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Abstract

A Com-PreLie bialgebra is a commutative bialgebra with an extra preLie product satis-
fying some compatibilities with the product and the coproduct. We here give examples of
cofree Com-PreLie bialgebras, including all the ones such that the preLie product is homo-
geneous of degree > —1. We also give a graphical description of free unitary Com-PreLie
algebras, explicit their canonical bialgebra structure and exhibit with the help of a rigid-
ity theorem certain cofree quotients, including the Connes-Kreimer Hopf algebra of rooted
trees. We finally prove that the dual of these bialgebras are also enveloping algebras of preLie
algebras, combinatorially described.
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Introduction

Com-PrelLie bialgebras, introduced in [5, [6], are commutative bialgebras with an extra prelie
product, compatible with the product and coproduct, see Definition below. They appeared
in Control Theory, as the Lie algebra of the group of Fliess operators [7] naturally owns a Com-
PreLie bialgebra structure, and its underlying bialgebra is a shuffle Hopf algebra. Free (non
unitary) Com-PreLie bialgebras were also described, in terms of partitioned rooted trees.

We here give examples of connected cofree Com-PreLie bialgebras. As cocommutative cofree
bialgebras are, up to isomorphism, shuffle algebras Sh(V) = (T(V),w, A), where V is the space
of primitive elements, we firstly characterize Com-PreLie bialgebras structures on Sh(V') in term
of operators w : T(V)®T (V) — V, satisfying two identities, see Proposition [2.3] In particular,
if we assume that the obtained preLie bracket is homogeneous of degree 0 for the graduation of
Sh(V') by the length, then w is reduced to a linear map f : V — V', and the obtained preLie
product is given by (Proposition [2.4)):

n
VTl oy T, Yls ey Yn €V, xl...mmoyl...yn:Zwl...xi,lf(mi)(:zriﬂ...xmLLlyl...yn).
=0

In particular, if V' = Vect(zg,z1) and f is defined by f(x0) = 0 and f(z1) = zo, we obtain the
Com-PreLie bialgebra of Fliess operators in dimension 1. If we assume that the obtained preLie
bracket is homogeneous of degree —1, then w is given by two bilinear products * and {—,—} on
V such that * is preLie, {—, —} is antisymmetric and for all z,y,z € V,

r*{y,z} = {z*xy,z},
{z,y}x 2z ={z*y, 2} +{z,y x 2} + {{z,y}, 2}.

This includes preLie products on V' when {—, —} = 0 and nilpotent Lie algebras of nilpotency
order 2 when * = 0, see Proposition [2.6]

We then extend the construction of free Com-PreLie algebras of [5] in terms of partitioned
trees (see Definition to free unitary Com-Prelie algebras UCP(D), with the help of a
complementary decoration by integers. We obtain free Com-PreLie algebras CP (D) as the aug-
mentation ideal of a quotient of UCP(D), the right action of the unit () on the generators of
UCP(D) being arbitrarily chosen (Proposition [3.5). Recall that partitioned trees are rooted
forests with an extra structure of a partition of its vertices into blocks; forgetting the blocks, we
obtain the Connes-Kreimer Hopf algebra H g of rooted trees [3], which is given in this way a
natural structure of Com-PreLie bialgebra (Proposition . Using Livernet’s rigidity theorem
for preLie algebras, we prove that the augmentation ideals of UCP(D) and CP(D) are free as
preLie algebras. Theorem is a rigidity theorem which gives a simple criterion for a connected
(as a coalgebra) Com-PreLie bialgebra to be cofree, in terms of the right action of the unit
on its primitive elements. Applied to CP(D) and Hck, it proves that they are isomorphic to
shuffle bialgebras, which was already known for Hog. We also consider the dual Hopf algebras
of UCP(D) and CP(D): as these Hopf algebras are right-sided combinatorial in the sense of
[11], there dual are enveloping algebras of other preLie algebras, which we explicitly describe in
Theorem and then compare to the original Com-PreLie algebras.

This text is organized as follows: the first section contains reminders and lemmas on Com-
PreLie algebras, including the extension of the Guin-Oudom extension of the preLie product
in the Com-PreLie case. The second section deals with the characterization of preLie products
on shuffle algebras. In the next section contains the description of free unitary Com-PreLie
algebras and two families of quotients, whereas the fifth and last one contains results on the
bialgebraic structures of these objects: existence of the coproduct, the rigidity theorem and
its applications, the dual preLie algebras, and an application to a family of subalgebras, named



Connes-Moscovici subalgebras.
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The author acknowledges support from the grant ANR-20-CE40-0007 Combinatoire Algébrique,
Résurgence, Probabilités Libres et Opérades.

Notations 0.1. 1. Let K be a commutative field of characteristic zero. All the objects (vector
spaces, algebras, coalgebras, preLie algebras. ..) in this text will be taken over K.

2. For all n € N, we denote by [n] the set {1,...,n}. In particular, [0] = 0.

1 Reminders on Com-PreLie algebras

Let V be a vector space.

e We denote by T'(V') the tensor algebra of V. Its unit is the empty word, which we denote
by (). The element v1 ® ... ® v, € V®" with v1,...,v, € V, will be shortly denoted by
v1...v,. The deconcatenation coproduct of T'(V') is defined by

n
Yui,...,0n €V, A(vl...vn):Zvl...vi@)viﬂ...vn.
1=0

The shuffle product of T'(V') is denoted by L. Recall that it can be inductively defined by
Ve,y € V, Yu,v € T(V), Dwov =0, zu W yv = x(u W yv) + y(zu W v).
For example, if vy, v, v3,v4 € V,

V1 LU V20304 = V1V2V3V4 + V2U1V3V4 + V2U3V1V4 + V2U3V4V7,
V1V L V3V4 = V1V2V3V4 + V1U3V2V4 + V1U3V4V9 + V3V1V2V4 + V3V1V4V2 + V3V4V1 V2,

V1V2V3 LU Vg = V1V2V3V4 + V1V204V3 + V1V20V4V3 + V1V4V2V3 + V4V1V2V3.
Sh(V) = (T(V),w, A) is a Hopf algebra, known as the shuffle algebra of V.
e S(V) is the symmetric algebra of V. It is a Hopf algebra, with the coproduct defined by
Yv eV, A)=v@0+ 0 w.

e coS(V) is the subalgebra of (T'(V'), L) generated by V. It is the greatest cocommutative
Hopf subalgebra of (T'(V'),w, A), and is isomorphic to S(V') via the algebra morphism

o [ (S0V)mA) — (oS(V), 1, A)
’ V... U0 — v W. .. W vg.
1.1 Definitions

Definition 1.1. 7. A Com-Prelie algebra [, (6] is a family A = (A,-,e), where A is a vector
space, - and e are bilinear products on A, such that

Ya,b € A, a-b=b-a,

Va,b,c € A, (a-b)-c=a-(b-c),

Va,b,ce A, (aeb)ec—ae(bec)=(aec)eb—ae(ceb) (preLie identity),
Va,b,c € A, (a-b)ec=(aec)-b+a-(bec) (Leibniz identity).

In particular, (A,-) is an associative, commutative algebra and (A,e) is a right preLie
algebra. We shall say that A is unitary if the algebra (A,-) is unitary.



2. A Com-PreLie bialgebra is a family (A, -, e, A), such that

(a) (A,-, ) is a unitary Com-PreLie algebra.
(b) (A,-,A) is a bialgebra.
(¢) Forall a,be A,

Alaod) =aV @a® eb+a)ebga? . p?),
with Sweedler’s notation A(z) = () @ 2.
Remark 1.1. If (A, -, e, A) is a Com-PreLie bialgebra, then for any A € K, (4, -, Ao, A) also is.

Lemma 1.2. 1. Let (A, o) be a unitary Com-PreLie algebra. Its unit is denoted by 0. For
allac A, Qea=0.

2. Let A be a Com-PreLie bialgebra, with counit . For all a,b € A, e(aeb) =0.
Proof. 1. Indeed, Dea=(0-0)ea= (lea) - 0+0-(DVea)=2(0ea),soDea=0.
2. For all a,b € A,

claeb)=(c®@c)oA(aebd)

so e(aeb) = 0. O

Remark 1.2. Let us give a few reminders on the (dual) Hochschild cohomology for coalgebras,
also called Cartier-Quillen cohomology, see [3]. Let (C,A) be a coalgebra, and (M, pr,pr)
be a bicomodule over C, with left coaction pr and right coaction pr. A m-cochain is a map
L: M — C®". The coboundary d is given on any n-cochain n by

dL)=(Id®L)op,+» (1d* D@ A®Id*" V)0 L+ (~1)" (L ©1d) o pg.

=1

In particular, if (B, m,A) is a bialgebra, we can consider the bicomodule (M, pr,, pr) defined by
M =B, pr = A and

Vz € B, pr(z) =1® z.
A 1-cocycle is then a map L : B — B such that for any x € B,
AoL(z)=1® L(z) + (L®1d) o A.
Observe that in any Com-PrelLie bialgebra A, if a is primitive, for any b € A,
Alaeb)=0®aeb+aeb @b, (1)

Therefore, the map b — a e b is a 1-cocycle for this cohomology.



1.2 Linear endomorphism on primitive elements

Notations 1.1. If A is a bialgebra, we denote by Prim(A) the space of its primitive elements.
Proposition 1.3. Let A be a Com-PreLie bialgebra. Its unit is denoted by ().

1. If z € Prim(A), then z o () € Prim(A). We denote by fa the map

Fa { Prim(A) — Prim(A)
a — aelf.

2. Prim(A) is a preLie subalgebra of (A, e) if, and only if, f4 = 0.
Proof. 1. Indeed, if a is primitive,

Alaed)=a@lel+lxael+aed R0 -0+lelxa-0=0+0x0ea+aedx0+0,

so a e () is primitive.
2. Let a,b € Prim(A).

Alaeb)=axDeb+lRaeb+ledRa-b+ael@b+DebRa+aebR
=0xRaeb+aeb@D+ fala)®b.

Hence, Prim(A) is a preLie subalgebra if, and only if, for any a,b € A, fa(a) ® b =0, that is to
say if, and only if, f4 = 0. O
1.3 Extension of the pre-Lie product

Let A be a Com-PreLie algebra. It is a Lie algebra, with the bracket defined by

vmayeAa [-’L‘,y]:x.y—y.l'.

We shall use the Oudom-Guin construction of its enveloping algebra [13], 12]. In order to avoid
confusions, we shall denote by x the usual product of S(A) and by 1 its unit. We extend the
prelie product e into a product from S(A) ® S(A) into S(A) by

o Ifay,...,ax €A, (a1 X...xag)el=a; X...Xa.
e Ifa,ay,...,a; € A,

k—1

ao(a1x...xak):(ao(al><...xak_l))oak—Zao(alx...x(aioak)x...xak_l).
i=1

o Ifz,y,z€ S(A), (xxy)ez=(zez))x (ye2z?) where A(z) = 201 ® 2 is the usual
coproduct of S(A).

