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1

Nonlinear Parabolic Equations with Spatial
Discontinuities

Clément Canceés*

Abstract

We consider a two phase flow involving no capillary barriers in a hetero-
geneous porous media, composed by an apposition of several homogeneous
porous media. We prove the existence of a weak solution for such a flow
using the convergence of a finite volume approximation. Then under the as-
sumption that the equations governing the flows in each homogeneous porous
media degenerate in not too different ways, we prove the uniqueness of the
weak solution, using a doubling variable method. We also prove that such a
solution belongs to C([0,T7], L?(2)) for any p € [1, 4+00).

Keywords. finite volume methods, porous media flow, spatial discontinuity.

AMS subject classification. 35B05, 35K65, 35R05, 656M12

Presentation of the problem and main results

1.1 Presentation of the problem

In this paper, we are interested by the parabolic equation obtained by modeling
a two phase flow in a heterogeneous porous media. Let 2 be an open polygonal
subset of R? (d < 3), let T' > 0. One assumes that there exists a finite number of

polygonal open subsets ©; C Q , i € {1,..., N} such that:

For all (i,5) € {1, .y N}2, i # j, one defines T'; ; the subset of Q given by I; ; =

U2i=0 and @nQ;=0if i#j

Q; N Q.
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Each €; will represent a porous media with its own physical characteristics,
u will represent the saturation of the oily phase. We aim to solve the problem:

O — div(\(w)VTi(u)) = 0 in ; x (0,7),
ﬁl(u) = ﬁ](u) on Fi,j X (O,T),
Xi(w)VTi(w) -5 4+ Aj(w) VT (u) -ny = 0 onT;; x(0,7T), (2)
Ai(w)VT(u)-n; = 0 on 09 x (0,7,
u(z,0) = wo(x) inQ,

where 7; is an increasing Lipschitz continuous function associated to §2;, A; is a
non negative continuous function with A;jjo.;; > 0, the initial data vy € L>(Q)
with 0 < wug <1 a.e. in Q.

Remark 1.1 We choose to consider only homogeneous Neumann boundary condi-
tions on 0X), but this work can be easily generalized for non-homogeneous Dirichlet
condition, the same way as in [5, 7].

1.2 Mathematical definition of the problem

In this part, one defines all the functions necessary to explicit the problem (2) and
the notion of weak solution.

Particularly, one can associate to each €2; two functions, the capillary pressure
7; and the global mobility A;, on which we do the following assumptions:

Assumption 1
1. For alli € {1,...,N}, the function T; : R — R is continuous and satisfies:
e Vs <0, T,(s)=m;(0)
o Vs>1, m(s)
* Tijo,1] € C([0,1],R) is an increasing function
o V(i,j) € {1,...,N}? 7;(0)=7;(0)
° \V/(Z,j) S {17...7N}2, ﬁz(l) :ﬁj(l)
Let mg > 1. For alli € {1,..., N}, for all s € [0,1], we might choose T;(s) =
Bis™0 + (1 — B;)s™ for any B; €]0,1] and any m; > my.
2. For alli € {1,...N}, the function \; : R — RY is continuous and satisfies:
o Vs S 0, )\7(8) = )\z(0>
e Vs>1, X\(s)=X(1)
e Vs €]0,1[, X(s)>0.



One can now define a function A : |J; Qi x R — RT by (z,s) — Ai(s), for
all x € Q;, for all s € R. One denotes Cy = max;(sup,er(|Ai(s)])).

A classical choice for X\; is: ¥i € {1,...,N},V¥s € [0,1], \i(s) = a;s(1 — s)
with a; > 0.

We can now define the functions ¢; and IL;, ¢ € {1,..., N}.

Definition 1.1 Under Assumptions 1, for all i € {1,..., N}, we define:
R — Rt
bi { s [y Xi(a)T(a)da 3)
o Vi€ {l,...N}, pio1) is a derivable increasing function
o ¥s <0, pils) = 9i(0) = 0
o Vs> 1, pi(s) = pi(1).

We denote by L, a Lipschitz constant for all ¢;, i € {1,...,N}.
We also define the function I1;:

R — Rt

Lo 777( )
i s \/ mln )\ o ﬁyl)(a))da )
7i(0) V(L

o Vie{l,..,N}, Loy is a derivable increasing function

o Vs <0, I;(s) =11;(0) =0

o Vs> 1, II;(s) = II;(1)

o V(i,j) € {1,... N}, V(si,s;) € Ti(si) =7;(s;) & i(si) = ().
We denote by I1(s,z) = ;(s) and o(s,x) = p;(s) if x € Q;.

Remark 1.2 The last point seen in the previous definition allows us to connect
II; and 11, instead of T; and 75 on I'; ;.

The definition of ¢; implies that dyu — Ap;(u) = 0 in Q;, and we can rewrite the
transmission conditions on I'; ;: 7;(u) = 7;(u) and V;(u) - n; + V,(u) -n; =0,
where n; represents the outward normal to ;. We can now define the notion of
weak solution for the problem (2):

Definition 1.2 (weak solution) Under assumptions 1, a function u is said to
be a weak solution to problem (2) if it satisfies:

1. ue L*(Qx(0,7)), 0<u<1ae inQx(0,T),



2. Vi € {1, ...,N}, wi(u) S L2(O,T;H1(Qi)),
3. U(u,-) € L?(0,T; HYX(Q)),
4. for ally € D x[0,T)),

/Q/OTU(Ivt)aﬂ/J(I,t)dxdtJrAuo(z)¢(x’0)dx

N T
S [ [ Vet vewnaa =0 )

Remark 1.3 The transmission condition T;(u) = 7;(u) on the interface I'; ; is
now replaced by the point 3 in the previous definition. Because of the lack of reg-
ularity on the solution, we cannot write V;(u) -n; + Ve;(u) -n; =0 on T;; in
a strong sense. But it is easy to check that, if u is a regular enough weak solution
of (2), this condition is imposed by point 4 of the previous definition.

1.3 Finite volume approximation and main convergence re-
sult

Let us first define space and time discretization of Q x (0,7).

Definition 1.3 (Admissible mesh of ) An admissible mesh of Q is given by
a set T of open bounded convex subsets of 2 called control volumes, a family £ of
subsets of Q contained in hyperplanes of R with strictly positive measure, and a
family of points (xx)keT (the “centers” of control volumes) satisfying the following
properties:

1. Fie{l,...,N}, KCQ;. WedenotebyT,={K € T/K C Q;}.
2. UKGZK:STZ-. Thus, Uger K = Q.

3. For any K € T, there exists a subset Exc of € such that 0K = K\ = Usee, @
Furthermore, € = Ugcr Ex-

4. For any (K, L) 62’2 with K # L, either the “length” (i.e. the (d—1) Lebesgue
measure) of KNL is0 or KNL =5 for some o € £. In the latter case, we
shall write 0 = K|L, and

E&={o€é& IK,L)eT? o=K|L}

et ={0€&, 0 CON}, Eepri ={0 €&, o CONNOINY
ér,; ={oc&, IK,L)cT;xT;, o= K|L}

F = Ui’j [

For any i € {1,..., N}, for any K € T;, we shall denote by:



e Nk ={LeT, Joe&, oc=K|L}

e Nk, ={L€T;, Jo€&, oc=K|L}

o Fr={LeT, 3j#1i, Jocér,,, o =K|L}
e Exi=ExkNE&;

® Exeat = Ex N Eent-

5. The family of points (vx)keT is such that i € K (for all K € T) and, if
o = K|L, it is assumed that the straight line (x,xy) is orthogonal to o.

