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ABSTRACT. We consider a immiscible two-phase flow through an one-dimensional heterogeneous
porous medium made of an apposition of several homogeneous porous media. This leads to a
nonlinear degenerate parabolic problem, with monotonous transmission conditions between the
different homogeneous subdomains. We give an implicit finite volume scheme for such a two-
phase flow, and we prove the convergence of the inducted discrete solutions to a weak solution.
Under assumption on the initial condition, i.e. if it yields bounded flux, and if the total flow-
rate belongs to BV (0, T), then the discrete solution obtained via the scheme converges toward
a solution with bounded flux. We prove a L*-contraction principle for such a bounded flux
solution. This uniqueness result is extended using a SOLA approach in the case where there are
no particular regularity assumptions on the initial data, and we check that the discrete solution
obtained via the implicit finite volume scheme converges to this SOLA.

KEYWORDS: flows in porous media, finite volume method, discontinuous capillarity pressures,
nonlinear PDE of parabolic type.

1. Introduction: the model

We consider a heterogeneous porous medium {2, which is an apposition of ho-
mogeneous porous media {2;, representing the different geological layers, so that the
physical properties of the medium only depend of the rock type and are piece-wise
constant. We restrict our study to the one-dimensional case, even if all the results
stated in section 2 can be quite easily adapted to larger dimensions (see [ENC 06]).
For the sake of simplicity, we only deal with two geological layers with same size,
because a generalisation to an arbitrary finite number of geological layers would only
lead to notation difficulties. In the sequel, we denote by {2 =] —1, 1] the heterogeneous



porous medium, and by ©; =] — 1, 0], Q2 =|0, 1] the two homogeneous layers. The
interface between the layers is thus {« = 0}. T is a positive integer.

The study of the flow in each €;, ¢ = 1,2 leads to the following degenerated
parabolic equation:

¢i0u + 0z (¢ fi(u) — Ai(w)0ymi(u)) = 0, [1]

where, fori =1, 2:

— ¢; is the porosity of 2;,0 < ¢; < 1,

—u(zx, t) is the water-saturation, 0 < u < 1,

— q(t) is the total flow rate, ¢ € L*(0,T), ¢ > 0,

— fi is a continuous increasing function, f;(0) =0, f;(1) =1,

— ); is a continuous function, with A;(0) = A;(1) = 0, \;(s) > 0if 0 < s < 1,

— the capillary pressure u — ;(u) € C*([0, 1], R) is increasing.

Focusing on the interface {x = 0}, we get the following transmission conditions:
denoting u; the restriction of u to Q; and ¢;(s fo a)da,

Q(t)fl(ul)(oﬂt) - 8m<p1(u1)(0,t) = q(t)fQ(UZ)(Out) - az‘;DQ(UQ)(Ovt)7 (2]

7~r1(u1(0,t)) n ﬁg(Ug(O,t)) 7é @, [3]
mi(s) if s €]0, 1],
where 7;(s) =< | — o0, m;(0)] ifs =0,

[mi(1),+o00[ ifs=1.
We choose the boundary conditions:

q(t)fl(ul)(_Lt) - 6w901(u1)(_17t) = g(t) € [Oa q(t)L [4]
Ozpa(u2)(1,) = 0. [5]
and an initial data ug € L*(Q2).
Definition 1.1 (weak solution) A function u is said to be a weak solution if it fulfills:
HueL*(Qx(0,T)), with0 <u<1,
2) fori=1,2, ¢;(u) € L*((0,T); H*(Q)),
3) forae t € (0,T), 71(ui(0,t)) N o (uz(0,t)) # 0,
4) for all ) € D(Q x [0, T]),
foT 21:172 ‘[Qi (bzu(x? t)atw(xa t)d.l?dt + Zi:l,? fQi ¢zu0(m)w($a O)dl'
o it fo, la (2, t) — Dyipi () (, )] Dy (, ) dardt
+f0 g(t)(=1,t)dt — fo (t) fo(uz) (1, 1) (1, t)dt = 0. (6]



2. Convergence of an implicit finite volume scheme

For the sake of simplicity, we choose to deal only with uniform discretization of
Q x (0,7, which are defined by two positive integers M, N.

