N4 =
x

Le

N8 =
1

1 + φ

[

2

(
x

Le

)3

− 3

(
x

Le

)2

− φ

(
x

Le

)

+ 1 + φ

]

N9 =
Le

1 + φ

[
(
x

Le

)3

−

(

2 +
φ

2

) (
x

Le

)2

+

(

1 +
φ

2

) (
x

Le

)
]

N11 = −
1

1 + φ

[

2

(
x

Le

)3

− 3

(
x

Le

)2

− φ

(
x

Le

)
]

N12 =
Le

1 + φ

[
(
x

Le

)3

−

(

1 −
φ

2

) (
x

Le

)2

−
φ

2

(
x

Le

)
]

N14 =
6

(1 + φ)L

[
(
x

Le

)2

−

(
x

Le

)
]

N15 =
1

1 + φ

[

3

(
x

Le

)2

− (4 + φ)

(
x

Le

)

+ 1 + φ

]

N17 = −
6

(1 + φ)L

[
(
x

Le

)2

−

(
x

Le

)
]

N18 =
1

1 + φ

[

3

(
x

Le

)2

− (2 − φ)

(
x

Le

)
]

, (27)

with φ the ratio of the beam bending to shear stiffness provided by (ν the Poisson’s ratio):

φ =
12

L2
e

(
E I

kGA

)

=
24

L2
e

(
I

k A

)

(1 + ν). (28)

For the case on an elastic homogeneous material, the element stiffness matrix and the
consistent element nodal force vector for a n-order polynomial p(x) = qxn become:

Kelement =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ES
Le

0 0 − ES
Le

0 0

0 12E I
(1+φ)L3

e

6E I
(1+φ)L2

e
0 − 12E I

(1+φ)L3
e

6E I
(1+φ)L2

e

0 6E I
(1+φ)L2

e

(4+φ)E I
(1+φ)Le

0 − 6E I
(1+φ)L2

e

(2−φ)E I
(1+φ)Le

− ES
Le

0 0 ES
Le

0 0

0 − 12E I
(1+φ)L3

e
− 6E I

(1+φ)L2
e

0 12E I
(1+φ)L3

e
− 6E I

(1+φ)L2
e

0 6E I
(1+φ)L2

e

(2−φ)E I
(1+φ)Le

0 − 6E I
(1+φ)L2

e

(4+φ)E I
(1+φ)Le

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(29)

Fext,element =
qLn+1

e

(1 + φ)(D)

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

0
6n + 12 + φ(n2 + 7n + 12)

Le(n + 1)[2 +
φ
2 (n + 4)]

0
(n + 1)[(n + 2)(n + 6) + φ(n + 3)(n + 4)]

−Le(n + 1)[n + 2 +
φ
2 (n + 4)]

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (30)
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3.3. FCQ formulation

Cubic functions are used to interpolate the transverse displacements and quadratic for the
rotations. The element is free of shear locking and uses an additional internal node (Caillerie
et al., 2015). Caillerie et al. (2015) proved also that the FCQM formulation can be derived
from the present formulation and that one FCQ element is able to predict the exact tip
displacements for any complex loading (shear/flexion) subjected to an homogeneous elastic
beam (see also the numerical examples of Sections 4.2 and 4.3). The latter property is related
to the well-known Tong’s proof (Tong & Pian, 1969). Indeed, the interdependent nature and
the high order of the selected polynomials (Caillerie et al., 2015) satisfy the differential
equations of equilibrium associated with the homogeneous form of the Timoshenko’s beam
theory (Timoshenko, 1921). The reader is referred to Zienkiewicz and Taylor (2000) for
more details.

The nodal displacement field takes the following form:

Ue =

[

Uxi Uyi �zi �U 1
yk ��k �U 2

yk Ux j Uy j �z j

]T
, (31)

where �U 1
yk , ��k and �U 2

yk are the degrees of freedom of the internal node ‘k’ (with no
specific physical meaning).