Notations 1.2. If ¢1,...,cp € Aand I = {iy,...,it} C [n], we put

X

Hci:Cilx...XCik.

iel

Proposition 1.4. 1. Let A be a Com-PreLie algebra. If a,b,c1,...,¢cp € A,

(@-b)e(crx...xcp)= > (aoﬁ(:z) . (b.f[(;z).

I1CIn] iel ¢l

5



2. Let A be a Com-PreLie bialgebra. If a,by,...,b, € A,
X X
Alae (b X ... xby)) = Z a e (H bg”) ® (H b§2)> a? e (H bi) .
IC[n) icl icl il
Proof. These are proved by direct, but quite long, inductions on n. ]

Lemma 1.5. Let A be a Com-PreLie bialgebra. For all a € Prim(A), k >0, by,...,b; € A,
ae0*x by x...xb=fka)eb; x...xb.

Proof. This is obvious if kK = 0. Let us prove it for kK = 1 by induction on [. It is obvious if [ = 0.
Let us assume the result at rank [ — 1. Then

ae) xby x...xby=(ael xby x...xb_1)eb+ae(Deb) xb; X...xb_1q

-1
+Zao@xb1x...x(biobl)x...xbl_l
=1
-1
:(fA(a)ob1><...Xbl_l)obl+0+ZfA(a)ob1x...x(biobl)x...xbl_l
=1

= fa(a) @by X ... X by.

The result is proved for k£ > 2 by an induction on k. O

2 Examples on shuffle algebras

2.1 Preliminary lemmas

We shall denote by 7 : T(V) — V the canonical projection.
Lemma 2.1. Let w : T(V) @ T (V) — V be a linear map.
1. There exists a unique map o : T(V) @ T(V) — T(V) such that

(a) moe=1m.

(b) For all u,v € T(V),
Awev)=u @u® ev+u® e v @y 1p?. (2)
This product e is given by
Yu,v € T(V), uwev=uVwu? o) (u® woe®). (3)
2. The following conditions are equivalent:
(a) For all u,v,w e T(V),
(uwv)ew = (uew)Wv+ull (vew).
(b) For all u,v,w e T(V),
w((uwv)@w) =ce(u)w(vw)+e(v)w(u® w). (4)

3. Let N € Z. The following conditions are equivalent:



(a) e is homogeneous of degree N, that is to say

Vk,l >0, YOk o VO ¢ YORHIEN),

(b) For all k,1 >0, such that k+1+ N # 1, w(VE* @ V&) = (0).
We use the convention VP = (0) if p < 0.

Proof. 1. Existence. Let e be the product on T'(V') defined by
Yu,v e T(V), uev=uYwu? oo®)@® we?).
As w takes its values in V, for all u,v € T(V),

N (u? @ vW)e(@w® wov®)
= e(uW)w(u® @ vW)e(u®)e(v?)

We denote by m the concatenation product of T'(V'). As (T'(V'), m, A) is an infinitesimal bialgebra
(see [9, [10]), for all u,v € T'(V),
A(uev) = MO u(g)w(u(?’) ® U(l))(u(4) L U(Q)) + u(l)w(u(Q) ® v(l)) @ u® wo®
+uV w(u@) ® v(l))(u(3) L 1)(2)) + u(l)w(u@) ® v(l))(u(3) L U(Q)) @ u® 1w o®
_ u(l)w(u@) ® U(l)) @ u® woe® — M g w(u@) ® U(l))(u(?)) ® v(2))
=1 @ uPoE® @ v (W wv?) + Wz @ vM)(W® we®) @ u® wo®
= uM 2 u® ev+ 1M oM ©u® 1@,
Unicity. Let o be another product satisfying the required properties. Let us denote that
uov = wuev for any words u, v of respective lengths k and [. If £ = 0, then we can assume that

u = (). We proceed by induction on I. If I = 0, then we can assume that v = 0. By (2)), 0 @ and
() o ) are primitive elements of T'(V'), so belong to V. Hence,

De)=n(0e)) =w(@x0) =nm(0c0)=0<0.
If [ > 1, then, by ,

A(@Ov):@®@ov+®ov®(b+@.@®v+@.v(l)®v(2)’
ADev)=0ef@v+0ev) v,

The same computation for o and the induction hypothesis on I, applied to (0, vM), imply that
ADev—Pov)=0,80 Dev—Dowve V. Finally,

fev—0Pov=n(lev—0ov)=w(@®v—0xv)=0.

If k > 1, we proceed by induction on [. If [ = 0, we can assume that v = 0; implies that
Alue) —uoh)=0,s0 uel) —uo @ =0 and, applying 7, finally ue ) =uo(. If I > 1, by ,
the induction hypothesis on k applied to (u"),v) and the induction hypothesis on I applied to
(u,0) and (u,v")) gives
Awev)=u @uP ev+ued@v+uevd)@v?
=1V @uPov+uod@v+uocv® @v® =Aov).

As before, uev =u<wv.



2. =. As w takes its values in V', we have
wuwv)@w)=w((uew)wWv+uw (vew))
=e(v)w(u®w)+e(u)w(v @ w).
<. For all u,v,w € T(V),
(wwov)ew = (u WM w((w® wo®) @ wh)(@W® we® ww®)
= (@)W WM @@ @ w)(w® we® ww®)
+ (@) (W WMo (@w® @ w®)@® wo® ww®)
= (u™ W v(l)) (v? ® wM) (u® wv® ww®)
+ (M WM w@w® @ w) (W wo® ww?)
:ul_l_l< V(0@ @ w®)(v (3)|_|_|w(2))>
+ow ( Voo (ul? ®w(1))( (3 )I_l_lw(2)))
=ull (vew)+ (uew)LUw.

So the compatibility between L and e is satisfied.

3. (a) => (b): immediately implied by @ = 7o e. (b) => (a): comes from (3). O
Remark 2.1. If is satisfied, for u = v = (), we obtain
Vw e T(V), w(d ®w) = 0.

Lemma 2.2. Let w: T(V)@T(V) — V, satisfying , and let o be the product associated to
w in Lemma([2.1 Then (T(V),w,e,A) is a Com-PreLie bialgebra if, and only if

Vu,v,w e T(V), wuevRw) —w(uRuew)=w(uewv) —w(uRuwev). (5)

Proof. =>. This is immediately obtained by applying 7 to the preLie identity, as w =m0 e.

<. By lemma 2.1} it remains to prove that e is preLie. For any u,v,w € T(V), we put
PL(u,v,w) =(uev)ew—ue(vew)— (uew)ev+ue(weuv).

By hypothesis, 7o PL(u,v,w) = 0 for any u,v,w € T(V). Let us prove that PL(u,v,w) = 0 for
any u,v,w € T(V). A direct computation using shows that

A(PL(u,v,w)) = vV @ PLu®,v,w) @ u" + PLu® oM wM) @ u® wo@ ww®.  (6)
Let v € T(V). Then
foev=0wp)ev=Dev)wd+0w()ewv)

so D ewv =0 for any v € T(V). Hence, for any v,w € T(V), PL((,v,w) = 0: by trilinearity of
PL, we can assume that e(u) = 0. In this case, () becomes

20 o v,

A(PL(u,v,w)) =0 ® PL(u,v,w) + PL(u,v™, w®) @ v® ww®
+ PL(u(l), U(l)’ w(l)) @ u® W@ W w®.
We assume that u, v, w are words of respective lengths k, [ and n, with k > 1. Let us first prove

that PL(u,v,w) = 0 if [ = 0, or equivalently if v = (), by induction on n. If n = 0, then we can
take w = () and, obviously, PL(u,0,0) = 0. If n > 1, (6)) becomes

A(PL(u,0,w)) = 0 @ PL(u,v,w) + PL(u,0,0w") @ w®
=0 ® PL(u,v,w) + PL(u,0,w) ® 0 + PL(u, ), w") @ w®.



By the induction hypothesis on n, PL(u,®,w) = 0, so PL(u, ), w) is primitive, so belongs to
V. AsmoPL=0, PL(u,,w) =0.

Therefore, we can now assume that [ > 1. By symmetry in v and w, we can also assume
that n > 1. Let us now prove that PL(u,v,w) = 0 by induction on k. If k& = 0, there is nothing
more to prove. If k > 1, we proceed by induction on [ +n. If [ +n < 1, there is nothing more
to prove. Otherwise, using both induction hypotheses, @ becomes

A(PL(u,v,w)) = PL(u,v,w) @ 0 + ) @ PL(u,v,w).
So PL(u,v,w) € V. Asmo PL =0, PL(u,v,w) = 0. O
Consequently:

Proposition 2.3. Let w : T(V)®T(V) — V be a linear map such that ({{)) and (5 are satisfied.
The product e defined by (9) makes (T(V), 1w, e,A) a Com-PreLie bialgebra. We obtain in this
way all the preLie products e such that (T'(V), 1, e, A) a Com-PreLie bialgebra. Moreover, for
any N € Z, o is homogeneous of degree N if, and only if

Vk,l €N, k+1+N+#1= oV e V) =(0). (7)
Remark 2.2. Let w : T(V) ® T(V) — V, satistying (7)) for a given N € Z. Then
1. () is satisfied if, and only if, for all k,l,n € N such that k+1l4+n=1- N,

Vu e VO Vo e VO v e VO, w((uwv) @ w) = e(u)w(v @ w) + e(v)w(u @ w).

2. () is satisfied if, and only if, for all k,I,n € N such that k+1+mn=1—2N,

VeVer vye Ve vwe Ve, w(uev®@w) —w(u®vew)

=w(uew®v) —w(u®wev).

Note that is always satisfied if u =) or v = (), that is to say if k =0 or [ = 0.
In the next paragraphs, we shall look at N > 0 and N = —1.

2.2 PreLie products of positive degree
Proposition 2.4. Let f be a linear endomorphism of V.. We define a product ® on T(V') by

VZ1, .oy Ty Ylye- s Yn €V, T1...Tp @ yana:l i1 f(2) (Tig1 oo Ty WYL - Yn).

(8)

Then (T'(V),w, e, A) is a Com-PreLie bialgebra denoted by T(V, f). Conversely, if ® is a prod-
uct on T(V), homogeneous of degree N > 0, there exists a unique f : V. — V such that
(T'(V),w,e,A)=T(V, f).

Proof. We look for all possible @, homogeneous of a certain degree N > 0, such that (4]) and (5 .
are satisfied.

Let us consider such a w. For any k,l € N, we denote by w;; the restriction of w to
Ve Vel By , wy =0if k+1# 1. As (4) implies that w1 = 0, the only possibly nonzero
w is w1 : V — V, which we denote by f. Then gives .

Let us consider any linear endomorphism f of V' and consider w such that the only nonzero
component of w is wy o = f. Let us prove foru c VO v c VO we VO with k+1+n =
1 — N. For all the possibilities for (k,l,n), 0 € {k,l,n}, and the result is then obvious.

