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Strong convergence rates of semi-discrete splitting
approximations for stochastic Allen—Cahn equation

Charles-Edouard Bréhier, Jianbo Cui, and Jialin Hong

ABSTRACT. This article analyzes an explicit temporal splitting numerical scheme
for the stochastic Allen-Cahn equation driven by additive noise, in a bounded
spatial domain with smooth boundary in dimension d < 3. The splitting strat-
egy is combined with an exponential Euler scheme of an auxiliary problem.
When d = 1 and the driving noise is a space-time white noise, we first
show some a priori estimates of this splitting scheme. Using the monotonicity
of the drift nonlinearity, we then prove that under very mild assumptions on the

initial data, this scheme achieves the optimal strong convergence rate O(éti),
When d < 3 and the driving noise possesses some regularity in space, we
study exponential integrability properties of the exact and numerical solutions.
Finally, in dimension d = 1, these properties are used to prove that the splitting
scheme has a strong convergence rate O(dt).

1. Introduction

The stochastic Allen-Cahn equation driven by an additional noise term models
the effect of thermal perturbations, and plays an important role in the phase theory
and the simulations of rare events in infinite dimensional stochastic systems (see
e.g. [13, 19, 27)).

In this article, we mainly focus on deriving the optimal strong convergence
rates of temporal splitting schemes for the stochastic Allen-Cahn equation driven by
Wiener processes, including the cylindrical Wiener process and some more regular
Wiener processes, under homogenous Dirichlet boundary conditions:

(1) dX(t) = AX(t) + F(X(t))dt + dW9(t), t € (0,T], X(0) = X,

where F(z) = z — 23, (W?(t))ie[0,77 is a generalized Wiener process on a filtered
probability space (Q,.%, (Z(t))icpo,17,P) and O € R%,d < 3 is a bounded spatial
domain with smooth boundary 00.

Strong convergence of numerical approximations for Stochastic Partial Differ-
ential Equations(SPDEs) with globally Lipschitz continuous coefficients has been
extensively studied in the last twenty years (see e.g. [1, 14, 17, 21, 25|). For
SPDEs with non-Lipschitz coefficients, there only exist a few results about the
strong convergence rates of numerical schemes (see e.g. [2, 3, 8, 9, 12]). The
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strong convergence rates of numerical schemes, especially the temporal discretiza-
tion, is far from being understood and it is still an open problem to derive general
strong convergence rates of numerical schemes for SPDEs with non-globally Lips-
chitz coefficients.

For the discretization of equations such as the stochastic Allen-Cahn equation,
the main difficulty is the polynomial growth of the non-globally Lipschitz continuous
coefficient F'. It is very delicate and necessary to design efficient numerical schemes
for stochastic equations with this type of nonlinearities. The authors in [20] study
a fully implicit split-step scheme combined with the backward Euler scheme, and
show that the scheme converges strongly with a rate & (55) for Eq. (1) with d < 3,
driven by some @-Wiener processes. We refer to [12] for the analysis of finite
element methods applied to stochastic Allen-Cahn equations with multiplicative
noise. For Eq. (1), with d = 1 driven by a space-time white noise, first, the authors
in [3] obtain the strong convergence rate results for a nonlinearity-truncated Euler-
type scheme. Similar strong convergence results are then obtained in [2] for a
nonlinearity-truncated fully discrete scheme. A backward Euler-Spectral Galerkin
method has been considered in [22] by using stochastic calculus in martingale type
2 Banach spaces. Recently, the authors in [4] propose some splitting schemes and
prove the proposed schemes are strongly convergent without strong convergence
rates.

In this work, we give a systemic analysis of the properties of a splitting scheme
and its strong convergence rates for approximating Eq. (1) with d < 3 driven by
different kinds of noise. We first introduce the splitting scheme with a time-step
size 6t > 0, defined by:

(2) Y, = @6(Xy),

tn+1
XnJrl - S&tYn +/ S(tn+1 - S)dWQ(S),
t

n

where ®s;(2) = ———2—— is the phase flow of dX = F (X (¢))dt,t € [0,6t], Xo =

22+ (1—22)e—20¢
z, and S5, = S(0t) = e4%. This type of splitting scheme, in a stochastic context,
has been first proposed in [4], and it is convenient for practical implementations
since it is explicit and strongly convergent without a taming or truncation strategy.
Note that an exponential Euler scheme is used in the second step of the splitting
strategy.

In this article, we first derive the optimal strong convergence rate of the split-
ting scheme in the case of space-white time noise, using a variational approach.
This gives a positive answer to the question asked in [4], concerning the strong
convergence rate of splitting schemes for the stochastic Allen-Cahn equation. We
would like to mention that these splitting-up based methods have many applica-
tions on approximating SPDEs with the Lipschitz nonlinearity, and are also used
for approximating SPDEs with non-Lipschitz or non-monotone nonlinearities (see
e.g. [7,9, 11, 15]).

In order to analyze the strong convergence rate of this splitting method for
different types of noise, different approaches are required. In the case of space-
time white noise, there are three main steps to derive the strong convergence rate.
Following [4], the first step is constructing an auxiliary problem, with a modified
nonlinearity Wy instead of F', such that the splitting scheme can be viewed as a
standard exponential Euler scheme applied to the auxiliary problem. Even though
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the exponential Euler applied to the original equation may be divergent, the so-
lutions of the numerical scheme and of the auxiliary problem are proved to be
bounded in LP(Q; L?), for all finite p,q. Thus no taming or truncation strategy
is required to ensure the boundedness of numerical solutions. The second step is
based on the monotonicity properties of the nonlinearities F' and ¥s;, appearing
in the exact and auxiliary problems respectively. In addition, since the noise is
additive and an exponential Euler scheme is used with no discretization of the sto-
chastic convolution, one is lead to study some PDEs with random coefficients. The
last step consists in applying properties of the stochastic convolution and stochastic
calculus results in martingale type 2 Banach spaces, to deduce the optimal strong
convergence rate ﬁ(&ti) in LP(Q;C(0,T; L)), p > q=2m, m € Nt ie.,

| sup 1XN() = X(0)]e
te[0,7]

L) < C(X()7 T7 b, q)ét% .
This variational approach can also be used to obtain the strong convergence rate
o (5t%), in the case of more regular -Wiener processes, in dimension d < 3.

In the case of H'-valued Q-Wiener processes, in dimension d = 1, we get
higher strong convergence rates of this splitting method, thanks to exponential
integrability properties of the exact and numerical solutions. To the best of our
knowledge,this is the first result with strong convergence order 1 about the temporal
numerical schemes approximating the stochastic Allen—Cahn equation. For similar
approaches to derive the strong convergence rates of numerical schemes, we refer
to [7, 16, 18] and the references therein. We first study stability and exponential
integrability properties of the exact solution, in dimensions d < 3, and obtain results
of their own interest beyond analysis of numerical schemes. Then, in dimension
d = 1, a new auxiliary processes ZV is constructed, and some a priori estimate
and exponential integrability properties of ZV are studied. We then prove that the
scheme, in this context, has strong convergence order equal to 1:

sup [[IXY (ta) = X (ta) 1o < C(X0,@,Tp,0)5.
Lr(Q)

n<N

This strong convergence result is restricted to dimension d = 1, due to a loss of
exponential integrability of the auxiliary process ZV in higher dimension. Further
study is required to overcome this issue.

This article is organized as follows. Some preliminaries are given in Section
2. The variational approach to deal with the case of space-time white noise and
@Q-Wiener processes, as well as some properties of the auxiliary problem, and one
main strong convergence rate result, are given in Section 3. In Section 4, stability
and exponential integrability properties, of the exact solution and of a new auxiliary
processes, are studied. Finally, we establish the optimal strong convergence rate of
this proposed scheme in dimension 1.

We use C to denote a generic constant, independent of the time step size dt,
which differs from one place to another.

2. Preliminaries

In this section, we first introduce some useful notations and further assump-
tions. Let T > 0, dt is the time step size, N is the positive integer such that
Not =T, and let {t;}r<n be the grid points, defined by ¢, = kdét. We denote by
H = L?(0), LY = L9(0), 1 < g < co and £ = C(0). A is the Dirichlet Laplacian
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operator, which generates an analytic and contraction Cy-semigroup S(t),¢ > 0 in H
and L4. Tt is well-known that the assumptions on O implies that the existence of the
eigensystem {\g, ex }ren+ of H, such that A\ > 0, —Aep = Agey and lerr;O A = 00
Let W™ is the Banach space equipped with the norm || - |lwra := ||(=A)% - ||pe for
the fractional power (—A)%,r > 0. The identities H' = H} and H? = H} N H? are
frequently used in Section 4.

