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Abstract

This note deals with the study of stress-sensitive relative permeability experimentally observed in low per-
meable sandstones. These sandstones are made up of quartz grains surrounded by permeable interfaces
between grains and pores. A micromechanical model of relative permeability behaviour under loading high-
lights the role of the closure of interfaces. Morphological models adapted to permeable sandstones show
conversely that the relative permeabilities do not depend on the loading. To cite this article: A. Name1,
A. Name2, C. R. Mecanique xxx (20xx).

Effet des contraintes sur les perméabilités relatives des grès tight Cet article est consacré à la
modélisation de la sensibilité de la perméabilité relative au confinement observée expérimentalement pour
les grès de faible perméabilité. Ces grès sont décrits comme un assemblage de grains de quartz entourés
de joints perméables et de pores. Un modèle micromécanique de comportement de la perméabilité relative
sous chargement met en évidence le rôle de la fermeture des interfaces. Les modèles morphologiques adaptés
aux grès perméables montrent inversement que les perméabilités relatives ne dépendent pas du chargement.
Pour citer cet article : A. Name1, A. Name2, C. R. Mecanique xxx (20xx).
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1. Introduction

Low permeable gas sandstone reservoirs, also
called tight reservoirs, are generally considered as
stress-sensitive reservoirs [18]. Numerous lab tests

have shown that the absolute permeability of these
reservoir rocks decreases strongly with confinement.
For single phase flow, this dependence to confine-
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ment is related to the existence of joints and inter-
faces in tight rocks, which will close when loading is
increased [10, 11, 14, 17, 18, 20]. For two phase flow
in porous media, not only the absolute permeabil-
ity, but also the relative permeabilities can a pri-
ori be modified under loading. Recent experimental
results demonstrate that, for tight sandstones, rel-
ative permeability curves will change with confine-
ment [21].

The purpose of this paper is to use microme-
chanics in order to provide support to these experi-
ments and to explain – at least qualitatively – why
the behaviour of relative permeabilities under load-
ing can be different between low permeable rocks
and permeable rocks. The idea is to compare differ-
ent morphological models representative either of
permeable reservoir rocks or of tight rocks.

This note is organised as follows. Section 2
presents a specific model describing tight rocks be-
haviour under loading. The proposed modelling is
shown to be in fair agreement with measured data.
Contrarily, considering permeable medium in sec-
tion 3, we show for some simplified microstructures
that the relative permeabilities should not depend
on the loading.

2. Tight sandstones relative permeabilities
under loading

Recent experimental results on low permeable
sandstones [21] highlight a dependence of the gas
relative permeability on the confinement (Figure 1).
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Figure 1: Gas relative permeability measurements for 2 low
permeable sandstone samples - loading of 3MPa (blue curve)
- 40 MPa (red curve)

The tight sandstone studied by Wang et al. [21]
is made up of quartz grains and pores (Figure 2);
the contact zone between grains, partially cemented
or not, forms joints with very thin openings e (i.e
smaller than a few of micrometers) as compared to
the grain radius R, which is around 100 µm (i.e.
e� R). From a fluid flow point of view, pores and
interfaces define the pore network.

2.1. Grain with interfaces: the hydraulic model in
the dry case

The morphological model chosen to represent
sandstones is in agreement with the SEM obser-
vation concerning microstructure (Figure 2): tight
sandstones are considered as an assemblage of
spherical grains surrounded by permeable interfaces
and of pores. The spherical shape is used to trans-
late the fact that the considered phase does not
manifest any anisotropy [8, 15].

We define the microscopic scale as the one of
the heterogeneity of the microstructure (that is the
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scale of the grains with interfaces and of the pores).
At the macroscopic scale, the representative ele-
mentary volume (rev) denoted Ω is regarded as a
homogenised medium. The pore space occupies the
domain Ωp in the rev. For tight sandstones, the
porosity φ = |Ωp|/|Ω| is usually low (below 10%).

Let z denote the position vector at the micro-
scopic scale in the rev. If a(z) is a field defined on
Ω at the microscopic scale, its volume average is
denoted by a = 1

|Ω|
∫

Ω
a(z) dV . We also introduce

the intrinsic averages aα = 1
|Ωα|

∫
Ωα

a(z) dV over

each phase α in Ωα, with α = p for pores or g for
grains. Following their definitions, a as well aα are
macroscopic quantities.