Let us prove (4) for u € VO v € VO w € VO with k +1+n =1—2N. We obtain two
possibilities:



e (k,l,n) =(0,1,0) or (0,0,1). We can assume that v = (. As ez =0 for any =z € T'(V),
the result is obvious.

e (k,I,n)=(1,0,0). We can assume that v = w = (), and the result is then obvious. O
Remark 2.3. 1. If N > 1, necessarily f =0, so e =0.

2. With the notation of Proposition frovpn =T

We obtain in this way the family of Com-Prelie bialgebras of [5], coming from a problem of
composition of Fliess operators in Control Theory. Consequently, from [5]:

Corollary 2.5. Let k,l > 0. We denote by Sh(k,l) the set of (k,l)-shuffles, that it to say
permutations o € G4y such that

ol) <...<o(k), ok+1)<...<a(k+1).
If o € Sh(k,l), we put
mi(c) =max{i € [k] |o(1) =1,...,0(i) =i},
with the convention my(o) =0 if o(1) # 1. Then, in T(V, f), if v1,..., 06000 €V,

mg (o)

V] ...V ® Vgl ... Vt| = Z Z (Id®(i71) Rf® Id®<k+l*i))(1}071(1) ... 1)071(k+l)). (9)
o€Sh(k,l) i=1

2.3 Prelie products of degree —1
Proposition 2.6. Let x and {—, —} be two bilinear products on V such that

Va,y,z €V, (Txy)xz—wx(y*x2)=(x*2)*y—x*(2%y), (10)

{m,y} = —{y,:r},
zx{y, 2} = {z*xy, 2},
{z,yt xz={z*2,y} + {2,y x 2} + {{z, y}, 2}.

We define a product e on T'(V') in the following way: for all x1,...,Zm,y1,...,Yn €V,

n
xl...mmoyl...yn:Zml...xi,l(aji*yl)(miﬂ...xml_l_lyg...yn) (11)
i=1

k—1
+ Z T1... l’i_l{xi, xi+1}(xi+2 T Wy yn)
i=1
Then (T(V),w, e, A) is a Com-PreLie bialgebra, and we obtain in this way all the possible preLie
products e, homogeneous of degree —1, such that (T'(V), W, e, A) is a Com-PreLie bialgebra.

Proof. Let us consider a linear map w : T'(V)®T (V) — V, satisfying (7)) for N = —1. Denoting
by @, = w|yergye: for any k, [, the only possibly nonzero wy; are for (k,1) = (2,0), (1,1) and
(0,2). For all z,y € V, we put

rxy=wii(z©y), {z,y} = @0(zy ©0).
is equivalent to

Vw € V&2, w@0,2(0 ® w)
Va,y €V, w2,0((zy + yr) @ 0)

0,
0.
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Hence, we now assume that g2 = 0, and we obtain that is equivalent to —2. The nullity

of wo 2 and () give (11).

Let us now consider (3, with u € V&, v ¢ V¥ w € V¥ k+4+1+n=1-2N = 3. By
symmetry between v and w, and by nullity of wg; for all [, we have to consider two cases:

e k=Il=n=1 Weputu=x,v=y, w=z with z,y,z € V. Then is equivalent to
(xxy)sz—ax*x(yxz)=(xx2)*xy —x*(2xy),
that is to say to ([10)-1.
e k=1,1=2,2=0 Weputu=1x, v=yz, w=_0, with x,y,2 € V. Then is equivalent
to
{zxy 2} —wx{y, 2} =0,
that is to say to —3.
e k=2 1=1,2=0 Weputu=2xy,v=2z2, w=0, with z,y,2 € V. Then is equivalent
to
{zx 2yt +{z,y =2} + {z, v}, 2} = {2y} * 2,

that is to say to —4.
We conclude with Proposition [2.3] O

Remark 2.4. 1. In particular, * is a preLie product on V, and for all x,y € V, x ey = x * y.

2. lfxy,..., 2, €V,

m—1

T1...Tm ® @ = Z Iy .. .l’ifl{l'i,l'z#l}:m#g R
=1

Ezample 2.1. 1. If % is a preLie product on V, we can take {—, —} = 0, and is satisfied.
Using the classification of preLie algebras of dimension 2 over C of [I], it is not difficult to
show that if the dimension of V' is 1 or 2, then necessarily {—, —} is zero.

2. If x =0, then becomes

V377y€v7 {x,y}z—{y,x},
vx7yvzeva {{x,y},z}:O,

that is say (V,{—, —}) is a nilpotent Lie algebra, which nilpotency order is 2.

3. Here is a family of examples where both * and {—, —} are nonzero. Let V be 3-dimensional
space, with basis (z,y, z), and let a, b, ¢ be scalars. We consider the products given by the
following arrays:

oz |y|z {—-,—} x y z
xlx|y|z x 0 ay+bz | cy+ (1 —a)z
y|0[0[0 Y —ay — bz 0 0
z10|0]0 z (a—1)z—cy 0 0

Then (V,e,{—,—}) satisfies if, and only if, a®> — a + be = 0, or equivalently,

(26— 12+ (b+¢)?> —(b—c)? = 1.

This equation defines a hyperboloid of one sheet.
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3 Free Com-PrelLie algebras and quotients

3.1 Description of free Com-PreLie algebras

We described in [5] free Com-PreLie algebras in terms of decorated rooted partitioned trees. We
now work with free unitary Com-PreLie algebras.

Definition 3.1. 1. A partitioned forest is a pair (F,I) such that
(a) F is a rooted forest (the edges of F' being oriented from the roots to the leaves). The
set of its vertices is denoted by V(F).

(b) I is a partition of the vertices of F with the following condition: if x,y are two vertices
of I which are in the same part of I, then either they are both roots, or they have the
same direct ascendant.

The parts of the partition are called blocks.

2. We shall say that a partitioned forest F is o partitioned tree if all the roots are in the same
block. Note that in this case, one of the blocks of I is the set of roots of F'. By convention,
the empty forest O is considered as a partitioned tree.

3. Let D be a set. A partitioned tree decorated by D is a triple (T,1,d), where (T, 1) is a
partitioned tree and d is a map from the set of vertices of T into D. For any vertex x of
T, d(z) is called the decoration of x.

4. The set of isoclasses of partitioned trees, included the empty tree, will be denoted by PT.
For any set D, the set of isoclasses of partitioned trees decorated by D will be denoted by
PT(D); the set of isoclasses of partitioned trees decorated by N x D will be denoted by
UPT (D) =PT(N xD).

FErample 3.1. We represent partitioned trees by the underlying rooted forest, the blocks of car-
dinality > 2 being represented by horizontal edges of different colors. Here are the partitioned
trees with < 4 vertices:

Gt V.V v vy v, Vo o Y Y

V.=V L=t v =V ==,
Let us fix a set D.
Definition 3.2. Let T = (T,1,d) and T' = (T', J,d') € UPT (D).
1. The partitioned tree T - T' is defined as follows.

(a) As a rooted forest, T -T' is TT'.

(b) We put I = {I,..., It} and J = {J1,...,J;} and we assume that the block of roots
of T is Iy and the block of roots of T" is J1. The partition of the vertices of T -T" is
{[1 |_lJl,IQ,...,[k,JQ,...,Jl}.

(UPT(D),-) is a commutative monoid, of unit ().
2. Let s be a vertex of T'.

(a) We denote by Bl(s) the set of blocks of T, children of s.
(b) Let b € Bl(s)U {x}. We denote by T o5, T' the partitioned tree obtained in this way:

e Graft T' on s, that is to say add edges from s to any root of T'.
e Ifbe Bl(s), join the block b and the block of roots of T".

12



(c) Letk € Z. The decoration of s is denoted by (i,d). The element T[k]s € UPT (D)U{0}
1s defined by the following:

e Ifi+ k>0, replace the decoration of s by (i + k,d).
o Ifi+ k<0, T[k]ls =0.

Ezample 3.2. Let T =1, T' = .. We denote by r the root of T and by [ the leaf of T'. Then
Ion*.:\/, Ior’{l}.:V7 Iol’*.zi.

Lemma 3.3. Let Ay = (A,-,e) a Com-PreLie algebra, and f : Ay — AL be a linear map
such that

Vo,y € Ay, flx-y)=f(z) y+z- fly),
fxey)=f(x)ey+xef(y)

We put A = A, @ Vect(0). Then A is given a unitary Com-PreLie algebra structure, extending
the one of Ay, by

)

SRS
i
8 =

Il
SSS
I
© 8 O

0 0
Ve e Ay, x - ¥
x x

f(x)?

Proof. Obviously, (A,-) is a commutative, unitary associative algebra. Let us prove the PreLie
identity for z,y,z € AL U{0}.

e lfr=0,thenzeo(yez)=(rey)ez=ze(zey)=(rez)ey =0 Wenow assume that
.CL'GA+

e If y = 2 = (), then obviously the Prelie identity is satisfied.

e Ify=0and z € A, then

re(yez) =0, (zey)ez=flx)ez,
re(zey)=xef(2), (r02)oy=flaez).

As f is a derivation for e, the PreLie identity is satisfied. By symmetry, it is also true if
y€ Ay and z = 0.

Let us now prove the Leibniz identity for z,y,z € Ay U{0}. It is obviously satisfied if z = () or
y = 0; we assume that x,y € A;. If z = (), then

(@-y)oz=f(z-y), (xeo2)-y=f(z)y, z-(yez) =z f(y).
As f is a derivation for -, the Leibniz identity is satisfied. O

Proposition 3.4. Let UCP(D) be the vector space generated by UPT (D). We extend - by
bilinearity and the PreLie product e is defined by

Z Te, . T ift#0,
VT, T' € UPT(D), TeT =V

ZT+1 if t =

seV(t)

Then UCP(D) is the free unitary Com-PreLie algebra generated by the the elements .o, a), d € D.
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Proof. We denote by UCP (D) the subspace of UCP(D) generated by nonempty trees. By
Proposition 18 in [5], this is the free Com-Prelie algebra generated by the elements ., 4, k € N,
d € D. We define a map f: UCP (D) — UCPL(D) by

VT € UPT(D)\ {0}, F(T)= > T+,
seV(t)

This is a derivation for both - and e; by lemma UCP(D) is a unitary Com-PreLie algebra.

Observe that for all d € D, k € N,
«(0,d) ® @Xk = o (k,d)-

Let A be a unitary Com-Prelie algebra and, for all d € D, let ay € A. By Proposition 18 in [5],
we define a unique Com-PreLie algebra morphism by

9:{ UCP.(D) — A

e(k,d) — ag X 1jk

We extend it to UCP(D) by sending () to 14, and we obtain in this way a unitary Com-PreLie
algebra from UCP(D) to A, sending .(,q to aq for any d € D. This morphism is clearly
unique. O

Ezample 3.3. Let ¢,5,k € Nand d,e, f € D.

