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Large-Eddy Simulation of a katabatic jet along a convexly curved slope: 2. Evidence of Görtler vortices

This paper is the second part of a study of katabatic jet along a convexly curved slope with a maximum angle of about 35.5 ∘ . Large-Eddy Simulation (LES) is performed with a special focus on the outer-layer shear of the katabatic jet. In the first part, a basic statistical quantitative analysis of the flow was performed. Here a qualitative and quantitative description of vortical structures is used to gain insight in the present 3-D turbulent flow. It is shown that Görtler vortices oriented in the streamwise downslope direction develop in the shear layer. They spread with a specific mushroom shape in the vertical direction up to about 100 m height. They play a main role with respect to local turbulent mixing in the ground surface boundary layer. The present curved slope configuration constitutes a realistic model for alpine orography. This paper provides a procedure based on local turbulence anisotropy to track Görtler vortices for in situ measurements, which has never been proposed in the literature.

Introduction

For environmental fluid configurations, it is well known that Görtler instability exists in the nature and is strongly related to orographic and streamline curvature and wind shear [START_REF] Bradshaw | The analogy between streamline curvature and buoyancy in turbulent shear flow[END_REF][START_REF] Finnigan | A streamline coordinate system for distorted two-dimensional shear flows[END_REF][START_REF] Kaimal | Atmospheric Boundary Layer Flows[END_REF][START_REF] Hopfinger | Sediment erosion by Görtler vortices: The scour-hole problem[END_REF][START_REF] Albayrak | Near-field flow structure of a confined wall jet on flat and concave rough walls[END_REF][START_REF] Scotti | A numerical study of the frontal region of gravity currents propagating on a free-slip boundary[END_REF]. Many laboratory experiments have been designed to analyze precisely the effect of both concave and convex slopes on turbulent boundary layer development [START_REF] Tani | Production of longitudinal vortices in the boundary layer along a concave wall[END_REF][START_REF] Hoffmann | The effect of concave curvature on turbulent boundary layers[END_REF][START_REF] Muck | The effect of convex surface curvature on turbulent boundary layers[END_REF][START_REF] Swearingen | The growth and breakdown of streamwise vortices in the presence of a wall[END_REF]. Theoretical work as well has clarified the conditions of development of such instability in terms of amplification rate, main wavelength of the vortices, and critical conditions of appearance. Görtler number and curvature sign appear to be two of the main parameters to discuss [START_REF] Saric | Görtler vortices[END_REF]. Indeed, if the concave configuration has been much studied, the case of instability growing in a shear layer subject to a convex distortion of the flow streamline is nearly absent from the known literature [Le [START_REF] Cunff | Nonlinear spatially developing Görtler vortices in curved wall jet flow[END_REF][START_REF] Matsson | Gortler vortices in wall jet flow on a rotating cylinder[END_REF]. This is the issue of the present paper to investigate such flow case for a katabatic jet along a convexly curved slope, under stable stratification. In the present paper we focus on the process which may yield the development of such instability in katabatic winds along alpine slopes. The way turbulent mixing is locally affected by such process [START_REF] Liu | On scalar transport in nonlinearly developing Görtler vortex flow[END_REF] is an issue for the behavior of Atmospheric Boundary Layer (ABL) along alpine valleys since it might impact both meteorology and air pollution prediction [START_REF] Brulfert | Modelling photochemistry in Alpine valleys[END_REF][START_REF] Chaxel | Ozone production from Grenoble City during the August 2003 heat wave[END_REF].

The numerical mesoscale model Meso-NH used in a coupled Large-Eddy Simulation (LES) mode for the present study is described in a companion paper [START_REF] Brun | Large-Eddy Simulation of a katabatic jet along a convexly curved slope. Part 1: Statistical results[END_REF]. Large eddy simulation of a turbulent stable ABL along an ideal slope with a given hyperbolic tangent shape is considered (section 2). The present configuration is designed to model the main orographic and atmospheric ingredients which are characteristics of a real alpine slope, especially for the time when katabatic downslope flow develops. Results are discussed in terms of both basic statistics (companion paper from [START_REF] Brun | Large-Eddy Simulation of a katabatic jet along a convexly curved slope. Part 1: Statistical results[END_REF]) and vortical topology (section 3), and it is shown how turbulent mixing mechanism is affected by Görtler vortices even though stable stratification is considered. Section 4 focuses on turbulent properties enhanced by Görtler instability in terms of mixing. Richardson number, turbulent Prandtl number, and anisotropy invariants are discussed. Section 5 draws conclusion and outlooks for the present study. a Friction velocity and friction temperature are given at position x where the velocity reaches its maximum along the slope. Results for cases B1-B4 have been published elsewhere [START_REF] Brun | LES of the turbulent katabatic flow developing along a hyperbolic tangent slope in stable atmospheric boundary layer[END_REF].

Computational Configuration

The present numerical code, Meso-NH, has been developed in CNRM/Météo-France and Laboratoire d'Aérologie Toulouse [START_REF] Bougeault | The meso-NH atmospheric simulation system[END_REF]. It consists of a non-hydrostatic model solving the pseudoincompressible Navier-Stokes (NS) equations [START_REF] Lafore | The meso-NH atmospheric simulation system. Part I: Adiabatic formulation and control simulations[END_REF]] with an anelastic approximation introduced by [START_REF] Durran | Improving the anelastic approximation[END_REF]. The present mesoscale model is coupled to a three-dimensional (3-D) LES parametrization [START_REF] Cuxart | A turbulence scheme allowing for mesoscale and large-eddy simulations[END_REF] to account for turbulence mixing in the ABL and especially in the ground surface region for the present study. The resulting simplified system of equations is described in the companion paper [START_REF] Brun | Large-Eddy Simulation of a katabatic jet along a convexly curved slope. Part 1: Statistical results[END_REF]. A description of the whole model is available elsewhere [START_REF] Lafore | The meso-NH atmospheric simulation system. Part I: Adiabatic formulation and control simulations[END_REF]].