Given two separable Hilbert spaces H and H , we denote by L9(H, H ) the space
of Hilbert-Schmidt operators from ‘H into }NI equipped with the usual norm given by
||Q||L0 i) = = (D pent HQekH2 )2, where N+ ={1,2,---}, and the result does not
depend on the orthonormal basis {e;}ren+ of H. We denote by £§ := L3 (H, H),
for s € N.

Given a Banach space E, we denote by R(FNI , E) the space of ~v-radonifying
operators endowed with the norm defined by ||QH7(1?1 B) = (IEH D kent 'y;chkH%)l
where () ken+ 1s a sequence of independent N(0,1)-random variables on a proba-
bility space (Q J IP’) We also need the Burkerholder inequality in martingale-type
2 Banach spaces E = L9, q € [2,0), (see e.g. [5, 26]): for some C, g € (0,00),

s, | [ omavee] |
tGOT

< Co.pl9ll 2o @2 0.1y )

e (B /OT 6O 7.1,) 7) %

and the following property (see [26]): for some C; € (0, 00),

ellLe Q)

(4) 1012 1,00y < Ca| 32 Ger)?]| 4 6 €(H, 19,

keNt

The process W := 3", _\+ Brer is the H-valued cylindrical Wiener process, where
(Bk)pen+ are independent Brownian motions defined on a filtered probability space
(Q,Z,(Z(t))epo,1),P). The driving noise is we .= >k BrQer, where Q is a
bounded operator from H to E. When Q = I, E = H, W is the standard
cylindrical Wiener process, which corresponds to the case of space-time white noise.
In Sections 3 and 4, we will also consider more regular cases, with assumptions
Qe seN

The solution of the stochastic Allen-Cahn equation, Eq. (1), is interpreted in a
mild sense,

(5) X(t)=S0t)Xo + /0 S(t—s)F(X(s))ds+ /0 S(t—5)dW9(s).

Let w(t fo 5)dW®(s) be the so-called stochastic convolution. Then note
that Y( )= X(t) — w( ) solves a random PDE (written in mild form):

(6) Y(t) = S(t)Xo + /0 S(t — $)F(Y (s) + w(s))ds.

We now introduce an auxiliary problem, and several auxiliary processes. The aux-
iliary problem is coming from writing the solution of the splitting scheme Eq. (2)
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as follows:

tnt1
Xoa = S () + [ S(tasa = )W)
t

n

tnt1
= S5: Xy + 0tSs5 U s (X)) + / S(tpi1 — s)dW9(s),
t

n

where Uy (2) = %t( ) 2 Wo(z) = F(2), ®o(z) = z. Thus we get for all n €
{0,...,N}
tk+1

n—1
X = S(tn)Xo + 6t > S(tnr — tr)Usr(Xy) + Z/ (tny1 — 8)dAW(s).
k=0

A continuous time interpolation, such that XV (t,) = X,, for all n € {0,..., N}, is
defined by

(7) t t

XN(t) = S(t)Xo + i S((t— 18)6e))Wor (XN (|s]60))ds + i S(t—s)dW9(s),

where |s]s: = max{0, ot, 20t,--- } N[0, s].
As observed in [4], the proposed splitting scheme can be viewed as the expo-
nential Euler method applied to the following auxiliary SPDE:

(8) dXC%H(t) = AXO(t)dt + W5, (XOU(t))dt + dW (),  X°H0) = X,.

The associated mild formulation is given by
XO(t) = S(t X0+/ S(t—5)Tse(XO(s)) ds+/ S(t — s)dW<(s).

Let Yo!(t) = X°%(t) — w(t), where w is the stochastic convolution. Then Y?! is also
solution of a random PDE:

) V) = S0Xo + [ (- )00 6) o).
We quote the following results from [4]. The estimates may be derived with
elementary calculations.

LEMMA 2.1. For every oty € (0,1) and &t € [0,dty), the mapping Ps; is glob-
ally Lipschitz continuous, and the mapping Vs, s locally Lipschitz continuous and
satisfies a one-side Lipschitz condition. More precisely, for g = 2m, m € NT,

|B5i(21) — Bai(22)] < €90z — 2],

(Wst(21) — Use(22)) (21 — 22)77F < e90%0 2y — 299,
[Wse(21) — War(22)] < C(8t0)|z1 — 22| (1 + |21 ]* + |22[?),
|\I/5t(21) - \I/()(Zl)‘ S C(5t0)5t(1 + ‘Zl|5).

3. Strong convergence rate analysis of the splitting scheme

approximating stochastic Allen-Cahn equation by a variational
approach

This section is devoted to the application of a variational approach, to derive
strong convergence rates for the splitting scheme defined by Eq. (2). The study
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includes the cases of the cylindrical Wiener process (Q = I, ¢ = 1) and of L9-
valued Q-Wiener processes (Q € ~(H, L?)).

We recall that in [4] it is proved that the scheme is convergent, when d = 1
and Q = I. Precisely, assume that X, € H? N &, for some 3, > 0. Then

lim E| sup | XN (t,) — X(tn)Hp} =0.
6t—0 n<N

However, it is well-known that the standard approach used to derive strong rates of
convergence using a Gronwall’s inequality argument, cannot be applied, when the
nonlinearity is not globally Lipschitz continuous. Additional properties, precisely
giving exponential integrability for the exact and numerical solutions, are required.

Instead, in the present section, we overcome this issue using a variational ap-
proach, based on a different decomposition of the error introduced below.

For convenience, throughout this article, we assume that X, is a determinis-
tic function and that supgen+ [ex]le < C. The typical example to ensures that
supgen+ |lexlle < C is the d dimensional cube [0, 1]4.

3.1. A priori estimates and spatial regularity properties. We first deal
with the case Q = I, d = 1 and recall the following well-known result about the
stochastic convolution (see e.g. [10]): for 2 < ¢ < oo,

E[ sup |w®)}.] < (D), E[ sup w(t)]t] < Cp(T) < .
te[0,T] te[0,T]

The following lemma states standard a priori estimates for the processes X, XV
and Y defined by Eq. (1), (7) and (9) respectively. For convenience, throughout
this paper, we omit the mollification procedure to get the evolution of || - || Lq.

LEMMA 3.1. Letd=1,Q=1,qg=2m, m € N, p>1 and Xog € LY. Then
XY and XN satisfy

E[ swp |IX(0)I.] < C(Tp,a)(1+ (1 Xol),
te[0,7]

and

E[ sup [Y(0)] +E| sup |XV(O)IL.] < C(T,p,00(0 + | Xol}).
t€[0,T] t€[0,T]

PROOF. For the a priori estimate for the exact solution X, we refer to [10].
Thus we focus on the a priori estimate of Y and X~. The definition, Eq. 9, of
Y% and the one-side Lipschitz condition on ¥s; (see Lemma 2.1), combined with
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Holder and Young inequalities, imply that for 2 < ¢ < oo,

Y (D%, < 1Xoll 7. + Q/O (AY!(s), (Y!(5)12Y ! (s))ds

q / (W5 (YO (5) + w(s)), (YO (s)) 2V (s5))ds

0

< 1%l +a | (W3 (Y71 (5) + () — Uaeleo(s)), (VP ()12 ()
+a | (Ws(s), (V)Y () ds
< Xl + C(Bto,0) / s
C(5to. ) / 1250l oY ()4 ds

t
< 1 XollZa +C(5to7Q)/O ||Y‘5t(5)||‘iqd8+C(5to7q)/0 (L+ w()l75,)ds

Using the moment estimate on the stochastic convolution above, applying the Gron-
wall’s inequality concludes the proof for Y.

The estimate for X is proved using similar arguments. First, note that it is
sufficient to control the values of XV at the grid points t,, n < N:

B[ sup [IXY(0).] < Cv,0. TIE| sup | X™ ()7, ]
t€[0,T) n<N

By the definition of X (¢,) = X,,, n < N and the Lipschitz continuity of ®s;
stated in Lemma 2.1, since S(t) is a contraction semigroup, we obtain
)

1 (b —ta) 20 < || SO0 (XN (tu-1)) = S@(ta-1)| |
< [|@se (XN (ta-1) = @ar(wlta-)| |, + || @at(lta1) = wlta-)

XN (1) = wta-)|| | + OO+ t1) [F20).