For a control volume K € T, we will denote by m(K) its measure and Eepi,x =
Ex NON. For all 0 € E,we denote by m(o) the (d — 1)-Lebesgue measure of o.
If o € Ek, we denote by Tk , the transmissibility of K through o, defined by

TK,o = %. We also define T, = %, The size of the mesh is defined
by:

size(T) = max diam(K),

and a geometrical factor, linked with the regularity of the mesh, is defined by

B diam(K)
reg(T) = %é%(card(é}(), max Air.o)

).

1 1 1
Remark 1.4 Forallo € &, = + .
TK|L TK,o TL,o

Definition 1.4 (Uniform time discretization of (0,7)) A uniform time dis-
cretization of (0,T) is given by an integer value M and a sequence of real values
(t")n=0,....M+1. We define ot = #—H and, ¥n € {0,..., M}, t" = nét. Thus we
have t° =0 and tM+1 =T

Remark 1.5 We can easily prove all the results of this paper for a general time
discretization, but for the sake of simplicity, we choose to consider only uniform
time discretization.

Definition 1.5 (Space-time discretization of 2 x (0,7)) A finite volume dis-
cretization D of Q x (0,T) is the family

D= (T’ g’ (IK)KET7N7 (tn)ne{o,...,M})v

where (T,E, (xx)ker) is an admissible mesh of Q in the sense of Definition 1.3
and (N, (" )nego,...,m3y) 18 a discretization of (0,T) in the sense of Definition 1.4.
For a given mesh D, one defines:

size(D) = max(size(T), dt), and reg(D) = reg(7T).



We may now define the finite volume discretization of problem (2). Let D
be a finite volume discretization of Q x (0,T) in the sense of Definition 1.5. The
initial condition is discretized by:

U = L/ ug(z)dr, VK cT. (6)
m(K) Jk
An implicit finite volume scheme for the discretization of problem (2) is given

by the following set of nonlinear equations, whose discrete unknowns are U =
(U ket neqo,...any: VK € T,¥n € {0,..., M}

UnJrl UK n+1 n+1
m(K )7t + > Tro(pURMT 2k) — o(UR  2k))
o€EK,; (7)
+ ) o (U ax) — e(URH  2k)) = 0.
ceFK

where VL € Nk, U}?I;‘L, U"H‘L are the only values in [0, 1] that satisfy the

transmission conditions:

Ko (p(Ur™ 2k) — o(URH 2k))

+7Lo (U xp) — o(UPH  2)) =0 (8)
MU wx) = (UZ?, rr).

Definition 1.6 Let D be an admissible discretization of Q x (0,T) in the sense
of Definition 1.5. The approzimate solution of problem (2) associated to the dis-
cretization D is defined almost everywhere in Q x (0,T) by:

Vo e K, Vte (t",t""), VK € T, ¥n € {0,..., M},
up(z,t) = U, (9)
where (U[Té+1)K€T,n€{O,...,M} is the unique solution to (7).

We will now state an assumption which will be useful to prove the uniqueness
of the weak-solution in section 3.

Assumption 2 For all i € {1,...,N}, (p; 0 Hg_l))’ 18 a Lipschitz continuous
function on [0,1].

We will now state our main result:
Theorem 1.1 (Convergence to the weak solution) Let £ € R, consider a

family of admissible discretizations of 2 x (0,T) in the sense of Definition 1.5
such that, for all D in the family, one has & > reg(D). For a given admissible



discretization D of this family, let up denote the associated approximate solution
as defined in Definition 1.6. Then, under assumptions 1-2:

up — u € LP(Q x (0,T)) as size(D) — 0, Vp € [1, +0)

where u is the unique weak solution to problem (2) in the sense of Definition 1.2.
Furthermore, we have the following reqularity result:

ue C°([0,T),LF()), Vpe [1,+00)

All this paper will be devoted to the proof of Theorem 1.1. First, we will use
the work of [3] to prove the existence of a weak-solution. Then, in subsection 2.5, we
will prove the existence of a time continuous solution, applying Ascoli theorem to
a family of approximate solutions for a regular enough initial data. The uniqueness
of the weak solution will be proven in the section 3 by using a doubling variable
method inspired from [2, 6, §].

2 Existence of a weak solution

The main work of this section has already been done in [3]. We only need to get
enough results to prove the time-continuity in section 2.5. This proof will need
estimates obtained by working on the scheme, so we prefer to give the whole
proof of convergence. In this whole part, any sequence (Dp,)men of admissible
discretizations of € x (0,7T) in the sense of Definition 1.5 will be supposed to have
a bounded regularity.

A eR, YmeN, (>reg(Dy). (10)

2.1 Existence, uniqueness of the approximate solution

We state here the properties and estimates which are satisfied by the scheme (7)
which we introduced in the previous section and prove existence and uniqueness of
the solution to this scheme. First, we will take some notations for the convenience
of the reader:

Notations 1 for all K € T, for all o € Ex N Fk, for alln € {0,..., M + 1},

ok = »Ug,zk),
ko = PUko TK),
I = HUg,zk),
H?(,a = H(UK,a’zK)7
ﬁTIL( = f(UIn(’xK)a
ﬁ?{o‘ = W(U%,a’xK)

We will need the following lemma:



Lemma 2.1 For all K € T, for all L € Nk, for all n € {0,....M}, for all
(U Ut € R?, there exists an unique (U}éfgl, Uf;l) € [0,1)2 solution of (8).

Proof
Suppose that there exists i € {1,..., N} such that (vx,z7) € Q2. Then (8) can be
written:

n+1 n+1 n+1 n+l) __

{ TK,o (‘PK - SDK,c;) + 7L, (SDL — Lo ) =0
n+1l __ n+1
UK,o’ - UL,G’

which leads to

n+1 __ 1

n+1 __ n+1
UK,(T - UL,O'
n+1 n+1
YKo = Txotris (TK’UQPK +TLo¥L )

1
TK,o+TL,o

[0, 1].
Let us now suppose that (xx,xr) € Q; x Q; with j # ¢

0 o [ VKR =T
ico (PR = T FE)) + e (27 — ) =0

and <TK70(,OHK+1 + TL70@2+1) admits an unique antecedent through ¢; in

then

—1/=n n+1

1 ——1 /= 1
{ Ulrétr =T (772*0)
TR0 i (T " (TEE)) + Lot = Th oW + TL00]

Since 7;(0) = 7;(0) and 7;(1) = 7,;(1) (Assumption 1), then:
vUptt e o,1), Ugt €0,1].

The application 0 : z — Tk ,;(7; *(7;(2))) + To.o¢;(2) is increasing on [0, 1],
ensuring this way the uniqueness of the solution of (8). Furthermore, it satisfies:

{ 8(0) = 0
0(1) = Tr,opi(1) + 72,00 (1).

We conclude the proof by obtaining the existence of the solution by using the

intermediate value theorem. [
L*>°-stability of the scheme

One assumes ug € L>(Q2), 0 < ug < 1 a.e in Q, then for all K € 7, U% € [0,1]

where UY is given by (6).