The generalised displacement field is:

⎡

⎣

Ux

Uy

�z

⎤

⎦ =

⎡

⎣

N1 0 0 0 0 0 N7 0 0
0 N11 0 N13 0 N15 0 N17 0
0 0 N21 0 N23 0 0 0 N27

⎤

⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Uxi

Uyi

�zi

�U 1
yk

��k

�U 2
yk

Ux j

Uy j

�z j

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (32)

where

⎧

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

N1 = 1 −
x

Le

N7 =
x

Le

N11 =

(

1 −
x

Le

)2 (

1 + 2
x

Le

)

N13 = 2

(

1 −
x

Le

)2 (
x

Le

)

N15 = − 2

(
x

Le

)2 (

1 −
x

Le

)

N17 =

(
x

Le

)2 (

3 − 2
x

Le

)

N21 =

(

1 −
x

Le

) (

1 − 3
x

Le

)

N23 = 1 −

(

1 − 2
x

Le

)2

N27 = −

(
x

Le

) (

2 − 3
x

Le

)

(33)
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 This gives for the generalised strain field:

⎡

⎣

U ′
x

βy
�′
z

⎤

⎦ =

⎡

⎣

N ′
1 0 0 0 0 0 N ′

7 0 0
0 N ′

11 −N21 N ′
13 −N23 N ′

15 0 N ′
17 −N27

0 0 N ′
21 0 N ′

23 0 0 0 N ′
27

⎤

⎦

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Uxi

Uyi

�zi

�U 1
yk

��k

�U 2
yk

Ux j

Uy j

�z j

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (34)

For the case on an elastic homogeneous material, the element stiffness matrix and the
consistent element nodal force vector for a n-order polynomial p(x) = qxn become:

Kelement

=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

ES
Le

0 0 0 0 0 − ES
Le

0 0

0 6 k G S
5 Le

− k G S
10

k G S
5 Le

4 k G S
5

k G S
5 Le

0 − 6 k G S
5 Le

− k G S
10

0 − k G S
10

2 k G Le S
15 + 4 E I

Le
− 4 k G S

15 −
k G Le S

15 − 4 E I
Le

k G S
15 0 k G S

10
2 E I
Le

−
k G Le S

30
0 k G S

5 Le
− 4 k G S

15
8 k G S
15 Le

2 k G S
15 − 2 k G S

15 Le
0 − k G S

5 Le
k G S

15

0 4 k G S
5 −

k G Le S
15 − 4 E I

Le
2 k G S

15
8 k G Le S

15 + 16 E I
3 Le

2 k G S
15 0 − 4 k G S

5 −
k G Le S

15 − 4 E I
Le

0 k G S
5 Le

k G S
15 − 2 k G S

15 Le
2 k G S

15
8 k G S
15 Le

0 − k G S
5 Le

− 4 k G S
15

− E S
Le

0 0 0 0 0 E S
Le

0 0

0 − 6 k G S
5 Le

k G S
10 − k G S

5 Le
− 4 k G S

5 − k G S
5 Le

0 6 k G S
5 Le

k G S
10

0 − k G S
10

2 E I
Le

−
k G Le S

30
k G S

15 −
k G Le S

15 − 4 E I
Le

− 4 k G S
15 0 k G S

10
2 k G Le S

15 + 4 E I
Le

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(35)

Fext,element =
qLn+1

e

D

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0
6(n + 2)

0
4(n + 1)

0
−2(n + 1)(n + 2)

0
(n + 1)(n + 2)(n + 6)

0

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (36)

where

D = (n + 1)(n + 2)(n + 3)(n + 4).

The introduction of internal degrees of freedom leads to 9 × 9 matrices (rather than 6 × 6)
and to 9 × 1 vectors. To use this element to a general purpose finite element code, one has to
calculate the internal degrees of freedom using two approaches: either the internal degrees
of freedom are treated as external degrees of freedom and are sent to the global solver of the
finite element code either they are calculated locally (inside the element subroutine) using
the static condensation method (see Caillerie et al., 2015) for more details and the analytical
expressions of the condensed matrices and vectors).
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Figure 3. Cantilever beam under distributed load and vertical punctual force.

Figure 4. Gauss’s points distribution in a section.

