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On the (in)efficiency of MFG equilibria

Pierre Cardaliaguet* Catherine Rainerf

February 17, 2018

Abstract

Mean field games (MFG) are dynamic games with infinitely many infinitesimal agents.
In this context, we study the efficiency of Nash MFG equilibria: Namely, we compare the
social cost of a MFG equilibrium with the minimal cost a global planner can achieve. We
find a structure condition on the game under which there exists efficient MFG equilibria and,
in case this condition is not fulfilled, quantify how inefficient MFG equilibria are.

1 Introduction

Mean field games (MFG) study Nash equilibria in differential games with infinitely many in-
distinguishable agents. In this note, we investigate the classical question of the efficiency for
these Nash equilibria: we compare the social cost corresponding to a MFG equilibrium with the
optimal social cost obtained by a global planner.

To fix the ideas and describe the model we have in mind, we start with a finite horizon
differential game played by a large number of agents (say N). Agent i € {1,..., N} controls her
dynamics:

{ dX{ = ajdt +v2dB},  t€[0,T],
Xy = x;
where T is the horizon, the (B?) are N independent Brownian motions and the (z) are N i.i.d.

random variables on RY, independent of the (B?), with law mg. The control (o) is chosen by
agent ¢ in order to minimize a cost of the form

T
Jiat, ..., ") =E [/0 L(X{,a},m¥,) dt + G(X%,m)]\(fT)} ,

where mé\ét = % Zjvzl s is the empirical measure of the players. We assume that dynamics
and costs have a special structure: agent ¢ controls directly her own drift and her running cost
at time ¢ depends on her position X/, on her control o} and on the empirical measure of all
players m%t; her terminal cost depends on her position ij} at the terminal time T and on
the empirical measure mQT at that time. Note that, under our assumptions, the agents have
symmetric dynamics and costs functions.

The social cost associated with the N agents is the average of the J*:

N
1 .
1 Ny ._ ! N
J(at . ..o NizglJ(a,...,a ).
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Global planning. If there is a global planner, the cost to minimize is J, over the adapted
controls (a',...,a”). This minimum could be computed by standard tools (for instance, a
Hamilton-Jacobi equation in RV d). However, we are interested in the value of the minimum
when the number of agents is large. It is proved in [20], in a much more general context, that

lim inf J(at,...,o) =C¥,
N—+wal,.. oV

where C* is the cost associated with the McKean-Vlasov control problem:

T
C* = mf)/0 /Rd L(z,a(t,x),m(t))m(t,z) dzdt + G(z,m(T))m(T, z)dx

(m,a R
and where the infimum is taken over the pairs (m, «) such that
om — Am + div(ma) = 0, m(0,x) = mo(z).

The quantity C* is our first main object of investigation. We interpret it as the social cost
associated with a global planner.

Following [24] (see also [3, 4] and Lemma 2.2 below), and under suitable conditions stated
below, the above problem for C* has a minimum (772, &) and there exists a map 4 such that (@, m)
solves the forward-backward system

—0iu — AU+ H(z, Du,m(t)) = / 6—L(y,d(t,y),x,m(t))m(t,y)dy in (0,7) x R?

aom
Oy — A — div(m Dy H (z, Dﬂ(t,ﬂfc), m(t))) =0 (0,T) x R? (1.1)

~

0G

=< ((T),z) R

m(o’x) = mO(x)a ’&(Tax)
where H(x,p,m) = supgegpd — - p — L(x,,m) is the convex conjugate of L and where we have
denoted by

a(t,x) = —DpH (x, Du(t, x), m(t))

the optimal feedback control of the global planner. The map G is defined by

G(m) := g G(z,m)m(dz) (1.2)

while 6L/ém and 0G/dm are the derivatives of the maps m — L(z,a,m) and m — G(m),
respectively, with respect to the measure variable m (see Section 2).

Decentralized setting. When there is no cooperation between the agents, one expects them to
play a Nash equilibrium. The characterization of Nash equilibria (in memory strategy) is known
in this setting [5, 18] and related to the Folk’s Theorem (any feasible and individually rational
payoff can be achieved as a Nash equilibrium). However, when the number N of agents is large
and the agents are indistinguishable, it is not reasonable to ask all the agents to observe each
other: the notion of memory strategy (or even of global feedback strategy) does not seem to
make much sense. One would expect the agent to act instead by taking into account their own
position and the distribution of the position of other agents: this is precisely what mean field
games formalize.