) ® (e = 1A,
G, )7 (k, f>
o (i,d) ®(j, €)= (k, [)= V
b f) Eikef)
coa @ 1Y =104,
kP .
e D e o f
1o evwn= IEM +9 VD
'(ivd).wz'(iJrlyd)v
Ifj*e} o) = 1&1@1 & + IE{%L@)’
e k, f e k, f i+ 1,e k, f j, e k+1,f
G, )'\f‘ o () =1 >v< > +(J )\/(i<,d)>+(] )V(f,d) L f)

3.2 Quotients of UCP(D)

Proposition 3.5. We put Vo = Vect(.(0,a,d € D), identified with Vect(.q,d € D). Let f :
Vo — Vi be any linear map. We consider the Com-PreLie ideal Iy of UCP(D) generated by the
elements «1,a)— f(.0,0), d € D.

1. We denote by UPT' (D) the set of trees T € UPT (D) such that for any vertex s of T, the
decoration of s is of the form (0,d), with d € D. It is trivially identified with PT (D). Then
the family (T + If)peupr(p) 18 a basis of UCP(D)/Iy.

2. In UCP(D)/Iy, for any d € D, «0.q® 0 = f(-(0.0)-
Proof. First step. We fix d € D. Let us first prove that for all £ > 0
e+ Iy = fF(c0.0) + 1.

It is obvious if £ = 0,1. Let us assume the result at rank £ — 1. We put f(.0,0) = Y. e+ (0,0
Then

eyt I =. (1d>0® +If
:Zae.we).@ k 1 +If

—Zaef *(0,¢) +If
= (. 0.0) +If>
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so the result holds for all k.

Second step. Let T € UPT (D); let us prove that there exists x € Vect(UPT'(D)), such that
T+ 1y =x+1;. We proceed by induction on |T'|. If |T'| = 0, then t = () and we can take z = T.
If |T| =1, then T = . 4 and we can take, by the first step, = f*(.(0,a). Let us assume the
result at all ranks < |T'|. If T has several roots, we can write T = T} - T, with |11, |T2| < |T.
Hence, there exists z; € Vect(UPT' (D)), such that T; + Iy = z; + I for all i € [2], and we take
x = x1 - T3. Otherwise, we can write

T:-(k,d).Tl X ... XTk,

where T1,..., T, € UPT (D). By the induction hypothesis, there exists x; € Vect(UPT'(D))
such that T; + Iy = x; + I for all i € [k]. We then take x = f*(.(0.q) ® 21 X ... X 7.

Third step. We give CP (D) = Vect(PT (D) \ {0}) a Com-PreLie structure by

VT, T € PT(D)\ {0}, TeT' = > Te,.T.
seV(t)
We consider the map
CP.(D) —s CP,(D)
F: T — ) (D),
seV(T)

where, fs(T) is the linear span of decorated partitioned trees obtained by replacing the decoration
ds of s by f(ds), the trees being considered as linear in any of their decorations. This is a
derivation for both - and e, so by lemma , CP(D) inherits a unitary Com-PreLie structure
such that for any d € D,

el = f(.a)

By the universal property of UCP(D), there exists a unique unitary Com-PreLie algebra mor-
phism ¢ : UCP(D) — CP(D), such that ¢(.©,a) = .« for any d € D. Then ¢(.1,0) = f(.a)) =
A(f(+0.0) for any d € D, so ¢ induces a morphism ¢ : UCP(D)/I; — CP(D). 1t is not difficult
to prove that for any T € UPT'(D), ¢(T) = T. As the family PT(D) is a basis of CP(D),
the family (T + If)peyp7(p) is linearly independent in UCP(D)/Iy. By the second step, it is a
basis. O

Ezample 3.4. We choose f = Idy,. The product in UCP(D)/li4y, is the one of Definition
T, T € PT(D) and T" # (), T @ T" is the sum of all graftings of T" over T. Moreover,

T el =|T|T.
Hence, we now consider CP(D), augmented by an unit (), as a unitary Com-PreLie algebra.
Proposition 3.6. Let J be the Com-PreLie ideal of CP(D) generated by the elements
ca®(F1 X Fy)—. 0 (F) - Fy),
with d € D and F1, F» € PT(D).

1. Let T and T' be two elements of PT (D) which are equal as decorated rooted forests. Then
T+ J =T +J. Consequently, if F is a decorated rooted forest, the element T' + I does
not depend of the choice of T' € UPT (D) such that T' = F as a decorated rooted forest.
This element is identified with F.

2. The set of decorated rooted forests is a basis of UCP(D)/J.
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CP(D)/J is then, as an algebra, identified with the Connes-Kreimer algebra HEK of decorated
rooted trees [3], which is in this way a unitary Com-PreLie algebra.

Proof. 1. First step. Let us show that for any x1,...,z, € UCP(D), cqa® (1 X ... X xp) + J =
ca®(xy-...-x,) 4+ J by induction on n. It is obvious if n = 1, and it comes from the definition
of J if n = 2. Let us assume the result at rank n — 1.

cae (1 X ... xxp)+J

n—1
:(.do(xlx...xxn_l))oxn—z.do(zlx...x(a:ioa:n)x...xxn_l)—i—J
i=1
n—1
:(.d0(331-...-xn,l))omn—z.do(m-...-(;Uio;rn)-...-znn,1)+J
i=1
=(a®(x1-...-Tp_1)) 0Ty —ea®((x1-...-Tp_1)0xy) +J
=0 ((z1-... xp1) Xxn)+J
=.a®(T1 ... Tpo1-Tp)+J.

So the result holds for all n.

Second step. Let F,G € PT (D), such that the underlying rooted decorated forests are equal.
Let us prove that F + J = G + J by induction on n = |F| = |G|. f n =0, F =G =1 and it is
obvious. If n =1, F = G = ., and it is obvious. Let us assume the result at all ranks < n.

First case. If F has k > 2 roots, we can write F =Ty -...-Tp and G =17 -...- T}, such that,
for all ¢ € [k], T; and 7] have the same underlying decorated rooted forest; By the induction
hypothesis, T; + J =T, + J for all i, so F + J = G+ J.

Second case. Let us assume that F' has only one root. We can write F' = ., o (F} X ... X F}y)
and G = .,0(G1 x...xG}). Then Fy-...-F, and Gy -...-G; have the same underlying decorated
forest; by the induction hypothesis, F1-...- Fy+J =G1-...-Gy+J,s0 ca@(Fy-...- F,)+J =
.a®(G1-...-G;)+ J. By the first step,

F+J:.d.(F1Fk)+J:.d.(G1Gl)+J:G+J

2. The set RF(D) of rooted forests linearly spans CP(D)/J by the first point. Let J' be the
subspace of CP(D) generated by the differences of elements of P7 (D) with the same underlying
decorated forest. It is clearly a Com-PreLie ideal, and RF (D) is a basis of CP(D)/J’. Moreover,
for all F1,F, € PT(D), .a® (F1 x F3)+J = .. e (Fy-Fy)+ J', as the underlying forests of
ca®(F; X Fy) and ., e (F} - Fy) are equal. Consequently, there exists a Com-PreLie morphism
from CP(D)/J to CP(D)/J’, sending any element of RF (D) over itself. As the elements of
RF (D) are linearly independent in CP(D)/J’, they also are in CP(D)/J. O

3.3 PrelLie structure of UCP(D) and CP(D)

Let us now consider UCP(D) and CP(D) as preLie algebras. Their augmentation ideals are
respectively denoted by UCP (D) and CP,(D). Note that, as a preLie algebra, UCP, (D) =
CP4(N x D).

Let D be any set, and let T € PT (D). Then T can be written as

T = (.d1 ° (Tl,l X ... X Tz‘,a)) ot ('dk. (Tk,l X ... X Tk,sk))v
where dy,...,d; € D and the T; ;s are nonempty elements of P7 (D). We shortly denote this as
T:Bd1 _____ dk(Tl,l--'Tl,sﬁ~'-;Tk,1-'~Tk,sk)~

The set of partitioned subtrees T; ; of T" is denoted by St(T").
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Proposition 3.7. Let D be any set. One defines a coproduct 6 on CP, (D) by

vT € PT(D), (T)= > T\T'®T.
T'eSt(T)

Then, as a preLie algebra, CP, (D) is freely generated by Ker(9).
Proof. In other words, for any T' € PT (D), writing
T = Bdl,...,dk (Tl,l .. .T1 S13 s Tk71 . Tk7sk.)~

we can rewrite

s s
(5(T> = ZZBdlymvdk(TLl .. 'TLSl; .. 'QTi,l .. .TiJ .. -Ti,siS .. .;TkJ .. -Tk,sk) ®Ti,j-

i=1 j=1
This immediately implies that § is permutative [§]:

(®Id)os = (23).(0 ®1d) 0 6.

Moreover, for any z,y € PT 4 (D), using Sweedler’s notation 6(x) = (") @ (), we obtain

For any partitioned tree T' € PT (D), we denote by r(71') the number of roots of 7" and we put
d(T) = r(T)T. The map d is linearly extended as an endomorphism of P7 (D). As the product
- is homogeneous for the number of roots, d is a derivation of the algebra (CP(D),-).

prove that for any x,y € CP(D),

Srey) =dx)@y+2Veyez?® 421 0@ ey,

We denote by A the set of elements of z € CP4 (D), such that for any y € CP4(D), the preceding

equality holds. If x1,ze € A, then for any y € CP, (D),

5((w1 - ws) o y) = 8((x1 0 y) - w2) + 61 - (w2 0 y))
— (1 09)V 22 (21 09)? + (21 09) - 2t @ 2

+ xgl) (r20y)® x§2) +z1- (200 y)(l) ® (zo @ y)(Q)

=d(z1) T2 @Y+ (xgl) oY) X ®$§1) —l—xgl) - To ®33§2) oy

+(z10y) -2y @2l vV (22 0y) @2

+x1-d(x) @y + a7 - (mgl) oY) ®a:§2) + a1 ‘a:;l) ®x§2) oy

—d(zy-22) @y + (@) 2p) ey @l + (21 - 2l) ey @ 2P

=d(z1-22) @y + (v1-22) M 0y @ (21 - 22) P + (21 - 22) M @ (21 - 72)P 0 y.