Stratification Reference Conditions

In the present work, stable stratification conditions are set based on a constant vertical gradient of potential temperature 𝜃 ref (z). This induces a realistic constant value for the Brünt-Vaisälä frequency in the range 0.011 1).

s -1 ≤ N ref = √ g 𝜃 o 𝜕𝜃 ref 𝜕z ≤ 0.020 s -1 (Table

LES Closure

In the present study, LES method is considered to solve the 3-D turbulent scales of the flow. The flow is split into resolved and unresolved scales, e.g., u k + u ′′ k , for the velocity field in the k = 1, 3 direction, and it results in an extra transport equation for the subgrid-scale kinetic energy e = 1 2 u ′′ k u ′′ k [START_REF] Cuxart | A turbulence scheme allowing for mesoscale and large-eddy simulations[END_REF]. The final turbulence closure consists of an eddy viscosity model based on a Prandtl mixing length:

u ′′ i u ′′ j = 2 3 𝛿 ij e -C 1 𝜈 t ( S ij - 2 3 S kk 𝛿 ij ) ( 1 
)
𝜈 t =Δ √ e (2)
with Δ a measure for the computational mesh size, and

S ij = 1 2 ( 𝜕u i 𝜕x j + 𝜕u j 𝜕x i
) the strain rate tensor. Constant C 1 = 1∕15 is set from turbulence theory [START_REF] Redelsperger | Méthode de représentation de la turbulence d'échelle inférieure à la maille pour un modèle tri-dimensionnel de convection nuageuse[END_REF].

Mesh Grid Resolution

The 3-D domain of computation extends horizontally on L x = 3200 m in the streamwise direction and L y = 1280 m in the homogeneous spanwise direction. A 2-D hyperbolic tangent shape is considered at the ground surface,

z s (x)= H 2 ( 1 -th ( x-L x ∕2 L o
)) with a height of H = 1000 m, a slope length L o = 700 m, and a maximum slope angle 𝛼 max = 35.5 ∘ (Figure 1a). What is specific to the present configuration is that the slope is curved, involving both convex and concave curvature with a minimum curvature radius of about R = 1700 m (Figure 1b). The resulting effect is that there exists a region with slope convexity (0 ≤ x ≤ 1600 m) where Görtler instability is expected to grow when the flow develops a negative velocity shear [START_REF] Saric | Görtler vortices[END_REF]. At last, the present slope configuration constitutes an artificially curved orography which represents the main characteristics of real alpine slopes. 

Boundary Conditions

At the ground surface, a constant negative heat flux in the range -30 W/m 2 ≤ H s ≤ -10 W/m 2 is prescribed (Table 1). For the velocity, a rough surface condition with a roughness length scale z o = 3.5 cm characteristic of a realistic mountain slope roughness is considered and no slip conditions are applied (cases A0-A3). The resulting turbulent friction velocity u * and turbulent friction temperature 𝜃 * are given in Table 1.

A second set of computations has been performed with free-slip boundary conditions (cases B1-B4), that is to say u * = 0 m/s, to focus only on the outer-layer shear of the katabatic jet. Results for cases B1-B4 have been published elsewhere [START_REF] Brun | LES of the turbulent katabatic flow developing along a hyperbolic tangent slope in stable atmospheric boundary layer[END_REF]. With such boundary conditions, the jet flow reaches its maximum at the first atmospheric level near the ground and the velocity profile only shows a region with negative shear, which will be further necessary in order to enhance the Görtler instability along a convex slope.

(u 1 , u 2 , u 3 ) will represent the velocity field in the general cartesian frame (x, y, z) where z is the vertical direction. (u, v, w) will be the local velocity field rotated along the slope referential (x n , y, z n ), with 𝛼 = (⃗ x n , ⃗ x) the local angle of the slope.

Flow Topology and Görtler Vortices

We focus on the flow dynamics in the outer-layer shear. In a companion paper [START_REF] Brun | Large-Eddy Simulation of a katabatic jet along a convexly curved slope. Part 1: Statistical results[END_REF] we showed that turbulence develops strongly in this zone, with a maximum located at around 10m ≤ z ≤ 20 m, so that it is possible to consider the flow has a typical turbulent shear flow and analyze the process of transition to turbulence in terms of development of turbulent vortical structures. It is commonly performed in laboratory experiments for studying the so called Kelvin-Helmholtz instability in mixing layers [START_REF] Bernal | Streamwise vortex structure in plane mixing layers[END_REF][START_REF] Lasheras | The origin and evolution of streamwise vortical structures in a plane, free shear layer[END_REF] or the so called Görtler instability in boundary layers along a concavely curved slope [START_REF] Saric | Görtler vortices[END_REF][START_REF] Tandiono | On the linear and nonlinear development of Görtler vortices[END_REF], as well in 3-D numerical simulation of turbulence using LES [START_REF] Lesieur | Turbulence in Fluids 4th revised and enlarged edn[END_REF]. In the present chapter we will see how these vortical structures develop and are modified by stratification effects [START_REF] Galperin | On the critical Richardson number in stably stratified turbulence[END_REF] and curvature effects [START_REF] Benmaleck | Effects of curvature variations on the nonlinear evolution of Görtler vortices[END_REF] and might impact turbulent mixing.

