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Abstract

We characterize the Markovian and affine structure of the Volterra Heston model in
terms of an infinite-dimensional adjusted forward process and specify its state space. More
precisely, we show that it satisfies a stochastic partial differential equation and displays an
exponentially-affine characteristic functional. As an application, we deduce an existence
and uniqueness result for a Banach-space valued square-root process and provide its state
space. This leads to another representation of the Volterra Heston model together with its
Fourier-Laplace transform in terms of this possibly infinite system of affine diffusions.

Keywords: Affine Volterra processes, stochastic Volterra equations, Markovian representa-
tion, stochastic invariance, Riccati-Volterra equations, rough volatility.
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1 Introduction

The Volterra Heston model is defined by the following dynamics

dS; = S/ VidBy, Sy > 0, (1.1)
t

Vi = go(t) +/ K(t—s) (—/\Vsds + V\/VSdWS> , (1.2)
0

with K € L2 (R4, R), go : Ry = R, \,v € Ry and B = pW + /1 — p2W+ such that (W, W)
is a two-dimensional Brownian motion and p € [—1,1]. It has been introduced in [2] for the
purpose of financial modeling following the literature on so-called rough volatility models [10].
Hence S; typically represents a stock price at time ¢ with instantaneous stochastic variance V;.

This model nests as special cases the Heston model for K = 1, and the rough Heston model of

[8], obtained by setting K (t) = % for a € (3,1) and
t
go(t) =W +/ K(s)\dds, t >0, for some Vp,60 >0, (1.3)
0

so that the only model parameters are Vy, 6, A, p, v, «. Recall that the rough Heston model does
not only fit remarkably well historical and implied volatilities of the market, but also enjoys a
semi-closed formula for the characteristic function of the log-price in terms of a solution of a
deterministic Riccati-Volterra integral equation.
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In [7], the authors highlight the crucial role of (1.3) in the design of hedging strategies for the
rough Heston model. Here we consider more general input curves gg. Our motivation is twofold.
In practice, the function g is intimately linked to the forward variance curve (E[V}])i>0. More
precisely, taking the expectation in (1.2) leads to the following relation

E[V;] + A/OtK(t — OE[Vilds = go(t), t>0.

Thus, allowing for more general input curves gy leads to more consistency with the market
forward variance curve. From a mathematical perspective, this enables us to understand the
general picture behind the Markovian and affine nature of the Volterra Heston model (1.1)-(1.2).

More precisely, adapting the methods of [2], we provide a set of admissible input curves Gg
defined in (2.5) such that (1.1)-(1.2) admits a unique R? -valued weak solution for any gy € G-
In particular, we show that the Fourier-Laplace transform of (logS, V') is exponentially affine
in (log Sp,g0). Then we prove that, conditional on F;, the shifted Volterra Heston model
(St+-, Vit.) still has the same dynamics as in (1.1)-(1.2) provided that go is replaced by the
following adjusted forward process

gi(z) =E

Vits + )\/ K(x — 5)Vigods | ]—'t] ) (1.4)
0

This leads to our main result which states that Gx is stochastically invariant with respect to
the family (g¢);>0. In other words, if we start from an initial admissible input curve gy € Gg,
then g; belongs to Gy, for all £ > 0, see Theorem 3.1. This in turn enables us to characterize
the Markovian structure of (S, V') in terms of the stock price and the adjusted forward process
(9¢)t>0. Furthermore, (g¢)t>0 can be realized as the unique Gx-valued mild solution of the
following stochastic partial differential equation of Heath—Jarrow—Morton-type

(@) = (5-01(2) = \K(2)qe(0) ) it + K (@[ (O)dWi, g0 € G

and displays an affine characteristic functional.

As an application, we establish the existence and uniqueness of a Banach-space valued square-
root process and provide its state space. This leads to another representation of (V;, g¢)i>0-
Moreover, the Fourier-Laplace transform of (logS, V) is shown to be an exponential affine
functional of this process. These results are in the spirit of the Markovian representation of
fractional Brownian motion, see [3, 13].

The paper is organized as follows. In Section 2, we prove weak existence and uniqueness for the
Volterra Heston model and provide its Fourier-Laplace transform. Section 3 characterizes the
Markovian structure in terms of the adjusted forward variance process. Section 4 establishes the
existence and uniqueness of a Banach-space valued square-root process and provides the link
with the Volterra framework. In Appendix A we derive general existence results for stochastic
Volterra equations. Finally, for the convenience of the reader we recall in Appendix B the
framework and notations regarding stochastic convolutions as in [2].