La

< eCét

Then using the discrete Gronwall’s inequality, and the estimate on the stochastic
convolution, we get

E| sup X" (ta)[%, ] < C(T.q.p).
n<N

which concludes the proof of XV, O

We now study spatial regularity properties of the processes XV and X. We
first state a Lemma (see [10]) concerning the factorization method.

LEMMA 3.2. Assume thatp > 1,7 >0, v > %—&— r and that E1 and E5 are
Banach spaces such that

1SO)z|p, < Mt™"||2]|g,, t€[0,T],x € Es.
Set G, f(t) fo (t —8)71S(t — s)f(s)ds, then, for v > % + 7, one has
||G’YfHC([0,T];E1) < C(M)”f”LP(O,T;EQ)a
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if f € LP([0, TT; Ez).

LEMMA 3.3. Assume thatd=1,Q =1, p > 2 and || Xo|lgs; < oo, f1 > 0. The
solution u satisfy the following estimate: if f < min(%,ﬂl), then

E[ swp XI5 | < C.T,8,X0) < .
0<s<T

PROOF. It is known (see e.g. [10]) that, for 3 < 1,

E[ swp [w(s)llf] < Co.T).
0<s<T

Thus we only need to study the regularity of S(¢)Xo and of the deterministic
convolution f(f S(t — s)F(X(s))ds. First,

15(8) Xollzsr < 1| Xolle: -
For the deterministic convolution, by the Fubini theorem, we have

sinym

s

/0 S(t— 8)P(X(s))ds = /O (t— ) 1S(t — $)Y, (s)ds,

Y, (t) = /0 (t—s)77S(t—s)F(X(s))ds

where we choose 7 < i such that the regularity result also holds for the stochastic

convolution. Notice that ||S(t)z|gs < Mt=% |lz||m, for 8 > 0. Taking F; = H? and
Ey,=H,r= g Lemma 3.2 yields that for large enough p and v > g + %,

p
o

E sup | /O "t ) (X (s))ds

0<t<T

<ce[

< CEK/Othw||s(t)||L(H,H) (1+ s 1X)1Es )at) |

S C(T7p7 XO)

Y5 (1)

]

This concludes the proof. O

Using standard arguments, including the use of a discrete Gronwall’s lemma,
and the two lemmas stated above, one may derive the following almost sure result
(see [4] for similar arguments): assumed =1, Q =1, 3 < 1, Xo e H* NE, B; > 0.
Then almost surely, for some C'(w) € (0,00), one has

5.5,

sup [ XV (t) — X (t)| < Clw)dt™™
n<N

We omit the details. As explained above, the variational approach used below
allows us to go beyond this result and get a strong rate of convergence.
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3.2. Optimal strong convergence rate in space-time white noise case.
We are now in position to apply the variational approach developed in [3] in order
to obtain strong convergence rates for the splitting scheme (2).

We first state the main result of this section.

THEOREM 3.1. Assume that d = 1, Q = I, || Xo||pea < 00, p > q = 2m,
m e Nt and n < é. Then XN satisfies

< C(T, Xo, p, q)6t™ >,
L»(Q)

sup |X (1) = X (1) s
te[0,7]

If in addition || Xo||lws.s« < 00, 8> 0, then

< C(T7 XOapa q)(stmin(%’g‘i’n)’

| sw 1Y) = X@sa],

t€[0,T]

Note that, for g € [2,4), the first estimate of Theorem 3.1 gives order of conver-

gence i. If ¢ € [4,00),the order of convergence % is obtained thanks to the second
estimate, under the assumption 5 > % -2

Observe that the error can be decomposed as follows:
XY () = X (@) [2a < (1XN () —w(t) =Y (O)l|a + Y8 (t) +w(t) — X ()]s
< XN () = XMW |a + [YH(E) = Y (1) o

Then Theorem 3.1 is a straightforward consequence of the two auxiliary results
stated below.

PROPOSITION 3.1. Assume that d = 1, Q = I, || Xo||zs« < oo. Then the
proposed method XN is strongly convergent to X and satisfies

| s 1Y) =Y Wlle|| <O Xm0,
t€[0,T) Lr(Q)

where p > q = 2m, m € N*T.

Note that Y% (t) — Y (t) = X% (t) — X (t), and in the case ¢ = 2, Proposition 3.1
has already been proved in [4].

PROPOSITION 3.2. Assume that d = 1, Q = I, || Xo||zea < 00, p > q = 2m,
m € NT. Then the proposed method X~ satisfies for n < %,

< C(T, Xo, p, q)5t™mm.

10 H sup || XN (t) — X%t H
0y || s 10 = X @],

If in addition assume that || Xollwssa < 00, B > 0, then for n < %,

< C(T, X, p, q)t™G1+3),

11 H XN(#) — Xt
(11) sup [|[ X7 (1) ()] La L)

t€[0,T

It now remains to prove Propositions 3.1 and 3.2.
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PROOF OF PROPOSITION 3.1. Note that Y°*(0) = Y (0), and recall that Y% (¢)—
Y (t) = X% (t) — X (t). Using the differential forms of the random PDEs (6) and (9),

1Y () = Y ()l

= q/ (YO s) = Y(s)2 (Y (s) = Y(5)), AY*!(5) — AY (s))ds
+ q/ ((X°H(s) = X(5))72(X ! (s) = X(5)), Wse(X (s)) — Wse(X (5))))ds

t
+ q/ (X% (s) = X (5))172(X ! (5) = X(5)), Use(X(s))) — F(X(s))))ds.
Thanks to Lemma 2.1, combined with Young’s inequality and Gronwall’s lemma,

we obtain

1Y) = Y (0l

5q
)ds,
L5a

< (T8t /OT (1 + HY(S) +(s)

It remains to use the a priori estimates of Lemma 3.1 to conclude the proof. (I

To prove Proposition 3.2, we follow the approach from [3], and we introduce
an additional auxiliary process,

t
V(0)i= S(0Xo+ [ S(t— 57t (XV([s)sr))ds
0
for which the following auxiliary result is satisfied.

LEMMA 3.4. Assume thatd =1, Q = I, || Xo||p3« < 00, p > q > 2. Then for
0<n<1, s>dt,

(12)
B[||¥ () + wis) = XM (Lslan)||] ] < €T pm, Xo) (1 + (Ls)s) ) (6tymin e,

If assume in addition that || Xo|lws.« < 0o, 8> 0, then we have

(13)

E[[[¥(s) +w(s) = X (s)s0)

p (1 B
] = 0@ pm Xo) 1+ (Ls)or) ) (8t 0,

PrOOF OF LEMMA 3.4. By the definition of Y and XN we get, for s > 6t,

|7) +ts) = XN (Ls)n)

La
= [[8s)X0 = S(Ls)st)Xo|

+ H /OS S(s — ) Ws(XN(|s]s0))dr — /Otsj‘” S(|s]se — LTJ‘”)‘I’&(XN(LSJat))drHLq

La

i H /0S §(s —r)dWe(r) - /OLSJM S(Lslse — r)dWQ(r)’
=L+ L+
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Thanks to the smoothing properties of the semigroup S(t), we have for arbitrary
n <1,

1 < [[$(lsJan)(S(s — Lsla) - Do

< C’HA”S([SJ&)

”A’”(S(s ~Lslse) — I)X0’

£(La,L9)
< C(Ls)se) "6t Xo]| La-

La

Then we turn to estimate the term I, for s > e,

I < H /OLSJ; (5(3 —r)—S([s]st — \'TJ&))\IJ&(XN(LSJ&))dTHLq

A s,

Ls] st
<)
0
Lslse
v
0

+ Cot sup H\Ifgt (LSJ&))H
s€[0,T] Le

S(s—r)(S(r—|r]st) — I)‘I’ét(XN(LSJ‘”))HquT

S(|slse — |rlse)(S(s = [s)se) — I)\Ilét(XN(LSJM))HquT

Similar to the estimate of I;, combing with Lemma 2.1, we obtain for 0 < n < 1,

I < C(T)(8t" + 6t) (1 + sup [ XV (t,)[[754)-
n<N

Thanks to the Burkholder inequality, Eq. (3), from Section 2.1,

E[I?] < C(p H /Ls“t S(s—r)—S(s]st — T))dW(T)’ ;}
reoE[] [ se-nawve); ]
< C(p)(/o e S(s—r)—S(|s|st — 1) j(HLq)dr) :

)
2

oo

SJ 5t

2
‘S (s—r) H dr)
y(H,L7)