Vortical Structures Observation

Figures (2) and (3) show isovalues of the Q criterion, for cases A1, B1, A2, and A3

Q = 1 2 ( Ω ij Ω ij -S ij S ij ) (3) 
with

Ω ij = 1 2 ( 𝜕u i 𝜕x j - 𝜕u j 𝜕x i
) the vorticity tensor. Positive values for the Q criterion enlight regions where vorticity is larger than flow stretching, that is to say shear layer regions where turbulence is enhanced [START_REF] Hunt | Eddies, stream, and convergence zones in turbulent flows[END_REF][START_REF] Weiss | The dynamics of enstrophy transfers in two-dimensional hydrodynamics[END_REF][START_REF] Dubief | On coherent vortex identification in turbulence[END_REF].

Q isovalues are set to Q iso = ⟨u⟩ 2 max
H 2 , based on scales which represent centrifugal effects due to the slope curvature (Figure 1). Streamwise vortical structures appear in the zone where turbulent kinetic energy is maximum (see Table 5 in the companion paper from [START_REF] Brun | Large-Eddy Simulation of a katabatic jet along a convexly curved slope. Part 1: Statistical results[END_REF]). Elongated counter-rotating vortices, colored by streamwise vorticity (blue for negative vorticity, red for positive vorticity), with a length of about 500 m, spread along the slope, in the region of convex ground surface curvature (above x = L x ∕2). Following the work from [START_REF] Hoffmann | The effect of concave curvature on turbulent boundary layers[END_REF], [START_REF] Muck | The effect of convex surface curvature on turbulent boundary layers[END_REF], [START_REF] Kaimal | Atmospheric Boundary Layer Flows[END_REF][START_REF] Kaimal | Atmospheric Boundary Layer Flows[END_REF][START_REF] Saric | Görtler vortices[END_REF], this is a strong argument to consider the present large-scale turbulent structures as Görtler vortices, resulting from a centrifugal instability process. This issue will be discussed in the next section. No Kelvin-Helmholtz (KH) primary vortical structures were found in the outer-layer shear region (with a scaling for Q iso based on the jet half-width about h m = 4 m instead of H, not shown), although the necessary conditions for the development of such instability were present. Mean velocity profile [START_REF] Brun | Large-Eddy Simulation of a katabatic jet along a convexly curved slope. Part 1: Statistical results[END_REF], involving an inflectional trend around 10m ≤ z ≤ 20 m, confirms that the so-called Rayleigh inflection-point criterion [START_REF] Drazin | Hydrodynamic Stability[END_REF][START_REF] Lesieur | Turbulence in Fluids 4th revised and enlarged edn[END_REF] is satisfied. Background stable stratification (Table 1) plays obviously a key role in preventing such KH instability to develop in the present shear flow configuration [START_REF] Koop | Instability and turbulence in a stratified fluid with shear[END_REF].

Görtler Instability

There exists two possible conditions of development for Görtler instability in a shear flow [START_REF] Saric | Görtler vortices[END_REF]. The classical Görtler vortices configuration is found in a boundary layer which exhibits a convexly curved mean velocity shear on a concavely curved boundary, which is not presently the case, at least because the vertical grid resolution of the computation is relatively weak at the ground surface below the velocity maximum [START_REF] Brun | Large-Eddy Simulation of a katabatic jet along a convexly curved slope. Part 1: Statistical results[END_REF] and does not allow to capture this process. Such instability would be expected to grow in the second part of the slope, concavely curved. Another configuration for the development of Görtler instability is described by [START_REF] Saric | Görtler vortices[END_REF] as the case of a concavely curved mean velocity shear on a convexly curved boundary. There exists only few studies which focused on such a case [Le [START_REF] Cunff | Nonlinear spatially developing Görtler vortices in curved wall jet flow[END_REF][START_REF] Matsson | Gortler vortices in wall jet flow on a rotating cylinder[END_REF]. This is what we expect to observe in the present study (above paragraph). In order to precisely define the conditions of the development of hydrodynamic instability and subsequent vortical structures in the present flow configuration, we considered a second set of computations with free-slip boundary conditions at the ground surface (u * = 0), case B1 (Table 1), for the same cooling and stratification conditions as case A1. Other cases B2 and B3 have been described elsewhere [START_REF] Brun | LES of the turbulent katabatic flow developing along a hyperbolic tangent slope in stable atmospheric boundary layer[END_REF]. Consequently, the mean velocity profile reaches a maximum at the ground, as an effect of slipping boundary condition, but the qualitative behavior of the flow in terms of both statistics (not shown here) and vortical topology (Figure 2b) remains unchanged, while the distance from the ground at which the shear flow instability develops (and where the maximum of turbulent kinetic energy is observed) reduces of about 5 to 10 m. In both cases A1 and B1, vortical elongated structures are observed in the region of concavely curved mean velocity profile, precisely in what we call the outer-layer shear zone.