Notations : Elements of C" are viewed as column vectors, while elements of the dual space
(C™)* are viewed as row vectors. For h > 0, Aj denotes the shift operator, i.e. Apf(t) =
f(t + h). If the function f on Ry is right-continuous and of locally bounded variation, the
measure induced by its distribution derivative is denoted df, so that f(¢) = f(0) + f[o,t] df (s)
for all t > 0. Finally, we use the notation * for the convolution operation, we refer to Appendix
B for more details.



2 Existence and uniqueness of the Volterra Heston model

We study in this section the existence and uniqueness of the Volterra Heston model given by
(1.1)-(1.2) allowing for arbitrary curves go as input. When gp is given by (1.3), [2, Theorem
7.1(i)] provides the existence of a R2-valued weak solution to (1.1)-(1.2) under the following
mild assumptions on K:

K e I3 (Ry,R), and there is v € (0,2] such that [;" K (¢)2dt = O(h") and
JE(K (t+ h) — K(t))2dt = O(h") for every T < oo,
K is nonnegative, not identically zero, non-increasing and continuous on

(0,00), and its resolvent of the first kind L is nonnegative and non-increasing (Hy)
in the sense that s — L([s, s + t]) is non-increasing for all ¢t > 0.

(Ho)

We show in Theorem 2.1 below that weak existence in R% continue to hold for (1.1)-(1.2) for a
wider class of admissible input curves gg. Since S is determined by V/, it suffices to study the
Volterra square-root equation (1.2). Theorem A.1(ii) in the Appendix guarantees the existence
of an unsconstrained continuous weak solution V to the following modified equation

t
Vi = go(t) + / K(t—s) <—Wsds +v Vs+dWs) ) (21)
0

for any locally Hélder continuous function gg, where ™ : z — max(0,z). Clearly, one needs
to impose additional assumptions on gg to ensure the nonnegativity of V' and drop the positive
part in (2.1) so that V solves (1.2). Hence, weak existence of a nonnegative solution to (1.2)
boils down to finding a set Gx of admissible input curves gg such that any solution V' to (2.1)
is nonnegative.

To get a taste of the admissible set G, we start by assuming that go and K are continuously
differentiable on [0, 00). In that case, V' is a semimartingale such that

dVi = (g)(t) + (K" % dZ); — K(0)AV;) dt + K (0)vy/ V,mdW4, (2.2)
where Z = [,(=AVids + V\/VTerWS). Relying on Lemma B.1 in the Appendix”, we have
K' = (K'* L)(0)K + d(K' + L) * K,
so that K’ x dZ can be expressed as a functional of (V, gg) as follows
K'xdZ = (K'* L)(0)(V — go) + d(K'* L)  (V — go). (2.3)

Since Vh = go(0), it is straightforward that go(0) should be nonnegative. Now, assume that V'
hits zero for the first time at 7 > 0. After plugging (2.3) in the drift of (2.2), a first-order Euler
scheme leads to the formal approximation

Vesn & (9o(7) = (K" % L)(0)go(7) — (d(K" x L) * go)(7) + (d(K' % L) % V)7) h,

for small h > 0. Since K’ * L is non-decreasing and V > 0 on [0, 7], it follows that (d(K'* L) x
V) > 0 yielding the nonnegativity of V. if we impose the following additional condition

g6 — (K" L)(0)go — d(K' * L) * go > 0.

"We refer to Appendix B for the definition of the resolvent of the first kind and some of its properties.
2Under (H1) one can show that K’ x L is right-continuous, non-decreasing and of locally bounded variation
(as in Remark B.3 in the Appendix), thus the associated measure d(K’ * L) is well defined.



In the general case, V is not necessarily a semimartingale, and a delicate analysis should be
carried on the integral equation (2.1) instead of the infinitesimal version (2.2). This suggests
that the infinitesimal derivative operator should be replaced by the semigroup operator of right
shifts leading to the following condition on gq

Ango — (ALK % L)(0)go — d(ARK * L) ¥ go >0, h>0,? (2.4)
and to the following definition of the set Gx of admissible input curves
Ok = {go c H/? satisfying (2.4) and go(0) > O} , (2.5)

where H* = {go : Ry — R, locally Holder continuous of any order strictly smaller than a}.
Recall that « is the exponent associated with K in (Hp).

The following theorem establishes the existence of a Ri—valued weak continuous solution to
(1.1)-(1.2) on some filtered probability space (2, F,F = (F)¢>0,P) for any admissible input
curve go € Gg. Since S is determined by V', the proof follows directly from Theorems A.1-A.2.