4. Comparison of the FLI, FCQM and FCQ formulations

4.1. Preliminaries

In order to study the accuracy of the different formulations, the analytical solution for
the case of an homogeneous Timoshenko cantilever beam structure of length Ł subjected
to vertical punctual force Fy at the free end (x = Ł) and to a polynomial p(x) = qxn

distributed vertical force takes the following form (for more details see Caillerie et al.,
2015) Figure 3:

�z =
Fy

2E I

[

x2
− 2xŁ

]

+
1

E I

[
qŁn+2

n + 2
x −

qŁn+1

2(n + 1)
x2

+
q

(n + 1)(n + 2)(n + 3)

]

(37)

Uy =
Fy

2E I

[
x3

3
− x2Ł

]

−
Fyx

kGS
+

q

kGS(n + 1)

[

Łn+1x −
xn+2

n + 2

]

+
q

E I

[
Łn+2

2(n + 2)
x2

−
Łn+1

6(n + 1)
x3

+
xn+4

(n + 1)(n + 2)(n + 3)(n + 4)

]

(38)
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Figure 5. Cantilever beam.

For the numerical examples presented hereafter, numerical integrations are performed
in each section and along the axis of the multi-fiber beams. Each section is discretised using
64 triangular finite elements (T 6), where each T 6 has 6 nodes and 3 Gauss integration
points. In this way, the section stiffness matrices and the section force vectors are exactly
integrated for the case of an elastic material behaviour (Bitar, 2013) (e.g. the

∫

S E f y2dS
component in the section stiffness matrix (11) requires at least 3 integration points as the
interpolation functions for T 6 are of order 2). The numerical integration of Equation (15)
along the beam x axis is performed according to the Gauss integration scheme using one
(1) Gauss’s point for the FLI, two (2) for the FCQM (the components of the matrix B
Equation (26) are linear) and three (3) for the FCQ formulation (the derivatives of the
transverse displacement interpolation functions being quadratic (33), the exact numerical
integration of

∫ Le
0 BT KSB

︸ ︷︷ ︸

O(4)

dx (15) requires at least three Gauss integration points).

Different numerical examples chosen to illustrate the performance of the FLI, FCQM

and FCQ beam formulations are Figure 4:

4.2 A cantilever elastic Timoshenko beam subjected to a transverse tip displacement.
4.3 A cantilever elastic Timoshenko beam subjected to a polynomial p(x) = qxn vertical force.
4.4 A cantilever elastic perfectly plastic Timoshenko beam subjected to a transverse tip displacement.
4.5 A simple elastic perfectly plastic Timoshenko beam subjected to a rotation and an axial force.

Remark: In the FCQM formulation, the shape functions depend on the material prop-
erties (27),(28). The performance of the multi-fiber Timoshenko beam for non linear cal-
culations can therefore be undpredictable (Caillerie et al., 2015). This is the reason why in
the following, the FCQM formulation is not tested with the elasto-plastic applications 4.4
and 4.5.

4.2. A cantilever elastic Timoshenko beam subjected to a transverse tip displacement

The geometrical characteristics of the beam structure and the material parameters are given
in Figure 5 and Table 1.

A displacement vŁ is applied at x = Ł. The resulting analytical shear force at x = 0 is
given as (see also Equation (38) considering q = 0 and x = Ł) (Association française de
normalisation):

Fana
y =

vŁ

Ł3

3E I + Ł
kGS

(39)
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Table 1. Cantilever beam – geometrical characteristics and material properties.

Geometry Material properties

Ł 1.53 m Young modulus E 210 GPa
b 0.25 m Poisson’s ratio ν 0.3
d 0.25 m Shear correction factor k 5

6

Table 2. A cantilever elastic Timoshenko beam subjected to a transverse tip displacement. Results
of the three formulations considering one (1) multi-fiber Timoshenko beam element.

n vŁ(m) Fy(KN) Mz(KNm) RE (Fy) (%)

Analytical 1 0.1 5609.1 8581.9 −

FLI 1 0.1 7428.3 11365.3 32
FCQM 1 0.1 5609.1 8581.9 0
FCQ 1 0.1 5609.1 8581.9 0

Table 3. A cantilever elastic Timoshenko beam subjected to a transverse tip displacement. Results
of the FLI formulation considering n multi-fiber Timoshenko beam elements.