Proposition 2.2 Let D an admissible discretization of Q x (0,T) in the sense of
Definition 1.5, let (U[T?_I)KET,nE{O,.‘.,M} be a solution of the scheme (7), then for
al K €T, forallne€{0,..,M}:



0<UR! <1. (11)
Proof

Let us first remark that the scheme can be written:

Ut — U n+1 n+1
L —Em(K) + > et —ert™)

ot LeNk,:
+ ) (PR =) =0,
ocE€FK
with 7g|p, = %. Let us now rewrite it once again. VK € 7;, Vn € {0, ..., M }:
Ut = Hic (U (U7 ser )
with:

reny. TeIL(pilar) — vi(ak))
+2 ger, TK.o(Pilax,s) — pilar))
14+ Mg

St
a+ Agag + (R [

Hy (a» (aL)LET) =

where Ak is given by:

Ak = jf(L;)( > TrL+ Y TK,J)

LENK ; c€FK

and L, is a Lipschitz constant for all ¢;. However, ax , = g(ak,ar) where g is a
non-decreasing function. We deduce from it that Hg is a nondecreasing function
of all its arguments.

Let n € {0,..., M}, let us assume 0 < UR <1, VK € 7. Let us assume that
there exists K,,qz € 7 such that:

Untl = max(U2H) > 1
Kmax KET( K ) ’

then:

1< Ut < Hie (1L, (U3 rer = O
K

a contradiction. Therefore:
Uptt <1.

max

We can prove exactly in the same way that



Proposition 2.3 Let D be an admissible discretization of ) x (0,T) in the sense
of Definition 1.5. There exists a unique solution to the scheme (7).

Proof
Existence of the discrete solution

Let n € {0, ..., M} Since (U}:;l)geg in a function of (U}!)c7, we shall see
the scheme as a non linear system of equations only depending on (UE'H) LeT-
R x [0,1] — R

Let us consider the application ¥ : n
PP { ((UK+1)KeTa)\) = (Vi)ker

where:
Urtt —a\up
Vk = KTKW(K) +A Z TrIL(PR — ¢
LGNK,i
A TR — o)
ocE€FK

The linear system of equation ¥ ((U}}H)KGT, O) = (0) ke7 admits a unique trivial

solution. The continuity of A — ¥(-, A) and the L>°-estimate (11) allows us to use
a topological degree argument, insuring the existence of a solution for A = 1.
Uniqueness of the discrete solution

Assume that, for a given value of n, there exist two solutions to the scheme (7),
(U[Té+1)K€T and (VKn+1)KeT~ Then, for all K € 7, using the monotony of H:

max(Uptt VETY) < Hi(UR, (max(Up T V) per), (12)
min(UIT?rla VI?+1) S HK(UIn(a (miH(U£+1, VLn+1))L€T)' (13)

One multiplies (12) and (13) by (1 + Ax)m(K), substracts (13) to (12) and sum
on K € 7. Remarking that all the exchange terms between neighboring control
volume disappear, we get:

D IURT = Vgt m(K) <.
KeT

2.2 Discrete L?(0,T; H'(f2)) estimates

In this section, we will prove some estimates on the approximate solution. We first
have to define the space X' (D) the solution belongs to.

Definition 2.1 Let D be an admissible discretization of Q x (0,T) in the sense of
the Definition 1.5. We denote by X (D) the functional space:

X(D) = veL®(Qx(0,7),VK €T, VYn€{0,..., M},
= Ve w(@,t) = VI ace. in K x (17, ¢7F1)

10



Definition 2.2 (Discrete L%(0,7T; H'(£2;)) semi-norm) We define the discrete
L2(0,T; HY(Q;)) semi norm on X (D) by:

M
Wip, = Y 6t Y T (VT —vith
n=0 K|LEE;

We will need the following lemma:

Lemma 2.4 Let D be an admissible discretization of Q x (0,T) in the sense of
the Definition 1.5. Let up be the discrete solution to (7). Let o € T'; ; for some
i,j€{1l,..N}*, o =K|L,K € T;,L € T;. Then:

0< (P — @R =T < (W — o D@ =7, (14)
0< (@ — @it R =T )) < (@ — it I — gty (15)
Proof

VK €T, ¢(,zK), and T(-, 2k ) are increasing functions on [0, 1], thus

(P - RO -7 2 0.

Furthermore, (7" — 77t = (7L — ﬁ?—; + ﬁz:’;l — 7 then:

(it — (@t ) = (R — et -
HE — @ -t
= (P - T T
+%(w’£“ — @t —wtl)

> (PR - DT - T

This proof is also true with IT instead of 7. |
One introduces the function

S
N8 / VAi(a)T;(a)da,

0

which fulfills thanks to Cauchy-Schwarz inequality, for all (a,b) € [0, 1]?, for all
i€ [1,N],

(ni(a) = n:(b))* < (wi(a) — @i (b)) (Ti(a) — T (D)) (16)
Proposition 2.5 (Discrete L?(0,7; H'({);)) estimate) Under Assumption 1,
let D be an admissible discretization of Q x (0,T) in the sense of Definition 1.5,

let up be the solution of the scheme (7). Then there exists C' only depending on
i, iy 1€ {1,..., N} such that:

11



Z\m (up)|3p, < (17)

M
0> 6t > tro(eR e hHEE —mt) < C (18)
n=0 ceF

o=KI|L

Proof
Accumulation term:
Let us multiply the equations (7) by 6tﬁ’}(+l and sum on K € 7,n € {0,..., M }.
We get:

-y (MR ~UR)+ 6t Spen, rnlei — o+ |
Soieer \ Taerm o (@ - ol )RR

Let ¢ belong to {1,..., N}, let K € 7;. Since 7; is an increasing function,
gi 1 8 fos 7i(a)da is a convex function. Then:

U = UR)mi 2 ai(URT) = gi(UR).

Thus:
M
Y > mUEUET! —URm = ) mE) (iU - gi(UR))
n=0 KeT KeT
1
> —m(Q) max _ |7;(a)|da.

o t€{1,...,N}

Diffusion term:
One gets, thanks to (16)

z&z > [renlei! =i @ - 7]

n=0 i= 1K|Le£
>Z<5tZ > T =0,
=0 =1 K|LE&;

where 7! denotes n;(Uj-™) if K C ;. Furthermore, for all 0 = K|L € F,
Lemma 2.4 implies:

(Pt — i@ =7ty =0

)

12



then, we have the following estimates:

N 1
S i (un) s < () / s [F(a)lda,
0

i=1

M

1
0<> 0t 3 (et - ehEE —mt) <m@) / max__[7(a)|da.
n=0 o=K|LEF o t€{1,...,N}

|
Definition 2.3 (Discrete L%(0,7; H'(f2)) semi-norm) Let D be an admissible

discretization of Q x (0,T) in the sense of the Definition 1.5. One defines the
discrete L2(0,T; H*(2)) semi norm of v € X(D) by:

N
|U%,D = ZW
i=1

ip,i + Z [TK|L(U(J}K71§”+1) - v(sr:L,tn+1))2]
o=K|LeF

We will need the following lemma:

Lemma 2.6 Under assumptions 1, for alli in {1,..., N}, the function
II; o ng_l) admits 1 as Lipschitz constant.

Proof
Let i € {1,..., N}, let a €]0,¢;(1)], let b €]0,n;(1)[ with b # a.
We set A = 771(71)((1) and B = 771(71)(1)). One has:

mon V(b)—Fion V(a) _ T(B) — Fi(A)
b—a ni(B) = ni(A)
One denote by I(A, B) the interval [A, B] if B > A, and [B, A] if A > B. The
definition of the function 7; implies:

CEIREB) Ai(C) (T (B)—Ti(A)) < ni(B)—ni(A) < olmax Ai(C) (T (B) =i (A)).