Theorem 2.1. Assume that K satisfies (Ho)-(H1). Then, the stochastic Volterra equation
(1.1)-(1.2) has a R2 -valued continuous weak solution (S,V) for any positive initial condition
So and any admissible input curve go € Gg. Furthermore, the paths of V' are locally Hélder
continuous of any order strictly smaller than v/2 and

supE[|Vi[P] < o0, p>0, T >0. (2.6)
t<T

Example 2.2. The following classes of functions belong to G .

(i) g € H/? non-decreasing such that g(0) > 0. Since K is non-increasing and L is nonneg-
ative, we have 0 < ApK x L <1 for all h > 0 (see the proof of [2, Theorem 8.5]) yielding,
for all t,h >0, that Apg(t) — (ARK * L)(0)g(t) — (d(ARK * L) % g)(t) is equal to

[ (010 = gt = ) # L))+ g0t + ) — g(0) + 901 — (A = L)1) 2 0

(i) g = Vo+ K0, with Vo > 0 and 0 € L? (R, R) such that 0(s)ds+VyL(ds) is a nonnegative

loc

measure. First, g € H/? due to (Hy) and the Cauchy-Schwarz inequality

t+h

(gt +h) — g(t)> <2 </0t(K(s +h) — K(s)2ds + /Oh K(s)2ds> /O 0(s)2ds.

Moreover, g(0) =Vy > 0 and
Apg — (ALK x L)(0)g — d(ARK * L) % g (2.7)
is equal to
Vo(1—ApK L)+ Ap(K % 6) — (ALK « L)(0)K 0 — d(ApK * L) * K % 6.

(2.4) now follows from Lemma B.2 with F = AR K, after noticing that (2.7) becomes

Ap(K x (VoL +0)) — ApK x (VoL +0) = /'+h K(-+h—s)(VoL(ds) + 0(s)ds) > 0.

3 Recall that under (H;) one can show that Ay, K L is right-continuous and of locally bounded variation (see
Remark B.3 in the Appendix), thus the associated measure d(A, K * L) is well defined.



We now tackle the weak uniqueness of (1.1)-(1.2) by characterizing the Fourier-Laplace trans-
form of the process X = (log S, V). Indeed, when gy is of the form (1.3), X is a two-dimensional
affine Volterra process in the sense of [2, Definition 4.1]. For this particular gg, [2, Theorem
7.1(ii)] provides the exponential-affine transform formula

Elexp(uXr + (f * X)7)] = exp (%(T) log S0 + ugn(T) + | " F () ()0l s>ds) (2.8)

for suitable u € (C?)* and f € L'([0,T],(C?)*) with T > 0, where ¢ = (31,1)2) solves the
following system of Riccati-Volterra equations

Y1 =wur+ 1% fi, (2.9)
Py = up K + K * F(¢1,2), (2.10)
with
1/ 5 v oo
F(yr,92) = f2+ 5 (% - 1/)1) + (pripr = Niha + 5. (2.11)

A straightforward adaptation of [2, Theorems 4.3 and 7.1] shows that the affine transform (2.8)
carries over for any admissible input curve go € Gx with the same Riccati equations (2.9)-(2.10).

Theorem 2.3. Assume that K satisfies (Hy) and that the shifted kernels Ap K satisfy (H1) for
all h € [0,1]. Fiz go € Gk, So > 0 and denote by (S,V) a Ri-valued continuous weak solution
to (1.1)-(1.2). For any u € (C*)* and f € L} (R4, (C?)*)) such that

Reyy €10,1], Reua <0 and Re fo <0, (2.12)

with ¥y given by (2.9), the Riccati—Volterra equation (2.10) admits a unique global solution
Vo € LY (Ry,C*). Moreover, the exponential-affine transform (2.8) is satisfied. In particular,
weak uniqueness holds for (1.1)-(1.2).

3 Markovian structure

Using the same methodology as in [7], we characterize the Markovian structure of the Volterra
Heston model (1.1)-(1.2) in terms of the F-adapted infinite-dimensional adjusted forward curve
(g¢)t>0 given by (1.4) which is well defined thanks to (2.6). Furthermore, we prove that the set
Gk is stochastically invariant with respect to (g¢)¢>o0-

Theorem 3.1. Under the assumptions of Theorem 2.1, fiz go € Gx. Denote by (S,V) the
unique solution to (1.1)-(1.2) and by (g¢)i>0 the process defined by (1.4). Then, (S, V)
satisfies

dsp = Spo\/vidBle, Sk =S,

t
V= go(®)+ [ Kt s) (-XVods 4 o/Vioawin),
0

where (B, W) = (By,+. — By, Wiy+. — Wy,) are two Brownian motions independent of JFy,
such that d(B', W), = pdt. Moreover, G is stochastically invariant with respect to (gt)>0,
that is

gt €0k, t>0.