So x1 -9 € A.
Let d € D. Note that d(.4) = 0. Moreover, for any y € CP_ (D),

6(<a®y) =0(Ba(y)) = .a @y,
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$0 «q € A. Let Th,..., T € PT(D), nonempty. We consider z = By(Ty...T)). For any
Yy € CP+(D)7

k
(5(1’ ° y) = 5(Bd<T1 . Tky)) + Z(S<Bd(T1 c. (Tj ° y) .. Tk)

j=1
k o~
=By(Ty...T)®@y+ Y _ Ba(Ty...T,.. Thy) T
i=1
k o~
+ZZBd (Tjey).. . TR)@Ti+ Y By(Ty...T;...Ty) @ T, ey
i=1 j#i i=1
k
®y+ZBd LT ey®Ti+ Y By(Ti...T;...Th) @ Ty ey
=1

:d(x)®y+:r(1)oy®ﬂc( )+ 20 @22 ey,

Hence, z € A. As A is stable under - and contains any partitioned tree with one root,

1
For any nonempty partitioned tree T' € PT (D), we put §'(T) = (T) d(T). Then
1
/ / .
(5 ©14) 0 8(7) =~ (6 91) o 8(7),

so ¢’ is also permutative; moreover, for any z,y € CP (D),

dzey)=z@y+aPeyzs® +20 0z ey
By Livernet’s rigidity theorem [8|, the preLie algebra CP (D) is freely generated by Ker(d').
For any integer n, we denote by CP, (D) the subspace of CP(D) generated by trees T  such that

7(T) = n. Then, for all n, §(CP,(D)) € CPn(D) ® CP (D), and d|cp, (p) = né‘cp (p)- This
implies that Ker(d) = Ker(¢d'). O

Lemma 3.8. In CP(D) or UCP4 (D), Ker(d) o ) C Ker(9).
Proof. Let us work in UCP (D). Let us prove that for any x € UCP (D),
5($.@):x .@@;p _}_55(1)@1-().@

We denote by A the subspace of elements © € UCP, (D) such that this holds. If z1,29 € A,
then

((x1-x2) @0) =0((z100) - 22) + 5(x1 - (z200))
2 @)-x2®x(l)+x() a:2®93 0@—1—(3510@) ®xé)

+a:1-(ac§1)o®)®x()—|—x1 $g) o®+x1 -(:cgo(b)@xgz)

— (o

+ (21 - 96‘2) @®x2)+x1 mg)@)xg) 0
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soxy-xa€ A IfdeDand T1,..., T, € UPT (D), nonempty, if x = By(Ty ... Ty),

k
S(z o 0) =6(Bya(Ty... Tx)) + > 6(Ba(Ty...(T; 0 0)...Tx)
=1
k
:ZBd+1(TI T ®T +ZZBd .(b) Tk)®1174
=1 7=1 i#j

k
+Y By(Ti...T;... Ty) @ Ty 0

=1
k A~ A~
= By(Ty...T;...Tx) e (Z)®T+ZBd T Ty)@T; e
=1 =1
M e )@ a® 4+ 20 @1 e,

so z € A. Hence, A = UCP, (D). Consequently, if x € Ker(d), then z e ) € Ker(d). The proof
is immediate for CP4 (D), as for any tree T' € PT (D), T e = |T|T. O

Notations 3.1. We denote by ¢ the endomorphism of Ker(d) defined by ¢(x) = x e ().

Corollary 3.9. The preLie algebra UCP(D), respectively CP(D), is generated by Ker(d) & (0),
with the relations

Dol
Va € Ker(0), )ex

. el = o(x).

Remark 3.1. We give CP(D) a graduation by putting the elements of D homogeneous of degree
1, and we put |D| = d. for any n > 1, we denote by t,(d) the number of partitioned trees
decorated by D with n vertices and by f,,(d) the number of partitioned forests decorated by D
with n vertices. We consider the formal series

o oo
=" fald)x™, T(d, X) =) ta(d)X"
n=0 n=0
As any partitioned forest is a monomial of partitioned trees, we obtain
e 1
F(d,X) = H 1 xe@
n=1

As any partitioned tree can be seen as a monomial of pairs (e, F'), where e € D et F a partitioned

forest, we obtain that
o0

1
7@ X)=]] (1 — Xn)dfn1(d)”

n=1

These two formulas allow to compute t,(d) by induction on n, see Table (see also [5]). For
d = 1, this gives Entry A035052 of the OEIS [14]; for d = 2, Entry A226269. Moreover, the
sequence of the coefficients of (%) in #,(d) is Entry A052888.

We denote by ky(d) the dimension of Ker(A), in CP(D). As the preLie algebra CP(D) is
freely generated by Ker(A), we obtain that

o0 " oo 1
= (;kn(d)X ) 11 A xe@

n=1

This allows to compute the first values of k,(d), see Table [3.1]
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ti(d) =d
_(d
= (1)
d+1)d
po(a) = BTEDY
2
d d
=2 3
) 0(a)
b(d) = (19d? 4+ 9d + 2)d
T 6
d d d
= 1
(1) +2(3) +19().
ba(d) = (63d> + 34d? + 13d + 2)d
T 8
d d d d
= 14<1> + 139<2> + 309<3) + 189 <4>,
b5 (d) = (644d* + 400d® 4 175d? + 35d + 6)d
T 30
d d d d d
=42 <1> + 868 <2) + 3735 <3) + 5472 <4) + 2576 <5>
o(d) = (44683d° + 31695d* + 14635d> + 4185d” + 1162d + 120)d
o 720
d d d d d d
=134 491 40882 1 11 44
3 (1> + 549 (2> + 4088 (3) + 07866<4> + 6990(5) + 683<6),
() (941977d° + 754131d° + 375235d* + 125265d° + 353084 + 5124d + 720)d
7 =

5040
=42 <(11> + 4258 <;1> + 55452 (Z) + 243536 <Z> —+ 468055 <C5i> + 408774 <C61> + 133036 <C7Z> .

Table 1: first values of ¢,(d)
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d+1)d
ko(d) = ( 5 )
_(d N d
1 2)
2d% +1)d
ko) = 2D
d d d
= 4 4
(1) +4() ()
11d% 4+ 2d% + d + 2)d
(o) = HEH2EH 4D
d d d d
_ 2(1) +21<2) +51<3> +33<4),
203d* + 60d>® — 5d? — 30d + 12)d
ks(d) = ( )
60
d d d d d
=4 114 4 4
(1> + <2> +5 3<3) +836(4> + 06<5>,
(220d° 4 89d* + 16d° + 3d? + 4d + 4)d
ke(d) = 2
d d d d d d
=14 1 152 1694
<1) +690(2> + 553 (3> +15 06<4> + 169 5<5) +6600<6),
kn(d) (66518d° + 33831d° + 9170d* — 735d> — 1708d> — 1596d + 360)d
7 p—

2520
=42 <611> + 4258 <621> —+ 55452 <g> —+ 243536 (Z) + 468055 <§) —+ 408774 (g) + 133036 <C7l) .

Table 2: first values of ky,(d)
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4 Bialgebra structures on free Com-PreLie algebras

4.1 Tensor product of Com-PreLie algebras

Lemma 4.1. Let Ay, Ay be two Com-PreLie algebras and let € : Ay — K such that
Va,b € Ay, c(aeb) =c(bea).
Then A1 ® Ag is a Com-PreLie algebra, with the products defined by

(a1 ® az)(by ® be) = a1b1 ® agbe,
(a1 ® az) o (b1 ® ba) = a1 @by ® agby +(by)a; ® az e bs.

Proof. A1 ® As is obviously an associative and commutative algebra, with unit 1 ® 1. We take
a=a1®a, =01 ®bs,y=c1 ®co € A] ® As. Let us prove the PreLie identity.

(e . B)o.y—ce. (Be.v)=(a;eby)ec) ®asbacy +e(c1)ar @by @ (azbz) @ co
+e(b1)a e c; @ (ag @ ba)ca + £(b1)e(c1)ar @ (axber) @ ca
—aj e (b ecy) ®agbaca —e(c1)ar @by @ ag(by @ ca)
—e(c1)e(br)ar ® az @ (ba @ c2) —e(by ® c1)ar ® as @ (baca)
= ((ag eby)ecy —ase(byecy)) ®azbaca
+e(by)e(cr)ar @ ((az @ by) @ co — as e (by @ c3))
+e(c1)ar @by ® (az @ c2)ba +(by)as @ 1 ® (ag @ ba)cy
—e(byec1)al @ ag e (baca).

As A; and Ag are Prelie, the first and second lines of the last equality are symmetric in 5 and
~; the third line is obviously symmetric in 5 and -; as m is commutative and by the hypothesis
on g, the last line also is. So e, is PreLie.

(af) o v = (a1b1) ® c1 ® agbaca + &(c1)a1by ® (agbs) @ o
= ((a1 ®c1)b1 + a1(b1 ® 1)) ® agbaca + £(c1)a1by ® ((ag @ c2)ba + az(by @ c2))
= (a1 @ c1 ®agea +e(cr)ar ® az @ c2)(by ® ba)
(a1 ® az)(br ® 1 ® baca 4 e(c1)b1 @ by @ c3)
= (e 7)B+ a(B e 7).
So A1 ® As is Com-PrelLie. O

Remark 4.1. Consequently, if (A, m, e, A) is a Com-PreLie bialgebra, with counit ¢, then A is
a morphism of Com-PreLie algebras from (A, m,e) to (A ® A,m,e.). Indeed, for all a,b € A,
c(aeb) =c(bea)=0 and

A(a) oc A(b) = a™ 0 bV @ @b 4 £(bM)aV) @ o) o b2
—aW e pM 2 a@p®@ 4 V) g2 op
=A(aeb).

Lemma 4.2. 1. Let A, B,C be three Com-PreLie algebras, 4 : A — K and ep : B — K
with the condition of lemmal[{.1l Then ey ®ep: A® B — K also satisfies the condition
of lemmal{.1 Moreover, the Com-PreLie algebras (A® B) ® C and A® (B® C) are equal.

2. Let A, B be two Com-PreLie algebras, and ¢ : A — K such that
Va,b € A, e(ab) = e(a)e(b), e(aob) =

Then e @ Id : A® B — B is morphism of Com-PreLie algebras.
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3. Let A,A’, B, B’ be Com-PreLie algebras, ¢ : A — K and & : A’ — K satisfying the
condition of lemmal[{.1. Let f: A— A’, g: B — B’ be Com-PreLie algebra morphisms
such that e’ o f =e. Then fRg: A® B— A’ ® B’ is a Com-PreLie algebra morphism.

Proof. 1. Indeed, if a1,a2 € A and by,bs € B,

cA® 63((&1 X bl) ° (ag & bg)) = EA(al ° az)sg(blbg) + EA(al)EA(ag)EB(bl ° bg)
= EA((LQ ° al)EB(bel) + 5A(a2)€A(a1)€B(b2 ° bl)
=4 R EB((CLQ X bg) ° (a1 X bl))

Let a1,a2 € A, by,bo € B, c1,c0 € C. In (A®B)®C,

(a1 @by @ c1) @ (ag @ by ® ca)
= ((a1®b1)e(az®@b2)) @ crca + €4 @ep(az @ ba)a; @by @ c1 eco
= a1 ®az @biby ® cica +ca(az)ar @by @ by @ cica +e4(az)ep(bz)ar ® by @ c1 @ ca.

In A® (B® C),

(a1 QKb ® Cl) ° (CLQ ® by ® 02)
=aj®az ®biby ®ciea +ea(az)ar ® (b1 ®c1) @ (ba @ c2))
=ajeax®@biby®cico +c4(az)a; @by @by ® cico +e4(az)ep(b)a; @ by ® ¢ o co.

So (A®B)®C =A® (B C).

2. Let ay,as € A, b1,bs € B.

e ®1d((a1 ® b1) (a2 ® ba)) e®1d((a; @ by) e (ag @ by))
= g(a1a2)b1bs =e(aj ® ag)biby + c(ay)e(az)by @ by
= e(a1)e(az)bibs = e(a1)e(ag)by @ by
=e®Id((a1 ® b1)e ® Id(a2 ® ba), =e®1d((a; ® by) e e @ 1d(az ® by).