Then, there exists C' € I(A, B) such that:

ni(B) —ni(A) = VAi(C)(7i(B) — i (A)).

So one gets:

mion V) —mon N 1

b—a X(C)

13



(-1,

)

Letting b tend to a, we get, using the continuity of n
_ 1
(7ion V) (a) = ——=—.
Aioni " (a)
Remarking that II; = ¥ o 7; with
[7:(0),m(1)] — RF

v . (-
p f;’i(o) minjeqr, Ny < A 0775- 1)(a)> da

we may obtain:

V(7 0n "V (a))

(I oYY (a) = W' (7 ol (@) (T 0 V) (a) = -
ioni(a)

Remarking that the definition of ¥ implies ¥/ (7;(y)) < v/ Ai(y), we get that

(I ont VY (a) < 1.

Proposition 2.7 (Discrete L(0,7; H'(Q2)) estimate) Let D be an admissible
discretization of Q x (0,T) in the sense of Definition 1.5, let up € X(D) be the
approximate solution given by the scheme (7). There exists a constant C only
depending on Q,7;,Vi € {1,..., N} such that:

(up, )i p < C.

Proof
Using inequality (17) proven in Proposition 2.5 and Lemma 2.6, we immediately

get that:
N

Z |Hi(UD)|iD,i <C.
i=1

Let us now consider the case 0 = K|L € F. Using ﬁ’;;al = ﬁTLH;l, inequal-

ity (18) together with (8) leads to:

M 1 1y(=n+l _ =n+l
5 Tio(Pk |~ P )T T+ ] 19
t Z . ( n+1l n+1)(ﬁn+17ﬁn+l) >~ . ( )
n=0 o=K|LEF L,o\¥Pr, SDL,U L L,o

For all o € F, for all K such that o € £k, we have thanks to (16):

(it =it )? < (i = e @R =T,

14



Lemma 2.6 implies:
(I = TE5)% < (™ = n,)?
and
(I =1 < (™ —npth?,
thus (19) leads to
M

ot 3 [ — I (- <00 (20)
n=0 o=K|LEF
The convexity of the function x — 2?2 together with the relation

L —_1 4 L Jeads to:
TK|L TK,o TL,o

M
5t Y (T -1t < C
0  o=K|LeF

n=

2.3 Some compactness results

We aim in this section to get enough compactness results to be able to let size(D)
tend to 0. Proposition 2.2 insures that, up to a subsequence, Ju € L>*(Q x (0,7))
such that up — u in the L*>(Q2 x (0,T"))-weak x topology.

Let us now turn to the Kolmogorov compactness criterion (see e.g. [1]) which
will allow us to pass to the limit in the nonlinear second order terms.

Theorem 2.8 (Kolmogorov) Let Q be an open bounded subset of R¥, and (vy,)n
be a bounded sequence in L*(RF) such that:

lim [sup [lvn (- + &) — va ()] = 0,
0—0"peN

then there exists v € L*(Q) such that, up to a subsequence,
v, — v in L*(Q) as n — oo.

Let us now show that we are in position to apply the Kolmogorov compactness cri-
terion to (n;(up,,))men where (Dp,)men 1s a sequence of admissible discretization
of Q x (0,T), with lim,, . size(D,,) = 0.

Space translates estimates

We will now state a proposition proven in [3], which is a consequence of
Proposition 2.5.

15



Proposition 2.9 Let D be an admissible discretization of Qx (0,T) in the sense of
Definition 1.5, let up € X (D) be the approzimate solution given by the scheme (7),
letie{1,...,N}, let £ € RY, and Q; ¢ the open subset of Q; defined by:

Qi,§ = {,T S Qi / [:17,.1"’-5] C Qz}

Then there exists C' only depending on ; such that:

T
L[ imtunte 6.0 = mlun(e. 6 Pdsdt < [€11] + Cize(D) tun).o.
" (21)

Time translates estimates
We state here a first result on the time translates of ¢;(u), already proven
in [3].

Proposition 2.10 Let D be an admissible discretization of Q x (0,T). Let up €
X (D) be the approximate solution obtained with the scheme (7). Let w; C w; C §;
be an open subset of Q;. We assume that size(T) is small enough to ensure that:

Wi CQ; size(r) = {12 € Qi [ B(x,size(T)) C Q;}.
We set:
| mi(up) on  w; x(0,T)
Pes=1 0 on  R\(w; x (0,T))
then, for all T € R, we get the following inequality:

2< 0T, (22)

HnD,wi('v s T) — NDw;
where C' is a constant which only depends on T,$,d, p;,T;, ©;.

Thus we can apply the Kolmogorov compactness criterion, and claim that there
exists a function f such that, up to a subsequence, n(up,-) converges to f in
L?(Q x (0,T)) as size(D) tends to 0. Furthermore, letting size(D) tend to 0 in
estimates (21) ensures that f € L2(0,T; H'(Q;)) for all i € {1,..., N}. The same
way, we can prove that II(up,-) converges to some g € L%(0,T; H'(f2)) in the
L?(Q x (0,T))-topology.

Remark 2.1 Since the functions n; o @;(~Y are Lipschitz continuous, estimates

(21) and (22) still hold with p; instead of n;. Then p(up,-) also converges to a
function h in L*(Q x (0,T)).

16



2.4 Convergence to a weak solution

In this section, we aim to prove that, for an admissible sequence (D,,) of discetiza-
tion of © x (0,7 in the sense of the Definition 1.5, with lim,, 4 size(D,,) =0
the solution of the scheme up tends to a weak solution of the problem (2).

We have proven in the previous section that ¢(up, ,-) (resp. II(up, ,-)) con-
verges in L?*(Q x (0,7)) to a function f (resp. g). Proposition 2.2 allows us to
assume that up,, converges to u in L>®(Q x (0,7T)) for the weak x topology. Us-
ing Minty Lemma, stated below, let us show that f = n(u,-), g = II(u,-) and

h = QD(U, )

Lemma 2.11 (Minty lemma) Let Q be an open subset of R¥, let U : R — R be
a monotonous continuous function. Let (un)nen such that:

{ Uy — U in L>®(Q) weak — %
U(u,) — f in LY(Q)

then

From the Lemma 2.11, we can deduce that, for all i € {1,..., N}:
ni(up) — mi(u)  in LY(Qi x (0,7)),

thus:
n(up,-) — n(u,-) in L'(Q x (0,7)).

The same way, ¢(up,-) and H(up,-) converge in L2(2 x (0,T)) to ¢(u,-) and
II(u, -), respectively. Estimate (21) insures that, for all ¢ € {1,..., N}, n;(u) be-
longs to L2(0,T; H'(Q;)), and thus ¢;(u) too. A straightforward adaptation of
Lemma 2.9 with II(up, ) instead of n;(up) allows us to claim that II(u,-) belongs
to L?(0,T; H'(2)).

Proposition 2.12 (Convergence to a weak solution) Under assumption 1,
let (D) be a sequence of admissible discretizations in the sense of Definition 1.5
which fulfill the assumption (10) and such that size(Dp,) — 0. Let (up,,) be the
sequence of approzimate solutions given by the scheme (7). Then there exists a
subsequence of approximate solutions still denoted (up,,) which converges to u
in L1(Q2 x (0,T)) for all q¢ € [1,+00). Furthermore, u is a weak solution to the
problem (2) in the sense of Definition 1.2.