In order to derive an estimate of the macro-
scopic absolute permeability khom and gas krg and
water krw relative permeabilities, we will use a self-
consistent homogenisation scheme to relate micro-
scopic fluid flow properties (i.e. at the pore scale)
to the fluid flow behaviour of the rev at the macro-
scopic scale (see Appendix A).

As proposed for grains with permeable inter-
faces in [8], a two dimensional mathematical rep-
resentation of the interfaces will be adopted. Note
that we consider a viscosity equal to 1 in the follow-
ing. At the microscopic scale, the core of a grain Gi
is assumed impermeable, while the surface velocity
vector q is assumed to be proportional to the fluid
pressure gradient in the interface:

z ∈ ∂Gi :
q(z) = −η grad|s p

div|s q + [v] · n = 0
(1)

Following its definition, q lies within the tangent
plane of ∂Gi. The physical dimension of q (respec-
tively η) is velocity times length (respectively per-
meability times length).

Figure 2: SEM image of a tight sandstone

Based on Poiseuille’s law, the conductivity of
the (half-)interface associated with one given grain
is given by [8]:

η =
1

2

e3

12
(2)

where e is the opening of the interface.

In order to estimate the homogenised permeabil-
ity khom, two auxiliary problems are considered: one
related to the flow in the pores and the other to the
flow in the interfaces, around grains.

The first auxiliary problem is a classical Eshelby
problem featuring a spherical pore embedded in an
infinite homogeneous medium of permeability khom

(which is an unknown at this stage). At infinity,
the boundary conditions on the fluid pressure write
p(z) = ∇P0 · z where ∇P0 is an auxiliary macro-
scopic pressure gradient, which will be related later
to the actual macroscopic pressure gradient ∇P .
Since the characteristic size of the pores is large
compared to the width of interfaces, the pore space
is regarded as a phase with infinite permeability.
The average of the pressure gradient and the veloc-
ity in the pore phase p are deduced from eqs. (A.1)
and (A.2):

∇p
p

= 0 ; vp = −3khom∇P0 (3)

In view of estimating the flow in the interfaces
around the grains, we next consider a second auxil-
iary problem of a spherical grain G of radius R sur-
rounded by its half-interface, embedded in an infi-
nite homogeneous medium of permeability equal to
the homogenised permeability khom, with the same
boundary conditions as previously. The resolution
of this auxiliary problems leads to the following esti-
mates of the pressure gradient and velocity averages
over grains surrounded by an interface of thickness
e:

∇p
g(e)

= 3/2
khom

khom + η(e)/R
∇P0

vg(e) = −3
khomη/R

khom + η(e)/R
∇P0

(4)

using vg(e) = 3
4πR3

∫
∂G

qdS . Note that this result
can be retrieved from eqs. (A.1) and (A.2) for a clas-
sical Eshelby problem by replacing the composite
inclusion (grain+interface) by a uniform equivalent
inclusion of permeability:

keq(e) =
2η(e)

R
=

e3

12R
(5)
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Since all the interfaces in the material do not
have the same thickness, we further assume a con-
tinuous distribution of interfaces by means of p.d.f.
α; α(e)de represents the proportion of impermeable
grains that have an interface with a thickness e in
the range [e; e+ de]. α is normalised such that:∫ ∞

e=0

α(e)de = 1 (6)

From (4), (5) and the distribution α, the pressure
gradient and velocity averages over all grains sur-
rounded by interfaces is:

∇p
g

=
∫∞
e=0

3
khom

2khom + keq(e)
α(e)de∇P0

vg =
∫∞
e=0
−3

khomkeq(e)

2khom + keq(e)
α(e)de∇P0

(7)
We now come back to the definition of the ho-

mogenised permeability khom as the tensor relating
the average over the rev of the pressure gradient
∇p to the average over the rev of the velocity v
by v = −khom · ∇p. Elimination of ∇P0 in the
estimates of ∇p and v via (3) and (7) yields the
following estimate of the homogenised permeability
[8]:

khom =
3φkhom + (1− φ)

∫∞
e=0

3 khomkeq(e)
2khom+keq(e)