So € ® Id is a morphism.
3. f ® g is obviously an algebra morphism. If a;,a9 € A, b1,bs € B,

(f®@9)((a1®b1) e (a2 @b2)) = (f ® g)(a1 ® az @ b1bz + e(az)ar @ by @ by)
= f(a1) ® f(az) ® g(b1)g(b2) + e(f(az2))f(a1) @ g(b1) ® g(b2)
= (f(a1) @ g(b1)) ® (f(az) @ g(ba)).

So f ® g is a Com-Prelie algebra morphism. O

Lemma 4.3. Let A be a unital associative commutative bialgebra, and V a subspace of A which
generates A. Let o be a product on A such that

Va,b,c € A, (ab)ec = (aoc)b+a(bec).
Then A is a Com-PreLie bialgebra if, and only if, for all x € V', and for all b,c € A,

(reb)ec—xe(bec)=(rxec)eb—ze(cebd),
Az ob) =20 @2 e b+ 2D o V) g z2p?).
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Proof. =>. Obvious, by definition of a Com-PreLie algebra. <—=. We consider
B={acA|Vbcc A (aeb)ec—ae(bec)=(aec)eb—ae(ceb)}.

We denote by 14 the unit of A. Copying the proof of lemma [1.2}1, we obtain that 14.b = 0 for
all b € A. This easily implies that 14 € B. By hypothesis, V' C B. Let a1,a2 € B. For all
b,ce A,

((a1az) @b) e c — (ajaz) e (bec)

= ((a; ®b) @ c)ag + (a1 ®b)(az e c) + (a1 @ c)(az b) + ai((az @ b) e c)

— (a1 e (bec))az —ai(az e (bec))

=((apeb)ec—aje(bec))az+ ai((azeb)ec—ase(bec))

+ (a1 ° b)(ag ° C) (a1 ° C)(CLQ ° b)
As a1,a9 € B, this is symmetric in b, ¢, so ajas € B. Hence, B is a unitary subalgebra of A
which contains V, so is equal to A: A is a Com-PreLie algebra. Let us now consider

C={acA|Ve A Aaeb)=aV 2a® eb+a"ebV wa?p?}.
By hypothesis, V C C. Let b € B.
1a@1s0b+14000 @102 =0=A(1,4eb),
solp€eC. Let aj,ao € C. Forallbe A,
A((araz) @b) = A((a; eb)az + ai(az b))

— agl)aél) ® (al (2) o b)a§2) + (a (1) o b(l))aél) ® a§2)b(2)a§2)

(1) (1) ® ag )(ag ) o b) +ag )(ag ) o b)) a(2)a§2)b(2)

= ag )agl) ® (a(12)ag Y eb+ (ay (1 (21)) YA a(2)a(2)b(2)
= (alag)(l) ® (CL1GQ>( ) o b+ (alag)(l) oM (alag)(2)6(2).

Hence, aijas € C, and C is a unitary subalgebra of A. As it contains V, C' = A and A is a
Com-PreLie bialgebra. O

4.2 Coproduct on UCP(D)

Definition 4.4. 1. Let T be a partitioned tree and I C V(T). We shall say that I is an ideal
of T if for any vertex v € I and any vertex w € V(T') such that there exists an edge from
v to w, then w € I. The set of ideals of T is denoted Zd(T).

2. Let T be partitioned forest decorated by N x I, and I € Zd(T).

e By restriction, I is a partitioned decorated forest. The product - of the trees of I is
denoted by P(F).

e By restriction, T'\ I is a partitioned decorated tree. For any vertex v € T'\ I, if we
denote by (i,d) the decoration of v in T, we replace it by (i + t7(v),d), where v1(v)
s the number of blocks C' of T, included in I, such that there exists an edge from v
to any vertex of C. The partitioned decorated tree obtained in this way is denoted by

RY(F).
Theorem 4.5. We define a coproduct on UCP(D) by
VT € PT(N x D), A(T)= Y RYT)®PY(D).

I€Td(T)

Then UCP (D) is a Com-PreLie bialgebra. Moreover, CP(D) and HZy are Com-PreLie bialgebra
quotients of UCP(D), and HI(?‘K 1s the Connes-Kreimer Hopf algebra of decorated rooted trees

3, 4.
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Proof. We consider
- UCP(D) — K
’ F — (5F71.

By lemma [1.2}1, UCP(D) ®. UCP(D) is a Com-PreLie algebra. It is unitary, the unit be-
ing @ ® 0. Hence, there exists a unique Com-PreLie algebra morphism A’ : UCP(D) —
UCP(D) ®. UCP(D), sending «(o,ay over «,qy @ 0 + 0 ® «(0,q) for all d € D. By lemma
2, (UCP(D)®. UCP (D)) ®zg: UPC(D) and UCP(D) ®. (UCP(D)®. UCP (D)) are equal, and
as both (Id ® A’) o A’ and (A’ ® Id) o A’ are Com-PreLie algebra morphisms sending . o, 4) Over
0,000V +0® 0,0 D+ 0 R0 0,4 for all d € D, they are equal: A’ is coassociative.
Moreover, (Id ® €) o A’ and (¢ ® Id) o A" are Com-PreLie endomorphisms of UCP (D) sending
«(0,4) over itself for all d € D, so they are both equal to Id: e is the counit of A’. Hence, with
this coproduct A, UCP(D) is a Com-PreLie bialgebra.

Let us now prove that A(7) = A'(T) for all T € PT(N x D). We proceed by induction on
the number of vertices n of T. If n =0 or n = 1, it is obvious. Let us assume the result at all
ranks < n. If T has strictly more than one root, we can write T'=T" - T"”, where T' and T" has
strictly less that n vertices. It is easy to see that the ideals of T are the parts of TV LI'T” of the
form I" U 1", such that I’ € Zd(T") and I"” € Zd(T"). Moreover, for such an ideal of T,

RI’uI’/ (T/ . T//) _ RI’ (T') . RI” (T//)7 PI’LII” (T/ . T//) _ PI/ (T’) . PI” (T”).
Hence,

A(T) _ Z RI’ (T/) . RI” (T//) Q RI’ (T/)RI” (T//)
I'eZd(T"), I"€Zd(T")
= A(T) - A(T")
— A/(T/) . A/(T”)
=A(T-T")
= A(T).

If T has only one root, we can write T = .(;,ay® (T1 X ... x T}), where T, ..., T, € PT(N x D).
The induction hypothesis holds for 77, ...,Txy. The ideals of T are

e T itself: for this ideal I, P!(T) = T and R!(T) = ().

e Ideals I; Ul ... U Iy, where I; is an ideal of T} for all j. For such an ideal I, P/(T) =
PIh(Ty)-...- PIe(T}). Let J = {i1,...,4,} be the set of indices i such that I; = T}, that is
to say the number of blocks C of I such that is an edge from the root of T' to any vertex
of C. Then

X
RUT) = .ipae [[ RY(Ty)
j¢J

X
= flUC’P(D)(‘(’i’d)) * H R (Ty)
j¢J
X
=.ca o0 xt[[RY(T))
J¢J

=.a® RI(TY) x ... x R*(T}).

We used lemma [I.5] for the third equality.
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By Proposition [[.4] with a = ., ¢ and by X ... X by, =T1 X ... X T},

o))

ICIK] il el i(,é[
IC[k] i€l i€l ¢l
:°(""d).T1(1)X"'XTI§1)®T1(2)'----T1§2)+0

+@®.(i’d)OT1X...><Tk

= > oo RMT)x... xRMT) @ PN (Ty)-...-PHTH) + 0T
I;€Td(Ty)

= Y RMeP(T)+0aT
IeTd(T), I£T

= Y RY(T)e PYT)
I€Zd(T)

= A(T).

Hence, A’ = A.
For all d € D, ., a) — - 1,0 is primitive, so A(.,a)— -1,0)) € I ® UCP(D) + UCP(D) ® I.

Comnsequently, I is a coideal, and the quotient UCP(D)/I = CP(D) is a Com-PreLie bialgebra.
Let z,y € CP(D). By Proposition as .q is primitive,

Alao(@xy))=.a0 (@ xyM)02@ . 4@ +10.,0 @ xy),
whereas, by the 1-cocycle property,
Alao (@ y)=-a0@P yMNea® 4@+, 6@ y).
Hence,

Alao(@xy)—.ae(@y)=(ae @V xyl)—. 0" y1) ez .y
eJ
+1® (a0 (zXxy)—.ae(x-y))

eJ
€ J® CP(D) + CP(D) ® J,

so J is a coideal and CP(D)/J = HE,, is a Com-PreLie bialgebra.

Let us consider o
’ ... T, — .q0T; x...x T,

where Ti,..., T} are rooted trees decorated by D. In other terms, By(Ti...T}) is the tree
obtained by grafting the forest 77 ...7T} on a common root decorated by d. By Proposition
and lemma for all forest F ' =1Ty...T} € Hg}{’

AoBy(F)=.aoT x .. xTHN@T? . TP 4+ 04+0®.00T1 x ... x Ty
= By(F4 >)®F + 0 ® By(F).

We recognize the 1-cocycle property which characterizes the Connes-Kreimer coproduct of rooted
trees, so ”HgK is indeed the Connes-Kreimer Hopf algebra. O
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Ezample 4.1. Let i,j,k € Nand d,e, f € D. In UCP(D),
Aty =, @D+ 0® (i, 0),
Al =108 00+00 108 +iria @.gos
NP OG0\ B o ) L G0y G )
+ 100 @epn F1EA g @0 Fetr20 @G,
NFONY DGO D | () ) 7 D)
+ 18 ®@vwn + IE% ® eGoe) Folr1a) @ G ek, )

AN 10 00+ 0@ e + 10559 ® .t eprra © 155,
In CP(D),
Ai=a@0+0® .4,
Al =1500+00 15 +.4® .c,
AV =V @0+00V +15 @+ 1 e +0a @ e,
AV =V @040V 4150, + 1 @ e+ 0a @ e,
Al —lE eot00l 110 4ol
Inch)K,

Ai=a Q0+ 0 ® va,
Al =15Q00+0®15 + .0 @ .,

AV =V @04+00V 4150+ 1 @t d@cny,

f f f
Als =ls oo+ 0els +1i0.,+ue 1L

4.3 An application: Connes-Moscovici subalgebras
Let us fix a set D of decorations. For any d € D, we define an operator Ny : HgK — H?‘K by
Vo € HDy, Ny(z) =2 0.4

In other words, if F' is a rooted forest, Ny(F') is the sum of all forests obtained by grafting a leaf
decorated by d on a vertex of F: when D is reduced to a singleton, this is the growth operator
N of [3].

Forall kK > 1, 41,...,ip € D, we put

X

itsin = Nig 0.0 Nip(v4y)-
When |D| = 1, these are the generators of the Connes-Moscovici subalgebra of [3].

