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Abstract. In this article we discuss the hydrodynamic response of a
superfluid to a periodic drive. Using a WKB description of the hy-
drodynamic modes of the system, we show that contrary to Landau’s
argument, there is no critical velocity, but that the dissipated power
nevertheless increases rapidly when the maximum velocity of the per-
turbation reaches the central sound velocity of the superfluid.

1 Introduction

The existence of frictionless flow in quantum fluids at low temperature is one of the
most dramatic macroscopic manifestations of quantum mechanics. As originally con-
jectured by Landau [1], one key feature of superfluid flows is the existence of a critical
velocity above which dissipation nevertheless arises and in its simplest form, this crit-
ical velocity marks the threshold beyond which a moving impurity can generate a
stationary wake of elementary excitations (phonons or rotons for helium). As such
this physical phenomenon is similar to the Cherenkov radiation in electrodynamics [2]
or to the generation of surface waves by an object moving at the surface of liquid [3,
4]. Experimental evidences for the existence of this critical velocity were presented in
superfluid helium[5], ultracold gases [6-11] and polariton condensates [12]. However
it was also rapidly pointed out that in actual experiments, additional decay chan-
nels were lowering the predicted critical velocity. It was first observed that in the
case of a strong perturbation, vortex shedding could supersede generation of elemen-
tary exitations [13-17], while in attractive Fermi gases paired-breaking excitations
can become dominant in the weakly interacting limit [18]. In trapped gases, density
inhomogeneities [19,20] and thermal fluctuations [21-23] can also strongly decrease
the critical velocity. Finally, the threshold is even completely smeared out when the
impurity does not move at a constant velocity [24,22], just like accelerated charged
particles radiate electromagnetic waves at any speed [25].

Previous studies were focusing on mean-field descriptions of the system and in
this paper we investigate theoretically the hydrodynamic response of an arbitrary
superfluid to a time-periodic external potential. We restrict our study to the case of an
elongated superfluid in which the transverse degrees of freedom can be integrated out.
Using the WKB approximation we determine the high-energy modes of the superfluid
for an arbitrary equation of state. In particular we show that the high-frequency
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spectrum has a phonon-like dispersion relation. Using those results we compute the
power transferred from a stirring potential to the superfluid and we confirm the
absence of critical velocity for an accelerated impurity.

2 Hydrodynamic modes of a superfluid in an elongated potential
2.1 Linearized equations

In this first paragraph, we recall some general results on the hydrodynamic modes of
a superfluid. We consider a superfluid trapped in an elongated harmonic potential.
Integrating-out the transverse degrees of freedom [26], we describe its dynamics by a
semi-classical one-dimensional Hamiltonian

H= /dz (;(azxf +e(n) + nV(z)) , (1)

where z is the weak-trapping direction, m the mass of the particles, n the 1D particle-
density, x the phase of the order parameter, e(n) the 1D energy-density, and V(z) =
mw?2z2 /2 the trapping potential along z. Writing Hamilton’s equations for the conju-
gate variables n and x yields the usual hydrodynamic equations

on + 0. (nv) = 0, (2)
Ko +me = =V (2) = u(n), (3)

where p(n) = dpe(n) is the chemical potential of the system and v = hd,x/m the
superfluid velocity. In stationary regime, the density is constant and the phase x varies
linearly with time as x5 = —puot/h. Inserting these expressions in Eq. (2,3) yields the
Local Density Approximation (LDA) equation for the density u(ns) + V(2) = po. In
particular, assuming that pu(n = 0) = 0, the boundaries of the cloud are located in
2z = +7, with mw? 22 /2 = py.