n Fy(KN) Mz(KNm) RE (Fy)(%) n Fy(KN) Mz(KNm) RE (Fy) (%)

4 5696.3 8715.3 1.5 20 5612.2 8587.2 0.053
8 5630.6 8614.9 0.37 31 5610.5 8584.1 0.025
16 5614.5 8590.1 0.087 51 5609.6 8582.73 0.009

and the corresponding moment:

Mana
z = Ł × Fana

y (40)

Comparison of the performances of the three formulations is provided in Tables 2 and
3 where n is the number of the multi-fiber Timoshenko beam elements used for the spatial
discretisation and RE (Fy) the relative error on shear forces defined as:

RE (Fy) =

∣
∣
∣
∣

Fana
y − Fnum

y

Fana
y

∣
∣
∣
∣

(41)

with Fnum
y the result of the numerical calculations.

One (1) FCQM or FCQ element provides the exact solution in terms of forces and
moments, whereas the FLI formulation presents a relative error RE (Fy) of 32%, see Table 2.
This is due to the fact that its shape functions corresponding to the transverse displacements
and rotations are linear, whereas the analytical solutions of �z and Uy are a second- and
a third-order polynomial, respectively (see Equations (37), (38) considering q = 0). By
increasing the number of elements, the accuracy of the FLI formulation however quickly
improves (see Table 3).
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Table 4. A cantilever elastic Timoshenko beam subjected to a polynomial p(x) = −20x2 vertical
force. Results of the three formulations considering one (1) multi-fiber Timoshenko beam element.

Fy(KN) Mz(KNm) v(10−3) θ(10−3) RE (θ) (%)

Analytical 23.9 27.4 –0.2776 –0.2453 −

FLI 23.9 27.4 –0.2411 –0.3066 25
FCQM 23.9 27.4 –0.2776 –0.2453 0
FCQ 23.9 27.4 –0.2776 –0.2453 0

Table 5. A cantilever elastic Timoshenko beam subjected to a polynomial p(x) = −20x2 vertical
force. Results of the FLI formulation considering n multi-fiber Timoshenko beam elements.

n v(10−3) RE (v)(%) θ(10−3) RE (θ)(%)

1 –0.2411 13.15 –0.3066 25
4 –0.2744 1.15 –0.2495 1.7
8 –0.2768 0.29 –0.2464 0.45
16 –0.2774 0.07 –0.2456 0.12

4.3. A cantilever elastic Timoshenko beam subjected to a polynomial p(x) = qxn vertical

force

A 2-order distributed load p(x) = −20x2 is applied on the previous cantilever beam.
The vertical displacements and rotations at the free end for the different finite element
formulations and for different discretisations are given in Tables 4 and 5. The analytical
values are calculated from (37) and (38) considering Fy = 0, q = −20 and n = 2, see also
(Caillerie et al., 2015).

Again, one (1) FCQM or FCQ multi-fiber Timoshenko beam provides the exact results.
Because of the adopted linear shape functions, one (1) FLI element gives a relative error
on rotations RE (θ ) (defined in a similar way as (41)) of 25%. Since the calculation is forced
controlled, numerical results on shear forces and moments are exact for all formulations.
The accuracy of the FLI formulation improves rapidly with the increase of the number
of elements; the relative error drops from 25% (one element) to 1.7% (four elements),
Table 5.

4.4. A cantilever elastic perfectly plastic Timoshenko beam subjected to a transverse tip

displacement

We consider hereafter an elastic perfectly plastic material (Simo & Hughes, 1998) assuming
that only the normal component of the axial stress σx can enter to plasticity. No interaction
between the shear stresses and the normal stresses at the material constitutive law level is
considered. The stress elastic limit fy is taken equal to 450 MPa, while the other parameters
are provided in Table 1. The plastic moment is (Eurocode 2 De Normalisation, 2004):

Mpl = Wpl fy =
bd2

4
fy (42)
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Table 6. A cantilever elastic perfectly plastic Timoshenko beam subjected to a transverse tip
displacement. Results of two formulations considering one multi-fiber Timoshenko beam.

n vŁ(m) Fy(KN) Mz(KNm) RE (Fy) (%)

Analytical 1 0.1 1148.9 1757.8 −

FLI 1 0.1 2263 3462 97
FCQ 1 0.1 1581 2417 37.6

Table 7. A cantilever elastic perfectly plastic Timoshenko beam subjected to a transverse tip
displacement. Results of 2 formulations considering n multi-fiber Timoshenko beam elements.