Mean field games. Mean field games (MFG) model differential games with infinitely many
indistinguishable players. They were introduced by Lasry and Lions [22, 23, 24]. At the same



period, Huang, Caines and Malhamé discussed the same concept under the terminology of “Nash
certainty equivalence principle" [13, 15]. The MFG system associated with the above control
problem reads, in terms of PDEs,

—0wu — Au+ H(xz, Du,m(t)) =0 in (0,7) x R?
oym — Am — div(mD,H (x, Du,m(t))) = 0 in (0,7) x R? (1.3)
m(0,z) = mo(z), w(T,z) = G(z,m(T)) in RZ.

In the above system, u = wu(t,z) is the value function of a typical player while m = m(t, )
describes the evolving probability density of all agents. Note that the drift —D,H (x, Du(t,z))
in the equation for m corresponds to the optimal feedback of the agent. Heuristically, the pair
(u,m) describes a Nash equilibrium in the infinite population problem.

The social cost associated with a MFG equilibrium (u, m), which is the averaged cost of each
player, can be defined as:

T
C(u,m) := / / L(z,a*(t,z),m(t))m(t,z) dedt + | G(z,m(T))m(T,z)dz,
0 Rd Rd
where a*(t,2) = —DpH (x,u(t,x)) is the optimal feedback in the MFG. The quantity C(u,m) is
the second main object of investigation of this paper.

Comparison between the two problems. The difference between the two problems—the cen-
tralized optimal control of McKean-Vlasov dynamics and the MFG equililbria—has been often
discussed in the literature: see, for instance, [3, 9, 8, 10, 14]|. So far the attention has focussed
on the difference in structure between the two systems of equations (namely, for our problem,
(1.1) and (1.3)). Note that, in our specific setting, there is no real difference between (1.1) and
(1.3): so one could expect that the two problems are very close in terms of social cost.

Comparison between C* and C(u,m). In this paper, we plan to compare the social costs C*
and C(u,m). Obviously one has C* < C(u,m). We want to understand a little better the case of
equality and the size of the difference C(u, m) — C*.

This question has been often addressed in the classical game theory: a characterization
of efficiency can be found for instance in [12], which also proved that, generically, the Nash
equilibria are not efficient. The problem became very popular under the name of “price of
anarchy", introduced in [19] for noncooperative games in which agents share a common resource.
We also refer for instance to [16, 17, 25, 26| and the references therein, in the framework of selfish
routing games and congestion games. Related to our setting with infinitely many players, the
recent paper [21] discusses the price of anarchy for static games with a large number of players.

This large literature is in sharp contrast with the literature on differential games, where
efficiency has seldom been investigated, and only recently: [2] estimates the price of anarchy in
some scalar linear-quadratic (LQ) differential games; Directly related to our work, [1] addresses
the question of the inefficiency of MFG Nash equilibria by numerical simulations. This question
is also discussed in [11], in the settings of LQ MFG and of MFG on finite Markov chains.

Main results. The main topic of our paper is the estimate of the difference between C* and
C(u,m)—in our set-up, the ratio C*/C(u, m), generally used for the price of anarchy, does not
seem to make much sense. To simplify a little the estimates, we work in the periodic setting
(and therefore in the torus T? = R?/T) instead of R?: We expect the similar results to hold for
other boundary conditions, but the proof should be more technical.



Our starting point is the obvious remark that the MFG system (1.3) describing (u, m) and
the system of necessary conditions (1.1) characterizing the minimum for C* are very close, and,
in fact, are (almost) identical if

0G

a om

/ 5—L(y,d(t,y),x,m(t))m(t,y)dy =0 and /
T T

a om

—(y,m(T), z)m(T,dy) = 0.

It turns out that, if a MFG equilibrium (u,m) is efficient, i.e., if C(u,m) = C*, then the above
equalities must hold (Proposition 3.1).

When the above equalities do not hold, one may wonder how far MFG equilibria are from
efficiency. This is precisely the aim of our main results (Theorem 4.1 and Theorem 5.1) which
give lower and upper bounds for the difference between C* and C(u, m). The lower bound, stated
in Theorem 4.1, reads, for any € > 0:

Clu,m) —C* > C;l(/aT_E /Td Md g—fr;(x,a*(t,a:),y,m(t))m(t,:c)d:c]zdydt)2
ve (L] ] S, y)m(T,x>dx]2dy)4,

where o*(t,2) = —D,H (z, Du(t,x), m(t)). The constants C' > 1 depends on the regularity of
the data and C: > 1 depends also on €. The presence of ¢ is technical and is related with the
constraints at time ¢ = 0 (where m(0) = mp) and t = T (where u(T, z) = G(z,m(T))).