We now focus on the solutions of Eq. (2,3) close to equilibrium. We take x = ys+¢
and n = ng + on with ¢ < x5 and dn < ng. Expanding the hydrodynamic equations
to first order in perturbation, Eq. (2,3) can be recast as

Odn = —0,(ngv), (4)
Ops
where p stands for u(ng). Taking op = 0y, pusdn, we finally obtain a wave-like equation
1 (ow
25 - - z s z(s = U.
Opop — — o, 9. (ns0z6p) =0 (6)

The eigenmodes of the system correspond to time-oscillating solutions du(z,t) =
hy(z)e" et where 1, and w, are solutions of the Eigenvalue problem [27,26]

W§¢q = E[wq]a (7)

where ¢ is an integer labelling the eigenmodes and £ the linear operator defined by

)= -~ (8"5) 0. (ns0.1) (8)

m \ Ong
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L is hermitian for the scalar product

; ong
s

and, since by thermodynamic stability 0, us > 0, it is also a positive operator, mean-
ing that the hydrodynamic eigenfrequencies w, are all real.

In the literature Eq. (7) was solved in the case of a polytropic equation of state
@ = an?, where a and 7 are two constant parameters (in the case of a weakly
interacting Bose-Einstein condensate, v = 1/2, while for a unitary Fermi gas [28,29],
~v =2/5. For a 3D polytropic gas characterzed by a 3D polytropic exponent vy3p and
confined in a harmonic potential, we have 1/y = 1/y3p+1, hence v < 1). In this case,
the eigenfunctions are polynomials' and the corresponding eigenvalues are given by

(flg) = [ d

f(2)7g(2), 9)

wq = w2+ (g - 1)]/2. (10)

At large frequencies, we recover an acoustic-like linear spectrum since two subsequent

modes are separated by a constant frequency gap Aw = w,+/7/2. Moreover, take ¢1p
the sound velocity in absence of axial trapping, we have [28]

nop [y
= —ZF = ) 11
€ m on m (1)

We can then recast the high-frequency dispersion relation in a Fabry-Perot-like form

(0)

c
wq = 27(q + qo) 72 (12)

Leff
where cg%) is the local 1D-sound-velocity at the trap center, Log = 277 is the effective

acoustic length of the cloud and gy = 1/y — 1/2 is a “quantum defect”.

2.2 WKB Approximation

We now generalize the previous results to an arbitrary equation of state p(n) and
we show that the high-energy hydrodynamic spectrum still follows a phonon-like
dispersion relation similar to (12). Take 1, = A(2)e??*) where A and 6 are two real
functions. Eq. (7) turns then into the following set of equations:

muwi A = —(9:5) (9. A) = ns(02A) (D pts) + nsA(D:0) (9 pts), (13)
0 = A(9.ns)(0.0) + 2ns(9.0)(0,A) + Ang(D?A). (14)

Eq. (14) is readily integrated and yields the conservation of the probability current
nsA2?k(z) = const, with k(z) = 0,6 the local wave-vector. For a homogeneous system,
the solutions of the wave equation are plane waves characterized by a uniform wave-
vector k. In a trap, the spatial dependence of the local density implies that k(z) varies
spatially over a typical length scale given by the size Z of the cloud. In the WKB
approximation, we consider high-frequency modes and we assume that the typical

! More precisely Gegenbauer polynomials, which are defined as the family of orthogonal
polynomials for the weight function w(z) = (Z? — 2?)® - in the present case a = 1/y — 1
[30].
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Fig. 1. Domain of validity of the two asymptotic regimes. The red shaded area shows the
region where they are both valid and where the quantization of the frequencies can be made
by matching the two asymptotic expressions.

wavelength £~! of the excitation is much smaller than Z. In this limit we can neglect
higher-order spatial-derivatives in Eq. (13) which simplifies into

o Ns Ous 2

hence
Wq

ClD(Z) ’

0(z) = 6(0) j:/ dz’ (16)
0

with mch(z)2 = ngOn s the local sound-velocity and the %+ sign corresponds to

the direction of propagation of the wave. The general solution is the sum of left and

right-propagating waves and we can finally write that

wqocns(i)k(z)cos (/:(:;‘lé,)w(())). (17)

(Note that in practice, 8(0) = 0[n /2] since the solution must be either odd or even in
a harmonic potential).