Discretization of 2: we denote by éx = 1/N and

+1/2 )
.'L'j+1/2:J N/ s V_j S [[—N7N—1]]

Discretization of |0, T): we denote by 6t = T'/M, and t" = ndt, for all n € [0, M].
Discretization of the data:

-Vj e H*N, N — 1]], uO7D(SCj+1/2) = u2+1/2 — $ Tj+1 UO(I)dI,

Lj

S5 n n+1
—q=q' =& [} adt, TP =F [ a(dt,
) n ntt
g0 =g =L [Tgt)dt, gt =L [ g(t)dt,
Equation [1] can be rewritten ¢;0yu + 0, F'(z,t) = 0, with F'(z,t) = q(t) fi(u) —
Oppi(u). We consider the following implicit scheme: Vj € [-N,N — 1], Vn €
[0,M —1],

“7}111/2 - “7‘)}1/2
G o+ B - B =0, [7]
where the discrete fluxes are given by the following two-points scheme:
-Vj€ Jipt =[-N+1,-2]U[1,N —=2],Vn € [0,M — 1],
il ) — iUty )
n+l _ n+lp/ n+l J+1/2 J 1/2
Fj =q fz(uj_1/2) - Sz s [8]
-Vn e [0,M —1],
o= gt [91
Fit = ¢ ). [10]
-Vn e [0,M—1],
T1(ug i) N (ugh') # 0 [11]
2(p1(ugth) — 1 (u”Y),))
= AWt ) - o [12]
2(p2(ut ) — pa(ugtt))
= " hupt!) - P [13]

The definition of Fg‘“ is justified by the following lemma, which is a consequence
of the monotony of the transmission conditions.



Lemma 2.1 (discrete transmission conditions) Let (a,b) € R?, letn € [0,M — 1],
then there exists a unique couple (c,d) € [0, 1]? such that:

{ qn+1f1 (a) _ 2(901(0) B 901(&)) _ q”+1f2(d) _ 2(()02(b)6; <lDQ(d))7
71(c) N 7o (d) # 0,

where for all s < 0, fi(s) =0, pi(s) =0, and forall s > 1, fi(s) =1, pi(s) =
©i(1). Furthermore, (a,b) — c and (a,b) — d are continuous and non-decreasing
w.r.t. each one of their arguments.

We deduce from lemma 2.1 that [7] is a monotonous scheme, and thus we can apply a
classical study (see e.g. [EYM 00, ENC 06]) to claim the following.

Proposition 2.2 (discrete solution) There exists a unique solution (u'' J /2) j.n 1o the
scheme, fulfilling furthermore: ¥j € [-N,N — 1], Vn € [0,M], 0 < Uy <1
We define the unique discrete solution up almost everywhere in Q x (0,T) by:

up(z,t) = uj ), if (2,t) €aj,zj <]t 7.

If ug,p,vo,p are two discrete initial data, and if up,vp are the inducted discrete
solution, we obtain: Vt €)0,T),

Z (bl\up x,t) —vp(z,t)|dx < Z diluop(x) — vop(z)|de.  [14]

i=1,2 i=1,27 %%

The discrete solution fulfils a discrete L?(0,T; H'(;)) estimate, i.e. there exists
C(q,T, ¢;, ;) depending on the data, but not on the discretization of 2 x (0, T) such
that: Vi = 1,2, V(N, M) € (N*)2,

/T Y oz (902 up)(jt1/2,t) w(uD)(Ij_l/%t))Q dt<C.  [15]
0

€ Jine REARTE I e

We deduce from [15] some estimates on the space and time translates (see [EYM 00]),
and so we obtain a compactness result on the set of the discrete solutions. Letting the
discretization step tend to 0, one gets the following convergence result.

Proposition 2.3 (convergence to a weak solution) Let (M,),en, (Np)pen be two
sequences of positive integers tending to 4-oc, and let (up,), be the sequence of
the inducted discrete solutions. Then there exists a weak solution u in the sense of
definition 1.1 such that, up to a subsequence: N'r € [1,+00],

up, — win L"(Q x (0,T)).

All the results of this section still hold in larger dimensions. This can be proven by
adapting the proof of [ENC 06] to transmission conditions [2],[3].