Thanks to Eq. (4),

(¢€k)2‘

H(b”'gy(H,L‘?) S C ) ¢ S 7(H7Lq>

q
keNt Lz

Recall that it is assumed that sup |lex]le < C < co. Moreover, one has the

keNt
following useful inequality: for any v > 0 and any « € [0, 1],

sup Z r%“")\ge*w‘” =C(y,a) < oo.
r€(0,00) beN+

Using these properties,
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|s]st 2 :
B <o [ 3 |8tlsls = (St = Lskan) = e )
keNt
vo( [ 3 18t - meslar)
Lslot pen+
< C(/LSJM Z 672)\k(LSJ5t77‘)(GiAk(LSJ‘Stis) — 1)2dr)g
0 keNt
([ T o)
Ls]st kEN+
Ls]st > : S E
. C(/ ) Z e_gxk(LsJat—T'))\éétde) 7y C(/ (s — T)_%dr> g
0 ) Ls]st

IN

Lslse 3 1\ 5 p p
c(/ ridrott)” + oot < oat
0
Combining the estimates of I, Is and I3, we obtain for s > dt,

E[H?(s) +w(s) — XV (1s]s)

OGRS RS T)
< C(T,p, q, Xo) ((sz(;t)—’ipét"p + 6t%)
< C(T,p,q, Xo)(1 + (|s]g:)~™)5t™nCGme,

which shows the first assertion.
If in addition we have || Xo|lws.« < 0o, 8 > 0, alternatively we have

I < [[ 478 (s)an) L equao [A7(S(s = Lshoe) = D) Xo|

La
_ B
< C([s]se) "6t =2 || Xolwea,

where 1 + g < 1,0 <n < 1. Combing the previous estimation on I and I3, this
concludes the proof. O

It now remains to prove Proposition 3.2, using Lemma 3.4.

PROOF OF PROPOSITION 3.2. We first show the estimation (10) with the rough
initial datum X, € L%. Due to the definition of X~ and Y%, we have

IX™ (1) = w(t) = Y°! (1) s

- / 500 Lo Wan (X (L)) s — / St — s W (Y (5) + (s))ds|

La

< H /Ot S(t— [s]s0)Wae (XN (5]5¢))ds — /Ot S(t— s)\If(;t(XN(LsJ(;t))dsHLq

La

JrH/OtS(tS)‘I’at(XN(LSJ(;t))dS/Ots(tS)qjét(YM(S)er(S))ds
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The first term is controlled by the smoothing properties of S(¢) and the uniformly
boundedness of Ws; (X (|s]s:)). For 0 < ny < 1, we have

| [ 5= sl wanCx™Ustands — [ (e —spwsn X (1s)aoas],
0 0

= H /Ot AMS(t— $)ATM(S(s — |s]st) — I)‘I’ﬁt(XN(LSJ&))dSHLq

< / Ot — )™ (5 — [5]50)™

WXV (|s)s0))|| s

< Cnstm / (141X (L) 50) |20 ds.

We use the auxiliary process Y and (12) in Lemma 3.4 to deal with the second term
since

| [ ste-s1wae lslanas— [ ste-spwa vy ruonas] = v -F ()]s

By the one-sided Lipschitz continuity of ¥4, , Holder and Young inequality, we have
for 6t <t,

1Y (t) = Y ()13,

= Y (5t) = Y (6) 1. + /& (Y (s) = Y (5)7 2V () = Y (5)), AY ! (s) — AY (5))ds

- q/gt (Yl(s) — V()1 2(YO4(s) = V(5)), Wst(Y°H(5) + w(s)) — Usr(XN ([ 5]50)))ds

< Y6 = V0L +a [ () = V()2 (s) = T (s),

ot

Wy (VO(s) + w(s)) — War(V(s) + w(s))>ds

+ q/ﬁ (Y7 (5) = V()72 (Y (s) = Y (5)), st (Y (5) + () — Wsr (XN (L) 50))) s

t

< [Yo(6t) - T(60)]1* + C(a) /5 V) = Tl

[ )+ ot - B sl

t
Then Gronwall’s inequality yields that for ¢ > §t,
[Y24(8) = Y (0)lIE. < TV 6t) = V()1
+et /(: 1W56(Y () + () = st (X (s]50)) 1] ds-
Using Lemma 2.1 and Holder inequality,

[Wse(21) = Wse(22)llze < Cllzr = z2llpoa (1 + |21l 700 + ll22]1Z50)
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leads that

Y2 (8) = ¥ (t)l|ze < C(T,q) <||Y“<6t> =V O0)a+ sup (14 1T ()0 + ()]0

s€[0,T]
q A1
) ! ds) .
L34

1 sl ) ([ T |7() + () = X™(s)s1)

Since for t < dt,

t
sup V() = T (Ollr < €| [ (e = )WY (5) + w(s))ds|
te[0,5t] 0

L4

+ / S(t = )05t (X" ([s)50)ds||

<08t sup (14 1Y% (3) o + (o) + IXN ()
s€[0,T)

Taking expectation, together with the above results and a priori estimate in Lemma
3.1, Holder inequality and Minkowski’s inequality, leads that, for p > ¢, n < %,

E[ swp [VO(t) - V()% ]
telot, T

< C(T,n,p,q) (E[IY‘”((%) - 37(5t)||’£q} +E

sup (14 1V ()72, + llw(s) 75,
s€[0,T)

0z (] 70wt - 2 e, )]
< OOE[ sup (1Y (5)3%, + )% + X (5)135,)
s€[0,T

+CE| sup (1417 ()1%, + ()12, + 15X (1s)s0) 25, )

s€[0,T]

(/: [9(9) + wls) ~ X (Ls)on)|[, ds)

t

< COtE| sup (14 [Y"()|3, + () 135, + 1XN ()35, )]
s€[0,T)

+C

sup (1 + V()1 750 + Cllw)l 75, + 1XV (Ls]s) 175

s€[0,T L2(Q)

Lip

x H(/: ’}A/(s) +w(s) — XN(szgt)‘ ;qu) ‘

t

L27(Q)
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By Minkowski’s inequality and (12) in Lemma 3.4, we get for ) < %,

Q=

H (/: ’?(3) +w(s) — XN(LSJ(S,:)’ ngqu)

t

L2 (Q)

q 1

< (/; (E[H?(s) +w(s) — XV (|s)se) ‘Zp ])¥as)”

t Lea

T 1
<o+ ( / [s]5"%ds) " )8t < C(T, p, g, || Xo| ow)ot™ 41,
st
which combing with the above estimation, yields that

E[ sup [VP(t) = V(OI5.] < OT,p, g, | Xoll o) 5em2 0.
telot, T

By the continuity of Y%*(¢) and ?(t), together the above estimations, we have for
E[ swp [Vt~ V(OIR.] <E[ sup [YP(0) - YOI
t€(0,T] te[6¢,7)

+E| sup V(1) - V()1
te[0,5t]
< C(T,pyq, HXOHLQq)(Stmin(%;’V])’

which establishes the first assertion (10). For the estimation (11), we use (13) to
estimate the term E[supte[oj] Y9 (t) — Y (¢)|[%,| and the arguments are similar.
]

By this variational approach, we can deduce that if d=1, Q =1, p > q = 2m,
meN'T, 8>0,n< %, Xo € WP2N E. Then the strong convergence rate result
still holds, i.e.,

< C(T, p, q, Xo)5t™n G5+
L ()

sup || XN() = X(6)]1e|
t€[0,T]

by using the estimation

1Wst(21) = Wse(22)]|Lo < Cllzr — z2l|za (1 + |21lfE + [|22F)

and the procedures of Theorem 3.1. This above result gives the answer to the
problem about the strong convergence rates of splitting schemes appeared in [4].

REMARK 3.1. This above variational approach, combining with some further
analysis on the discrete stochastic convolution, may also be available for obtaining
the optimal strong convergence rates of other splitting schemes, such as the split-
ting exponential Euler scheme and the splitting implicit Euler scheme in [4]. This
extension will be studied in future works.

To conclude this section, we give extensions of Theorem 3.1, when Eq. (1) is
driven by a Q-Wiener process, in dimension d < 3. We only sketch the proofs of the
parts which require nontrivial modifications. Note that the order of convergence
depends on the Holder regularity exponents for the process X.

COROLLARY 3.1. Let d <3,p>q=2m, m € NT, 5, >0, n < %. Assume
that Xo € WP N E and that the operators A and Q satisfy: Aey = —Aper, Qe =
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1
Vakek, qr > 0, k € NT, with eigenfunctions such that |lex|le < C, ||[Veg|| < CAZ.