We are only able to obtain an upper bound for C(u, m) — C* under additional assumptions:
First we assume that H has a separate form: H = Hy(z,p) — F(x,m); Second, we suppose that
G (defined by (1.2)) and F (defined in a similar way) are convex (in which case the solution of
the MFG system (1.1) is unique, see [24]). Then, in Theorem 5.1, we show the upper bound:

C(u,m) — / /1Id [/Td 5 (x,y,m(t))m (t,x)dxrdydt

+ /Td [/Td gg (z,m(T), y)m<T’m)d$]2dy) 1/27

where the constant C' depends on the regularity of H, F' and mg. As 6L/ém = 0F /ém in the
separate case, this lower bound is close to the upper bound given above (with a different exponent,
though). We can conclude that, in this setting, the size of the quantity Hde g—i(y, m, -)m(dy)“L2
and Hde S (y,m, )m(dy)“L2 along the MFG equilibrium (u, m) controls the difference C(u, m)—
Cc*.

Ezamples. To fix the ideas, we assume that the MFG system is separated: H = Hy(z,p) —
F(z,m) and has zero terminal condition: G = 0. We explain in Section 6 through several
examples, that our estimates roughly imply that MFG Nash equilibria are in general inefficient,
at least unless the coupling has a very specific structure.

On the positive side, we prove the existence of MFG systems which are globally efficient,
i.e., such that, for any initial condition (tg,mg) there exists a MFG equilibrium (u, m) starting
from (tg, mg) with C(u, m) = C*: More precisely, we show in Theorem 3.4 that a MFG system is
globally efficient if and only if

/w gfz (y,m,x)m(dz) =0,  ¥(z,m)eT? x P(T?),



or, equivalently, if and only if one can write the coupling function F' in the form

F(z,m) =F(m) + g—i(m,x),
for some map F = F(m). Moreover, one can check (Example 6.1) that such a coupling function
F' genuinely depends on m unless F is affine. However, the above structure on F' is seldom
encountered in practice, and in general there exist (many) initial conditions for which there is
no efficient MFG equilibria.

This is the case for instance if F' = F(m) does not depend on z or if F' derives from a
potential. In these two cases, the MFG system is globally efficient if and only if F' is constant
(Examples 6.2 and 6.3). Moreover, our bounds can be simplified in this setting: When F' does
not depend on x, the lower bound for a MFG equilibrium can be rewritten in term of the Holder
constant of the map t — F(m(t)):

. |F(m(ty)) = F(m(t)*
Clu,m) —C€* > C {Si‘; (ty — t1)1/2 } ’

where the supremum is taken over ¢,t5 € [¢,T —e]. When F is potential (and thus, as explained
in Example 6.3, F vanishes and thus is convex), the two inequalities can directly be expressed
in function of F:

T—e 2 1/2
(/ / (y,m dydt) < C(u,m) — (/ / (y,m dydt> .
Td Td

In the same way, one can show (Example 6.4) that the MFG equilibria associated with a cou-

pling function of the form F(z,m) = / o(z,y)m(dy) , for some smooth map ¢ : T? x T¢ — R,
Td

cannot be globally efficient unless ¢ does not depend on y (and therefore F' does not depend on
m).

Extension and limits. Although we won’t make it explicit, one can check that our results
generalize to other MFG systems (for instance with local coupling functions or to ergodic MFG
systems). However we leave several questions unanswered. First we do not know if the upper
bound also holds without our additional assumption. Our technique of proof does not seem
to give much result in full generality or requires very restrictive assumptions (see Remark 5.1).
Second, our lower bound seems difficult to generalize to problems with more complex dynamics
or for problems with bounded controls: Indeed our approach strongly relies on the fact that the
minimization problem for C* has regular solutions, and this requires some assumptions. Finally
let us strongly underline that our estimates have little to do with the universal estimates obtained
in the context of the “price of anarchy": Our bounds heavily depend on the regularity of the
data and only show how the difference C(u, m) — C* is small or large in function of the specific

quantities Hde g—,ﬂ(y, m, -)m(dy) HLgand “de m (y,m, )m(dy)HLQ.