Proof. The part for V? is immediate after observing that

to

to
9t (t) = gol(to + 1) — K(t+ty— s)A\Vids + / K(t+tg— s)v\/VedWs, (3.1)
0 0

for all tg,t,h > 0. The part for S% is straightforward. We move to proving the claimed
invariance. Fix tg,t,h > 0 and define Z = [j(=AVids + vv/V,dW;). By Lemma B.2 and
Remark B.3 in the Appendix,

ALK = (AhK * L)(O)K + d(AhK * L) * K, (32)
so that
(ALK xdZ) = (ALK « L)(0)(V — go) + d(ARK x L) * (V — go).
Hence,
. h
VI = golty +t+ h) + (ARK +dZ),, ., + /0 K(h— )dZ1 1115
= go(to +t + h) + (AnK * L)(0)(V,"* — go(to + 1))

ALK 1) s (V = g0y + [ Kb = 5)Zigiass
=go(to +t+h) — (ApK * L)(0)go(to +1t) — (d(ApK * L) * go) (to + 1)

h
+ (ALK« DOV + (@dALK # L) V) + [ K(h = 5)dZg i1,
h
> (ALK # L)(0)V + (d(ALK L) V)ioat — /0 K(h — s)AV/ ds
h
+/ K(h — s)v\/ V2 dW}9,,
0

since go € Gx. We now prove (2.4). Set Gi° = Apgy, — (AR K * L)(0)gr, — d(ApK L) gy, The
previous inequality combined with (1.4) yields

G () =B [V[9, + (K V') — (ARK « L)(0)(V/ + (AK + V'),) | F,]

—E [(d(AnK L) (VI + XK« V) | F,]

>E

h
(d(ARK L) V), = (d(ARK « L)+ Vto)t - /0 K(h — $)A\V{. ds ‘ ftO]
+ B [(AK V') — (AR L)(0)K + d(ApK + L) + K) # AVtO)t | Fio] -

Relying on (3.2), we deduce

h

G 2 | [ ALK D)) Vi |

K(h— s)AV/2,ds | ]-"tol

+E

t+h
/ K(t+h - s)AVDds | EO]
t

to+t
=B | [ (AR * 1)) Vigsr-

7).



Hence (2.4) holds for g, since V> 0 and d(A,K * L) is a nonnegative measure, see Remark
B.3. Finally, by adapting the proof of [2, Lemma 2.4], we can show that for any p > 1,¢ > 0
and T > 0, there exists a positive constant C such that

E[|Vign — VilP] < CLRPO2= ¢ h >0, t+h < T + to,
Relying on (Hj), (1.4) and Jensen inequality, there exists a positive constant Cy such that
E [|gs, (t + h) — gio (8)|P] < CohPO27) ¢ h >0, t+h < T,
By Kolmogorov continuity criterion, g, € H7/? so that g1, € Gx since g4,(0) = Vi, > 0. a

Theorem 3.1 highlights that V' is Markovian in the state variable (g¢)¢>0. Indeed, conditional on
F; for some t > 0, the shifted Volterra Heston model (S, V*) can be started afresh from (S, g¢)
with the same dynamics as in (1.1)-(1.2). Notice that g; is again an admissible input curve
belonging to Gx. Therefore, applying Theorems 2.1 and 2.3 with (St V1, g;) yields that the
conditional Fourier-Laplace transform of X = (log .S, V) is exponentially affine in (log S, g;):

E [GXP(UXT + (f * X)) ‘ ft} = exp (P1(T — t)log St + (u2ge + F(1h1,v2) * g )(T' — 1)), (3.3)

for all t < T, where F is given by (2.11), under the standing assumptions of Theorem 2.3.
Moreover, it follows from (3.1) and the fact that ¢.(0) = V' that the process (g¢)i>0 solves

(@) = Augnlz) + | "Ars (CAKg,(0) (2)ds + / A (Ko/o.0)) @awe. @)

Recalling that (A¢)i>o is the semigroup of right shifts, (3.4) can be seen as a Gr-valued mild
solution of the following Heath—Jarrow—Morton-type stochastic partial differential equation

dgt<m>=(C;igt@)—mm)gt(oﬁ dt + K (2)r/gi(0) AW, go € G (3.5)

The following proposition provides the characteristic functional of (g:):>0 leading to the strong
Markov property of (g:)i>0. Define (g, h) = fR+ g(z)h(z)dz, for suitable functions f and g.