FLI FCQ

n Fy(KN) Mz(KNm) RE (Fy) (%) Fy(KN) Mz(KNm) RE (Fy) (%)
4 1312 2006 14 1236 1889 7.7
8 1225 1872 7 1191 1819 4.1
16 1186 1811 3.2 1169 1785 1.7

and the plastic shear force:

Fyp =
Mpl

Ł
(43)

These two values are obtained considering that all the fibers in the section are plastified.
This is an asymptotic section behaviour state that cannot be reached with the adopted
kinematic assumption of plane sections, since the axial strain at the neutral axis equals
zero and thus the corresponding fibers cannot plastified. (One should notice that the shear
correction factor k = 5/6 derived from elasticity is adopted in this example, since the shear
behaviour is considered elastic).

The cantilever beam structure is subjected to an imposed displacement vŁ at its free
end (x = Ł). Comparison of the performances of the two formulations for different
discretisations are shown in Tables 6 and 7. As before, one (1) FLI element does not
provide good results. However, increasing the number of elements greatly improves its
performance. Results are better for the FCQ formulation that provides the smallest error
among the two formulations.

Figure 6 presents the moment diagrams along the beam for the two formulations (FLI

and FCQ) and for different number of elements. The moment nodal values are plotted
and linked with straight lines. By increasing the number of multi-fiber beam elements, the
moment diagrams of the two formulations coincide. Conclusions are similar in Figure 7
showing the evolution of the shear force Fy with respect to the vertical tip displacement vŁ.
Notice that the graphs (6), (7), but also (8), (9) and (10) illustrate the extrapolated nodal
values computed from the values at the integration points.

In order to illustrate the mesh dependency problems that can occur when a constitutive
law without an internal length parameter is adopted (Armero & Ehrlich, 2004), Figures 8
and 9 present the axial strain εx (3) in an extreme fiber of a section and the section rotation
�z (13) along the length of the beam for the two formulations and two discretisations. In
all cases a plastic hinge, dependent on the size of the elements, is found concentrated in the
first multi-fiber beam element. Different approaches have been proposed in the literature to
correctly simulate strain localisation problems: introducing rate dependency (Needleman,
1988), non-local theories (Bažant et al., 1987), higher order media (Chambon et al., 2001)
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Figure 6. A cantilever elastic perfectly plastic Timoshenko beam subjected to a transverse tip
displacement – moment diagrams along the beams for 2 formulations considering n multi-fiber
Timoshenko beam elements.

Figure 7. A cantilever elastic perfectly plastic Timoshenko beam subjected to a transverse tip
displacement – shear forces vs. vertical displacements for 2 formulations considering n multi-fiber
Timoshenko beam elements.

and the so-called enhanced approaches (Armero & Ehrlich, 2004 and Simo et al., 1993)
among others. In Armero and Ehrlich (2004) and in order to regularise the solution, the
authors proposed to incorporate the localised dissipative mechanisms in the form of strong
discontinuities in the generalised displacements. Localisation issues were also treated within
the context of multi-fiber beams, the readers are referred to Coleman and Spacone (2001)
for force-based, and to Jukić et al. (2014) and Pham et al. (2012) for displacement-based
multi-fiber elements. Nevertheless, strain localiSation issues are out of the scope of the
present article.

One should notice however that mesh dependency problems do not appear if an elasto-
plastic constitutive law with a positive isotropic hardening KH is adopted. The previous
example is revisited using KH = 20 MPa and results are shown in Figure 10. One can see
that the solution is not spuriously localised at the left end.