The paper is organized as follows: In Section 2 we explain our main notations, state our
standing assumptions and characterize the minimizers for C* in terms of equation (1.1). Section
3 states necessary conditions and sufficient conditions for a MFG equilibrium to be efficient. In
Section 4 and 5, we quantify how far a MFG equilibrium is from efficiency: Section 5 gives a
lower bound and Section 5 an upper bound. We conclude by Section 6 with the discussion on
several examples.
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2 Assumptions and preliminary results

2.1 Notations and assumptions

Throughout the paper we work with maps which are all periodic in space, or, in other words, on
the d—dimensional torus T¢ := R?/Z9: this simplifying assumption allows us to ignore problems
related to boundary issues or growth conditions of the data. We denote by P(T¢) the set of
Borel probability measures on T?, endowed with the Monge-Kantorovitch distance d;:

di(m,m’) =sup | ¢(m —m),
6 Jra

where the supremum is taken over all 1—Lipschitz continuous maps ¢ : T¢ — R.
We will use the notion of derivative of a map U : P(T%) — R as introduced in [6]. We say
that U is C' if there exists a continuous map g—% : T4 x P(T?) — R such that

Um'y —U(m —/ /]I‘d 5, (2 z, (1 —t)m + tm’)(m’ —m)(dx)dt ¥Ym,m' € P(T?).

The above relation defines the map g—% only up to a constant. We always use the normalization
convention

/ oU —(x,m)dm(x) =0 VYm e P(T?). (2.4)
T

a om

If u: T x [0,T] — R is a sufficiently smooth map, we denote by Du(x,t) and Au(z,t) its
spatial gradient and spatial Laplacian and by dyu(x,t) its partial derivative with respect to the
time variable.

Assumptions. The following assumptions are in force throughout the paper.

e The Lagrangian L = L(z,a,m) : T¢ x R? x P(T¢) — R is of class C? with respect to all
variables and satisfies

C 'y < D2, L(z,0,m) < Cl. (2.5)
We also suppose that
L ’L
e om)| + [, 2) < OO+ ), (26)
Das—(z,p,m,y)| < C(L+1pl),  [DaL(z,p,m)| < C. (2.7)

We define the convex conjugate H of L as

L(x,p,m) = Sllp{—p o — L(m,a,m)},

acRd

and we assume that H is of class C? as well. Note that H also satisfies:

C ', < D2 H(z,p,m) < Cly. (2.8)



e The coupling function G : T¢ x P(T?) — R is globally Lipschitz continuous with space
derivatives 0,,G : T? x P(T%) — R also Lipschitz continuous. We also assume that the
map G is C? with respect to m and that its derivatives % : T4 x P(T%) x T? — R and

% : T4 x P(T?) x T¢ x T¢ — R are Lipschitz continuous.

We will say below that a constant depends on the regularity of the data if it depends on the
horizon T, dimension d, on the C? regularity of H, on the constant C in (2.8), on the bound on
G and on the modulus of Lipschitz continuity of 6G/dm and of §°G/ém2.

It will be convenient to set

G(m) := N G(x, m)m(dzx), Ym e P(TY). (2.9)

Let us compute, for later use, 5QA/5m:

Lemma 2.1. We have

99

( oG
om

m,y) = /11‘ —(z,m,y)m(dx) + G(y,m) — G(xz,m)m(dz). (2.10)

d om Td

Proof. For m' € P(T%), we have

lim < (G((1 = s)m + sm') — Gm)
. 1 / /
= 11I(I)1+ B { Gz, (1 = s)m +sm')((1 — s)m + sm’)(dzx) — G(x,m)m(dm)}
s— Td Td
= lir(]gl+ ! {G(z,((1 = s)m + sm') — G(z,m)} m(dz) + [ G(z,m)(m —m)(dz)
s§— Td S Td
= / g—G(aﬂ, m,y)(m’ —m)(dy)m(dz) + | G(z,m)(m' —m)(dz).
TdxTd 0T Td
This implies the claim in view of Convention (2.4). [ |

2.2 An optimality condition
We now investigate optimality conditions for the problem, written in an unformal way as
T w .
min/ / L(z,—(t,x),m(t))m(t,x)dzdt + G(m(T)).
(m,w) to JTd m
under the constraint
oym — Am + div(w) = 0 in (t9, T) x T, m(ty) = mo in T

We recall how to give a rigorous meaning to the following expression. We denote by £(ty) the
set of time-dependent Borel measures (m(t),w(t)) € P(T4) x M(T? R?) such that t — m(t) is
continuous,

T
/ |w(t)|dt < oo,

to



and equation
oym — Am + div(w) = 01in [to, T] x T¢, m(ty) = mg

holds in the sense of distribution. We also denote by Ea(ty) the subset of (m(t),w(t)) € E(to)
)

such that w(t) is absolutely continuous with respect to m(t) with a density dm(( D) satisfying

T
fod,
Then we define J on £(ty) by

/to /Td ( i (w),m(t)> m(dz,t)dt + G(m(T))

J(m,w) := if (m,w) € &E(to),

dw(t)
m(t)

()| m(dz,t)dt < 0.