α(e)de

(1− φ)
∫∞
e=0

3 khom

2khom+keq(e)
α(e)de

(8)
In the case of a log-uniform distribution of in-
terfaces αlog-uni.(e) = 1

e ln(emax/emin) , if e ∈
[emin, emax], denoting emed =

√
emaxemin and ρ =

emax/emin = 1+ ε where ε characterises the relative
width of the distribution of the opening of grain
joints, the solution to (8) is given by [3]:

khom
log-uni. = keq(emed)

ρ
3
2 − ρ

1−3φ
1−φ −

3
2

2(ρ
1−3φ
1−φ − 1)

(9)

If all interfaces have nearly the same width (ε� 1),

khom
log-uni. = keq(emed)

1−3φ

(
1 + 1+3φ

8(1−φ)ε
2
)

+ o(ε2).

2.2. Relative permeability model

Let us now evaluate the relative permeabilities
in a simplified way. We denote the water satura-
tion Sw. To evaluate the gas relative permeability

krg(Sw), the previous hydraulic model is modified
by assuming that interfaces and pores are now satu-
rated either by water or by gas. Gas flow is assumed
to take place only in pores and interfaces filled with
gas, so that pores and interfaces saturated with wa-
ter are impermeable with respect to gas flow.

In this system, the water phase constitutes the
wetting fluid. We define e? as the largest opening
of the interfaces invaded by water: for a given sat-
uration Sw, each inclusion with interface opening e
between 0 and e?(Sw) is supposed to be filled up by
water.

To sum up, the considered rev is made up of four
different components:

— pores saturated with gas, with an infinite gas
permeability, of volume fraction φ(1− Sw),

— pores saturated with water, impermeable to
gas, of volume fraction φSw,

— grains with an interface saturated with gas,
of volume fraction (1− φ)

∫ e=∞
e=e?

α(e)de
— grains with an interface saturated with wa-

ter, impermeable to gas, of volume fraction

(1− φ)
∫ e=e?
e=0

α(e)de
The homogenised permeability is estimated as

previously using the self-consistent scheme. By di-
rect use of (A.6), the estimate of the homogenised
gas permeability is the positive root to :

−φSw
1

2︸ ︷︷ ︸
pores w. water

−(1− φ)

∫ e?

e=0

1

2
α(e)de︸ ︷︷ ︸

grains w. water interfaces

+φ(1− Sw)︸ ︷︷ ︸
pores w. gas

+ (1− φ)

∫ ∞
e=e?

keq(e)− khom(Sw)

2khom(Sw) + keq(e)
α(e)de︸ ︷︷ ︸

grains w. gas interfaces

= 0

(10)
when it exists, or zero. The transition between these
two cases is obtained for the critical water satura-
tion Sw,c defined such that khom(Sw,c) = 0 in (10),
hence verifying:

(1− φ)

∫ ∞
e=e?(Sw,c)

α(e)de+ φ(1− Sw,c) =
1

3
(11)

The relative permeability of the water phase krw
could be evaluated in a similar way. The end points
of relative permeability curves take place in a nat-
ural way as the percolation threshold of the self-
consistent scheme, which may be not as accurate as
dedicated percolation models as discussed later.

1. which is measured without confinement of the rock sample.

4



Unfortunately, we are not able to evaluate α
in a straightforward way. The distribution β(e) of
pores supplied by interfaces of largest thickness in
the range [e; e + de] can be related to the capil-
lary pressure curve 1. The usual interpretation of
capillary curve assumes that the filling of a pore
is determined by a single interface thickness; in
drainage, the pore associated to the largest inter-
face gets filled by the non-wetting fluid at first and
at increasing capillary pressures, pores fed with in-
creasingly smaller interfaces become invaded by the
non-wetting fluid. A simplified hypothesis consists
in assuming that α(e) is proportional to β(e). Both
distribution being normalised to the unity, we hence
assume:

α = β (12)

e? can be interpreted as a threshold of opening,
below which all interfaces and connected pores are
saturated in water. Under the assumption eq.(12),∫ e?
e=0

α(e)de = Sw and the relative gas permeability
is non-zero only for Sw < 2/3 from eq. (11). Sim-
ilarly, the relative water permeability is non-zero
only for Sw > 1/3. Gas and water phases may flow
simultaneously for Sw in [1/3; 2/3]. Note that the
end points will be different for α 6= β or for a dif-
ferent morphological model.