3. Uniform bound on the flux

As will be stated in section 4, we are not able to prove the uniqueness of the weak
solution. Some additional regularity on the weak solution is necessary, so we define
the notion of the bounded-flux solution.

Definition 3.1 (bounded-flux solution) A function u is said to be a bounded-flux so-
lution if:

1) u is a weak solution in the sense of definition 1.1,

2) Orpi(u) belongs to L (£2; x (0,T)).

In order to get an existence result for bounded-flux solutions, we need some more
regularity on the data, as stated below.

Assumption 1 (additional regularity on the data) We assume that:
1) Ozpi(uo) € L*(€%), 0 <up < 1,
2) 71 (uo,1) N T2(ug,2) # 0, where ug ; is the trace of ug|q, on {x = 0},
3)q € BV(0,T). q =20,
4) g€ L*(0,T),0<g<q

Let us define (Fg(‘))lj\SN asin [8], [9], [10], [11], [12] and [13] where (n + 1) must be
replaced by 0. Assumption 1 allows us to claim that:

0 0
_max JFP] < q” + 2max (|9:0i(u0) 1 (@) < C [16]

- EEREE)

Lemma 3.1 (uniform bound on the discrete fluxes) Under assumption 1, there ex-
ists C > 0 only depending on wg, @;, q, g and T such that:

max < max |Fj”|) <C.
F€[-N,N] \n€[o,M]

Sketch of the proof of lemma 3.1

We here perform an adaptation to the discrete case of the proof stated in [CAN ],
which uses a maximum principle on the fluxes. For ¢ = 1,2, equation [1] can be
rewritten

¢i0ru + 0, F(z,t) =0, [17]
with
Formally, deriving [18] w.r.t. ¢ and using [17] yields:
o+ Lo, r o, (%505 ) = fi(w), [19)



This computations on the discrete case gives a monotonous scheme with (F;LH) 9
as unknowns: we deduce from [7] and [8] that for all j € J;,,¢, for all n € [0, M — 1],

there exists (a?}fl, a?’}il) € (R4 )? such that:

_anJrl
n+1 n+1 n+1 n+1j7j_1 n+1 mn n+1 n\t
[F7 B FY Lragj e | ST +(@" —q") . 1200
~aj5+1

Using strongly the monotony of the discrete transmission conditions [11], [12] and
[13], we can also show that there exist (agill, agjl) € (R4)? such that [20] also
holds for 5 = 0.

Since the discrete boundary conditions [9] and [10] insure that F]\L,“ and Ffj(,l stay
uniformly bounded by ||¢|| -, We can claim that

mjax Fj"+1 < max (||q||oo,mJaxF;L + (q"'*'1 — q”)Jr) ,

and thus
max max F;Hl < max <|q||oo,maxFJQ) + 2TV (q).
j J

Thanks to assumptions 1 and estimate [16], the right-hand-side member is uniformly
bounded. We conclude the proof of lemma 3.1 by showing the corresponding under-
estimate:
min min Fj”+1 > min (O, min F]Q> — 2TV (q).
J

n J

Proposition 3.2 (convergence to a bounded-flux solution) Let (M,,),, (N,), be two
sequences of positive integers tending to +0o, and let (up, ), be the inducted sequence
of discrete solutions. Under assumption I there exists a bounded-flux solution u in the
sense of defintion 1.1 such that, up to a subsequence: Vr € [1,+0o0],

up, — win L"(Q x (0,T)).

4. Uniqueness of the bounded-flux solution

Theorem 4.1 (L'-contraction for bounded-flux solution) Suppose that fori = 1,2,
fiopite 03 ([0, ¢;(1)], R). Let u,v be two bounded-flux solutions in the sense of
definition 3.1 associated to initial data ug,vo. Then u and v belong to C([0,T]; L'(Q)),
and for all t > 0,

Z /Q @i (u(x,t) — v(amt))i dr < Z /Q & (up(z) — UQ(JL‘))i dz.

i=1,2 i=1,2

Corollary 4.2 Keeping the notations of proposition 3.2, and under assumptions 1, the
whole sequence (up, ), converges in L" (2 x (0, T)) towards the unique bounded flux
solution.