400 otherwise.

We now explain that minimizers of the functional J correspond to solutions of the MFG system.
This remark was first pointed out in [24] and frequently used since then in different contexts.

Lemma 2.2. Under our standing assumptions, the above problem has at least one solution.
Moreover, for any solution (1, w), there exists U such that the pair (4,m) is a classical solution
to

—oiu — AU+ H(z, Du,m(t)) = /Rd g—i(y,d(t,y),x,m(t))m(t,y)dy in (0,7") x T¢
< Oy — A — div(m Dy H (x, Da(t, ), 7m(t)) =0 in (0,T) x T (2.11)
m(0,2) = mo(z), W(T,z) = :;i(m(T) )  inT¢
a(t,x) = DyH (z, Du(t,x),m(t))  in (0,T) x T%,
where H(x,p,m) = supyepd(—a - p — L(z,a,m)) and
w(t,z) = —m(t,z)DpH (x, Du(t, z),m(t)). (2.12)

As it has been often pointed out (see [3, 9, 8, 10, 14] for instance), the above system does
not correspond to a mean field game in general because of the extra term on the right-hand side
of the Hamilton-Jacobi equation.

The proof of Lemma 2.11 is standard and has been described in [4] when H = Hy(x,p) —
F(xz,m) has a separate form. We only explain the main changes.

Proof. The existence of a solution can be established exactly as in [4]. Let now (1, w) be a
minimum of J. For any (m,w) € £ and A € (0,1), we set my := (1 — X\)m + dm, w)y :=
(1 — X)w + Aw. We have by minimality of (7, 0):

/ /Td my)my + G(my(T / /Td % m)m + G(m(T)). (2.13)

By the convexity condition of L = L(z,a,m) in (2.5), the map (s,z) — L(z,s/z,m)s on
(0, +0) x R is convex for any fixed z, m. So we have

[ fme 4= [ [ st oo [1 [ pte 5o

8



So we can rewrite (2.13) as

T T .
A / / L(x,g,mx)m—/ / L(x,g,mx)m
0 Td m 0 Td m
T T N
>/ / L(x,&,mx)mx—/ / L(w,g,mx)m
Td Td
> ([ e Zmi [ [ v 2 ) - @ma(r) - G,
Td Td m
Thus dividing by A > 0 and letting A — 0% we find, thanks to the regularity of L and G:
T
/ / Lz, Y t D) )il o dxdt—/ / oL, @ m(t))m(t,x)dxdt
0 JTd Td Tt @
- [ /T d / e S (e ) (e, ) ~ (e, ) dodyt
- [ S,y

A~

This means that the pair (m,w) is optimal for the (local) functional

T w X
T (m,w) ::/ /TdL(x, (t ),m(t))m(t,x)dxdt

/ /W/Td om ’))vyam(t)m(tw)m(t,y)dmdydt
+/w 5, (D), y)m(T, y)dy.

S

€>

/—\

(Ta y) - m(Ta y))dy

We can then conclude exactly as in [4] that there exists @ such that (u,7) is a classical solution
to the MFG system (2.11) and that & = —mD,H (z, D, m(t)). |

3 Efficiency of MFG equilibria

Let (tg,mo) € [0,T] x P(T¢) be an initial distribution and (u,m) be the solution of the MFG
system

orm — Am — div(mD,H (x, Du,m(t))) = 0 in (tg, T) x T? (3.14)
m(ty,x) = mo(z), w(T,z) = G(z,m(T)) in T¢.

The social cost associated with the equilibrium (u,m) is defined by

{ —0u — Au+ H(x, Du,m(t)) =0 in (tg, T) x T¢

T
C(u,m) = /t » {L(z,a*(t,x)) + F(x,m(t))} m(t,x) dxdt + » G(x,m(T))m(T,x)dz,

where o*(t,r) := —DpH (z, Du(t,r)) and L(z,a,m) = sup,ega(—a - p — H(z,p,m)).
We want to compare C(u,m) with the social cost obtained by a global planner, which is
defined as

= inf /t » {L(z,a(t,z),m(t)} m(t,x) dedt + | G(x,m(T))m(T,z)dx, (3.15)

(m,a) Td

9



where the infimum is taken over the pairs (m, a) such that
dym — Am + div(ma) = 0, in (tg, T) x T, m(tg,z) = mo(x) in T¢. (3.16)

Although C* depends on the initial position (tg,mg), we will omit to write this dependence
explicitly to simplify the expressions.
We say that an equilibrium (u, m), solution of the MFG system (3.14), is efficient if

C(u,m) = C*.
We say that the MFG system (3.14) is globally efficient if, for any initial position (tg,mg) €
[0,T] x P(T?), there exists an efficient MFG equilibrium with initial position (¢, mg).