Theorem 3.2. Under the assumptions of Theorem 2.3. Let h € C3°(Ry.) and go € Gi. Then,

E [exp (i(gt, )] = exp ((Hi, 90)), ¢ =0, (3.6)

where H solves
2

Ht(x) = ih(I — t)]l{;c>t} + ]l{acgt} ( — )\(Ht_x, K> + %(Ht—xa K>2), t,x > 0. (37)
In particular, weak uniqueness holds for (3.4) and (g¢)t>0 s a strong Markov process on G .

Proof. Consider S; = 1 + fg Syu\/ViydW,, for all ¢ > 0. Then, (5, V') is a Volterra Heston model
of the form (1.1)-(1.2) with p = 1 and Sy = 1. Fix t > 0, (g, h) is well defined since z — g;(z) is
continuous. It follows from (3.1) together with stochastic Fubini theorem, see [15, Theorem 2.2],
which is justified by (2.6), that

(o) = lontt+ )+ (5 = 2) [ — s+ 0 Veds 4w [ (G =5+ ), B)d(1og B),
= (go, h(—t +)) + <g - /\> /Ot<K, h(s —t+-))Vids

~ t ~
+v(K, h)log S, — V/ (K,h'(s —t+-))log Ssds,
0



where the last identity follows from an integration by parts. Hence, setting
up =0, wu; =iv(K,h), fi(t)=—-iv(K,h(-t+")),
Y1(t) = u1r + (1% f1)(t) = iv(K({t+-),h),
fa(t) = i(g — A(K(t+ ), h), b2 = K * F(i1,92),

with F" as in (2.11), the characteristic functional follows from Theorem 2.3

E [exp (i(ge, h))] = e* (= )9)E [exp (ur log S + (fi + log §)i + (2 V)i) | = exp ((Hy, go))

where
Hy(z) = h(x — )1 pupy + Tjococy F (Y1, ¢2)(t — ), 220,
and (2.11) reads
2
(1, 462)(8) = —ME(t+2), 1) + (K (t+ ), b)Y’
2

(PR (E+ ) B = Noa() + 7 ealt). (3.8)

Now observe that
(Hy, K) = (h(—t + ) +/ F(in, o)t — 2)K (2)dz = (h, K(t+ ) + t(b).

Hence, after plugging 1o (t) = (Hy, K) — (h, K(t + -)) back in (3.8) we get that

F(s 1) () = ~MH: K) + % (H K)?

yielding (3.7). Weak uniqueness now follows by standard arguments. In fact, thanks to (2.6)
and stochastic Fubini theorem, (g¢):>0 solves (3.5) in the weak sense, that is

(g1 h) = (g0, +/ (e, =) — MK, h)gs(0) ds+/ (K, by Jgs(0)dWs,  h € C(R).

Therefore, combined with Theorem 3.1, (g¢)¢>0 solves a martingale problem on Gr. In addi-
tion, (3.6) yields uniqueness of the one-dimensional distributions which is enough to get weak
uniqueness for (3.4) and the strong Markov property by [9, Theorem 4.4.2]. O

We notice that (3.6)-(3.7) agree with [11, Proposition 4.5] when A = 0. Moreover, one can
lift (3.7) to a non-linear partial differential equation in duality with (3.5). Indeed, define the
measure-valued function H :t — Hy(dz) = Hy(2)1 ;>0 dw. Then, it follows from (3.7) that

t _ 2
Hy(dx) = ih(z — )1 pseydz + /0 do(dx — (t — 8))(=A(Hs, K) + ?<H5, K)?)ds

which can be seen as the mild formulation of the following partial differential equation

dH,(dz) = (—Ci:ﬁt(dx)ntéo(dx)(—)\(Ht,K>+V;<f_It,K>2))dt, Hy(dz) = ih(z)1yoyyda. (3.9)

We refer to [4, 5] for similar results in the discontinuous setting. The previous results high-
light not only the correspondence between stochastic Volterra equations of the form (1.2) and
stochastic partial differential equations (3.5) but also between their dual objects, that is the
Riccati-Volterra equation (2.10) and the non-linear partial differential equation (3.9). One can
establish a correspondence between (1.2) and other related stochastic partial differential equa-
tions which, unlike (g¢):>0, do not necessarily have a financial interpretation but for which the
dual object satisfies a nicer non-linear partial differential equation than (3.9), see [14].