Görtler number G (equation ( 5)) represents the control parameter for Görtler instability along a curved surface. For a classical boundary layer along a concave wall, Görtler number is defined based on the momentum thickness 𝛿 and the external velocity of the boundary layer [START_REF] Saric | Görtler vortices[END_REF]. For the present case, that is a jet along a convexly curved ground surface, the velocity scale is chosen as the maximum velocity of the jet ⟨u⟩ max [START_REF] Matsson | Gortler vortices in wall jet flow on a rotating cylinder[END_REF] and 𝛿 is determined in the outer-layer shear region only, between the altitude of maximum 

N ref = 0.011 s -1 , H s =-10 W/m 2 ; Case A1: N ref = 0.013 s -1 , H s =-30 W/m 2 ; Case A2: N ref = 0.013 s -1 , H s =-10 W/m 2 ;
and Case A3:

N ref = 0.020 s -1 , H s =-30 W/m 2 .
velocity h m and the altitude above where zero velocity is recovered h o . In the present study, LES is considered in a domain with a relatively large-scale discretization, so that molecular viscosity 𝜈 is negligible with respect to eddy viscosity 𝜈 t (equation ( 2)). Görtler number is therefore presently designed with respect to eddy viscosity, which is a function of the mesh grid Δ and the subgrid-scale kinetic energy e, evaluated in the core of the Görtler vortices (in the range 50m ≤ z ≤ 100 m) and 𝜈 is replaced by 𝜈 LES , a quantity representative for the turbulent LES flow (equation ( 1)),

𝜈 LES (x)=0.5C 1 𝜈 t (x) (4) 
It is similar to what is considered in the literature for studying Görtler instability in a turbulent boundary layer, based on turbulent viscosity defined from mixing length theory [START_REF] Tani | Production of longitudinal vortices in the boundary layer along a concave wall[END_REF]. The ratio between the momentum thickness 𝛿 and the minimum slope curvature R min ≈ 1600 m (Figure 1, x ≈ 1000 m) where Görtler instability starts to grow (Figures 2 and3) is accounted for as well in the final formulation:

G(x)= ⟨u⟩ max (x)𝛿(x) 𝜈 LES (x) ( 𝛿(x) R min ) 0.5 (5) 𝛿(x)= ∫ h o h m ⟨u⟩(z) ⟨u⟩ max ( 1 - ⟨u⟩(z) ⟨u⟩ max ) dz (6)
where ⟨u⟩ max is about 1-2 m/s for all cases presently considered [START_REF] Brun | Large-Eddy Simulation of a katabatic jet along a convexly curved slope. Part 1: Statistical results[END_REF].

Figure 4 shows the downslope evolution for momentum thickness about 1m ≤ 𝛿(x) ≤ 2 m and Görtler number 2 ≤ G(x) ≤ 8.

Changes in ambient stratification (case A3) and ground surface cooling (case A2) do not affect qualitatively the development of Görtler instability in the outer-layer shear, but some variability effects occur in terms of vortical length scale. For all cases the change in slope curvature (from convexly curved to concavely curved slope) leads to a sudden damping of the streamwise vortices at about x = L x ∕2; further down, long fine streamwise vortices are still present but less intense, as an effect of change in curvature thus a stabilization effect [START_REF] Saric | Görtler vortices[END_REF]. It is remarkable that a change in both increasing stratification from N ref = 0.013 s -1 (case A1) to N ref = 0.020 s -1 (case A3) and reducing surface cooling from H s =-30 W/m -2 (case A1) to H s =-10 W/m -2 (case A2) lead to a similar flow topology (Figures 3a and3b). This trend is known to be accounted for in the Prandtl model for defining the main velocity and temperature length scale [START_REF] Brun | Large-Eddy Simulation of a katabatic jet along a convexly curved slope. Part 1: Statistical results[END_REF]. This will set the amplitude and shape for the katabatic jet and thus the topology of the vortical structures involved. This point will be discussed further based on a quantitative analysis for Görtler instability.

Spanwise Variability

A set of instantaneous vertical slices is performed at the slope position where the vortical structures reach a maximum intensity, that is x = 1625 m, x = 1350 m, and x = 1325 m for cases A1, A2, and A3, respectively Consequently, downwelling occurs as well on the edge of the two counter-rotating vortices with a lower velocity amplitude. Note that at the ground surface, below the jet maximum, intense downwelling occurs as well (as a vertical mirror to upwelling), and local vertical velocity reaches up to -1.2 m/s, -0.6 m/s, and -0.7 m/s, for cases A1, A2, and A3, respectively. A well-reported consequence for such upwelling process in the literature [START_REF] Tandiono | On the linear and nonlinear development of Görtler vortices[END_REF] is the occurrence of downwash and upwash regions in the spanwise direction, which are seen on the streamwise maximum velocity distribution of the jet along y (Figures 5b,6b, and 7b).

To assess the growth of the vortices in terms of the streamwise velocity component, a disturbance amplitude is generally defined as

𝜅 u = u D -u U 2⟨u⟩ max
, where u D and u U represent the downwash (local maximum) and upwash (local minimum) streamwise velocity. In the present study, u D reaches values around 0.7 m/s, 0.4 m/s, and 0.5 m/s, and u U reaches values around -0.6 m/s, -0.3 m/s, and -0.5 m/s, for cases A1, A2, and A3, respectively. It is remarkable that Görtler vortices generate a clear backflow in the region where upwash occurs. The resulting disturbance amplitude is for the whole three cases around 𝜅 u = 0.5, while it is reported to be in the range 0.3-0.4 in a boundary layer along a concavely curved surface [START_REF] Tandiono | On the linear and nonlinear development of Görtler vortices[END_REF], once the nonlinear regime (development of mushroom-like structures) is reached.