The frequency quantization arises from the boundary conditions at the cloud
edge. In this region, the density and the sound velocity vanish and we can no longer
approximate 14 by a local plane wave. We obtain another asymptotic expansion valid
for z — Z, by expanding Eq. (7) as

2 2 z
Wgwq = ﬁazwq - ( Z:;O> (1 - E) 83¢qa (18)

where we have used the LDA condition p, = po(1 — 22/22) ~ 2uo(1 — 2/Z) and we
have assumed that for small densities we could approximate the equation of state of
the superfluid by a polytropic expression s >~ an.

This equation can be solved analytically in terms of Bessel functions of the first
kind J,, and the regular solution is given by

iy (wZ m () z/Z))

V15— Z/Zlh_1

Expanding this solution far from the boundary yields the asymptotic expression [30]

cos (qu,/i—T(l —2/Z) - 3 + %)
75172 : (20)
V1-2/7

The quantization condition is obtained by matching the two asymptotic expressions
(17) and (20). Expanding the phase of Eq. (17) close to z = Z, we indeed see that

(19)

g

1/)q0<
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z / Z / z / Z ’

/ wdz :/ wdz +/ dz 2/ wdz Wz Q—m(l—z/Z), (21)

o an(z’)  Jo can(?)  Jz an(z)  Jo can(?) V' ko
where we have used the polytropic expression of the sound velocity at vanishingly
small density.

We can match this expression to the phase appearing in Eq. (20) in the range
1> (1-2/Z) > w?/w? (See Fig. 1). Indeed, on the one hand Eq. (20) is obtained
under the assumption that i) we are close to the edge ((1 — z/Z) < 1), and ii)
the argument appearing in Bessel function is large, hence wy+/(1 — z/Z)2m/po > 1.
Since pg = mw?Z?/2, it means that (1—2/Z) > w?/w?. On the other hand, the WKB
expression was derived by neglecting the terms (9, us)(9,A) and ngs(02A)0,,_ us with
respect to mw?A in Eq. (13). Since A o 1/1/ns(2)k(z), it scales as a power-law with
1 —2%/Z2, and close to the edge, we have therefore (0,ps)(0,A) ~ ng(92A)0,, s ~
mw?A/(1—z/Z) hence the validity criterion (1 —2/Z) > w?/w?2. Since the expansion
(21) is obtained for (1 —2/7) <« 1, we deduce that Bessel and WKB expressions must
match in the region w?/w? < (1 — z/Z) < 1. In particular it requires the condition
w? < wg which is satisfied by higher-frequency modes.

Comparing Eq. (20) and (21), we see that the WKB waves are reflected at the
edge of the cloud with a dephasing 7/ — 7/2. Requiring the existence of a standing
wave when the excitation travels back and forth between z = +7 finally yields the
resonance condition

zZ /

d 2
2wq/ N (22)

_z cp(?') Y

hence the high-frequency spectrum
qg+1/y—-1/2
q = ™ Z dz! . (23)
f—Z ch(z’)

We recover the asymptotic expression (12) obtained for a purely polytropic gas, with
the same expression for the quantum defect and a generalized effective length

Z /
dz
Lo = 2 (0)/ 2 24
F D _ ap(?) (24)

Finally, if we normalize v, according to the scalar product (9), we get

_[2mAweip(z) cos i W ™
i) =PSB o | M o (25)

where Aw™! = Leg/chg%) is the density of state.

In Fig. 2 we compare the WKB wave-functions and the exact Gegenbauer polyno-
mials in the case v = 1/2 (mean-field BEC) and we observe a very good agreement,
even for low-order modes.