The proof of this proposition is a straightforward adaptation of the proof stated
in [3].
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2.5 Time continuity of the approximation limit

The aim of this section is to prove the existence of a time continuous solution.
This result will be fundamental to prove the uniqueness of the weak solution to
the problem (2).

In order to prove the continuity of a time continuous solution to the problem
(2), we will apply the Ascoli theorem on a family of approximate solutions obtained
through the scheme (7). We need a classical CFL assumption on the family of
space-time discretizations.

Assumption 3 Let (Dy,)men be an admissible space-time discretization of € x
(0,T) in the sense of Definition 1.5. In all this subsection, we furthermore assume
that there exists S1 > 0 which does not depend on m such that:

Ot

— <S5
B Gize(Tp))? = 51

Remark 2.2 Assumption 3 and (10) ensure us that the quantity

maxge7 (MaxXpeny (%)) stays bounded as m tends to +oo. The assumption 3
18 not hard to fulfill in the theorical framework. One just has to choose a conve-
nient time step. Nevertheless, this assumption is very demanding in the numerical

framework, but we will be able to relax it in the sequel of this work.

We also need to make an assumption on the rgularity of the initial data,
but once again this assumption will be relaxed in the sequel, thanks to a density
argument.

Assumption 4 The initial data ug belongs to L>°(Q), 0 < ug < 1, and further-
more fulfills: o(ug) is a piecewise Lipschitz function.

We will first need the following lemmas:

Lemma 2.13 (Discrete H'(0,7T; L?(w;)) estimate) Let (D,,)men be a sequence
of admissible discretizations of Q x (0,T) fulfilling assumption 3. Let (up,,) the
sequence of approzimate solutions given by the scheme (7). Let O; be an open
subset of Q; such that Lpi(uo)‘oi is a Lipschitz continuous function. Let w; be
an open subset of O;, with w; C O;. Then there exists C' only depending on
Oi,wi, Ai,ﬁi,uO,Sl,C such that:

M
S Y ) (eilup,, (k. 1) = @ilup,, (k1)) < Cot.
=0 KeT

K Cuw;
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Proof
We use the following notations:

5Oi:{0'€g7;, J=K|L/KCOZ', LCOZ'},

Swi:{creé'i, O':K|L/ch1j, LCWZ}

Let ©; € C2°(Q2) such that supp(©;) C O;, i), =1, 1>0; > 0. Forall K € T,
we denote O; g = 0;(zx). We multiply the scheme (7) by
(D5 — )04 k26t

Un+1_Un . T n+1l __  n+l
Uit Uk (o) (o - oyu® + 3 | PR —9ET) |
ot LG Lk —9k)Bik

thus:

m(E) (o5 — 0k )?0ik” < Lo,6t Y mrn(ef ™ — o (o — k)i k.
LeNk,;

Let M; € {0,...,M}. We sum on K € 7 and on n € {0, M7 }:

My
DO mE) (i = 0%)70 k”

n=0 KeT

My n+l n+1)
< Ly, at { 1 TKlL(gOLz s0K1 2 ]
7 nz:% K%;&_ (™ = h)Our” — (P17 = ¢1)0iL”)

M n n 0, k40,12
s [ (e
- oo ke L (@1 —9k) = (7™ = 9i)
— M, 2 2
Ly, (@7 — it (04L% — 04 k%)
ey |

S e L (kT = ek) (T - i)

My
SN mK) (i = 05)?0ik” < A1+ A, (23)

n=0KeT
with

M n n 0ix’4+6:1°
Ay = Ly, Zlét Z [ i (e _SDKH)< - ; = ) 1
oo kinee L (97 —9k) = (7™ = 9i™)
My
Li T n+l _ n+l @7, 2_@74_ 2
m=lte S a S [l k)OOt ]

_ n _ n
i T YK k) + (o1 )
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Using zy < $(2? + 3?) in A; leads to:

L, ot . M
A < K|L (24)
,;)Kég (P — 91)? — (i — pit1)?)
L, 0t
< e Y Trnlek — )% (25)
K\Leé’oi

Since @;(up) is a continuous Lipschitz function on O;, there exists Co, ug,
which does not depend on the mesh such that:

|(P(I)( - (p%l < Coi,uod(mKa mL)' (26)
Thus, using (26) in inequality (25) leads to:

Co; uedm(O;)L
2

We will now prove a similar estimate for As:

A < 2L 5t (27)

otL T n-‘rl)(@ +0,1.)(0ir—06;xK)
A SOL |: K\L . - o i, K i, L i, L i, K )
T nZO KLZGE (((pK+1 +¥ +1) (90711( + ‘pz))

For all a > 0, we deduce from Young inequality that:

O, 0,1)?
A2 < aétLWzZ Z |: n+Z-KL(n+1I)(+ r;L) n 2:|

n=0 K|Le¢&; <‘0K +er (P +90L))
M,
L (5t
Z Z Tr|L (¢ - ‘PTIL(H)Q(@i,L — 0, k)% = Aoy + Ago.
n=0 K|Le&;

Since for all (z,y) € R?, (v +1y)? < 222 + 22, we can write:

2@11( + (@ ei,K))Q

61 K + @z L)
A21 S QOé(StLLP Z Z |: n+1TK‘L( n+1 n\2 :|
n=0 K|L€eE&; QOK) +(§0L SOL) )
< 2a6tLy, Z Z Z Ti (O 1 + 0i0)* (i — k)’
n=0 KeT LeNk ;
TK\L‘st n \2
< 2aL,, Z SOy | i R k) 1 .

n=0 KeT LeNk ;

The Remark 2.2 allows us to take a constant Sy not depending on m such that,
for all K € T, for all L € Nk ;:

TK|L5t
m(K)

< 5y,
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thus, using once again (x + y)? < 222 + 2y?, and that the number of edges of K
is not bigger than reg(7):

M,
Ay < 16aLy,reg(T)S: Z Z m(K) (et — o%)?0; k*
n= T
" 0Ke (28)
HaLy, Y > TriL(0in — 05 k) (PR — o)
n=0 K|L€e&;

One applies exactly the same method with a regular function ¥; instead of ©;,
with supp(¥;) C O;, 32 > 0, Vijgupp@,)+e = 1, ¥i > 0, where:

supp(;) + £ = {x € i/ d(x, supp(©;)) < £}
Then, for size(7) small enough, we obtain that there exists H > 0 such that :

M, My
S Y mE) R - k)P <D Y mE) (e - ok)? U < H.
n=0 KC(SUPP(@«;)-FE) n=0KeT

(29)
Denoting by Ce, the Lipschitz constant of the function ©;, using (29) in (28) and
Remark 2.2, one gets:

My
n+1 n \2 2
Ay < 16aL¢ireg(T)5’2;I§m(K)(<pK —¢)O; Kk (30)
+4aLy, (reg(D))*C3, HSa(size(T))>.

[

A similar estimate on Asg is obvious.