Suppose that > qk)\iﬂf1 < 00, for some 0 < 8 < % Then we have
keN+t

| sup XN = XWllua|| < OT,p,q, Xo)armnF ),
t€[0,7] Lr ()

PRrROOF. To prove that Lemma 3.1 holds true, it is sufficient to check the es-
timate E[ sup |w(t)||%] < C(T,p,Q) for p > 1. This is a consequence of [10,
t

)

Theorem 5.25].
It now remains to explain modifications concerning Lemma 3.4. More precisely,
the control of the term I3 is modified as follows:
P
o

E[If] < C(p H/ QJM (s—r) (szgt—r))dW(r)‘

JE H/J S(s—r)dW(T)’iJ

Ls])st P
<C / TN (M) gmanllalsimn)y2 qkdr)z +C /
keN+ Lslot ken+

< C( Z An e (s Lslsn) Qk) —|—C( Z q’f e szat)))

keN+t k€N+

COY g o,
keNt

[SIS]
[SIS]

Applying the same techniques as above concludes the proof of Corollary 3.1. (]

COROLLARY 3.2. Letd=1,3>0andp >2. IfQ € LY, Xo € H’NE, then
there exists a constant C = C(Xo,Q,T,p) such that

< Ot
L (Q)

sup |X (1) - X (1)
te[0,T)

Ifd = 2,3, ||(—A)%Q||£g < 00, Xo € HP NE, then there exists a constant C' =
C'(Xo,Q,T,p) such that

< C'5tz.
L ()

sup || X() — X ()]
te[0,T

ProoOF. We first show the first assertion. The assumptions ensures that the
method to obtain the strong convergence rates of the splitting scheme in the case
Q = I is also available for the case Q € L£3. We only need to show that the a
priori estimate of w, and I3 possess higher convergence speed than the case @ = I.
The Sobolev embedding theorem, the regularity result of stochastic convolution in
[10, Theorem 5.15] and Burkerholder inequality yield that for p > 2, there exsits
i <p< % such that

E[ sup [w(t)[|E] <E[ sup [[(-A) w(®)|] < C(Q,T,p),
te[0,T] t€[0,7]

—2Ak(s—r)qkdr)

ya
2
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and

E[I2] < C(p H/szét (s—1) (sz&—r))dWQ(r)Hp}

IE H/w S(s — r)dW(r) p}

- C(p)E[(/OLSJM
+cwE( /L

The above properties, combined with the procedures in the proof of Theorem 3.1
shows the first assertion.

Denote W, = [/ (t—s)"7S(t—s)(—A)2dW(s). Whend = 2,3, [|(—A4)?Q|| ¢ <
00, Sobolev embedding theorem H'™2% — £ 1 < 8 < 1 together with the the
fractional method and Lemma 3.2, yields that for p > 2, % <pB< %, % >y > ﬁ—i—%

]5 s—r QH dr) } < C(Q)dt?.

s]st

E[ sup [w(s)|E] SE[ sup [w(s)fin] < CE| sup |16 W, (5)[Ess ]
s€[0,T] s€[0,T] s€[0,T)

T
<C [ B[IW, (61 ]as

<c(f LS A QlRyds) < Q).

Combining with the continuity of stochastic convolution

s < coel( [

+CE|( /L

The a priori estimate of E[ sup ||w(t)||%] and some procedures in the proof of
t€[0,7)
Theorem 3.1, we get the second assertion. [

(—A)_%(S(s— |s] H H )2S(|s)st — 1) QH dr)

’S s—r QH dr)g} O(Q)ot%.

5]t

4. Higher strong convergence rate using exponential integrability
properties (regular noise, dimension 1)

This section is devoted to two contributions. First, we investigate exponential
integrability properties of the exact and numerical solutions X and XV, in dimen-
sion d = 1,2,3. We also derive useful a priori estimates in the H? norm. This
requires additional regularity conditions on the operator @, and the initial condi-
tion Xo: it is assumed that ||(—A)%Q||£g < oo and X, € H2. Second, we prove
that the splitting scheme, Eq. (2), in the one-dimensional case d = 1, has a strong
order of convergence equal to 1. Note that this higher order of convergence may be
obtained since the stochastic convolution is not discretized. Up to our knowledge,
this is the first proof that a temporal discretization scheme has a strong order of
convergence equal to 1 for the stochastic Allen-Cahn equation.

Like in Section 3, it is assumed for simplicity that the initial condition X is
deterministic. The extension of the results below to random X is straightforward

p
2

a5 e sl

)



18 CHARLES-EDOUARD BREHIER, JIANBO CUI, AND JIALIN HONG

under appropriate assumptions: for instance, conditions of the type E[ec“XOHfﬂl] <
oo for some ¢ < 0o are required when studying exponential integrability properties.

4.1. A priori estimates and exponential integrability properties. In
order to show an improved strong error estimate, with order 1 in some cases, we need
to prove additional a priori estimates, and to study the exponential integrability
properties for d = 1,2, 3, in some well-chosen Banach spaces.

We first state the following result. The proof is standard, using It6’s formula
and the one-sided Lipschitz condition on F', and it is thus left to the interested
readers.

LEMMA 4.1. Assume that d < 3, ||(—A)%Q||£g < oo and Xog € H'. Letp > 1.
Then the solution X of Eq. (1) satisfies the a priori estimates

T T p
B[( s 1X@+ [C1xX@Ias [ 1x@ka)’] < o0 ep)

and

T

p

B[ swp [XOIE + [ 1XOlEds)'] < 00 7. Qup)
t€[0,T) 0

To show the exponential integrability of X, we quote an exponential integra-
bility lemma, see [8, Lemma 3.1], see also [6] for similar results.

LEMMA 4.2. Let H be a Hilbert space, and let X be an H-valued adapted sto-
chastic process with continuous sample paths, satisfying Xy = Xo + fot w( X, )dr +
fot o (X, )dW, for allt € [0,T], where almost surely fOT(Hu(Xt)H—i—Ha(Xt)||2)dt < 0.

Assume that there exist two functionals U and U € C*(H; R), and a > 0, such
that for all t € [0,T)

tr[D?U (z)o (x)o* (z)] n lo*(z) DU ()| LTz

DU (@)u(x) + : = U(x) < aU(x)
Then
;—
sup E[exp <U(X;t) +/ U(Xr)drﬂ < eV (Xo)
te[0,T] e o €Y

We are now in position to state a first exponential integrability result, which
will be improved below. For the reader’s convenience, we omit standard truncations
and regularization procedures.

PROPOSITION 4.1. Let d < 3, and assume that ||(—A)%Q||£(2J < oo and Xy €

H'. Then for any p,p1 > 0, there exist a = \(p, Q) € (0,00) and a; = A\(p1,Q) €
(0,00), such that

t t
E|exp (e X()]* + 2 / e~ ||V X (s)|2ds + 2p / e X (s) [ fads) | < eI,
0 0

and

Eexp (= pu VX (1)1 + 201 /te—alsnAX(s)Fds))} < en IV Xl
0
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PROOF. Define p(x) = Az — 2® + z,0(x) = Q, U(z) = p|jz||* and Uy(x) =
p1||[Vx||2. Then note that for p > 0,

(DU (@), wla) + DU ()o(w)o" ()] + o) DU @)
= 9p(r, Az — 2+ 2) + ol QI +261Q"z
< 2072 + 20l ~ 2ol + PRIy + 20 elPl QI
< 20|V ~ 2pllallhe + pll QU3 + (20 + 2671 QU3
Let oo > 2p + 2p2HQ||ig, and define

U(z) = 20l Val* + 22|74 — pll Q7.
Then one may apply Lemma 4.2, which yields

t t
E[exp (e pl| X (8)]2 + 29 / e VX (s)|%ds + 2p / €| X ()| 4dls)
0 0

2
rllQI%o
Lo

g]E{e X epnxoﬂ < eplXol?,

The second inequality is obtained with similar arguments and the fact that H!' =
H}:
1 2 * 1 * 2
(DUL(2), p(z)) + St D°Ui(2)o(z)o™ ()] + 5 |lo(z)" DU ()]
< =2p1(Az, Az) = 6p1 (Y, Vaz?) + i [VQIIZg + (201 + 201 [VQI 79 V.
It remains to apply Lemma 4.2, to get for a; > 2p1 + 2p§||VQ||iO,
2

t

Blexp (oI X O + 201 [ e |AX () Pds) )

p1lvVelZ,
Lo 2 2
< Ele—am = enrIVXoll } < eIVl

This concludes the proof of Proposition 4.1. O

The use of Gagliardo-Nirenberg—Sobolev inequalities (see e.g. [24]) then al-
lows us to improve the result of Proposition 4.1 as follows: we control exponential

moments of the type E[exp (fOT cHX(s)H%dsﬂ with arbitrarily large parameter

¢ € (0,00). This result is crucial in the approach used below to obtain higher rates
of convergence for the splitting scheme.