Under the assumption (12) and in the case of a
log-uniform distribution of interfaces, the solution
to (10) and the definition khom(Sw) = krgk

hom(0)
lead to the following gas relative permeability esti-
mate [3]:

krg,log-uni. =
ρ

3
2 − ρ

1−3φ(1−Sw)
1−φ + 3

2 (2Sw−1)

ρ
1−3φ(1−Sw)

1−φ − 1

ρ
1−3φ
1−φ − 1

ρ
3
2 − ρ

1−3φ
1−φ −

3
2

(13)

2.3. Loading effect

The purpose of this section is to present a
poromechanical model of a low permeable sand-
stone consistent with the morphology of the pre-
vious section, in order to explain the relative per-
meability evolution under loading which has been
observed experimentally. This constitutes an exten-
sion to relative permeabilities of a previous work in
the dry case [8].

We hence turn to the micro-poromechanical
model proposed by [13]. The solid grains are as-
sumed to be rigid and surrounded by elastic inter-

faces. The constitutive law of the interface is char-
acterised by a normal stiffness Kn and a tangen-
tial stiffness Kt, supposed to be the same for all
interfaces. More precisely, for a macroscopic stress
increment ∆Σ, let us denote ∆T the stress vector
increment acting on the interface and [∆u] the dis-
placement jump increment across the interface. The
constitutive law of the interface reads:{

∆T · n = Kn[∆u · n]−∆pw or g

∆T t = Kt[∆ut]
(14)

where n denotes the normal vector to the interface,
∆T t = ∆T−(∆T ·n)n and ∆ut = ∆u−(∆u·n)n.

Let us consider an isotropic stress increment
∆Σ = ∆Σm1. In what follows, we assume for
simplicity that water and gas pressures do not
vary significantly compared to the imposed confine-
ment increment at the microscopic scale. Using the
strain concentration rules established in the micro-
poromechanical model of [13], the variation of open-
ing of each interface is proved to be independent of
its initial opening e and given by:

∆e =
KnR

λ
|∆Σm| (15)

where λ is a morphological parameter which de-
pends on the porosity.

From a hydraulic point of view, a confining
stress increment has thus a significant consequence
as each interface with an initial opening lower than
∆e is closed and a part of the pore network is no
more accessible to fluid flow. Since by definition
β(e)de is the fraction of pores supplied by an in-
terface of largest thickness in the range [e; e + de],
the porosity ∆φ (≥ 0) trapped due to a load incre-
ment verifies 2:

∆φ = φ

∫ ∆e

e=0

β(e)de (16)

To sum up, under the load increment the accessible
porosity is φ−∆φ and the fraction of trapped pores
∆φ. Under assumption (12), the volume fraction of
grains with open interfaces is then (1− φ)(1− ∆φ

φ )
and the volume fraction of grains with closed inter-
faces (1− φ)∆φ

φ .
The homogenised permeability is then es-

timated as previously using the self-consistent

2. Changes of volume fraction of pores and grains related to loading are here neglected.
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scheme. Due to loading, trapped pores or grains
surrounded by closed interfaces are taken into ac-
count as being impermeable to any fluid flow. Let
us denote by e? (≥ ∆e) the opening of interface (be-
fore loading) which separates water filled interfaces
from gas filled interfaces (after loading). By direct
use of (A.6), the estimate of the homogenised gas
permeability is the positive root to :

−1

2

(
∆φ︸︷︷︸

trapped pores

+ (φ−∆φ)Sw︸ ︷︷ ︸
pores w. water

+ (1− φ)

∫ ∆e

e=0

α(e)de︸ ︷︷ ︸
grains w. closed interfaces

+ (1− φ)

∫ e?

e=∆e

α(e)de︸ ︷︷ ︸
grains w. open, water filled interfaces

)
+ (φ−∆φ)(1− Sw)︸ ︷︷ ︸

open pores w. gas

+ (1− φ)

∫ ∞
e=e?

keq(e−∆e)− khom(Sw)

2khom(Sw) + keq(e−∆e)
α(e)de︸ ︷︷ ︸

grains w. open, gas filled interfaces

= 0

(17)
when it exists, or zero.