L,,C3 .
Aax < (ZE4 s ) (reg (D) (sizelT))
Assumption 3 ensures that there exist constants C7,C’, Ca1, Cao such that:
A < Cq6t,
My
Ay <aC’ )" m(K)(eR = 0%)?0; k% + ala bt (31)
c n=0KeT
Aoy < 2225t
«

We can now choose a = 5, and claim that inequalities (31) together with (23)
lead to the existence of a constant C' such that

J\/Il J\/Il
ST mE)EET = 0k)? <D0 mK) (e — ¢k)?0:k” < Cét.
n=0 KeT n=0 KeT
K Cw;
(3)
[ |
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Lemma 2.14 (Discrete L>(0,T, H'(w;)) estimate) With the same assump-
tions and notations as in Lemma 2.18, there exists C such that:

sup (sup (|i(up,, )17, w:)) < C,

meN te[0,T)
where:
loi(up, ) () r o = Y. TrIL (0ilup, ) (@K, 1) — @i(up,, ) (L, 1)? .
K|LCuw;
Proof

Keeping the notations of the previous proof, inequality (24) leads to:

L6t

A < > @k — 00— D trw(er T — et

K|Leéo, K|LeE.,

So we can deduce from (32) the following estimate:

My
n n Ly, ot
D mIWET -k =5 Y mnlei T et < oot

=0 KeT KlL€te,
K Cw;
(33)
Dividing by 4t leads to:
L,
N Yo et -t < C

K|L€E.,

This estimates holds for any M; € {0,.., M} and also for M; = —1 because of
assumption 4. |

Proposition 2.15 (time continuity of a weak solution) One supposes that
assumptions 1 and 4 is fulfilled. Then there exists a weak solution to the prob-
lem (2) in the sense of Definition 5 satisfying:

Vp e [l,400), weC([0,T],LP()).

Proof
Let (D,,) be a sequence of admissible discretizations of Q x (0,7) in the sense of
Definition 1.5 fulfilling assumption 3. We will apply Ascoli theorem to the family
of approximate solutions obtained through the scheme (7). We will first build
another sequence of approximate solutions (v, )m,, whose terms will be continuous
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in respect to the time variable. We denote by v,, the function defined almost
everywhere in Q for all ¢ € [0,7] by:
tnt—t

Um(xat) = T

(Pl — @) 4oL if () € K x [t 1Y),

Let ¢ € {1,...,N}. Let O; be an open subset of €; such that p;(ug) is a
Lipschitz continuous function on O;. Let U; be an open subset of €2; such that
U; C O;. Let w; be an open subset of Q; such that @; C U;. Let ©; € D(U;) such
that ©;,, = 1 and 0 < ©; < 1. We suppose that m is large enough to ensure that:

° size('];n) < d(Uz,aOz),
o size(Ty,) < d(supp(©;),0U;).

We denote by &y, ={oc € E,0 =K|L /| K CU;,L C U;}.
Then, for all ¢ € [0,T):

[vim (- 8) = @i(up,, ()72,

< /O 04(2)(Um (. ) — pi(up,, (z,1)))2dx

7

t”“ — )2 o
( Z Oixm(K)(ei — o)
KeT
(tn+1 — t) n n n n
< TL*“ D Ouxm(K) (@i = ¢i) (U™ = UR)
KeT
(tn+1 nal
Ltp1 Yo Y Okl - PP — et
KeT LeNk
i N N T At )
= ot TriL(Px —er) ’
K|Le&y,

then we have:

[vm () = @i(up,, (1) IF2(w,) < Ar(t) + Ao(t),

with
thrl ¢ 2 T n n+1 62 + @7,
Ao(t) = %LW 3 [ K\f(fK L )(n“’i n),L) ]
K|LEEy, SDK QOK Pr Lr
tn-‘rl —t 2 - n+1 @i . 61
=g, 3 [Tl e B |
K|Legy, PK Yk + T w7
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We apply Cauchy-Schwarz on Aj, so we get:

(ZK‘Legui Tk |L(Oix — 9i,L)2)

(ZK|LE£Ui TK|L(<P71L<+1 - ¢z+1)2)

Using Lemma 2.14, we can claim that there exists C; only depending on the data
and on the regularity of the mesh such that, for all ¢ € [0, T7,

|[A1(t)] < Ciét.

1/2

|[A1(t)| < 0tpi(1) Ly, 1/2

Let us now have a look on Ag.

[Ao(t)| < Ly,0t > Tl — op T (ei — okl + o7t — 92

K|Le&y,
> (et — )2
K|LeEy,
<ot [ 3 menleit —epty | VI
K|LeEy, + Z TK\L(‘PZ+1 —¢1)?

K|Leky,

Using Remark 2.2 and lemmas 2.13 and 2.14, we can find Cj, not depending on
m such that:
|[Ao(t)| < Codt.

So, we have shown that there exists C, only depending on the data and the regu-
larity of the mesh, such that:

VmeN, Vt€[0,T],  [lvm(,t) = @i(up, (t)L2e,) < OOt (34)
We are now able to prove the relative compactness of the family (vy,)men in
C([0,T]; L?(wi))-
Uniform equicontinuity: Let ¢ > 0, let m € N, let ¢t € [0,T), let 7 €
(0,7 —t). We denote Ny = [ L], Ny = [LT].

[om (5t +7) = om( )2y < llom(E47) = @i(up,, (1 + 7)) 22(w)
Fllom (1) = pi(up,, (1))l 22w,
+llei(up,, (-t + 7)) = @i(up,, (- 1)l L2(w,)-

Using estimate (34), we can choose m; € N large enough so that:
Ym > mq, Vt €[0,T), lvm (-, t) — pi(up,, (- )| 22w < /3. (35)

There exists mo € N such that, for all m > ma, size(Dy,) < d(w;, U;). Then, for
all m > ms, one has:

li(up,, (t+7) = @i(up, ( )lF2w) < D, mE)eR —ex')?

KcU;
No—1 2
< ) mK) ( > (et w’k))
KcCU; n=Ny
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Nao—1

< (N2=N1) > m(K) D (o = o)

KCU; n=N1

Lemma 2.13 ensures that there exists C, not depending on m, such that:

No—1
> m(K) Y (P —ek)? < Ct,
KcCU; n=N1

thus
@i (up,, (-t + 7)) = i(up,, (- )220y < C(Na — N1)dt.

The definition of N7 and Ns implies that (No — N1)dt < 7 4 dt. So we can claim
that: Ve > 0, Imz € N, Ja >0, Vt € [0,T — a], V7 € (0,a), Vm > mg,

[om (-t +7) = om( D)2 () S e

Local relative compactness: We state the following lemma which is a
straightforward generalization of Lemma 3.3 of [4] together with Lemma 2.14.

Lemma 2.16 Let (D,,)men be a sequence of admissible discretizations of Q X
(0,T) fulfilling assumption 3. Let (up,,) the sequence of approzimate solutions
given by the scheme (7). Let O; be an open subset of Q; such that @;(uo)|o, is a
Lipschitz continuous function. Let w; be an open subset of O;, with w; C O;. Then
there exist C1,Cy and an integer mg such that, for all m > my, for all t € [0,T],
for all n € RY such that |n| < 3d(w;, 00;):

lpi(up,, (x +n,t)) = @i(up,, (2,8)l| L2 (W) < Cilnl(|n] + Casize(T))

where C1 only depends on O;,w;, ug, (, S1, A, T; for alli € {1,..., N}, and Cy only
depends on 2.

It is easy to check that, for all ¢ > 0:
[vm (@ 4+ n,t) = vm (2, V)| L2(wy) < [l@iup,, (@ +n,1)) — pi(up,, (2, 8)) || L2(w)
+llpi(up,, (z +n,t = 6t)) = @i(up,, (z,t = 61))[ L2 (w,)
with the convention ¢;(up,, (z,t)) = ¢;(up,, (x,0)) if t < 0. Then using lemma 2.16
[om (& 41, 1) = vm (2, 8) | L2(0r) < 2C1|0(|n] + Casize(T)).