Sketch of the proof of theorem 4.1

The proof is based on a doubling variable method w.r.t. the time variable, first in each
Q;, and on a transmission lemma 4.3 to deal with the interface {2 = 0}.

Since u, v are weak solutions, they belong to C'([0, T]; L*(2)) (see lemma 7.41
in [M" 96]). Some classical computations (see e.g. [OTT 96]) give: V0 € BV (0,T),
6>0,0(T) =0, € WH1(Q), 1 > 0, (0) =0,

Jo S fo, dilulz,t) = v(z, ) 0,0(t)0 (x)dadt
+2i Ja, ¢iuo(x) — vo(2)) T (2)0(0)dz
+Jo 03, Jo, a(t)(filw)(x,t) = fi(v) (. 0)* () dadt
— fy 06) 2, fo, Ou(pi(u) (@, t) — i (v) (2, 1) T Optp(x)dwdt > 0. [21]
We need the following key lemma, which is a consequence of the uniform bound on

the flux and of the monotony of the transmission conditions [2] and [3].

Lemma 4.3 If¢ > 0, we denote {.(z) = max (O7 1- %) V8 € BV(0,T), 6 >0,
6(T) =0,

T
llgrgélf/ 0(t) Z

0 i=1,2

q®)(fi(u)(x,t) — fi(v)(x, )t
/Qi [_az(%(u)(x,t) - spi(v)(x7t))+:| 0&: (x)dzdt > 0.

Lett €]0,T'[. Taking ¢ (z) = (1 — &(x)), 0:(s) = Xxo,¢(s) in [21], and letting  tend
to 0 gives:

Z /Q bi (u(z,t) —v(z, 1) de < Z /Q é: (uo(2) — vo(z)) T da.

i=1,2 i=1,2

Similar calculations leads to the same inequality with ()~ instead of ().

5. Convergence to the unique SOLA

The goal of this part is to get the convergence of the whole sequence of discrete
solutions despite ug “only” belongs to L>°(2).

Definition 5.1 (SOLA to the problem) A function u is said to be a SOLA if it fulfils:

— u is a weak solution in the sense of definition 1.1,

— there exists a sequence (U, )neN of bounded flux solutions such that

u, — win C([0,T); L*(Q)), as n — +o0.



Theorem 5.1 (Convergence to the unique SOLA) Let ug € L>°(02), 0 < ug < 1,
and g € BV(0,T), g € L*(0,T), 0 < g < q. There exists a unique SOLA u in the
sense of definition 5.1.

Let (M), (Np)p be two sequences of positive integers tending to +oo, and let (up, ),
be the sequence of the inducted discrete solutions. Then the whole sequence (up,, ),
converges to the unique SOLA v in L"(Q x (0,T)), r € [1, +00[ as p tends to +oo.

Sketch of the proof of theorem 5.1

Let (u0,,)ven be a sequence of approximate initial data such that: for all v € N,
(10,1, q, g) fulfils assumptions 1, and lim,, . ; o ||t0,, — uol|£1 () = 0. Let (u,), be
the inducted sequence of bounded flux solutions. The L!-contraction principle stated
in theorem 4.1 allows us to claim that (u,, ), is a Cauchy sequence in C([0, T]; L (£2)).
It is then easy to check that u is a weak solution, so it is a SOLA. The L!-contraction
principle still holds for the SOLAs, which is thus unique.

Let (My),, (N,), be two sequences of positive integers tending to 400, (up,)p
(resp.(uy,pp )p) be the sequence of the inducted discrete solutions for ug (resp. ug )
as initial data. From [14], we obtain:

> /Q ilup, (x,t) — wyp, (z,t)|dz < /Q iluo.p, (x) — uo.p, (z)|d.

i=1,2 i=1,2

Letting p tend to 400, up, (z,t) tends to a weak solution u thanks to proposition 2.3.
Uy, D, tends to a bounded flux solution w,, thanks to proposition 3.2, and so:

> /Q_¢Z-|u(x,t) —uy(z,t)|dz < Y /Q_¢Z-|u0(x) — g, (z)|dz.

i=1,2 i=1,2

Letting v tend to +o0o shows that » is a SOLA in the sense of definition 5.1.
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