3.1 A necessary condition for efficiency
Proposition 3.1. Let (u,m) be a MFG equilibrium, i.e., a solution to (3.14). If (u,m) is
efficient, then, for any (t,z) € [0,T] x T?,

/ OL (4,0 (t,y), 2, m(t))m(t,y)dy =0 and / G (b m(T), 2)m(T, y)dy = 0,
T T

a 0m a 0m
where o*(t,x) := —DpH (x, Du(t, z), m(t)).

Proof. Assume that equality C(u,m) = C* holds. Then the pair (m,a*) is a minimizer for C*.
By the characterization of minimizers in Lemma 2.2, there exists v such that the pair (v,m)
solves system (2.11) with, by (2.12),

a*(t,x) = —DpH (z, Du(t,z), m(t)) = —DpH (z, Dv(t,x), m(t)) Y(t,x) € [to, T] x T¢.

By injectivity of D,H with respect to the second variable (coming from the strict convexity of
H with respect to p), we get Du = Dwv. This implies that there is a constant ¢(¢) such that
u(t,z) = v(t,x) + c(t). By the equations satisfied by u and v we have therefore, for any (¢, z),

(1) = / OL (0 (t,), 2, m(t))m(t, y)dy. (3.17)

aom

We integrate the above equality against m(t):

'(t) = /1rd /Rd 5, W *(t,y), z,m(t))m(t,y)m(t, z)dydz.

As the double integral vanishes because of Convention (2.4), we get ¢/(¢t) = 0, and therefore,
coming back to (3.17),

/R OL (0 o (ty), . mE)m(ty)dy =0 V(b z) € [0,T] x T

aom

Equality u(T,z) = v(T,x) + ¢(T') also implies by Lemma 2.1 that

6o, m(T)) = 2 n(T),2) + o)
- /Td ;SSL (g, m(T), 2)m(T, y)dy + Gz, m(T)) = | Gly,m(T)m(T,y)dy + c(T).
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Integrating with respect to m(T, x)dx and using Convention (2.4), we obtain:

0=- » Gy, m(T))m(T, y)dy + <(T),

and therefore

oG
/]I‘d %@’ m(T),x)m(T,y)dy = 0 Vo e TY.

3.2 Characterization of the global efficiency

Let us recall that we say that the MFG system (3.14) is globally efficient if, for any initial position
(to,mo) € [0,T] x P(T?), there exists an efficient MFG equilibrium with initial position (g, mo).
In order to proceed and characterize global efficiency, we need to work in a special case: we
assume that H has the separate form

H(.%'7p7 m) = Ho(l',p) - F(x,m) V(m,p,m) € Td X Rd = P(Td) (318)
Then L is also in a separate form:
L(z,a,m) = Lo(z, ) + F(x,m),

where Lo(x, ) = sup,a - p — Ho(z,p) is the convex conjugate of Hy with respect to the last
variable. In this case, the MFG system (3.14) becomes:

—ou — Au+ Ho(z, Du) — F(z,m(t)) = in (tg, T) x T¢
oym — Am — div(mDpH (z, Du)) = 0 in (tg, T') x T¢ (3.19)
m(to,z) = mo(z), w(T,z) = G(z,m(T)) T

Note also that §L/dm reduces to

5L( )_5F( )
5m Yy, o, r,m) = 5m Yy, r,m),

where the right-hand side is independent of a. In this case, Proposition 3.1 states that, if the
MFG equilibrium (u,m) is efficient, then, for any (¢,z) € [to, T] x T¢,

/5—F<y,x,m<t>>m<t,y>dy=o and /E(y,m,m@))m@,y)dy:a

The following statement is a kind of converse.
Proposition 3.2. Assume that H is of separate form (i.e., (3.18) holds) and that, for any
(z,m) e T¢ x P(T9),

/Td gz (y, m, zJm{dy) = 0 and /Td 52 (y, m, z)m(dy) = 0. (3.20)

Then, the MFG system is globally efficient: for any initial condition (ty,mg) € [0,T] x P(T9),
there exists a solution (u,m) to the MFG system (3.19) such that

C(u,m) = C*.