Then we can apply Theorem 2.8 to state that, for all ¢ > 0, (v, (-, 1)) is relatively
compact in L?(w;).

Ascoli theorem implies that the sequence (v,). is relatively compact in
C([0,T), L?(w;)), so, up to a subsequence, it converges to v € C([0,T], L?(w;))-
It is now obvious that ¢;(u)|u, xjo,r] = v. Thus ¢;(u) € C([0,T]; L' (w;)) for all
w; Cw; C Oy, then ¢;(u) belongs to C([0,T]; L*(0;)).
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Assumption 4 implies that, for all i € {1, ..., N}, there exists a family (O; ;);

of open subsets of §; such that Q; = U; 0. S0 ¢;(u) € C([0,T]; L' (%)), and:

pi(u) € C([0,T); L'(Q)). (36)
We deduce from (36) that, for almost every z € €, for all ¢ € [0,T]:
lirr%) p(u(z,t +7),2) = p(u(z,t), ).

The continuity of ;! for all i € {1,..., N} leads to: for all ¢ € [0, 7], for almost
every x € €,
lim |u(x,t +7) — u(x,t)| = 0.

T—0

Let p € [1,400). The continuity of s — sP leads to: for all ¢ € [0,T7], for almost
every x € €,
hH%) |U(JZ‘, t+ T) - u(xv t)|p =0.

Since |u(z,t+7) —u(z,t)|P < 1ae. x € Q, ¥t € [0,T], the dominated convergence
theorem leads to:
we C(0,T); LP(9).

3 Uniqueness of the weak solution

In this section, we aim to prove the following L!'-contraction principle, which di-
rectly implies the uniqueness of the weak solution to the problem (2) under As-
sumption 2. The method is inspired from [2, 6, 8].

Theorem 3.1 Let ug, vy belong to L=(Q), 0 < ug,vg < 1, and let u,v be weak

solutions associated to the initial data ug,vg. Then under assumptions 1 and 2, u
and v belong to C([0,T], LP(2)) for all p € [1,+o0]. Furthermore, for allt € [0,T],

/ lu(x,t) — v(z, t)|Fdedt < / lug(x) — vo(x)|Fda
Q Q

where |- |1 (resp. | - |7 ) denotes the positive (resp. negative) part.

Proof
Let u be a weak solution to the problem (2) in the sense of Definition 1.2. It is
easy to check that dyu € L2(0,T; (H(£2))’), and that for any 6 € L?(0,T; H*()),

T N T
/O <8tu(-,t),0(-,t)>dt:—; /O [ Veututr. ) Vo Ddrit. (37)
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Let S;f be a Lipschitz continuous non-decreasing functions fulfilling:

0 if a<O, _
sto={ 7 oSt s@=-sito (38)

Let x(x) such that II(k(z),z) € HY(Q), then for almost every x € 2, the functions
a— SE((a,z)—II(k(z), )) is non-decreasing, and so pif , : a +— [ SE(T(s,z)—

II(k(x),x))ds is convex. One defines for u(x,t) = ug(x) if ¢ < 0, then for almost
every (z,t) € Q x (0,T), for almost every 7 > 0,
)

)=t (ul@, t=7)) < S5 (W(u(z, t), @) =1 (k(z), 2)) (u(z, t) —u(z, t—7))

One multiplies the previous inequality by ¥ (x,t) > 0, with ¢» € DT(Q x [0,T)),
one divides by 7, on integrates on §2; x (0,T) and sums for ¢ € [1,N], so one gets:

1i /T T / i, ) )
—li / ' / it o (o (), t) dodt

pi o (u(z,t

{i / / i (ua t — 7)) (Wl — ) — (e, ) dadt v
15[  Jt

One can let 7 tend to 0. Since (z,t) — S (II(u(x,t),z) — H(k(x),x)) belongs to
L2(0,T; H'(Q)), one gets:

N N
1—21/91 Mril,x(uo(x))z/}(m,O)dx—i-i_Zl/o /Q, Mir(u(xat))atd}(l',t)dl‘dt

. (40)
_ ul(- + ulx ) — R\X), T X .
> = [ (o). SEMu(a.£).2) = (st )i )
Thus using (37) in (40) leads to:
N
;/Ql /ﬁx(uo( (z,0 dx—i—Z/ / ﬂnm (z,t))0p)(x, t)dxdt
N T
_ =T (u(x —1II;(k(x i(u(x, : z,t)ax
2_:/ /Q SE(ILs(u(, 1) — T (5(2))) Vipi(u(z, 1)) - Vo, )dadt
= " SE (T (u(x, 1)) — 11 (w()))
X/, V) i o ey | oDt 20
(41)
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Let ¢ belong to DT (Q2x [0, 7) x (0, T)). Let v be a weak solution for the problem (2)
for an initial data vy regular enough to insure v € C([0,7]; L*(9)). For almost
every s € (0,T), one has II(v(z, s),r) € H*(2), and so we can substitute v(x, s)
to x(x) in (41), and integrate for s € (0, 7).

/ Z/ </u0<$> m(v(x,s)))da> &(2,0,5)dxds
+Z/ / / (/U(m ! (a) — Ii(v(z, 5)))da> Di&(x,t, s)dudtds

*Z/ / / [Si Z({éii Velo ;))))}d:”dtds "
_Z/ L ftt)ﬁ(ogfgt(;sf)s)))))')]dmdszo'
rting the roles of u(e,1) and (o, 3), using €)= 0, one gets:
Z A (/ )—Hi<u<x,t>>>da> 0.6, 1, )t
L Siv(ﬁiiiiii R I
L BT [

Adding (42) and (43), and using (38), we get:

/ Z/ </“0(m) - Hi(v(%s)))da) &(x,0, s)dxds
i—\f;/ / / </“(w " i i(a) — IL; (v(, s)))da) & (z,t, s)dxdtds
+§:/ / / (/U(w S) (a) — Hi(u(x,t)))da> 0s&(x,t, s)dxdtds

1=

1/ / / {Svét(gl(ﬁ(x t)) — gpizqux7ig))) ]'Vﬁ(%t,s)dxdtds
N ( )

&
’,:I
—~
8
»
~—
~—

Syﬂf/( i(u(z, t) — I;(v(x, s)))
= V(pi(u(z,t)) — pi(v(z, s)))- ] §(,1, s)dxdtds > 0.
P /0 A /Q V(I (v(z, s)) — I (u(z, t)))



Let us rewrite it A} + Ay + A% + A} > 0, with:

A = / Z / (/uom HAa)—Hz-(v(m,s)))da)su,o,s)d:cd&

= i_v:/OT /OT/ < " t) I (a) — Hi(’U(JE,S)))dCL) Ok (x,t, s)dxdtds
+ i_\,:/OT /OT/ ( e I (a) — Hi(u(x,t)))da> 0s&(x,t, s)dxdtds,
> (u(z,t)) — I (v(x, s
B E/T /OT / [ Sé(sgl((u((ac,’tt))))— o) } Vel 1, s)dudids,

1) - T (u(z, 5))
L]

x 1) — pi(v(x, s)))- ] &(z,t, s)dzdtds.
(z,5)) — H (u (17 t)))

Now, we let n tend to +o0, then7 using the dominated convergence theorem and

the fact that II; is strictly increasing,

n—-+4oo

lim A7 7/ /Q luo(z) — v(z, s)|[FE(x, 0, s)dzds. (44)