We see that for a one-dimensional trap system, the high-frequency spectrum has
a phonon-like structure, and the eigenfunction can be locally described by plane-
waves. Note that this result is valid as long as kR < 1, where R is the transverse
size of the cloud. If we now take into account the transverse degrees of freedom, the
dispersion relation becomes sub-linear [27,26,20].
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Fig. 2. Comparison between Gegenbauer polynomials (blue curves) and WKB approxima-
tion (red curves) for v = 1/2.

3 Response to an external drive
3.1 General formalism

We now study the excitation of the hydrodynamic modes by an external potential
created by a moving laser beam oscillating at a frequency 2 along the axis of the
cloud. The response of the cloud is obtained by solving the hydrodynamic equations
(2,3) where we add to the trapping potential an excitation term u(z,t) = f(z—b(t))ec’
and b(t) = by cos(£2t) that we turn on adiabatically over a time 1/e — oo to get rid
of transient evolution. The chemical potential now obeys the following equation:

0201 + L[op] = —L]u). (26)

To solve this equation, we first note that the external drive is periodic and that both
u and du can be Fourier expanded as

u(z,t) = Zunqiﬁq(z)ei(pﬂﬁ)t, (27)
P,

Sz, t) = Z6ﬂp,q¢q(z)ei(p9+€)t' (28)
P.q

Inserting these expression in Eq. (26) we get

2
Wqlp,q

p22? — w2 —iesg(pf2)

Ofip,q = (29)

where sg is the sign function and we have used the fact that the 1, are the eigenvectors
of L for the eigenvalue w?.
The mechanical power transferred from the stirring potential to the cloud is given

by the expression

P= —(/ d2'ng(2")(0u(Z, t))v(Z, 1)), (30)
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where (.) denotes the time average. Using the fact that v = hd,p/m we get after
integrating by part

P= ([ d20.00() @0l DUl 0) = —h(Lllu). @)

From particle number conservation (Eq. 3), we see that AL[p] = 0;0u, hence the final
expression

ip9w2|up,q\2
w2 — 2% +iesg(pf2)’

P = (@) =

p,q

(32)

where we have used Eq. (29) and the fact that the 1, form an ortho-normalized basis
for (|). Finally, since the power is a real quantity the sum simplifies into

P = {((0:ulu)) = 71'2 |pQ|3|up7q|25(p2(22 — wg). (33)

p.q

3.2 High-frequency drive

We now specialize the previous expression to the case where the excitation frequency
2 is much larger than w, (this condition is indeed satisfied in [6]). This assumption
leads to two simplifications: firstly, we can treat the sum over ¢ as a continuous
integral, with respect to the sum over p. In other words, the acoustic spectrum can
be considered as continuous with respect to the discrete harmonics of the excitation.

Second, since cg%) o \/po/m and py = mw?Z? /2, we see Landau’s critical velocity is

reached for a modulation amplitude by = cg%) /2 < Z, which means that the stirring
potential remains localized close to the cloud center.

Before calculating explicitly the dissipated power, we first show that the Fourier
components u, , vanish when p and ¢ have opposite parities. Indeed, we have

T z
Up g = %/ dt/ dz gns Vg (2)*u(z — by cos(2t))e P2, (34)
0 -z Hs

where T' = 27/(2 is the period of the excitation. Using the symmetries z — —z and
02t — m— 02t, we see that for an even pertubating potential u, 4(z) = (—=1)P "%y 4(2).

Since the perturbation remains localized close to the cloud center, we can use
WKB approximation and replace ¢4 by a sinusoid. For both parities of p, we then

obtain ) )
2npAw w web
2 _ “MoAw . 0
[upql” = — 50 («%) Jp( [(10)> : (35)
meqp ‘D ‘D

with @(k) = [ dz cos(kz)u(z). Hence the dissipated power is

2 2
22 9 2b
P=ort 0 N2y (22 g (220 (36)
)3 (0) (0)
meip p>0 ¢1D €1D

From this expression, we deduce the absence of critical velocity for the onset of
dissipation. Indeed, at low 2/c¢1p, we can expand the previous expression as

i ngh?
200 5 (0)2. (37)
(0)

mch
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Fig. 3. Dissipated power for a gaussian perturbation of size w = 0.09Z with an amplitude
bo = 0.4Z. Inset: The dissipated power is represented in log-scale to show its increase oc £2*
(red dashed curve) at low frequency.