4 Application: square-root process in Banach space

As an application of Theorems 2.1, 2.3, 3.1, we obtain conditions for weak existence and unique-
ness of the following (possibly) infinite-dimensional system of stochastic differential equations

dU(z) = ( zU(x )\/ U (z)p(dz) ) dt + V\// Ui(z)pu(dz)dWy, x € supp(p), (4.1)

for a fixed positive measure of locally bounded variation p*. This is achieved by linking (4.1)
to a stochastic Volterra equation of the form (1.2) with the following kernel

K(t) = /O T e Tu(dr), ¢ 0. (4.2)

We will assume that p is a positive measure of locally bounded variation such that

oo oo

/ (1A (2h) " Y2)u(dx) < CRO-V/2, / 2 V21N (sh))p(de) < CR% h>0,  (Ha)
0 0

for some v € (0, 2] and positive constant C. The reader may check that in that case K satisfies

(Hp). Furthermore, [12, Theorem 5.5.4] guarantees the existence of the resolvent of the first

kind L of K and that (H,) is satisfied for the shifted kernels A, K for any h € [0, 1]. Hence, K

satisfies assumptions of Theorems 2.1 and 2.3.

By a solution U to (4.1) we mean a family of continuous processes (U(7))zesupp(n) Such that
z — Uy(z) € L' (p) for any ¢t > 0, (J5° Up(x)pu(dz))e>0 is a continuous process and (4.1) holds
a.s. on some filtered probability space. If such solution exists, we set V = [ U.(x)u(dz) and
90 = J3° Uo()e ") dx. Thanks to (H>), the stochastic Fubini theorem yields for each ¢ > 0

Vi = go(t) + /Ot K(t — 8)(=A\Vids 4+ v/ VodWy). (4.3)

The processes above being continuous, the equality holds in terms of processes. Thus, provided
that go belongs to Gg, Theorem 2.3 leads to the weak uniqueness of (4.1) because for each

x € supp(p),

t
Uy(x) = e *tTy(x) + / =) (_\Vids + v /VodW,), ¢ > 0. (4.4)
0

On the other hand, if we assume that gy = [° Up(z)e ") u(dr) € Gx for some initial family of
points (Uo(z))esupp(u) € L' (1), there exists a continuous solution V' for (4.3) by Theorem 2.1.
In that case, we define for each = € supp(u), the continuous process U(x) as in (4.4). Thanks
to (H2) and (2.6), another application of the stochastic Fubini theorem combined with the fact
that V satisfies (4.3) yields that, for each ¢ > 0, (Uy(%))zesupp(n) € L' (1) and

Vi= /OOO Ui(z)p(dz). (4.5)

Moreover, by an integration by parts, we get for each = € supp(u),

t
Up(z) = e " Up(z) + Ze ™" + / 2e ) (7, — Z,)ds,
0

4We use the notation supp(p) to denote the support of a measure p, that is the set of all points for which
every open neighborhood has a positive measure. Here we assume that the support is in R.



with Z = [;(=AVids 4+ v+/VidBg). We know that for fixed T > 0, n € (0,1/2) and for almost
any w € ) there exists a positive constant Cr(w) such that |Zs — Z;| < Cr(w)|t — s|7 for all
t,s € [0,T]. Hence for any t € [0,7] and x € supp(u)

V@) < 10s(@)] + Cr(we =1+ Crw)e [

t
e s'ds = |Ug(z)| + CT(w)n/ e s lds.
0 0

Then,

T
sup [Ui(w)| < [Up(@)] + Crw)n [ e*s"ds € L' (u).
te[0,T7] 0

Therefore by dominated convergence theorem, the process ( [y~ Ui(x)p(dz))i>o is continuous.
In particular, (4.5) holds in terms of processes and it follows from (4.4) that U is a solution of
(4.1).

This leads to the weak existence and uniqueness of (4.1) if the initial family of points (Up(z))
belongs to the following space D, defined by

x€supp(p)

Dy = {(us)ocoupp € L (supp())i [~ e *p(de) € Gic), (16)

with K given by (4.2). Notice that for fixed ¢ty > 0 and for any ¢ > 0 and x € supp(u),