PROPOSITION 4.2. Let d < 3, and assume that ||(—A)%Q||£g < oo and Xy €
H. Then the solution X of (1) satisfies, for any ¢ > 0,

E[exp (/OTC|X<S>||§ds)} < O(e,d, T, Xo, Q) < 0.

PrOOF. Assume first that d = 1. Then we use the Gagliardo—Nirenberg—
2
Sobolev inequality || X | < C1[|[VX||5[|X]3,.
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Thanks to Young’s inequality, for all € € (0, 1), there exists C;(¢) € (0, 00) such
that

2 4
X2 < CIVXIEIX L < (VXU 4+ el XL+ (o).

Choose € = ¢(c) < ce% < 1. Then, using Cauchy-Schwarz inequality, one gets

E [ exp ( / Tch(s)n%ds)}

< E[exp (/OT ecl| VX2 + ec| X |44 + Cu(e, c))ds)]

< eCI(e,C)T\/E[eXp (/T 260||VX||2dS>} \/E[GXP (/T 2€C||X|‘Zi4d5)}
0 0

< C(Ca 15T7 X07 Q)a

thanks to Proposition 4.1, since 2ec < Ce%. This concludes the treament of the

case d = 1.
When d = 2, resp. d = 3, we apply the Gagliardo-Nirenberg-Sobolev inequality,

2 2
IX|le < Col[AX |5 X174, vesp. [|X|le < Cs|AX 5[ X ;4. In both cases, applying
Young’s inequality, for any € € (0, 1), there exists Cy(e) € (0,00) such that

102 < (el AXIP + el X|[£4 + Ca(e))-

Choose € = €(c) < min( L7, £ir) < 1. Then

Bl ([ () 2as)|

< E{exp (/T ec||AX |12 + ec|| X |74 + Cale, c))ds)]
0

go(e,c,cd,T)\/E[eXp(/OT%CHAX|2ds)}\/E{exp(/ngec||X||§4ds)}

S C(C7 Cda T7 XO? Q)a

using Proposition 4.1, and the condition on e.
This concludes the proof of Proposition 4.2. O

To conclude this section, we give an additional a priori estimate, with higher
order spatial regularity for the solution X of Eq. (1).

PROPOSITION 4.3. Let d < 3, ||(—A)%Q||Lg < oo and Xo € H?. Then the
solution X € H2, a.s. Moreover for any p > 2,

sup B[ X(s)]l5 | < C(T,Q, Xo,p).
s€[0,T]

PrROOF. By the mild form of Y, we get

Y )l < 10Xl + | [ St =)FO +als)ds

H2
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The boundedness of S(-) and the calculus inequality in the Sobolev spaces (see e.g.
[23]) leads that

1S = 8)F(Y(s) + w(s)))l|m2
< C(HY(S) +w(s)llmz + 12X (5) |2 | X ()12 + 11X (5)* e ||X(5)||€>

< O(I¥ () + wls)ln + 1X ) el X (5)]2 + X () B |1 X ) e ).

Gronwall inequality, together with Sobolev embedding theorem, implies that
T

IV [l < Cexp(C / 1X (5)]le X (5) edls)

(s 150Xl + / (1 1X(3) )X ) o (8 szt ).
te[0,T] 0

Taking expectation, the exponential integrability in Proposition 4.2, and the regu-
larity of the stochastic convolution,

o E[lAv(s)lP] < sup £fja | S(t - s)aws) ]

te[0,T] te[0,T]

<C sw E[( / t I(=A)ES(t = )(~A4) 4 Q|[2yds)

t€[0,T]

P
2

| <ca.a.p.

yields that

1
2

E[IX (3)|If] < CE[lw(s)[a] + C(E | exp(2pC / IX () lell X (5)lls=ds)] )

< (s 1@l +E[( [ XX @l lmds) 7]) .

t€[0,T)

By Gagliardo—Nirenberg inequality in d = 1,2, 3, and Young inequality, we get

IX() 11X ()12 < CIX(3) IV X ($)]F X (5)]1,

< | X(5)[1Z + VX ()2 + e X(3)[[4s + Cle), d=1
1X() 11X ()l < CIX ()]Gl X ()12

< | X (5122 + el X ()[4 + Cle), d=2
1X ()l X (5) e < CUX(5)[1 21X (5)]1

< | X (512 + el X ()[4 + Cle), d=3.

Combining with Proposition 4.1, we get the boundedness of this exponential mo-
2p
ment exp (o I ||X(s)||g||X(s)Hszs). The estimation ofIEKfOT ||X(s)||g||X(s)HHz||w(s)||szs) }
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is similar. Gagliardo—Nirenberg—Sobolev inequality, together with Sobolev embed-
ding L* — H', yields that for d = 1,

E[(/OT HX(S)”EHX(S)HW||w(s)Hszs)2p} . [(/OT ||X(S)HI%]I2dS)2p:|

T
+CB[ [ IX@I% w(e) 0]
for d=2,

2p

E{(/OT HX(S)||£||X(S)||]H[2||w(S)HH2ds) } < C]E{(/OT ||X(5)H%12d5)2p}

T
+ OB [ [ 1)1 0 22s].
for d=3,

2p

E[(/OT HX(S)||E||X(S)||H2||w(s)HH2dS) } < CE [(/OT ||X(S)H%H2ds)2p}

+oE[ [ DX o)1)

Combining the a priori estimate in Lemma 4.1 and the above inequalities, we finish
the proof. O

4.2. Strong convergence order 1 of the splitting scheme. In this part,
we focus on the sharp strong convergence rate of X~ in d = 1. The main reason
why we could not obtain higher strong convergence rate in d = 2,3 is that this
splitting up strategy will destroy the exponential integrability in L*([0,T]; L*) and
L?([0,T]; H?) of the original equation and that the a priori estimate of the auxiliary
process Z" in H? can not be obtained, since the Sobolev embedding £ < H' does
not hold. We also remark the a priori estimate in Lemma 4.3 holds for d = 2,3. The
study of higher strong convergence order for numerical schemes in high dimensional
case will be studied in future works.

We first state the main result of this section.

THEOREM 4.1. Assume that d = 1, ||(7A)%QH£2 < oo and Xo € H2. The
proposed method possesses strong convergence order 1, i.e, for any p > 1,

sup E|:HX(tn) - XN(tn)
n<N

p} < O5t7,

To obtain the higher strong order of the splitting scheme, we consider the
following auxiliary predictable right continuous process ZV such that ZV(t,) =
XN (t,), n < N. The process Z" is defined by recursion. Let ZV(0) := X, and on
each subinterval [t,—1,t,], 1 <n < N,

ZN@) =@y, (ZV(tn1)), tE [tn-1,tn),
Z¥(6) = S0 @ (ZV (b))t [ St — $)AW(s).

tp—1

Since when t € [t,—1,t,),
dzZN = F(zZN(t))dt,
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we rewrite the definition of Z%V into an integration form,

(14)
ZN(t)zZN(tn_l)—i—/t F(ZN(s))ds, t€ [tn_1,tn),
(15) "
ZV(t) = S(5)ZN (tp_1) + tt” S(5t)F(ZN (s))ds + tt” S(tn — 5)dW(s).

Letting n be n — 1 in the above equation and then plugging it into Eq. (14) yields
that

t
S(0t)F(ZN(s))ds + / F(Z" (s))ds

tn—1

ZN(t) = S()ZN (1) + / "

tn72

tn—1

+/ (b1 — $)AWO(s), £ € [bn1,tn).
tn—2

Repeating this process, we get, for ¢ € [t,—1,tp),
tn—l
ZN(8) = S(tn_1)Xo + / St 1 — 550 F(ZN (s))ds
0

+/t F(ZN(S))der/tnl S(tn_1 — ) AW (s),

tn—1 0
and
tn tn

ZN(t,) = S(t,) X (0) + ; S(tn — |8)6t)F(ZN (s))ds + ; S(t, — s)dW(s).

4.2.1. A priori estimate for the auxiliary process. In order to get the strong
convergence order, we also need the following a priori estimations of Z.