To go forth, our model requires a key informa-
tion: for a given water saturation Sw, what is the
proportion of water filled interfaces among inter-
faces still open after loading ? Let us denote by
f(Sw) this fraction which reads, by definition of e?:∫ e?

e=∆e

α(e)de = f(Sw)

∫ ∞
e=∆e

α(e)de (18)

The function f(Sw) can be interpreted as a law of
distribution of water in interfaces. Clearly, the func-
tion f has to increase from f(0) = 0 to f(1) = 1. In
what follows, we will work under the simplifying as-
sumption that the proportion of open, water filled
interfaces among open interfaces is proportional to
the water saturation, that is:

f(Sw) = Sw (19)

Let us first analyse the effect of loading on the rel-
ative permeability end points. Under the assump-
tions (12) and (19), generalisation of (11) in order
to account for closed interfaces and trapped pores
based on (17) indicates that the relative gas perme-
ability vanishes for the critical water saturation:

Sw,c =
∆φ− 2

3φ

∆φ− φ
(20)

Hence, the end point of gas relative permeability
under loading arises for a lower water saturation
than for the unloaded case. As loading increases,

the connectivity of the porous media decreases, and
the critical water saturation for which gas relative
permeability vanishes decreases. If the load closes
more than two thirds of the interfaces, the perme-
ability vanishes even in the dry case. In the vicinity
of the critical saturation (20), the proposed model
allows to retrieve the experimental observation that
the gas relative permeability curve under loading is
below the unloaded case one.

Further, under the assumptions (12) and (19)
and in the case of a log-uniform distribution of in-
terfaces, the homogenised permeability of the par-
tially saturated medium under a load which traps
a porosity ∆φ is found to verify:

khom(Sw) = keq(emed)
ρ3/2 − ρ3/2−2η+ζ

2(ρη+ζ − 1)
(21)

where

η =
(

1− ∆φ
φ

)
(1− f(Sw))

ζ =
∆φ+ (φ−∆φ)Sw + (1− φ)∆φ

φ

(1− φ)

+
(1− φ)

(
1− ∆φ

φ

)
f(Sw)− 2(φ−∆φ)(1− Sw)

(1− φ)
(22)

under the approximation keq(e − ∆e) ≈ keq(e) in
the last integral of (17) (which turns out to be a
good approximation).

To study the influence of the shape of the p.d.f.
α which governs the grain interface openings, a log-
normal distribution of the opening with a mean of
log(e) = −7 and a standard deviation of one has
also been considered. The solution to eq. (17) is no
longer analytical and has been computed numeri-
cally. The outputs of the model are presented in
Figure 3 for both the log-normal and log-uniform
distributions with a standard deviation of 1, in the
case of an initial porosity of 0.1 and a trapped
porosity ∆φ of 0.03. It is observed that our sim-
ple model does account for the stress-sensitivity of
relative permeability curves for tight sandstones. At
equivalent mean and standard deviation, the influ-
ence of the shape - log-uniform or log-normal - of
the p.d.f. α of the size distribution of interface open-
ings, is of second order on the relative permeabili-
ties.
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Figure 3: Estimates of gas relative permeabilities without
loading (line) and with loading (dashes) for φ = 0.1 and
∆φ = 0.03

2.4. Limitations of the model

The main interest of the present model lies in
the use of the same morphological model for the
fluid flow and mechanical problems. This allows to
explain qualitatively the effect of loading on rel-
ative permeabilities, at least close to the critical
water saturation. However, let us stress out that
self-consistent estimates do not have the accuracy
of percolation models [12], realised for example on
a 3D image of the pore network. In particular, the
percolation threshold values arising from the self-
consistent scheme may not be accurate.

The present model further relies on a number of
simplifying hypotheses, which allow us to reach an
almost complete analytical treatment of the loaded
problem. Namely, this simplified model does not
account for complex multi-phase flow mechanisms
such as snap-off or flow by film [9]. Moreover, eq.
(12) constitutes a strong assumption on the connec-
tivity of the porous network. A closer comparison
of our simplified model to the experimental results
presented in Figure 1 shows some discrepancies for
water saturation values which are not close to the
critical water saturation (particularly in the case of
log-uniform p.d.f. α): the model predicts that the
relative gas permeability is higher in the unloaded
case than in the loaded one, whereas experiments
show the opposite behaviour.