11



Proof. Without loss of generality, we can assume that mg has a smooth and positive density.
Otherwise we can proceed by approximation. Let (m, &) be the minimum of (3.15) and @ be such
that (@, m) solves (2.11) (recall Lemma 2.2). By assumption (3.20) and the structure condition
(3.18), (@, M) solves

—0ylt — Al + Ho(z, D) — F(z,m(t)) =0  in (t,T) x RY
oy — Arn — div(mD, H (z, Da(t,z))) =0 in (to,T) x R?
lto,2) = mo(x), (T,x) = 30 (m(T),2)
m
As, by Lemma 2.1, R
0G
—(m,z) = G(z,m) — [ G(y,m)m(dy)

om

T
we see that u(t,z) = a(t,z) + [7a G(y,m(T))m(dy) solves the MFG system (3.19). Moreover,
by the definition of u, & and m,

d
C(u,m) = C(ii, 1) = C*.

Let us now point out an equivalent form of (3.20):

Proposition 3.3. The map F satisfies (3.20) if and only if there exists a C* function F :
P(T9) — R such that

F(x,m) = F(m)+ g—i(m,x) Y(x,m) € T x P(T%). (3.21)

In this case, one can take F = F, where F is given by
F(m) = / F(z,m)m(dz)  Yme P(T9).
Td
Proof. If (3.20) holds, then it is obvious by (2.10) that F is of the form (3.21) with F = F.
Conversely, if F' is of the form (3.21), then

5—F(:Um )—5—}—(m )+52—}-(mx )—52—]:(m :C)+5—]:(m:c)
5m 9 ay _5m ay 5m2 9 ’y _5m2 aya 5m 9 9

because, according to [6, Lemma 2.2.4],

2F 2F SF oF

W(m’x’y) = W(m’y,x) - %(may) + %(’I’I’L,CIT)

We can then conclude that

OF v OF
/]I‘d 5, (@ my)m(dzr) = /Td 5z 1y, )m(de) + ” 5,7, (M, 2)m(dz) =0,

by Convention (2.4). [ |

To summarize, we have obtained the following characterization of global efficiency:
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Theorem 3.4. Assume that H is of separate form (i.e., (3.18) holds). Then the MFG system
1s globally efficient if and only if

F
L 5 maim(dn) =0, [ S gm oymids) =0, am) € T x (1Y,
which is also equivalent to the existence of C? maps F : P(Td) —- R and G : P(']I‘d) — R such
that

0G

%(m,x) V(z,m) e T¢ x P(TY).

F(z,m)=F(m) + g—i(m,x), G(z,m) = G(m) +

Surprisingly, this condition depends only on the coupling terms F' and G, but not on the
Hamiltonian Hj.

Proof. We have seen in Propositions 3.2 and 3.3 that the existence of F for which (3.21) holds
is sufficient for the global efficiency. Conversely, if the MFG system is globally efficient, then,
for any initial condition (tg,mg) € [0,7] x P(T%), where mq has a smooth density, there exists
a MFG equilibrium (u, m) such that

/T O e m())mt,y)dy =0 and /E(y,m,m@))m@,y)dy:a

a Om

In particular, for ¢ = tg, we obtain

/T OF (. moYmo(y)dy = 0.

a om

Choosing to arbitrarily close to T, m(T) becomes closer and closer to mg (because mg has a
smooth density), we obtain:

a om

We conclude by approximation and using Proposition 3.3 again. |

/T oG ~—(y,x, mg)mo(y)dy = 0.

4 Lower bound on C — C*

Theorem 4.1. Under our standing assumptions, let (u,m) be a solution to the MFG system
(3.14) starting from (tg,mo) € [0,T] x P(T9). Then we have the lower bound: for any e > 0,

Clu,m) — /ME /T [/T &i(x o (), y, m(t))m (t,x)dx]zdydt>2 (4.22)
+ Cl(/?l“d [/w :;i (z, m(T), )m(T,x)dxrdy)4,

where o*(t,x) = —D,H (x, Du(t,x),m(t)) and where the constants C > 1 depends on the regu-
larity of H, G and on mqg and where C. = 1 depends also on ¢.

Remark 4.1. The presence of ¢ is related to the constraints m(ty) = mgo and u(T") = ( m(T)):
they prevent the choice of arbitrary test functions in the proof. For instance, if G = 0, one can
replace T'— € by T in the integral.
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Proof of Theorem 5.1. As the equation for m is uniformly parabolic, for € > 0 there exists a
constant C. such that m has a C? density which is bounded below by C=! on [tg +¢/2,T]. With
a given (u, ) smooth solution to

O — Ap+div(8) =0 in (to,T) x T¢,  pu(te,2) = 0in TY, (4.23)

with § = pu = 0 on [tog,to + /2], we set 7. := 1/(2C¢|p/ ) and, for h € [0,7:], (mp,ap) =
(m + hp, (ma™® + hB)/(m + hp)) where o*(t,x) := —D,H(x, Du(t,x),m(t)). Note that the
pair (mp, ay,) satisfies my,(t) € P(T?) for any ¢ and the constraint (3.16) for any h e [0,7.] (in
particular my,(to) = mo because p(tg) = 0). Moreover, h — (my, ap) is smooth because p = 0
on [to, to + €/2] and m is bounded below by a positive constant on [¢/2,T].