Based on the present spanwise variability of the flow, a spanwise wavelength 𝜆 y is defined for the Görtler instability, in the range about 𝜆 y = 130 m for case A1 (five quasi-periodic structures) and 𝜆 y = 110 m for cases A2 and A3 (six quasi-periodic structures). To precisely quantify 𝜆 y , a Fourier transform analysis is performed on the horizontal velocity field along a spanwise line crossing the region of maximum vorticity intensity. Figure 8 shows spanwise energy spectra for u 1 at a set vertical position into the shear layer for cases A1, A2, and A3, respectively. A maximum of energy is found at z = 32 m for all cases, which is about the region of maximum vertical shear. At this altitude, the energy distribution shows clear peaks in the range 110m ≤ 𝜆 y ≤ 150 mfor all cases (with the spanwise wave number defined as k y = 2𝜋∕𝜆 y ). Figure 9 shows the evolution of spanwise energy spectra for u 1 along the slope, for cases A0, A1, and A2, respectively. A maximum of energy is reached on the convex part of the slope at about x = 1500 m, x = 1550 m, and x = 1350 m, respectively, which confirms the occurrence of a Görtler instability process along a convex slope. The 1-D energy distribution along the spanwise wave number shows a different trend for all cases. Case A0 is characterized by a wide peak in the range 90m ≤ 𝜆 y ≤ 210 m, while case A1 shows a narrow peak at about 𝜆 y = 125 m. This might be related to the degree of development of the instability along the slope and the relative contribution of nonlinear processes to lead more or less rapidly to 3-D turbulence. We build the wavelength parameter [START_REF] Saric | Görtler vortices[END_REF] adapted to the present LES configuration (replacing molecular viscosity by eddy-viscosity equation ( 4))

Λ(x)= ⟨u⟩ max (x)𝜆 y (x) 𝜈 LES (x) ( 𝜆 y (x) R min ) 0.5 (7)
Figure 10. Görtler stability criterion: wavelength parameter Λ. Case A0: N = 0.011 s -1 , H s =-10 W/m 2 ; Case A1: N = 0.013 s -1 , H s =-30 W/m 2 ; Case A2: N = 0.013 s -1 , H s =-10 W/m 2 ; and Case A3: N = 0.020 s -1 , H s =-30 W/m 2 versus neutral amplification curve [START_REF] Saric | Görtler vortices[END_REF].

and the resulting amplitude for the whole cases is in the range 500 ≤ Λ ≤ 4000. Figure ( 10) reports the Görtler number versus the wavelength parameter, and the results are consistent with the expected behavior for Görtler instability amplification, both with respect to theory and to existing experiments [START_REF] Swearingen | The growth and breakdown of streamwise vortices in the presence of a wall[END_REF][START_REF] Floryan | Stability of Görtler vortices in boundary layers[END_REF][START_REF] Saric | Görtler vortices[END_REF]. The points lie above the neutral stability curve (G ≥ 0.5). This constitutes a strong evidence of the development of Görtler instability in the present katabatic flow along a convexly curved slope.

Statistical Turbulent Properties

Turbulent Mixing Enhancement

It is worth to note that local and instantaneous velocity reaches up to about ±1 m/s, (Figures 567) that is to say that Görtler vortices strongly contribute to a local turbulent mixing of the ABL in the region where they develop. In the present case we show that this region 100 m for case A1 m cases A2 and in the vertical direction. Figures 5d,6d, and 7d show that the subgrid-scale turbulent kinetic energy distribution is modified by Görtler vortices and that e spreads in the vertical direction between large counterrotating vortices, inducing an increase in the turbulent diffusion in the region presently studied. In the present ideal case, although a stable atmospheric boundary layer was initially considered with a Brünt-Vaisälä frequency in the range 0.011 s -1 ≤ N ref ≤ 0.020 s -1 , the resulting flow is especially turbulent in the outer-layer shear zone.

The TKE budget shows the balance between production, dissipation, and turbulent transport in the ABL (see companion paper from [START_REF] Brun | Large-Eddy Simulation of a katabatic jet along a convexly curved slope. Part 1: Statistical results[END_REF]). A useful dimensionless parameter is the flux Richardson number

Ri f = g 𝜃 o ⟨w ′ 𝜃 ′ ⟩ ⟨u ′ w ′ ⟩ 𝜕⟨u⟩ 𝜕z n (8) 
expressed in the local slope referential [START_REF] Nadeau | Flow during the evening transition over steep alpine slopes[END_REF] which describes the ratio of buoyancy production to shear mechanical production [START_REF] Stull | An Introduction to Boundary Layer Meteorology[END_REF]. A simple use of eddy-viscosity and eddy-diffusivity concepts in the local slope referential makes it able to transform the flux Richardson number to the gradient Richardson number

Ri = g 𝜃 o 𝜕⟨𝜃⟩ 𝜕z n ( 𝜕⟨u⟩ 𝜕z n ) 2 (9)
with the relation Ri f = RiPr t [START_REF] Stull | An Introduction to Boundary Layer Meteorology[END_REF]. We presently focus on both the Ri and the Pr t behavior in the ABL along the slope. Figure 11a shows the gradient Richardson number Ri in the region where Görtler vortices develop, for cases A1, A2, and A0. For case A1, Ri is below the critical value Ri c = 0.2 [START_REF] Kondo | Heat and momentum transfers under strong stability in the atmospheric surface layer[END_REF][START_REF] Nieuwstadt | LES of air pollution dispersion: A review[END_REF] in the full outer (10m ≤ z ≤ 50 m) and only marginally negative (x = 1450 m, 30m ≤ z ≤ 45m), which is in the regime where turbulence may develop and maintain, a main condition for the triggering of Görtler instability in the present study. The Richardson number reaches values in the range 0 ≤ Ri ≤ Ri c = 0.2 as well for cases A2 and A0 (Figures 11b and11c) for the outer-layer shear z ≥ 7 m, in the region where Görtler vortices start to grow 1200m ≤ x ≤ 1500 m. This similar trend for all cases confirms that transition to turbulence is enhanced in the present ground surface region and that turbulence spreads vertically, thanks to Görtler instability process, and against stabilization through stratification effects. A specific behavior is obtained for case A0 for z ≥ 15 m where Ri ≤ 0 due to a local negative temperature gradient (see companion paper from 