2.5. Effect of the interface-bulk porosity distribu-
tion laws

The purpose of this section is to study the influ-
ence of the assumption (12) on the connectivity of

the porous network. A relationship between α and
β more general than (12) is now assumed:∫ e′

e=0

α(e)de = g

(∫ e′

e=0

β(e)de

)
(23)

where g is a function increasing from g(0) = 0 to
g(1) = 1 since both distribution are normalised
to the unity. The assumption (12) constitutes the
particular case g(x) = x. Under the new assump-
tion (23), the variation ∆e of interface opening due
to loading is related to the variation ∆φ of porosity
by: ∫ ∆e

e=0

α(e)de = g

(
∆φ

φ

)
(24)

Recalling that for a given water saturation Sw,
f(Sw) denotes the proportion of water filled in-
terfaces among interfaces still open after loading
(see (18)), the critical interface opening e? which
separates gas filled from water filled interfaces now
verifies:∫ e?

e=∆e

α(e)de =

(
1− g

(
∆φ

φ

))
f(Sw) (25)

In the case of a log-uniform distribution of in-
terfaces, the homogenised permeability of the par-
tially saturated medium under a load which traps
a porosity ∆φ under assumptions (18) and (23) is
analogous to (21), up to the minor modifications:

η =

(
1− g

(
∆φ

φ

))
(1− f(Sw))

ζ =
∆φ+ (φ−∆φ)Sw + (1− φ)g

(
∆φ
φ

)
(1− φ)

+
(1− φ)

(
1− g

(
∆φ
φ

))
f(Sw)− 2(φ−∆φ)(1− Sw)

(1− φ)
(26)

The effect of the choice of the laws f and g are il-
lustrated in Figure 4 where the former assumption
f(x) = g(x) = x is compared to another (arbitrary
chosen) assumption f(x) = g(x) =

√
x. The lat-

ter choice, although arbitrary, corresponds to a case
where the interfaces are water filled faster than bulk
pores in imbibition. In that case, the sharp decrease
with Sw of the relative gas permeability observed
for loaded tight sandstones is well reproduced.

Thus an appropriate choice of f and g should be
motivated in future works by experimental observa-
tions or more sophisticated modelling approaches
such as pore network models [1, 5]. Nevertheless,
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at this stage, the model makes it possible to under-
stand the influence of the closure of joints on the
relative permeability in the case of tight sandstones.

0

0.2

0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1

k
r
g

Sw

f(x)=g(x)=
√
x, unloaded

f(x)=g(x)=
√
x, loaded

f(x)=g(x)=x, unloaded
f(x)=g(x)=x, loaded

Figure 4: Estimates of gas relative permeabilities : effect of
the laws f and g, for a log-uniform p.d.f. α with a standard
deviation of 1, φ = 0.1 and ∆φ = 0.03.

3. Model of relative permeabilities of perme-
able sandstones

Is is also interesting to use the previous ap-
proach with porous medium models adapted to
conventional, permeable sandstones (i.e. non-tight).
We assume pores modelled as spherical pores or
tubes and show that in these cases relative per-
meabilities are at first order independent of the
loading. For such permeable sandstones, the con-
ventional approximation used in reservoir engineer-
ing and hydrogeology, which consists in considering
the influence of the loading on the absolute perme-
ability only and not on the relative permeabilities,
thus seems reasonable.

3.1. Porous network made up of spherical pores

Unloaded case. We adopt the same approach as in
section 2 and consider a porous medium medium
made up of spherical pores and an impermeable
solid phase. Following Markov et al. [16], a spheri-
cal pore of radius R embedded in a porous medium
is equivalent to a spherical permeable inclusion of
equivalent permeability 3:

kpore(R) =
R2

6
(27)

Let us consider now as previously a statistical
distribution of pore radius characterised by a prob-
ability α(R) that a pore has its radius in the range
[R;R + dR]. From eq. (A.6), the homogenised ab-
solute permeability verifies the following implicit
equation:

− 1− φ
2

+ φ

∫ ∞
R=0

kpore(R)− khom

2khom + kpore(R)
α(R)dR = 0

(28)
where khom is non-zero only if φ ≥ 1

3 . This low per-
colation threshold is related to our choice of mor-
phological model. Note that this feature could be
avoided by choosing an equivalent cell permeability
instead of spherical pores [6, 4] in which the pore
volume is distributed around each grain.