Proposition 4.6. Let HgM be the subalgebra ofH generated by all the elements X, ;..
Then HgM is a Hopf subalgebra.

Proof. Note that Ny is a derivation; as Ng(Xi, .. i) = Xiy,. i forall iq,... ip,d €D, HEM is
stable under Ny for any d € D. As the X;, _; are homogeneous of degree k,

Xi17--~7ik ol = k;Xi1,~~~,ik'

Hence, HgM is stable under the derivation D : x — x ¢ 1. We obtain

A(Xiy i) = A(Xiy g1 ® in) (12)
=xV , ex? . e,
Xff,)_“,ik_ XD o xV L ehex? L
An easy induction on k proves that A(X;, ) belongs to HCM & ’HCM. O

27



Proposition 4.7. We assume that D is finite. Then HEM is the graded dual of the enveloping
algebra of the augmentation ideal of the Com-PreLie algebra T(V, f), where V. = Vect(D) and

f=1dy.

Proof. We put W = Vect(X;, ;. | k> 1,41,...,i; € D). As this is the case for 7—[18}(, for any
rzeW,

Alz)—z@1+10reWaHE,.

This implies that the graded dual of ”HgM is the enveloping of a graded algebra g; as a vector
space, g is identified with W* and its prelie product is dual of the bracket ¢ defined on W by
(mw ® mw) o A, where Ty is the canonical projection on W which vanishes on (1) + (HZ,,)%.
By , using Sweedler’s notation 6(x) = () @ (), we obtain

6(Xiy,.oripsr) = Xi(ll,)...,ik ® Xi(12,)...,ik ® Xipyy T Xz‘(ll,)...,ik ® Xipyy ® Xz‘(lz,)...,ik + kX i © Xy
We shall use the following notations. If I C [k], we put

e m(I) =max(i | [¢{] C I), with the convention m(I) =0if 1 ¢ I.

o X, = F— iftI={p1<...<p}
An eagy induction proves that

Yiq,...,ip €D, M Xir,in) = Z m(1) X, @ Xig, -
0CICIK]
We identify W* and T'(V') via the pairing given by
Vit, ..oyl J1s---501 € D, (X 1 J0) = O iin) Gt
The prelie product on T'(V')4 induced by § is then given by
i e it = Y Mp(0)igm1(1) 1 (-
oE€Sh(k,)

By (9)), this is precisely the preLie product of T'(V, f). O

Remark 4.2. The following map is a bijection:

o { Shk D) — Sh(i,k)
ok o0 — (k+lk+1—1...Dooo(k+lk+1—1...1).

Moreover, for any o € Sh(k,1),
my(Ori(0)) =min{i el e {k+1,....k+1} | o(i) =4,...,0(k+1) =c(k+1)} = my(o),

with the convention mj(c) = 0 if o(k +1) # k + . Then the Lie bracket associated to e is given
by

Vil,...,ik_H S D, [il...ik,ik+1...ik+l] = Z (mk(a) _m;(g))iafl(l)-”Z-afl(k:—&-l)-
c€Sh(k,)
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4.4 A rigidity theorem for Com-PreLie bialgebras

Theorem 4.8. Let (A,m,e, A) be a connected Com-PreLie bialgebra. If fa (defined in Propo-
sition [1.5) is surjective, then (A, m,A) and (T(Prim(A)),w, A) are isomorphic Hopf algebras.

Proof. We put V = Prim(A).

First step. As f4 is surjective, there exists g : V. — V such that fq o g = Idy. For all
x €V, we put

{A — A
L, :
y — g(x)ey.

For all y € A,
AoLy(y)=0®g(z)ey+gx)eyV@y? =0® L,(y) + (Id® L,) o A(y).

Hence, L, is a 1-cocycle of A. Moreover, L,(1) = g(z)el = faog(x) = z. Forall zy,...,z, € V,
we define w(z1,...,x,) inductively on n by

ifn=0
w(ml,...,xn):{®1 ne=n

Ly (w(xa,...,zn—1)) ifn > 1.

In particular, w(v) = v for all v € V. An easy induction proves that

n

Alw(xy,...,zp)) = Zw(xl, cos @) @ W(Tig1y ey Tp)e
1=0

Hence, the following map is a coalgebra morphism:

V) — A
w:
1. Ty — w(T1,...,Tn).

It is injective: if Ker(w) is nonzero, then it is a nonzero coideal of T'(V'), so it contains nonzero
primitive elements of 7'(V'), that is to say nonzero elements of V. Forallv € V, w(v) = L,(1) = vt
contradiction. Let us prove that w is surjective. As A is connected, for any © € Ay, there
exists n > 1 such that A(™(z) = 0. Let us prove that € Im(w) by induction on n.
If n =1, then z € V, so * = w(x). Let us assume the result at all ranks < n. By
coassociativity of A, AN (z) € V. We put A" V(z) = 2, ®... @z, € V. Then
AN (z) = A=D(w(zy, ..., x,)). By the induction hypothesis, z — w(z1, . .., z,) € Im(w), so
z € Im(w).

We proved that the coalgebras A and T'(V') are isomorphic. We now assume that A =T(V)
as a coalgebra.

Second step. We denote by 7 the canonical projection on V in T'(V). Let w : T (V) — V
be any linear map. We define

V) — T(V)
n
Fo T1...Ty — Z Z (1. Ziy) o O(Tiy iy 41 - - T)-
k=1i1+...+ip=n
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Let us prove that F is the unique coalgebra endomorphism such that m o Fi = w. Firstly,

APo(ar...xn) = Y. Al@(@i...2) .. @@ tip 41 Tn))

i1+...+ig=n

= Z § @( - Tiy) ($i1+...+ij_1+1 e l’i1+...+z‘j)

i1+...+ig=n j=0

® w(xiﬁ- Ai41 - xi1+~~~ij+1) s w($11+...+ik71+1 - .I‘n))

:(Fw®Fw)oA( 1.e-Tp).

Moreover,

TI'OF Z Z W(w(xl~~-xi1)~--w(xi1+...+ik_1+1~~-xn>)

k=1li1+...+ip=n
=nmow(xy...zy)+0

=w(ry...2n).

Let us now prove the unicity. Let F,G be two coalgebra endomorphisms such that 7 o F' =
moG=w. If F#G,let x1...x, be a word of T(V), such that F(xy...x,) — G(x1...2,) # 0,
of minimal length. By minimality of n,

A(F(z1...2,)) = (FOF)oA(xy...2,) = (GRG) o Ay ...xn) = AG(z1 ... 20)).
Hence, F(z1...zy) — G(z1...2,) € Prim(T(V)) =V, so
Fzy...2n) —G(x1...0p) =7(F(z1...20) = G(x1...27p)) =w(x1...20) —w(T1...20) = 0.
This is a contradiction, so F' = G.

Third step. Let wi,wo : T4 (V) — V and let Fy = Fy,, Fo = F,, be the associated
coalgebra morphisms. Then

WoFgoFl(xl...xn) = Z w2(w1(x1...:Eil)...wl(aﬁil+...+ik71+1...xn)).
11+...Fig=n

We denote this map by ws ¢ w;. By the unicity in the second step, Fy o F1 = Fpyow,- 1t is
not difficult to prove that for any w : T4 (V) — V, there exists w’ : T4 (V) — V, such that
@' ow = wow' =7 if, and only if, @y is invertible. If this holds, then Fy 0 Frr = Frr 0 Fy =
Fr =1d, by the unicity in the second step. So, if @)y is invertible, then Fr is invertible.

Fourth step. We denote by * the product of T'(V'). Let us choose w : T (V) — V such
that @w(T (V) * T+ (V)) = (0). Let F = F, the associated coalgebra morphism. As () is the
unique group-like element of T(V'), the unit of * is (). Let us prove that for all z,y € T(V),
F(zxy) = F(x) - F(y). We proceed by induction on length(x) 4 length(y) = n. As () is the
unit for both * and - and F(0) = 0, it is obvious if = or y is equal to @: this observation covers
the case n = 0. Let us assume the result at all rank < n. By the preceding observation on the
unit, we can assume that z,y € T (V). We put G = Fox and H = - o (F' ® F). They are both
coalgebra morphisms from T'(V) ® T'(V) to T(V'). Moreover,

ToGzy) =moF(rxy) =w(xxy) =0.
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As the shuffle product is graded for the length, 7 o H(x ® y) = 0. By the induction hypothesis,
AoGr®Ry)=(GRG) oA(zy)=(FRF)oA(z®y)=AocF(z®y).
Hence, G(zx ® y) — F(x ® y) is primitive, so belongs to V. This implies
Gzoy —Flaey) =rGzy)—Flx®y) =0—0=0.
So Flzxy) =Glxz®y) = Flr®y) = F(r)Ww F(y). Hence, F is a bialgebra morphism from
(T(V),*,A) to (T'(V), L, A).

By the third and fourth steps, in order to prove that (T'(V),*,A) and (T(V),w, A) are
isomorphic, it is enough to find @ : T4.(V) — V, such that oy, is invertible and @ (T (V') *
T, (V)) = (0); hence, it is enough to prove that V N (A4 x A;) = (0).

Last step. We define A : End(A) — End(A® A, A) by A(f)(z ®y) = f(z *xy). We denote
by x the convolution product of End(A) induced by the bialgebra (A4, %, A). Let f,g € End(A).
We assume that we can write A(f) = fM @ £®) and A(g) = g™V ® ¢, that is to say, for all
T,y € A,

flay) = fV () = A (y), glazy) = gV (z) « g (y).
Then, as * is commutative,
Frglaxy) = @D xy®)x g(a® @)
= fO@EW)« fA 0 ) W () x g3 (y2)
= fO @)« W (2?) « f(2 (™) * g (y@)
= fW o gW ()« fO % gP(y).

Hence, A(f x 9) = A(f) = Alg).
Let p be the canonical projection on Ay and 1 be the unit of the convolution algebra End(V).
Then 14 p=1d. As A(Id) =Id® Id and A(1) =1 ® 1, this gives
Alp)=pR1+1®@p+pRp.

We consider
oo n+1

¥ =In(1 +p=Z

As A is connected, for all z € A, p*™(x) = 0 if n is great enough, so v exists. Moreover, as A is
compatible with the convolution product,

AW)=In(1®1+p21+12p+p®p)
=In((1+p) @ (1+p))
=In(1+p)®1)+In(1®(1+p))
=In(l+p)@1+1xIn(l+p)
=9Y®1+1Q4.