The same way, remarking that

Sign™ (I;(u) — ;(v)) = Sign™ (u —v) = —=Sign™ (v — u),

n—-+oo

T T N
= w(z, t)—v(z, 8)|F (0, (x, t, 8)+0:&(x, t, 8))dxds
lim AD /O/OZ/Q'(’” (2, 8)| (D4 (2, 1, 5)+ Db (. £, 5))duds, (45)

N T T
(u(x — o;(v(x, 8))|* - x,t,s)dxdtds.
PP 4 = Z/ [ Vet ) = gitote )i - VGt )dadea
(46)
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i=1 V(Hz(zj:(/x,s)) — 1L (u(z, 1)) E(x, ¢,
NoT T Sa (Wiu(z, 1)) =T (v(z, 5)))
= - (i o 1) (i (u(a, ))) dzdtds
—/ Ik IV IL(0(r. 9) - (u(e, )P 1.5
Sy (Wi(u(z, 1)) — T;(v(x, )))
V({ILi(u(z,t)) — (v(z, 5)))-

i=1 /0 JO0 O (pi OHi_l)/(Hz v(z,5))) :|
|
N T T o (I (u(z, t)) — ;i (v(z, s
<> ((pi o I 1) (Ii (v (2, 5))) — (i Hfl)’(ﬂi(U(Lt))))]dxdtds
i—1/0 ‘/0‘/91 V(I (u(z, t)) ;Hi(v(x, s))) - VI (v(z, s))E(x, t, 8)
N T T Sy (Wi (u(, 1)) — T;i(v(, 5)))
< Z ML (u(z, b)) — Hi(v(x,s))||VHi(v(m,s))|} dxdtds,
i_l‘/o /0 /Q V(L (u(2, 1) — i(v(z, 5)))|¢(2, 1, 5)

t
where M, denotes a Lipschitz constant for the function (¢; oIl 1)’

. Such a constant

exists thanks to Assumption 2. Let us now define a partition of Q; x (0,7 x (0,T):

e El= {(xat75) €N x (OaT) X (O,T),Hz(u)(x,t) = Hi(’U)(I,S)}?
o F2={(z,t,s) € 2 x(0,T) x (0,7),IL;(w)(z,t) # I;(v)(x,s)}.
Then

for almost every (z,t,s) € E1, V(IL; (u) — I;(v)) = 0,
for all (z,t,s) € E2, lim S (I (u) — IL;(v)) = 0.

Thus for almost every (z,t,s) € Q x (0,T) x (0,7):
lim S (1L (u) — 1L (v)) V(IL; (u) — IL;(v)) = 0.

n—oo

Furthermore, (,t,s) — S£'(IT; (u) — TT; (v)) M;|TL; (u) — TL; (0) || VIL; (0)] |V (T (w) —
II;(v))| is integrable on €2; x (0,T) x (0,T), thus, using the dominated convergence

theorem, we can claim that:
liminf A} <0.

n—oo

So (44)-(45)-(46)-(47) implies:

T N
—vlx, s + €T s)drds
/O ;Al |U()(.’E) ( , )| é‘( ’07 )d d

T T N
_v‘rsitxvas s\, 1, S Tds
e et el e )+ et s

N T T
B Z/O /0 /Q Vi (u(, 1)) — @i(v(z, s))|* - VE(z,t, 5)dzdtds > 0.
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Let v € DY(Q x [0,T)), let p belong to DF(R), with supp(p) C [~1,0]
and [, p(s)ds = 1. For n > 1, one sets p,(s) = np(ns). One sets &(x,t,s) =
Y(z,t)pn(t — s), so that £ belongs to DT (Q x [0,T) x (0,T)). One has:

atf(x’ t, S) + 85£($, 2 S) = 81&1?(907 t)pn(t - S),

and then inequality (48) can be rewritten:
T N
|32 tuata) = o, s) (e, 0)pn(—s)dads
0 =1/

+/0T /oszl/gzi lu(x,t) — v(z, s)| T (x, t)pn(t — s)dzds

N T T
— (u(x — o (v(z. s)ITE - .  dudtds .
;/0 /0 /Q,ivl%( (@,1)) — wi(v(x, s))|* - Vip(@,t)pu(t — s)dadtds > 0

(19)
The weak solution v has been chosen in C([0,T], L*(£2)), (such a solution exists for
regular enough initial data vo, i.e. vo € W,2°(€2), as exposed in Proposition 2.15).
We can apply the theorem of continuity in mean to let tend n to 400 in inequal-
ity (49), thus we get, for all ¢p € DT (Q x [0,7)),

T
/ /|u(x,t)—v(a:,t)\iatw(:v,t)dxdt—i—/ o) — vo ()| (x, 0)dx
o Ja o . o -
- Z/o /Q Vi (u(z, 1)) — i(v(z, 1) [F Vi (x, t)dwdt > 0.

The inequality (50) still holds for any v € W11(0,T; L1 (Q)) N L%(0,T; H'(2))
with (-, T) = 0, and so for ¢(x,t) = (T — t). In this case, we get the following
comparison principle:

T
/ / lula, £) — v, ) [Edadt < T/ o () — vo (@) da. (51)
0 JO Q
This particularly insures the uniqueness of the solution, and its time-continuity, if

©i(ug) belongs to W1:°°(€;). Moreover, we can state the following L!-contraction
principle in this case: V¢ € [0, T,

/Q|u(x,t)—v(a:,t)|idxdt§/Q|u0(x)—v0(ac)|id:v. (52)

If up belongs to L>®(2), 0 < up < 1, there exists a sequence (ug)n>1 of
approximated initial data fulfilling:

o Vn > 1, p;(ug,) € WH(€,),
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e |uom — uollL1() — 0 as n — 4-o0.

Let u,, be the unique solution associated to initial data g . Then for all t € [0,T],
the sequence (uy(+,t)), is a Cauchy sequence thanks to (52), and so it converges
to u(-,t) thanks to (51).

Let vg € L*(9). Let (von)n such that, for all n € N, p;(vg ) € WH°(Q;)
and vg ,, — v in the L' (Q)-topology. Then, thanks to (52),

/ (2, £) — v (2, 1) dadt < / 10, () — vo.n (2)| £ da (53)
Q Q

where v,, is the unique weak solution associated to the initial data vg . We can now
let tend n to +o0o. Thanks to the short discussion stated above, for all ¢ € [0, 7],
vn(+,t) tends to v(-,t) in the L'(Q)-topology. Then we deduce from (53) that for
any up,v9 € L*(Q), 0 < ug,vp < 1, for any ¢ € [0,7], one has the following
L'-contraction principle:

/ lu(x,t) — v(z, t)|Fdedt < / lug () — vo(z)|Fda. (54)
Q Q
Let t € [0,T], T €]0,T — t[. For all n > 1, one has, using (54)

|u($7t+7—) —un(x,t+7')\i
/ + o fun(@ t +7) — up(x, )| T dz
@ + |u(x>t) - un(x’t”i

[ o

[ty (2, 4 T) — wp (2, t)|F

IN

/ lu(z,t + 7) — u(z, t)|id;v
Q

Since u,, € C([0,T]; L*(Q)), one gets, for all n > 1,

lim |u(m t+71) —u(x,t)Fdr < 2/ |uo (@) — o, ()" da.

T—0

Letting n tend to +oo gives the time-continuity of w.

The proof of Theorem 3.1 completes the proof of Theorem 1.1.
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