Brun et al. [2017]

). This is presently attributed to the fact that A0 is the case with both the lowest surface cooling H s =-10 W/m 2 and the lowest background stratification N ref = 0.011 s -1 . This might increase the destabilization process leading to Görtler vortices development, through local weak vertical convection.

Finally, Figure 12 shows that in the outer layer of the present katabatic jet, the turbulent Prandtl number is poorly correlated to Ri, in contrast to what was observed in the literature for katabatic flow along a constant slope [START_REF] Axelsen | Large-eddy simulation of katabatic winds. Part 2: Sensitivity study and comparison with analytical models[END_REF] and more generally for stable ABL [START_REF] Zilitinkevich | On the velocity gradient in stably stratified sheared flows. Part 1: Asymptotic analysis and application[END_REF]. This present trend may be related to an intensification of the mixing induced by Görtler vortices.

Turbulence Anisotropy

In the region near the ground the present katabatic flow is clearly turbulent, but far to reach turbulence isotropy [START_REF] Wyngaard | Turbulence in the atmosphere[END_REF]. For case A1, RMS quantities show a main contribution in the streamwise direction u rms with a maximum in the outer-layer shear about z = 15 m (Figure 13a) and z = 8 m (Figure 13b). The wall normal component w rms decreases rapidly to zero below the height of the jet maximum, consistently to turbulent boundary layer classical trend. The contribution of turbulent stresses is also an important aspect for the present flow. A useful way to analyze the Reynolds stress tensor ⟨u ′ i u ′ j ⟩ consists of determining its anisotropy tensor [START_REF] Lumley | Return to isotropy of homogeneous turbulence[END_REF][START_REF] Lumley | Computational modeling of turbulent flow[END_REF][START_REF] Tennekes | A Firt Course in Turbulence, chap. 5, wall-bounded shear Flow[END_REF][START_REF] Reynolds | Fundamentals of turbulence for turbulence modelling and simulation[END_REF][START_REF] Choi | The return to isotropy of homogeneous turbulence[END_REF] and to extract the second and third invariants

a ij = ⟨u ′ i u ′ j ⟩ ⟨u ′ k u ′ k ⟩ - 1 3 𝛿 ij (10)
I 2 =- 1 2 A 2 =- a ij a ji 2 (11) 
I 3 = 1 3 A 3 = a ij a jk a ki 3 . ( 12 
)
The anisotropy invariant map (AIM) represents the relation between these two invariants (Figure 14). Isotropic turbulence I 2 = I 3 = 0 is never reached in the present flow or only as a trend in the outer-layer shear (around z ≥ 80 m). Traveling down to the ground surface, it is seen that the AIM follows what is called the axisymmetric expansion path and reaches an extremum at about 8m ≤ z ≤ 15 m where u rms is maximum. In this outer-layer shear region, one notes an inflection point at about 40m ≤ z ≤ 60 m for two of the stations at x = 1625 m (not shown) and x = 1700 m (Figure 14b). It corresponds to regions where intense streamwise vortical structures related to Görtler instability develop, leading to strong anisotropy of the turbulent flow at large scale. Similar trends have been observed in turbulent boundary layer in a pipe [START_REF] Krogstad | Invariant analysis of turbulent pipe flow[END_REF] and were attributed to the transition between the near-wall region and the central core zone. In the present flow this trend could be related to the transition between the katabatic jet near the ground and the stably stratified flow above. The same trend is obtained when varying N ref or H s (cases A0 and A2) as suggested in Figures (16a) and (17a), respectively. We presently argue that such inflection shape for the AIM could be used as a way to identify the development of Görtler vortical structures in a turbulent atmospheric boundary layer, a valuable criterion discussed in the next section. Below the jet maximum, the AIM follows the two-component branch, since the wall normal RMS contribution w rms vanishes faster than the two remaining components parallel to the ground slope. Figure 15a shows the axisymmetric parameter

A(z)= I 3 2(-I 2 ∕3) 3∕2 (13) 
at two stations along the slope x = 1625 m and x = 1700 m. At the ground, it is close to A =-1 that is rod-like turbulence, contrasting with the jet nose region where it reaches about A = 0.7 for nearly rod-like turbulence. In the outer-layer shear A decreases linearly down to A = 0. Here again a clear plateau appears for 40m ≤ z ≤ 60 m and separates the outer-layer shear region from the stable external region. [START_REF] Lumley | Computational modeling of turbulent flow[END_REF] introduced the anisotropic coefficient

F(z)=1 + 9I 2 + 27I 3 (14)
as a measure for the departure from isotropic turbulence (F = 1) and two-component turbulence (F = 0). In the present case (Figure 15b) isotropy is only partially reached with a maximum of about 0.7 ≤ F ≤ 0.9 in the outer-layer region, while in the ground jet region anisotropic conditions are observed with 0.1 ≤ F ≤ 0.6. Isotropy is clearly reduced for the stations below along the slope, where large-scale vortical structures develop, and this trend will be discussed further in the next section. 