Let us now turn to the estimation of the relative
gas permeability. All pores whose radius is smaller
than a critical size R? governed by the saturation
degree are assumed filled by water and imperme-

able to gas (Sw =
∫ R?
R=0

α(R)dR). Using the self-
consistent scheme (A.6), the homogenised gas per-
meability khom(Sw) = khom(0) × krg(Sw) verifies
the following relationship:

φ

∫ ∞
R=R?

kpore(R)− khom(Sw)

2khom(Sw) + kpore(R)
α(R)dR

−1− φ+ φSw
2

= 0

(29)

For this morphological model, the porosity φ must
be greater than 1/3 and the critical water satura-
tion for which the relative gas permeability vanishes
is Sw,c = 1− 1

3φ .

Loaded case. The variation of pore radius ∆R re-
lated to an isotropic mechanical loading incre-
ment ∆Σm can be readily estimated from micro-
poromechanics on the same morphological model
(see [7] for more details). The resolution of the
micro-poromechanical problem leads to:

∆R

R
=

1

3ksc(1− αsc)
∆Σm (30)

where ksc and αsc are functions of the solid phase
elastic properties and of the porosity [7]. It is fur-
ther assumed that the pores do not close nor col-
lapse due to loading, since obviously spherical pores
are more difficult to close than to joints between

3. Rigorously (27) is valid only in the limiting case where kpore(R) is large compared to the permeability of the surrounding
porous medium.
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grains. From (27) and (28), the variation of the gas
permeability in the dry case is:

∆khom(0)

khom(0)
= 2

∆R

R
=

∆kpore

kpore
(31)

However, equations (29) and (31) indicate that the
relative permeability does not depend on the load-
ing at first order, i.e. when changes of volume frac-
tion of pores and grains related to loading are ne-
glected.

3.2. Porous network made up of tubes

Unloaded case. Our second morphological model
of conventional, permeable sandstones consists in
a porous medium with an isotropic distribution of
pores that are tubes (circular cylinders of radius r).
Let n be the unit vector along the axis of a tube.
The permeability kn of a tube of radius r in its axial
direction is given by Poiseuille’s law:

kn(r) = γr2 with γ = 1/8, (32)

while the permeability kt in directions normal to n
is chosen equal to khom [2]. The permeability ten-
sor of such a tube is then the transverse isotropic
tensor knn ⊗ n + kt(1 − n ⊗ n). Using eqs. (A.1)
and (A.2), the average of the pressure gradient and
velocity in tubes of radius r whose axis is along the
direction n is estimated by:

∇p
p(n,r)

= 1 ·∇P0

vp(n,r) = −[kn(r)n⊗ n + kt(1− n⊗ n)] ·∇P0

(33)
Next, we consider an isotropic spatial distribution
for the tubes and a probability α(r) that a tube has
its radius in the range [r; r + dr]. From (A.6), the
following self-consistent estimate for khom is finally
obtained:

khom =
2φ

9− 7φ

∫ ∞
r=0

kn(r)α(r)dr1 (34)

The partially water saturated case is dealt with as-
suming that tubes with a radius r < r?(Sw) are
saturated with water and impermeable to gas. In
that case, the gas permeability verifies:

khom(Sw) =
2φ

9− 7φ+ 8φSw

∫ ∞
r=r?

kn(r)α(r)dr1

(35)
For this morphological model, the critical water sat-
uration for which the relative gas permeability van-
ishes is Sw,c = 1.

Loaded case. In order to deal with the effect of
loading on the relative gas permeability, the vari-
ation ∆r of the radius of the tubes under an
isotropic loading increment ∆Σm can be assessed
from micro-poromechanics on the same morpholog-
ical model than for the permeability. From the hy-
draulic point of view, the relevant output of such
poromechanical model is that ∆r/r is proportional
to the load increment, i.e.:

∆r

r
= h∆Σm (36)

where h depends on the porosity as well as on the
bulk and shear modulii of the solid phase. Combin-
ing (35) and (36), one concludes as for the previous
model with spherical pores that the relative perme-
ability is not sensitive to loading at first order.