LEMMA 4.3. Assume that d = 1, ||(—A)%Q||£g < 00, || Xollm < co. Then for
p > 2, the auxiliary process ZN satisfies

E| sup [[ZY(s)|E:| < C(Xo,p,T,Q).
s€[0,T

PROOF. We first show the estimation of sup E[||Z% (s)||E:] < C(T,p,Q, Xo)-

s€[0,T]
Since similar arguments in Lemma 3.1 implies that sup E[|ZV (s)||P] < C(T,p, Q, Xo),
s€[0,T]
it sufficient to show sup E[||VZV(s)||P] < C(T,p,Q, Xo). For simplify the pre-

s€[0,T)
sentation, we only present the case p = 2. Consider the linear SPDE dZ =
AZdt +dW?(t) in local interval [t, _1,t,] with Z(t, 1) = ®5:(Z" (t,_1)), we have
Z(t,) = ZN(t,). By Ito formula, we have

tn o~ o~
IVZY (1) 2 = [V (Z (t1)|J? — 2 / (AZ, AZ)ds

tn—1

tn R tn
+2/ <VZ,VdW(s))+/ IVQIIZqds.
t t

n—1 n—1
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Then taking expectation yields that

(V2 ()] < B[ Va2 (ta-)P) + [ [V @IEgds.

tn—1

Since ®_;, _, ZN (t,_1) is the solution of dZ = F(Z)dt with Z(tn_1) = ZN (tn_1),
the similar arguments yields that

V@t (Z7 (ta1))IP < XV ZN (t—) |1
Combing the above estimations, we have for ¢ € [t,,—1,,),

E[IVZY0)2] < " E[[92" (ta1)I1?]
< et (eC“]E[HVZN(tn_g)||Q] + C(St)
< eCT”*XvO”2 + C(QaT)a

which implies that sup E[|VZY(s)]]?] < C(T,2,Q, Xo). Similarly, we obtain the
s€[0,T]

uniformly boundedness of sup E[HZN (s)||ﬁ1} , D> 2.
s€[0,T)
Now we are in position to show the desired result. By the argument in Lemma
3.1, we have E[sup || X (¢,,)]|}4] < C, ¢ = 2m. Then we aim to prove that E[sup ||[VX (¢,,)?] <
neN neN

C. By the similar procedure of the previous proof of Lemma 3.1, we get

19 (X% () = wlta) )12 < (14 80)|[9(@50 (XN (ta-1)) = Pst(w(tn-1))) H2
+ O8t(1 + ||w(tn_1)]|%).

Now, consider the SDEs dZ; = F(Z)dt with different inputs Zl(tn_l) =
XN(tn_l)) and Zg(tn_l) = w(tn_l), we get d(Zl — Zz) = (F(Zl) — F(ZQ))dt
for ¢ € [t,—1,t,]. Further calculations, together with Gagliardo—Nirenberg, Holder
and Young inequalities, yield that

19 (@mt s (X (1) = @ (1)) ) I

t
< VXN (tn-1) = wltn-1))]? —/ (Zy = Z2)V (2} + 2120 + Z3),N 21 — N Z2)ds
th—1

t

< V(XN (tn-1) = w(ta-1) [P+ C IV 2y =V Zs|%ds
tn—l

t ~ ~ o~ ~ ~ ~
+C IV(Z3 + Z1Za + Z3)|P|[(Z1 = Z») | 2ds

tn—1

t
< VN (t) — w(ta1))|? + C / IV 2, — V Z||2ds
th—1

t
+ C/ (1211l + 1122101 21 — Z2|*ds.

tn—1
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On the other hand, the monotonicity of F yields that the solution of dZ = F(Z)dt
satisfies for ¢t € [t,,—1, tn],

sup | Z() 17 < e“ A+ | Z(tn)l[n)-
tE[tn—1,tn]

The above inequality yields that

19( @1ty (XN (tno1)) = Bty @lta) )12
< (VXN () = wlta )P + €701+ XY () [ + [t ).

Then discrete Gronwall’s inequality leads that

n—1
IXN (ta)lFn < CllXollfn + Cllw(ta) I +C D st(1+ | XN () l1fn + lw(t)lIfn)-
7=0

Taking expectation, we obtain for any p > 2,

B[ sup 1XY ()15 | < C(1+ 1 X0l + sup E[I1XY (1) 132] + B[ sup () I2])-
n<N n<N n<N

Denote W, = [/ (t — )~7S(t — 5)(—~A)2dW®(s). By the fractional method and

Lemma 3.2, we have for g < %, % >y >[04+ %,

E[ sup Jws)If] E[ swp [w(s)|Fa0] < CE[ swp (1G4, ()11
s€[0,T] s€[0,T] s€[0,T]

T 3
<c [ B[ k)i

T 3p
<o [ s ISE-A)4Qlkyds) * < C(T.Qup),

0
which implies that IE[ sup HXN(tn)Hﬁl} < C(T, Xo,p, Q). Then the definition of
n<N

ZN yields that

EL:{%PT] 12¥ )] < o1 +E[:£ IXN (L)) < O, X, Q.p),

which completes the proof. O

Similar to the procedures in the proof of Proposition 4.2, we show the following
exponential integrability of Z™V which is the key to get the higher strong convergence
rate. The rigorous proof is that in each local interval, we first apply the truncated
argument and the spectral Galerkin method, then use the Itd formula and Fatou
lemma to get the evolution of Lyapunouv functions. For convenience, we omit these
procedures.

PROPOSITION 4.4. Assume thatd =1, ||(7A)%Q||Lg < 00, [|[ Xo|lm: < co. Then
we have for any ¢ > 0,

(16) E[exp(/onzN(sn@ds)] < C(X0, T, Q, ).
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PROOF. In each subinterval [t,_1,t,], we define the process 7 as the solution of
dZ = AZdt+dW(t), with Z(t,_1) = ®5: 2™ (t,,_1). Denote u(z) = Ar,0(x) = Q,
U(z) = pllz||* and Uy (x) = p1||Vz||?. we get for p, p; > 0,
1 2 * 1 * 2
(DU (2), w(2)) + 5t2[D7U(2)o(z)o (2)] + 5 |lo(z)" DU

— 2p(a, Az) + pl[QI12y + 207 Q|
< ~20|Vz|* + ol Q1% + 20 QU3g %

Lemma 4.2 yields that for a > 2p%(|Q||3,,
2

]E[exp (e—atnp||zN(tn)||2)] < eCétE[eXp (e_o‘t"*lpHCI)[thN(tn,l)||2)}.

Since ®;_y, , ZN (t,_1) is the solution of dZ = F(Z)dt with Z(t,_1) = ZN (tn_1)
in [tn—1,ts], similar calculation, together with Holder and Young inequality, yields

B[ exp (70 pl[ @5, 2™ (b0 1))

tn
= E[exp (e o 2V (ta) [ — e 12 / 127 (s) [ 4ads

th—1

tn
vty [ 28 )ds)]
t

n—1

tn
< B [exp (2 | 2t - et [ 12V )]

tn—1

< O [ exp (et p) 2% (00 1) ) |

Then repeating the above procedures,

E|exp (¢ pll 2% (1)) | < B[ exp (70| 2" (taa) ) |

2
< ¢Ctngrll Xoll”

For t € [tp—1,tn), we similarly have
t

B exp (e ol ZY 01 + [ e p|2¥ (5) huds)]
0

t
<B|E[exp (e o 2¥ (1) + / el 2 (s) [4uds) | 70, ]

n—1

t7,71
xexp ( / el 2 ()0

tn—1

< 60&E|:€Xp (e_(’t”‘lp||ZN(tn_1)||2 +/
0

2
S eCtn GP”XOH .

e~ 2% (s) [ feds )|
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Next, we focus on the exponential integrability in H'. Since dZ = AZdt + dW?(t)
in [t,_1,t,], with Z(t,_1) = ®5:ZN (t,_1), for p; > 0, we have
1 1
(DUL(2), p(x)) + 5tr[D*Vn (2)o ()™ (2)] + 5llo(z)* DU ()]
— —2p(Az, Az) + p1 [VQI2y + 202V Q24 | V2.

which yields that for a1 > 2p7[|[VQ||2,,
2

E[exp (efo‘lt"p1||VZN(tn)||2)} < ec‘stE[exp (efalt"—lplHV@&ZN(tn_l)HQ)}.