Ut—f—to (x) = Uto (x)eixt + /Ot eix(tis) <_)‘/OOO Us+to (Z)U(dz) + V\/[)m Us+t0 (Z)M(dz)dWs-‘rto)

and then by stochastic Fubini theorem

| U wutan) = o)+ [ K(t—s) (—A | v (utaz) + ¢ | Us+to<z>u<dz>dws+to> ,

with g4, (t) = [5° Uy (y)e ¥ u(dy). Thanks to Theorem 3.1, we deduce that g, € Gx and there-
fore (Ut (7))zesupp(n) belongs to D,. As a conclusion, the space D), is stochastically invariant

with respect to the family of processes (U())zesupp(u)-

Theorem 4.1. Fiz p a positive measure of locally bounded variation satisfying (Hs).There
exists a unique weak solution U of (4.1) for each initial family of points (Uo(T))zesupp(n) € Du-
Furthermore for any t > 0, (Ut(%))zesupp(u) € Dp-

K(t) Parameter restrictions wu(dy)
; a—1 o
Fractional c tp(a) a€ (1/2,1) cmdx
_atte-l (Z=N) "L (x,00) (%)
Gamma ce /\t?(T) A>0,a€(1/2,1) CW(?—OZ))CM
n n
Exponential sum Z cie it ¢i,vi =0 Z ¢idy, (dz)
i=1 =1

Table 1: Some measures p satisfying (Hs) with their associated kernels K. Here ¢ > 0.
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Remark 4.2 (Representation of V in terms of U). In a similar fashion one can establish the
existence and uniqueness of the following time-inhomogeneous version of (4.1)

AUy () = (=aUs(@) = A (go(t) + (1, Ux),)) dt + vy /g0(t) + (1, U)udWi, € supp(),  (4.7)

whenever

%=%+Aeﬂ“%wmmmg&

with go : Ry — R. In this case,
go(t+-) —|—/ x()Ut )u(dz) € G, t>0.

In particular, for Uy =0, go = go € Gx and K as in (4.2), the solution V' to the stochastic
Volterra equation (1.2) and the forward process (g¢)i>0 admit the following representations

Vi=g0(t) + (LU, 910(t) = golto +1) + (e, Uiy, 80 >0, (4.8)
where we used the notation (f, ), = [i f( )u(dx). These results are in the spirit of [3, 13].

When g has finite support, (4.7) is a finite dimensional diffusion with an affine structure in the
sense of [6]. This underlying structure carries over to the case of infinite support and is the
reason behind the tractability of the Volterra Heston model.

Remark 4.3 (Affine structure of (log S, V') in terms of U). Let the notations and assumptions of
Remark 4.2 be in force. Relying on the existence and uniqueness of the Riccati-Volterra equation
(2.10) one can establish the existence and uniqueness of a differentiable (in time) solution x2
to the following (possibly) infinite-dimensional system of Riccati ordinary differential equations

Orxa(t, x) = —wxa(t, x) + F (1(t), (x2(t,), D) s x2(0,2) =uz, 2 €suppp, t >0, (4.9)

such that xa(t,-) € L' (), for all t >0 and t — (xa(t,-),1), € L} .(Ry) with 11 given by (2.9)
and F by (2.11). Moreover, the unique global solution 12 € L (R, C*) to the Riccati-Volterra
equation (2.10) admits the following representation

Py = /Ooo x2(, x)p(dr),

where X is the unique solution to (4.9). In particular, combining the equality above with (3.3)
and the representation of (g¢)i>0 in (4.8) leads to the exponentially-affine functional

E [eXp (uX7+ (f*X)7) ‘ ]—"t} =exp (¢(t,T) + 1 (T —t)log St + (x2(T — t,-), Us) )

for all t < T where ¢p(t,T) = (ualigo + F(11,102) * Argo)(T — t), (u, f) as in (2.12) and U
solves (4.7).

The representations of this section lead to a generic approximation of the Volterra Heston model
by finite-dimensional affine diffusions, see [1] for the rigorous treatment of these approximations.
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A Existence results for stochastic Volterra equations

In this section, we consider the following d-dimensional stochastic Volterra equation
t ¢
X, = g(t) +/ K(t — )b(X,)ds +/ K(t — )0 (X,)dW,, (A1)
0 0

where K € L} _(R,R¥?), W is a m-dimensional Brownian motion, g : R — R¢, b: R — RY,

o : R* — RI¥X™ are continuous with linear growth. By adapting the proofs of [2, Appendix
A] (there, g is constant), we obtain the following existence results. Notice how the domain Gg
defined in (2.5) enters in the construction of constrained solutions in Theorem A.2 below.

Theorem A.l. Under (Hy), assume that g € HV/2.
(i) If b and o are Lipschitz continuous, (A.1) admits a unique continuous strong solution X.

(ii) If b and o are continuous with linear growth and K admits a resolvent of the first kind L,
then (A.1) admits a continuous weak solution X .