4.5. A simple elastic perfectly plastic Timoshenko beam subjected to a rotation and an

axial force

The purpose of this last example is to study the ability of the proposed multi-fiber beam
element formulations to reproduce the interaction between normal forces and bending
moments (see Casaux, 2003 and Casaux-Ginestet & Ibrahimbegovic, 2011). We consider
hereafter the simple beam of Figure 11 having an homogeneous cross-section and an
elastic perfectly plastic material. The geometric characteristics of the beam and the material
properties are given in Table 8. At first, an horizontal increasing force is applied at its
right end till a maximal value Fmax. Then, and while the axial force remains constant, an
increasing rotation θ is applied at its left end.

As illustrated in Figure 11, the beam structure is discretised with two elements, such
that Lelement1 = 0.8 m and Lelement2 = 1.2 m. 3 Gauss points are used for the numerical
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Figure 8. A cantilever elastic perfectly plastic Timoshenko beam subjected to a transverse tip
displacement – axial strain in an extreme fiber vs. beam length.

Figure 9. A cantilever elastic perfectly plastic Timoshenko beam subjected to a transverse tip
displacement – section rotation vs. beam length.

Table 8. Simple beam – geometrical and material characteristics.

Length Ł 2 m Section S 0.2 m × 0.2 m
Young modulus E 200000 MPa Hardening modulus K 1%
Stress elastic limit fy 500 MPa Shear correction factor k 5

6

integration along the length of each finite element beam (in order to compare the section
response at three different positions within the element). Each section is discretised with
16 fibers. The maximum axial load is taken equal to Fmax = 19 MN Figure 12(b) while the
history of the imposed rotation θ is shown in Figure 12(a). Figure 13 presents the evolution
of the normal force at the three sections within the first element. The three sections are
located at the positions of the three Gauss points used for the numerical integration. The
performance of the finite element formulations FLI and FCQ is studied hereafter.
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Figure 10. A cantilever elastic plastic (with positive hardening) Timoshenko beam subjected to a
transverse tip displacement – section rotation vs. beam length.

Figure 11. Simple beam.

Figure 12. A simple elastic perfectly plastic Timoshenko beam subjected to a rotation and an axial
force.

Remark:As already mentioned, only one Gauss point is necessary for the FLI numerical
integration. Three Gauss points are however used in this particular example in order to
compare with the results at the same sections of the FCQ element.

According to the equilibrium equations, since dFx
dx = 0 the axial force should remain

constant. The numerical expression of the normal force is Fx (x) =
∫

S E f dSU ′
x (x) −

∫

S E f ydS�′
z(x) (10). Linear shape functions are used to interpolate the axial displacements
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Figure 13. A simple elastic perfectly plastic Timoshenko beam subjected to a rotation and an axial
force – normal forces at the three sections within the first element for the finite element formulations
FLI and FCQ.

Ux (x) (21) and (33) leading to a constant value for U ′
x (x) =

Ux j−Uxi
Le

along the element
and this for the two formulations. The FLI formulation adopts linear shape functions to
interpolate �z(x) and therefore �′

z(x) =
�z j−�zi

Le
remains also constant. A constant value is

thus found for Fx (x) =
∫

S E f dS
[
Ux j−Uxi

Le

]

−
∫

S E f ydS
[

�z j−�zi
Le

]

along the FLI element
as shown in Figure 13.

Results are however different for the FCQ formulation. The shape functions used
to interpolate �z(x) are quadratic. The expressions of �′

z(x) can be derived from the
corresponding Equation (34) as follows:

�′
z(x) = N ′

21�zi + N ′
23��i + N ′

27�z j

=
2

Le

(

−2 +
3x

Le

)

�zi +
4

Le

(

1 −
2x

Le

)

��i +
2

Le

(

−1 +
2x

Le

)

�z j
(44)

Equation (44) shows that �′
z(x) is linear along the element. This is the reason why the

evolution of Fx (x) in Figure 13 is different, depending on the element section. For example,
in Section 2 which is situated at x =

Le
2 we have �′

z

(
Le
2

)

=
�z j−�zi

Le
, and therefore the

same result with the FLI formulation is obtained. As shown in Figure 14, increasing the
number of the FCQ elements improves the results.

Table 9 presents a brief comparison of the three beam formulations: “∗” states for poor
results, “∗ ∗” for results close to the analytical solution, “∗ ∗ ∗” for results that coincide
with the analytical solution.