Discussion and Conclusions

Toward In Situ Evidence of Görtler Vortices?

Görtler vortices have been rarely and/or hardly identified in geophysical flows, such as boundary layer flow around a hill [START_REF] Tani | Production of longitudinal vortices in the boundary layer along a concave wall[END_REF][START_REF] Finnigan | A streamline coordinate system for distorted two-dimensional shear flows[END_REF][START_REF] Kaimal | Atmospheric Boundary Layer Flows[END_REF], gravity or stratified flows along a surface [START_REF] Bradshaw | The analogy between streamline curvature and buoyancy in turbulent shear flow[END_REF][START_REF] Scotti | A numerical study of the frontal region of gravity currents propagating on a free-slip boundary[END_REF], and channel and tidal flows with sediment erosion [START_REF] Hopfinger | Sediment erosion by Görtler vortices: The scour-hole problem[END_REF][START_REF] Albayrak | Near-field flow structure of a confined wall jet on flat and concave rough walls[END_REF]. The present results bring a few ideas of how to track Görtler instability for in situ flow configurations. A promising tool is certainly related to 3-D turbulence measurements with sonic anemometers, a now classical way to study turbulent ABL and related scales [START_REF] Kaimal | Atmospheric Boundary Layer Flows[END_REF]]. In the present configuration, it is shown that Görtler vortices develop in the outer-layer shear above the katabatic jet maximum (around z = 10 m) and up to relatively far in the vertical direction of the ABL, in regions where the mean flow has vanished (around z = 100 mtoz = 150 m). Sonic anemometers allow to reconstruct the whole 3-D Reynolds stress tensor [START_REF] Kaimal | Atmospheric Boundary Layer Flows[END_REF] and thus could be used to directly access turbulence anisotropy properties (in terms of Galilean invariants).

It was shown for all cases that the present katabatic flow has specific anisotropy properties with a large variability above the ground surface. A coupled analysis with the occurrence of Görtler vortices (Figures 567) suggests that the trace of such strong streamwise turbulent structures can be seen on the properties of the invariants. In the regions where Görtler instability develops it seems that the axisymmetry coefficient A(z) remains relatively constant all along the ABL width up to more than z = 70 m and reaches values larger than A = 0.5 (Figures 15a,16b,and 17b). In the meantime, the anisotropy coefficient F(z) tends less rapidly to the isotropic limit F=1 than in regions where no Görtler vortices exist (Figures 15b,16c,and 17c). It is not surprising that, in the core of a streamwise Görtler vortex, anisotropy is far to be reached while axisymmetry dominates the turbulent mixing process. Such measurements in a real ABL, while technically not obvious, would be of special interest to address the issue of the turbulent mixing contribution of katabatic flows along curved alpine slopes.

Conclusions and Perspectives

Large-Eddy Simulation of a katabatic jet along a curved slope involving a large part of convex curvature has been performed. Temperature stratification was set to a reference value in the range N ref =[0.011; 0.020] s -1 that constitutes a realistic value compared to real ABL in mountain region. Realistic cooling at the ground surface was considered to mimic night radiative cooling in mountain area, ranging from H s =-10 W/m 2 to H s =-30 W/m 2 .

Instantaneous visualizations of the vortical topology of the flow showed evidence of strong streamwise counterrotating vortices located in the upward convex slope region, in the outer-layer shear above the jet maximum. These vortices were identified in the present ideal case configuration as Görtler instabilities. The Görtler number based on the maximum jet velocity, the momentum thickness of the outer-layer shear, the minimum curvature radius of the slope, and the eddy viscosity reaches standard values in the range [2; 10].

In the meantime, a spanwise length scale of about 100-150 m, characteristics of the distance between two streamwise vortices, was observed in the region above the jet maximum in the outer-layer shear. Once nondimensionalized with the same scales as for Görtler number, a wavelength parameter Λ was determined and reaches values in the range [500; 4, 000] as expected in the literature on Görtler instability. Such large vortical structures were able to enhance local vertical mixing up to z =100-150 m and yield local gradient Richardson values below the critical Ri c = 0.2 value. The explicit account for such structures seems to be necessary for properly modeling turbulent mixing in the present stable atmospheric boundary layer.

The coupled analysis of the turbulence anisotropy for the present flow in regards to vortical structures showed that Görtler vortices induce a specific departure to isotropy in the region well above the outer-layer shear. This provides an interesting tool to track Görtler instability for in situ experiments along alpine slopes, which could be combined with, e.g., 3-D sonic anemometry.
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 1 Figure 1. (a) Ideal hyperbolic tangent slope topography and (b) curvature distribution along x direction. Full square symbols correspond to stations where vertical profiles for statistics will be further described. Height of the slope H = 1000 m, length of the slope L x = 3200 m, tangential contribution L o = 700 m, and minimum curvature radius of the slope R min = 1700 m.

Figure 2 .

 2 Figure 2. Isovalue of the Q criterion set to Q = 10 -5 s -2 = ⟨u⟩ 2 max ∕H 2 colored by streamwise vorticity 𝜔 x =Ω 32 ∈[-0.01; 0.01] s -1 (red positive, blue negative). (a) Case A1: N ref = 0.013 s -1 , z o = 0.35 m, and H s =-30 W/m 2 . (b) Case B1: Same as A1 but with free-slip ground surface conditions u * = 0 m/s. Height of the slope H = 1000 m, length of the slope L x = 3200 m, and width of the slope L y = 1280 m.

Figure 3 .