Weused (1+p)@1)*x(1@(1+p) =12 Q+p)*x(1+p) ®1)=(1+p) @ (1+ p) for the
third equality. Hence, for all z,y € A,

Pz xy) = P(a)e(y) + (@)Y (y).
In particular, if z,y € Ay, Y(z+y) =0. If x € V, then p'(2) = z and if n > 2,

Zp p(1) % p(x) * p(1) % ... x p(1) = 0.
So Y(z) = x. Finally,if x e VN (A; x Ay), Y(x) =2 =0. So VN (AL xAy) = (0). O
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The following result is proved for HB, in [2] and in [4]:
Corollary 4.9. The Hopf algebras CP(D) and ’HgK are isomorphic to shuffle algebras.
Proof. CP(D) is a connected Com-PreLie bialgebra. Moreover, if x € CP(D), homogeneous of

degree n, x o ) = nxz. Hence, as the homogeneous component of degree 0 of Prim(CP (D)) is
zero, fop(py is invertible. By the rigidity theorem, CP(D) is, as a Hopf algebra, isomorphic to
a shuffle algebra. The proof is similar for HEK. O

Remark 4.3. 1. Thisis not the case for UCP(D). For example, if d, e are two distinct elements
of D, it is not difficult to prove that there is no element 2z € UCP(D) such that

Al)=214+1Q@x+ 0,0 ® +(0,0)-
So UCP(D) is not cofree.

2. CP(D) and ’HgK are not isomorphic, as Com-PreLie bialgebras, to any T'(V, f). Indeed,
in T(V, f), for any x € V such that f(z) =z, z Wz = 2z ez = 2zz. In CP(D) or HE,,
for any d € D, with x = .4, f(r) =x but -z # 2z e x.

4.5 Dual of UCP(D) and CP(D)

We identify UCP(D) and its graded dual by considering the basis of partitioned trees as or-
thonormal. Similarly, we identify CP(D) and HgK with their graded dual.

Let us consider the Hopf algebra (UCP(D),-,A). As a commutative algebra, it is freely
generated by the set UPT1(D) of partitioned trees decorated by N x D with one root. Moreover,
it T e UPT1(D),

A(T) —1®T € Vect(UPT1(D)) ® UCP(D).

Consequently, this is a right-sided combinatorial bialgebra in the sense of [I1], and its graded dual
is the enveloping algebra of a preLie algebra gycp (D). Direct computations prove the following
result:

Theorem 4.10. The preLie algebra gycp(D) is the linear span of UPT1(D). For any T,T' €
UPT1(D), the PreLie product is given by

ToT = Z (T o5, T')[~1]5.
seV(T),
beBI(s)L{*}
Ezample 4.2. If D = {1}, forgetting the second decoration of the vertices, in gycp (D),
vi 0y = (1=0;0)H -1,
k . .
11 00 = (1 — 5j,0)£¥7 b4 (1 — 5@0) (JX/ik_l —|—JVZ'“_ 1) .

Similarly, the Hopf algebra (CP(D),-,A) is, as a commutative algebra, {reely generated by
the set PT1(D) of partitioned trees decorated by D with one root. Moreover, if T € PT1(D),

A(T)—-1®T € Vect(PT1(D)) ® CP(D).

Consequently, its graded dual is the enveloping algebra of a preLie algebra gcop (D), described by
the following theorem:

Theorem 4.11. The preLie algebra gop(D) is the linear span of PT1(D). For any T,T' €
PT1(D), the PreLie product is given by

ToT' = )  Tey,T.

seV(T),
beBI(s)L{*}
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Ezample 4.3. If D = {1}, forgetting the decorations, in gcop (D),

Lo.=1, lo.=14 V4 V.

Notations 4.1. Let T € PT1(D). We can write T = ., @ (11 X ... X Ty) = By(T1 ... Ty), where
Ti,...,T, € PT(D). Up to a change of indexation, we will always assume that T1,...,T), €
PT1(D) and Tp1, ..., T ¢ PT1(D). The integer p is denoted by (7).

Proposition 4.12. As a preLie algebra, gop(D) is freely generated by the set of trees T €
PT1(D) such that <(T) = 0.

Proof. We define a coproduct on gop(D) by

s(T)
VT = By(Ty ... T}) € PT1(D), §(T) = Z By(Ty...Ty... Ty) @ T;.
=1

This coproduct is permutative: indeed,

G@Id)od(T)= >  ByTi...T,..T,..T,) @ i ® T,
1<i#§<s(T)

s0 (d®@1d)od =(23).(6 ®Id)od. Let T = By(T...Tx), T" € PT1(D). Then

k k
ToT =By(T'Ty...Te) + > Ba(Ti...(TioT) ... Te) + > By(Ty... (TiwT)...Tg).
=1 =1

Hence,
s(T)
S(TRT)=By(Ty.. Ti) ®T' + Y _ By(T'Ty...T,... Tp) @ T;
=1
k s(T) R s(T) R
+Y > By(Ty... Ty (TioT) .. TW) 9Ty + > By(Ty...Tp... ) @ T, 0 T'
i=1 j=1 i=1
i
k <(T) R
+Y N BTy T (TwT).. T @ T;
i=1 j=1
i
<(T) N k N
= ByT'Ty...Tj.. Te)+ Y By(Ty .. Tj.. . (o T +T,wT) ... T) | ® T
7=1 =1
i#]
(1) N
+Y By . Ti.. . Ty)@T;0T + TR T
=1
s(T) R <(T) R
=Y By(Ty..T;.. Ty) o T'@T;+ > By(Ty...T,.. ) @0 T + TR T’
j=1 i=1

=TWoT' @TPH +TW TP 6T + TR T

By Livernet’s rigidity theorem [8], gop (D) is freely generated, as a prelie algebra, by Ker(J).
We define
v. ) 9cr(P)@gcp(D) — gcp(D)
’ T® T — T .T(T),* T/,
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where r(T') is the root of T. In other words, Y (By(T1...Tx) ®T") = Bg(T'T; . .. T}); this implies
that for any T' € PT1(D), Y 0 6(T) = <(T)T. Hence, if x = > arT € Ker(d), YT o d(x) =
Y ars(T)T =0, so x is a linear span of trees 7" such that ¢(7') = 0. The converse is trivial. [
We denote by PTl(O)(D) the set of partitioned trees T' € PT1(D) with ¢(T") = 0. The
(0)
preceding Proposition implies that the Hopf algebras (CP(D),-, A) and (Hg;l (D),m7 A) are
isomorphic. We obtain an explicit isomorphism between them:

Definition 4.13. Let T € PT(D) and m = {P1,..., P} be a partition of V(T'). We shall write
w T if the following condition holds:

e For all i € [k], the partitioned rooted forest T\p,, denoted by T;, belongs to PT%O) (D).

If m T, the contracted graph T/ is a rooted forest (one forgets about the blocks of T). The
vertex of T'/m corresponding to P is decorated by T;, making T /7 an element of T(PT%O) (D)).

Corollary 4.14. The following map is a Hopf algebra isomorphism:

(CP(D)7 y A) — <HZ;§O>(D)7 "y A)
TePT(D) — > T/

7T

Ezample 4.4. If D = {1}, forgetting the decorations, with a = . and b = V|

O(.) = ., o(1) =12, o(V)="4", O(V) ="V +.,.

4.6 Extension of the preLie product ¢ to all partitioned trees
We now extend the preLie product ¢ to the whole CP(D):
Proposition 4.15. We define a product on CP(D) by

VT, T' € PT (D), ToT = Z Te,,T.
seV(T),
beBl(s)Li{x}
Then (CP(D),o,-) is a Com-PreLie algebra.

Proof. Obviously, for any x,y, z € PT (D), (z-y)oz = (zoz)-x+x-(yoz). Let Ty, Ts, T3 € PT (D).
Then

(TyoTp) o T3 = Z Z (T1 @, b, T2) @5, 1, T3
Slev(Tl)7 SQGV(Tl)z
b1EBI(s1)L{*} ba€BI(s2)L{*}

+ Z Z (Th 05,0, T2) @55, T3

51€V(T1), SQGV(T2)7
b1€Bl(51)U{*} bzGBl(SQ)LJ{*}

= ) Y (Tieg s To) s, Ts

s1€V(Th), s2€V(Th),
by€BI(s1)L{*} ba€Bl(s2){*}

+ Z Z 11 LT (T2 ®59,b2 T3)

s1€V(Th), s2€V(T2),
by EB[(S:{)U{*} bQGBl(SQ)U{*}

= Z Z (Tl . b TQ) ®:,.bo T35+ 170 (T2 <o Tg)
s1€V(Th), s2€V(Th),
b1EBl(s1) L%} baeBl(s2)U{x}
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Hence,

(Tl & TQ) & T3 — T1 & (TQ <o T3> = E E (T1 .51,b1 Tg) 0527172 T3
s1€V(Th), s2€V(Th),
b1€BI(s1)U{*} baeBl(s2)L{*}

= Z (Tl ®s1,b1 TQ) 059,02 T

817582€V(T1)
bi1€BI(s1)U{*},
bQEBl(SQ)I_’{*}
+ Z (T1 05, To) @54, T3 + Z (T 05, T1) @51, T3.
sEV(T1), seV(T1),
b1 #baeBI(s)U{*} beBI(s)U{*}

The three terms of this sum are symmetric in 75, T3, so
(T1<>T2)<>T3 —T1<>(T2<>T3) = (Tl <>T3)<>T2 —T1<>(T3<>T2).
Finally, (CP(D),¢,-) is a Com-PreLie algebra. O
Definition 4.16. Let T = (t,1,d) and T' = (t,I',d) be two elements of PT (D) with the same
underlying decorated rooted trees. We shall say that T < T is I' is a refinement of I. This
defines a partial order on PT (D).
c c b b c
Ezample 4.5. If a,b,c,d € D," V' <"V °V VU <V
Theorem 4.17. The following map is an isomorphism of Com-PreLie algebras:
(CP(D),O,) — (CP(D),O, )
V:y TePT(D) — > T.
T'<T

Proof. As < is a partial order, ¥ is bijective. Let T1, Ty € PT (D).

L UT <Ty-To, let us put Ty = A NT" and T = T N T'. Then, obviously, 7] < 71 and
Ty < Ty. Moreover, T" = T < Tj. Conversely, if T{ < Ty and T4 < T, then T} - Ty < Ty - Th.
Hence,

YT -Ty)= Y, T'= > T -Tp=9T) U(T}).
T'<T1-T> T{ <71, T2/<T2

2. Let s e V(T) and T" < Ty e, . T5. We put 7] = T"NTy and Ty, = T"NT,. Then, obviously,

T] < Ty and Ty < T5. If the block of roots of T is also a block of 77, then T" = T7 ey, T5.

Otherwise, there exists a unique b € Bl(s) such that 77 = T] e,;, T;. Conversely, if 77 < T7,
T3 < Th, s € V(T]) and b € Bl(s) U {}, then T} o, T < T} e, Tb. Hence,

\I’(Tl e} TQ) = Z Z T/

seV(T1) T'<Tres,x T

= Z Z Tll &0 TQI

TI<Ty, T4<Ty s€V (T}),beBI(s)U{x}
= U(T1) o Y(T2).
So ¥ is a Com-Prelie algebra isomorphism. O

Ezrample 4.6. In the non-decorated case,

v() =, w(h) =1,

U(1)=1, v(V)y=V +3V +V,
U(V)=V +V, V)=V +V,
v(V)=V, v(V)="V.
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