A more satisfactory solution is proposed in the next section based on the kinematic
enhancement of the axial displacement field.

4.5.1. Kinematic enhancement of the axial displacement field

Following a similar idea as in the work of Casaux (2003) for multi-fiber Euler–Bernoulli
beams, a specific novel kinematic enhancement is proposed for the axial displacements
in order to improve the ability of the FCQ Timoshenko beam to deal with non linear
axial-bending interactions. Cubic shape functions can be used for the interpolation of the
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Figure 14. A simple elastic perfectly plastic Timoshenko beam subjected to a rotation and an axial
force – Normal force at the 3 sections within the first element for the FCQ formulation using different
discretisations.

Figure 15. New axial shape functions illustration.

Table 9. Comparison summary of the three finite element beam formulations.

FLI FCQM FCQ

Summary n = 1 high n n = 1 high n n = 1 high n

Elastic monotonic loading ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

polynomial loading ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

Plastic monotonic loading ∗ ∗ ∗ ∗ ∗ ∗ ∗

interaction (Fx & M) ∗ ∗ ∗ ∗ ∗ ∗ ∗

axial displacements, which mathematically requires the addition of two additional internal
degrees of freedom. Indeed, four linearly independent polynomials are needed to form a
basis for degree three polynomials. The polynomial coefficients are chosen such as to respect
the boundary displacements of the element (U (x = 0) = Uxi and U (x = Le) = Ux j ) and
also to respect two additional requirements (U (x = Le/3) = �U 1

xk and U (x = 2Le/3) =

�U 2
xk), see Figure 15 for more clarification :
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Figure 16. A simple elastic perfectly plastic Timoshenko beam subjected to a rotation and an axial
force – Normal force at the 3 sections within the first element for the enhanced FCQ formulation.

Ux =
[

Nxi N 1
xk N

2
xk Nx j

]

⎡

⎢
⎢
⎣

Uxi

�U 1
xk

�U 2
xk

Ux j

⎤

⎥
⎥
⎦

, (45)

with

Nxi = −
9

2

(
x

Le

)3

+ 9

(
x

Le

)2

−
11

2

x

Le
+ 1;

N 1
xk =

27

2

(
x

Le

)3

−
45

2

(
x

Le

)2

+ 9
x

Le
;

Nx j =
9

2

(
x

Le

)3

−
9

2

(
x

Le

)2

+
x

Le
;

N 2
xk = −

27

2

(
x

Le

)3

+ 18

(
x

Le

)2

−
9

2

x

Le
;

where �U1
xk and �U2

xk are the additional internal degrees of freedom that as before can
solved at the global or at the element level (static condensation). Figure 16 depicts the re-
sponse of the enhanced FCQ formulation for the previous example using only two elements.
It is obvious that the non linear axial-bending interactions are now better reproduced.

5. Conclusion

In this paper, a comparison between three different Timoshenko multi-fiber beam for-
mulations was presented: the FLI formulation with linear shape functions, the FCQM

formulation with higher order shape functions dependent on the material properties and
the FCQ formulation with higher order shape functions and additional internal degrees of
freedom. Numerical examples showed that the FLI formulation does not provide accurate
results when only one element is adopted. Results are however improved using a finer
discretisation. The FCQM formulation is not suitable for non linear calculations but its
performance is excellent for elastic linear cases. Finally, the FCQ formulation provides
the best results with the smaller number of finite elements. In the end, a novel kinematic
enhancement of the axial displacement field of the FCQ element is proposed, in order to
increase its ability to simulate non linear axial-bending problems. Further applications are
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necessary to study the performance of the multi-fiber Timosehnko beams for non linear axial-
shear-bending interactions. The authors are currently working on improving the multi-fiber
Timoshenko FCQ beam introducing the embedded discontinuity approach at the sectional
and fiber level to better reproduce failure of reinforced concrete structure.
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for ultimate load design of reinforced concrete frames and multi-scale parameter estimates.
Computational Mechanics, 51, 347–360. doi:10.1007/s00466-012-0734-6

Pham, B. H, Davenne, L., Brancherie, D., & Ibrahimbegović, A. (2010). Stress resultant model for
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