Note that we recover here 24b3 scaling characterizing the power radiated by an elec-
trodynamic dipole [25]. We recover a trace of Landau’s critical velocity by considering
the limiting case of a inifinitely narrow excitation potential. In this case, we can as-
sume that @ is constant and the dissipated power then becomes

2
2%ng 2 pf2by \ o
P =2r—% et o | @) (38)
meip  p>0 1D

The asymptotic behaviour of Bessel functions for large orders is given by [30]

efu(ozftanh(a))
Jy(VSQCh(CY)) ~ m (39)

Jy(vsec(B)) ~ cos(vtan(B) — v — 7 /4), (40)

v tan(f)

with ¥ — oo. For a maximum stirring velocity V' = 2by smaller than the sound
velocity cg%), we take sech(a) = V/c(l%) and we can see using Eq. (39) that the large

order terms of the series decay exponentially for p — oco. By contrast, for V' > cg%),

we take sec(f) = V/ c% and using Eq. (40) we see that the terms of the series diverge
as p for large p, hence an infinite dissipated power when Landau’s critical velocity is
reached.

For realistic systems, this divergence is cured by the finite extension of the exciting
potential, which leads to a finite dissipation for velocities larger than the sound veloc-
ity at the center of the trap, and even a decrease of the dissipation at large velocities.
In Fig. 3, we illustrate this regularization by assuming that « is a finite-size gaussian
perturbation. We observe that due to the destructive interferences between the waves
emitted by an extended object, the amount of energy dissipation occurring at v ~ cg
decreases when the size of the object increases. For similar stirring parameters as in



Will be inserted by the editor 9

[6], we observe an apparent threshold for dissipation around v ~ 0.6¢;7, close to the

measured value v ~ 0.46%.

(0)
1D

4 Conclusion

In this article we have calculated the high-frequency spectrum of an elongated super-
fluid using WKB approximation. We showed that when subject to a periodic drive,
dissipation occurs at all velocity, in contradiction with Landau’s argument. In addi-
tion to vortex nucleation and transverse inhomogeneity of the cloud [19,20], this effect
contributes significantly to the reduction of the apparent critical velocity observed in
many experiments. Nevertheless, Landau-like features can be observed for an elon-
gated superfluid excited by a narrow potentials oscillating at frequencies higher than
the axial frequency, and lower than the transverse trapping frequency.

For low frequency excitations, the low-order harmonics couple to the discrete part
of the spectrum, creating a weakly-damped coherent-oscillation of the low-lying modes
of the superfluid, as for instance observed for in early BEC experiments [31] and dual
Bose-Fermi superfluid counterflows [32]. On top of these oscillations, the higher-order
harmonics will couple to the phonon-like sector, which dominates the sum appearing
in Eq. (36) when the velocity is larger than the sound velocity, and will give rise
to a Landau-like behaviour. Note that strictly speaking we can no longer treat the
hydrodynamic modes of the superfluid as a continuous spectrum for {2 ~ w,. However,
at finite temperature, damping broadens the eigenmodes leading to a continuous-like
spectrum when the decay rate becomes comparable to Aw. In the present work this
broadening is introduced phenomenologically but a more quantitative understanding
of thermal effects is therefore required to obtain a comprehensive understanding of
the damping mechanism.

The authors thank I. Danaila, P. Parnaudeau, and the ultracold Fermi group for stimulat-
ing discussions. They acknowledge support from Région Ile de France (DIM IFRAF /NanoK),
ANR (Grant SpiFBox) and European Union (ERC Grant ThermoDynaMix and CRITISUP2).
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