In both cases, X is locally Hélder continuous of any order strictly smaller than /2 and

supE[| X;|P] <00, p>0, T>0. (A.2)
t<T

Theorem A.2. Assume that d = m = 1 and that the scalar kernel K satisfies (Ho)-(H1).
Assume also that b and o are continuous with linear growth such that b(0) > 0 and o(0) = 0.
Then (A.1) admits a nonnegative continuous weak solution for any g € G .

Proof. Theorem A.1(ii) yields the existence of an unsconstrained continuous weak solution X
to the following modified equation X; = g(t) + [5 K(t — s)b(XJ)ds + [{ K(t — s)o(X)dWs.
As in the proof of of [2, Theorem 3.5], it suffices to prove the nonnegativity of X under the
stronger condition, that, for some fixed n € N,

x < n~ ! implies b(x) > 0 and o(z) = 0. (A.3)

Set Z = [(b(X)dt+0o(X)dW) and 7 = inf{t > 0: X; < 0}. Since g(0) > 0,7 > 0. On {7 < oo},

h
Xeyn=9(t+h)+(K+dZ)r4n = g(t1+h)+ (AR K xdZ), +/ K(h—s)dZ:+s, h>0.(A4)
0

Using Lemma B.2 and Remark B.3 below, together with the fact that X > 0 on [0, 7],

g(t+h)+ (ALK xdZ); = g(1+ h) + (ALK « L)(0)(X — g)(7)
+ (d(ARLK « L)« X); — (d(ApK % L) % g)(T)
> g(7 +h) — (d(ARK * L) x g)(7) — (ApK * L)(0)g(7),

which is nonnegative. In view of (A.4) it follows that
h
Xoin > / K(h— ) (0(Xrs)ds + 0(Xrss)dWyss) (A.5)
0
on {7 < oo} for all h > 0. Now, on {7 < oo}, X; =0 and X, < 0 for arbitrarily small h. On
the other hand, by continuity there is some € > 0 such that X, < n~! for all h € [0,€). Thus

(A.3) and (A.5) yield X145 > 0 for all A € [0,¢). This shows that 7 = 0o, ending the proof. [
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B Reminder on stochastic convolutions and resolvents

For a measurable function K on Ry and a measure L on R of locally bounded variation, the
convolutions K * L and L % K are defined by
(K« L)(t) = K(t — s)L(ds), (L K)(t) = L(ds)K(t — s)

: 0.t
whenever these expressions are well-defined. If F'is a function on H£+], we write KxF = Kx(Fdt).

We can show that L F is almost everywhere well-defined and belongs to LI, (R, ), whenever

F e P (R}). Moreover, (F * G) x L = F % (G % L) a.e., whenever F,G € L}, .(R}), see [12,
Theorem 3.6.1 and Corollary 3.6.2] for further details.

For any continuous semimartingale M = [; bsds+ [; asdBs the convolution (K*dM), = [§ K (t—
s)dM; is well-defined as an It integral for every ¢ > 0 such that 5 |[K(t — s)||bs|ds + fy |K(t —
s)|?|as|?ds < co. By stochastic Fubini Theorem, see [2, Lemma 2.1], we have (L * (K * dM)) =
((L* K) xdM), a.s. whenever K € L? (R4, R) and a, b are locally bounded a.s.

We define the resolvent of the first kind of a d x d-matrix valued kernel K, as the R®%-valued
measure L on R of locally bounded variation such that K * L = L x K = id, where id stands
for the identity matrix, see [12, Definition 5.5.1]. The resolvent of the first kind does not always
exist. The following results are shown in [2, Lemma 2.6].

Lemma B.1. Let K € L} (Ry) and Z = [;bsds + [;0sdW; a continuous semimartingale with

loc
b and o locally bounded. Assume that X and K+dZ are continuous processes and that K admits

a resolvent of the first kind L. Then X = K xdZ if and only if Lx X = Z.
Lemma B.2. Assume that K € L _(Ry) admits a resolvent of the first kind L. For any

loc
Fe L}OC(R+) such that F % L is right-continuous and of locally bounded variation one has

F=(F+«L)(0O)K+d(F+L)*K.
Remark B.3. The previous lemma will be used with F' = Ap,K, for a fited h > 0. If K is
continuous on (0,00), then ApK * L is right-continuous. Moreover, if K is nonnegative and L

is non-increasing in the sense that s — L([s, s+t]) is non-increasing for allt > 0, then ApK %L
is non-decreasing since ApK « L =1— [0 K(h—s)L(- +ds), t = 0.
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