4. Conclusion

The application of homogenisation techniques
to simplified – but representative – morphologies of
either tight, low-permeability sandstones or conven-
tional, permeable sandstones allows to qualitatively
retrieve an experimentally observed behaviour: the
relative gas permeabilities of tight sandstones are
much more sensitive to confinement than the ones of
conventional sandstones. The underlying phenom-
ena at the microscopic scale is the occurrence of
closure of the joints due to loading in tight sand-
stones, which defines new percolation pathways.
Conversely, it is shown that the relative permeabil-
ity is not very sensitive to loading for conventional
sandstones under the assumption that the load only
modifies the pore radii, without modification of the
connectivity of the pore network.

It is emphasised that the tight sandstone model
has allowed us to identify that a required, key in-
formation is the connectivity of the interfaces and
the bulk pores, through the functions f and g. The
appropriate choice of these functions has not been
investigated in the present work. It should be moti-
vated in future works by experimental observations
or dedicated modelling, for example using pore net-
work models. Future works should also take into ac-
count capillary effects in the micro-poromechanical
model. The difference in the pressure of the gas
filled and water filled pores may indeed play an im-
portant role on the variation of joint openings, and
thus affect the pore connectivity.
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Appendix A. Self-consistent estimate of the
homogenised permeability

The homogenised permeability khom is defined
as the tensor relating the average over the rev of
the pressure gradient ∇p to the average over the
rev of the velocity v by v = −khom · ∇p for ap-
propriate boundary conditions (e.g. p(z) = ∇P · z
on the boundary of the rev where ∇P = ∇p is the
macroscopic pressure gradient).

The self-consistent homogenisation scheme used
in this work relies on the estimate of the veloc-
ity and pressure gradient averages of each phase
of the heterogeneous rev. These averages are esti-
mated from the solution to Eshelby problems, de-
vised as follows. For each phase, an inclusion I (or
elementary particle representative of the phase) is
embedded in an infinite medium whose permeabil-
ity k0 is uniform. An auxiliary uniform pressure
gradient ∇P0 is applied such that p(z) = ∇P0 · z
at infinity. If the inclusion I is an ellipsoid with ho-
mogeneous permeability kI , the pressure gradient
and the velocity solution to the Eshelby problem
are constant inside the inclusion. In this case, the
pressure gradient inside the inclusion is given by:

∇p(z) =
[
1 + P I

0 · (kI − k0)
]−1

·∇P0 (z ∈ I),

(A.1)
where P I

0 is the so-called Hill tensor of the inclu-
sion I in the infinite medium of permeability k0. In
the case where k0 is isotropic (i.e. k0 = k01), the
Hill tensors of a spherical and circular cylindrical
inclusions are given by :

P sph
o =

1

3ko
1

P cyl
o =

1

2ko
(1− n⊗ n)

(A.2)

where n is the unit vector collinear with the axis
of the cylinder. The velocity inside the inclusion
is then simply deduced from the combination of
Darcy’s law with the Eshelby localisation rule (A.1)
as:

v(z) = −kI ·
[
1 + P I

0 · (kI − k0)
]−1

·∇P0 (z ∈ I),

(A.3)
The average of the pressure gradient and of the

velocity over the rev are then estimated as :

∇p = [1 + P 0 · (k − k0)]
−1 ·∇P0

v = −k · [1 + P 0 · (k − k0)]
−1 ·∇P0

(A.4)

The self-consistent estimate consists in choos-
ing the permeability k0 of the embedding infi-
nite medium for each auxiliary Eshelby problem
as the looked-for homogenised permeability khom.
The elimination of the auxiliary pressure gradient
in (A.4) then provides the self-consistent estimate
of the homogenised permeability as the solution to
the equation:

khom = k · [1 + P hom · (k − khom)]
−1

·[1 + P hom · (k − khom)]
−1
−1 (A.5)

where P hom(z) is the Hill tensor of the inclusion
I comprising z embedded in the infinite medium
of permeability khom. The implicit equation (A.5)
simplifies to:

δk · [1 + P hom · δk]−1 = 0 (A.6)

where δk(z) = k(z)− khom.
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