Then the fact that ®,_; _ ZN(t,_1) is the solution of dZ = F(Z)dt in [t,_1,tn],

= ~ ~ 207 IVQI% T
with Z(t,,—1) = ZN (t,_1), yields that for a; > 2p;, p1 = e Plvellzg p1,

tn
E[ exp (&7 1 [ V5, 2% (1) +/ emons

tn—1

201(V 2" (5), (27 ())°9. 2" (5))ds )|
< eCétE[eXp (e_alt”*1p1 ||VZN(tn,1)||2)}

2prVQHigT

pl)v

Repeating the above procedures and taking oy > max(2p7[|VQ||3,, 2e
2
we obtain

sup E[eXp (6_“1tp1HVZN(t)||2H < CerrIVXoll?,
t€[0,T)

Now, we are in position to show the desired result (16). Gagliardo-Nirenberg—

2
Sobolev inequality |ZV | < Cl||VZN||%||ZN||z4, together with Hélder and Young
inequalities, implies that

Bl ( ColzV(s)1as)]

1 1
<E[exp (/0 SlVZY G+ Sl Z¥ () + Oler,e2,e))ds) |

<O, 61,62,0)\/E{exp (/OT 61||VZN(5)||2dsH \/E[exp </0T €2||ZN(5)||%4d5)].

—aT

Choosing €5 < e p, we have

Jefeso ([ 7o) < coresmsr
0

Taking €; < %, together with Jensen inequality, yields that

\/E[exp(/OT q||VZN(s)||2ds)] < sup \/E[exp (T61||VZN(3)\|2)}

< eCTe5 IV Xol?,

The above two estimations leads the desired result.
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4.2.2. Strong convergence order 1 of the splitting scheme. After establish the a
priori estimates and the exponential integrability of both the exact and numerical
solutions, we are in position to give the other main result on the strong convergence
rate of the splitting scheme.

PROOF OF THEOREM 4.1. The mild representation of X (5) and X* (8) yields
that

S(tn — $)(F(X(s)) = F(2 (s))ds|

1 () — X¥ (1) < Hi_jl /

Sty — ) — Sty — tj))F(ZN(s))dsH = I + I,

By the smoothing properties of S(¢), H! is an algebra and |F(2)| < C(1+|z[3),
for 0 <n < 1, I, is treat as follows:

1= | / " (At — 5)(~A) T — (s 5] F(ZY ()
3 tn
)/
3
H1>'

For convenience, we introduce the mapping G such that F'(z1)—F(z2) = G(21, 22) (21—
22), 21,22 € R, where G(21, z2) = — (23 + 25 + 2122) + 1. II; is decomposed as

<C<5t2+7’(1+ sup HZN ‘
s€[0,T]

(—A)"S(t, — S)Hds

<C<5t2+7’(1+ sup HZN ‘
s€[0,T]

t]+1

”1<H2/t JG(X(5), 27 (5))(X () = 27 (15))ds|
+| Z /tm S(tn = $)G(X(5), 2% (5)) (X (s) — X (1))
j=0"%
b [ st = 96006, 2620 - 2V 5|

j=0
= Ifll +IIlg + IIlg.

Direct calculations, together with Sobolev embedding and Gagliardo—Nirenberg
inequality, yields that

nn<cz / IX 2 + 12 ()2 +1)ds X (2) — 2% (1)
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and

1113<2OZ/ (1+ 1X )R + 12¥ ()13

N N
‘Z y (tj)HLﬁds

n—1 tit1 s
<20y / sup (141X ()3 + 12V ()13 ) | / F(ZN(r)dr| ds
j=0"7t; s€[0,tn] t; LS

<206t swp (141X ()lEe + 1276 Ee + 127 () [0
s€[0,t,]

<208t sup (14 X(s)lh + 127 ()5 )-
s€[0,ty,]

For 115, we have

tit1

T < Hz/t S(tn — $)G(X(t)), ZN(tj))(X(s)—X(tj))dsH

= TIl191 + 1129 + I1193.

Using the mild form of X (s) (5) and Sobolev embedding H! < £, we have

Mo < Y [ |80 - 96000 2700 [ (s - DFCe(rar]as

X [ St = 906X 00,250 [ (s - riawoas
=07t tj

+ O SR IE + 12Y IR A)X )]
=0

<ot sw (14 1XG)E + 12V ()

FOSRX ) + 12V (1) B A)X )|

j=0

T H nzl /ttj“ S(tn — 5)G(X (t5), ZV (1)) /tS S(s— T)dWQ(r)dSH.

j=0"1ti j
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For the last term, taking expectation, together with the independence of increments
of Wiener process, the adaptivity of X, Fubini theorem and Burkholder-Davis-
Gundy inequality, yields that for p > 2,

E| Z / Stta = 00X, 7)) [ 50 =]

HZ[M/ " St 160X (1), 2705 — s )

n—1 tit1 tit1 g
<C<p>E[(j§_3o / | st =960 (). 2V )s( oN
< C(p)ot” Z / 1X ) 12 @ize) + 127 () Enize) +1) ZHQekH ds)g
keN
(T,Q,Xo, p)otP.

The definition of G implies that G is symmetric and |G (z1, 22)—G (21, 23)| < |21]||22—
23| + |22 — 23|22 + 23|. Based on this property, we estimate 111192 and 111123 as

11199 + 111193

< 202/ 1X (s) = X ()26 (IX ()l e + I1X ) ze + 1127 ()] o) ds
+ 202 / () = XN 127(8) = 2V (1) o (127 () + 127 ()l + 12X () 10 ds

The continuity of X, the right continuity of Z"V and Sobolev embedding theorem
lead that for s € [t;,t;41), n <1,

[ X (s) = X(#;)] e

< 1((5) = ()X O + 1 [ 85 =P ar = [ 5005 = FCC0) s

+|\/ (s — r)AW(r) - /Osof—r)dva( ) lus

< C6t3 | Xolse + | / (S(s—r) = S(t; = ) PX()drllzs + 1| [ (s — )P (r))dr|s

t;

+ / (5 =)= 8005 = NaWOo+ 1[50 = W) s

< Cormn ) sup ([ Xollw + X () + 1XC)E) +] [ 56 -nawe)
rel0,T] t;

L6

+ / "(S(s — 1) — S(t; — r)dW () 1o,
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where the two stochastic convolution terms can be bounded by Sobolev embedding
L% < H' and similar estimations for I in Corollary 3.2, and

127 (s) = 27 ()] o
</

tn—l

F(ZN(@))dr|zs < Cot sup (14 12V (1) + 12V (1)1 )-
rel0,T]

The above estimations, together with Young and Hoélder inequality, implies that

11190 + 111123

<206t sup (14 | Xolle + 1X()IE + 12V ()]
s€[0,tn]

+20 s (127l + 1K)l ) g / (H [ st =rawee

2
s€[0,tn H*

-+ /0 j(S(s —r)—S(t; — T))dWQ(T)]%Il)dS.

Since || X (t,) — ZN(t,)|| < 111y + Iy + I3 + I1y91 + I1195 + I1193, the discrete
Gronwall’s inequality in [7, Lemma 2.6] yields that

IX(t) = 2@l < Comn (2 [ IXGIE +12¥(5)s)
=0/t

X (IIQ +IIlg +11121 +I1122 +11123).

Then taking expectation, together with Holder inequality, the a priori estimates
in Lemma 4.1, Propositions 4.3 and 4.4, the continuity of stochastic convolution in
the proof of Corollary 3.2 and exponential integrability of X and Z” in Propositions
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4.2 and 4.4, we obtain for p > 1, § <n <1,

sup B [1X (1) = X (1) 7]

n<N

<) {/E[expmp / " 1x12)] {/E[expmp / 1z

(V) + B + EUEL] + VET + 1))

<Cét(5+")p\/ﬂ3[l+ sup [ 27(s) ﬂwww&[ sup (14 [ X()IE + 12V () I157)

s€[0,T s€[0,T]

+05tp\/E[ sup (1+HX( Mg + 125 (s >||10p)}

s€[0,7
N-1
+Co 3 oty BI-A)X )PP + 125 1))
=0

| CgminLanp ¢ [+ 1ol + sup (IXGIEY + 12V )

N-1
< C(T,p.Q. Xo)o" (1 + (W (1= 4)X (t)14] VE[HX@-)H%%+||ZN<@->||§£])

7=0
< C<Tap7 Q7 Xo)dtp7

which completes the proof.
|

As a direct consequence of the Theorem 4.1 above, we have the following
stronger error estimation.

COROLLARY 4.1. Assume that d =1, H(—A)%Qﬂﬁg < oo and Xo € H2. Then
foranyp>1and 0 <n <1,

sup || X (t,
n<N

< Cot".

PROOF. Since for any ¢’ > 1, based on Theorem 4.1, we have

a q
{sup HX —XN(t,) } < Z E[HX(tn) — XN(t,) } < s,
n<N noN
We completes the proof by taking 1 — %’ > and ¢ > p. 0
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