 3 Figure 3. Isovalue of the Q criterion set to Q = 10 -5 s -2 = ⟨u⟩ 2 max ∕H 2 colored by streamwise vorticity 𝜔 x =Ω 32 ∈[-0.01; 0.01] s -1 (red positive, blue negative). (a) Case A2: N ref = 0.013 s -1 , z o = 0.035 m, and H s =-10 W/m 2 . (b) Case A3: N ref = 0.020 s -1 , z o = 0.035 m, and H s =-30 W/m 2 . Height of the slope H = 1000 m, length of the slope L x = 3200 m, and width of the slope L y = 1280 m.

Figure 4 .

 4 Figure 4. Momentum thickness 𝛿(x) and Görtler number G(x) for the outer-layer shear along the slope. Case A0: N ref = 0.011 s -1 , H s =-10 W/m 2 ; Case A1: N ref = 0.013 s -1 , H s =-30 W/m 2 ; Case A2: N ref = 0.013 s -1 , H s =-10 W/m 2 ; and Case A3: N ref = 0.020 s -1 , H s =-30 W/m 2 .
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 5 Figure 5. Zoom on a vertical slice, in the region near the ground surface around x = 1625 m (at the downslope position where vortical structures are the most intense). (a) Q criterion isovalues, (b) horizontal velocity u 1 isovalues, (c) vertical velocity u 3 isovalues, and (d) subgrid-scale kinetic energy e isovalues. Case A1: N ref = 0.013 s -1 , z o = 0.035 m, H s =-30 W/m 2 .
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 6 Figure 6. Zoom on a vertical slice, in the region near the ground surface around x = 1350 m (at the downslope position where vortical structures are the most intense). (a) Q criterion isovalues, (b) horizontal velocity u 1 isovalues, (c) vertical velocity u 3 isovalues, and (d) subgrid-scale kinetic energy e isovalues. Case A2: N ref = 0.013 s -1 , z o = 0.035 m, and H s =-10 W/m 2 .
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 7 Figure 7. Zoom on a vertical slice, in the region near the ground surface around x = 1325 m (at the downslope position where vortical structures are the most intense). (a) Q criterion isovalues, (b) horizontal velocity u 1 isovalues, (c) vertical velocity u 3 isovalues, and (d) subgrid-scale kinetic energy e isovalues. Case A3: N ref = 0.020 s -1 , z o = 0.035 m, and H s =-30 W/m 2 .
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 8 Figure 8. Energy spectra of the longitudinal velocity component u 1 in the spanwise direction y. Vertical variability. Cases (a) A1, (b) A2, and (c) A3.

Figure 9 .

 9 Figure 9. Energy spectra for the longitudinal velocity component u 1 in the spanwise direction y. Variability along the slope. (a) Cases A0, (b) A1, and (c) A2.

Figure 12 .

 12 Figure12. Relation between turbulent Prandtl number and gradient Richardson number at stations along the slope 0.41L x ≤ x ≤ 0.53L x .

Figure 11 .

 11 Figure 11. Vertical profiles for gradient Richardson number at stations along the slope 0.41Lx ≤ x ≤ 0.53Lx , for cases (a) A1, (b) A2, and (c) A0. The arrows show the profile trend down the slope.

Figure 13 .

 13 Figure 13. RMS velocity profiles at a along the slope (a) x = 1500 mand(b)x = 1700 m. Case A1: N ref = 0.013 s -1 , o = 0.035 m, and H s =-30 W/m 2 .

Figure 14 .

 14 Figure 14. Anisotropy Invariant Map, at a station along the slope (a) x = 1500 mand(b)x = 1700 m. Case A1: N ref = 0.013 s -1 , z o = 0.035 m, and H s =-30 W/m 2 .

Figure 15 .

 15 Figure 15. Vertical profiles for the (a) axisymmetry coefficient A(z) and (b) anisotropy coefficient F(z).CaseA1: N ref = 0.013 s -1 , z o = 0.035 m, and H s =-30 W/m 2 . The arrow shows the profile trend down the slope.

Figure 16 .

 16 Figure 16. (a) Anisotropy Invariant Map, at a station along the slope x = 1550 m. Vertical profiles for the (b) anisotropy coefficient F(z) and for the (c) axisymmetry coefficient A(z). Case A0: N ref = 0.011 s -1 , H s =-10 W/m 2 .Thearrowsshow the profile trend down the slope.

Figure 17 .

 17 Figure 17. (a) Anisotropy Invariant Map, at a station along the slope x = 1450 m. Vertical profiles for the (b) anisotropy coefficient F(z) and for the (c) axisymmetry coefficient A(z). Case A2: N ref = 0.013 s -1 , H s =-10 W/m 2 .Thearrowsshow the profile trend down the slope.

Table 1 .

 1 Reference and Ground Surface Boundary Conditions a

	Case	-H s	N ref	z o	u max *	𝜃 max *
	A0	10 W/m 2	0.011 s -1	35 mm	0.19 m/s	0.05°C
	A1	30 W/m 2	0.013 s -1	35 mm	0.24 m/s	0.11°C
	A2	10 W/m 2	0.013 s -1	35 mm	0.18 m/s	0.04°C
	A3	30 W/m 2	0.020 s -1	35 mm	0.15 m/s	0.17°C
	B4	30 W/m 2	0.007 s -1	-	0m/s	-
	B1	30 W/m 2	0.013 s -1	-	0m/s	-
	B2	10 W/m 2	0.013 s -1	-	0m/s	-
	B3	30 W/m 2	0.020 s -1	-	0m/s	-
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