Next we define the map ¢ : [0,7.] — R by

T
o(h) ::/ / L (z,ap(t,x), mp(t)) mp(t,x)dedt + | G(x,mp(T))mp(T, x)dx.
to Td Td
We have

T
o) = [ [ £t ma) ue. s

to T

T
+/ Do L(x, o (t, x), m (1)) - (B(t, x) — o (t, 2)p(t, 7)) ddt
/ / / 5 (@ an(t,2),y,ma () u(t, y)ma(t, o) dydzdt
to JTd JTd 0T

/T ) {G(az mp(T)u(T', ) + /Td gi (@, ma(T), y)(T, y)mh(T,x)dy} da.

Recalling the definition of o* and the fact that

L(z,a*(t,x),m(t)) = —H(z,Du(t,x),m(t)) + DpH (x, Du(t,z),m(t)) - Du(t,x)
= —odw(t,z) — Au(t,x) — a*(t,z) - Du(t, z),
and that
D, L(z,a*(t,x),m(t)) = —Du(t, z),
we obtain

T
#'(0) = / (—opu(t,z) — Au(t,z) — ™ (t, z) - Du(t,x))u(t, z)dzdt

to/t Td/w _Dult,x) - (B(t,x) — o*(t, 2)u(t, ) dadt
g /QT /, /T S 0 (,0), m(E), )ty )y -
/ {Ge.mryutra) + [ 52 m@). T gym(r. iy do

= /to /W /1rd 5 (x,a*(t,x),m(t),y)u(t,y)m(t, z)dydzdt

Td JTd 5m (x m(T), y) (T, y)m(T, x)dydz,
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where we used the equation satisfied by the pair (i, 5) and the fact that u(7,-) = G(-,m(T)) for
the last equality. Let us also note for later use that

T
& (h) = / DAL, ah,m,» (5 = ) - (- = 2%

9 / / dD Ly s i y) - (B — anp) (¢, @)t y)dadydt
T T

/ / / S s 2y, )z, ) (1, )y
to J1d Ja OM° (4.25)
2 / / / (2, an(t, ), ma(8), y)plt, y)a(t, o) dyddt

to Td ’]I‘d 67’)’1,

/w /Td 5,2 (@), y)p(e, T)u(y, T)dedy
2
+/1rd/ ; G(‘T mp(T),y, z)pu(z, Ty, T)mp (t, x)dzdy.

Td 5m2

Recall that, for any h € [0,7.], the pair (mp,ay,) satisfies my,(t) € P(T?) for all t € [to,T] and
the constraint (3.16). Therefore

¢(h) =C* Vhe [0, 7]
As
h? h?
(h) < $(0) + hg'(0) + 0" [0 = C(u, m) + hg'(0) + [ 6",
we obtain, ,
C(u,m) — C* = —h¢'(0) — %Hqﬁ”Hoo Vh e [0, 7]. (4.26)

We now apply the above computations to two particular cases, one to get the lower bound
involving F' and the other one for the lower bound involving G. For € € (0,(T — ty)/2), let us
set:

p(t.g) = =2 @mit.y) [ 5 w0 (), m(O)mt,a)do, (4.27)
where
1 iftelto+e,T—e¢l
o if t € [to, to + £/2]
YO =Y o~ c/2)e iftefto + /2.t + ]
—t)/e ifte|T —e,T]

(T
By Convention (2.4), we have [, u(t,y)dy = 0, so that we can find a continuous map § = 3(t, x)
such that (4.23) holds. Note that p is uniformly bounded by a constant Cy in L* independently
of ¢ and therefore we can choose 7. = 1/(CyC1). Let us define ¢ as above. Then ¢ is of class
CY1 with |¢”||s < Cg, where Co depends only on ¢ and on the regularity of H and F and Cj.
By (4.24) and the definition of p in (4.27) we have

/tT /T UT @ *(tax%y,m(t»m(t,w)dw]2m(t,y)dydt
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Thus, applying (4.26) with A = min{7., —¢’(0)/||¢" |« }, we obtain our first lower bound:

* —1 T-e 5L * 2
C—-C"=C; (x,a*(t,x),y,m(t))m(t,x)dz | m(t,y)dydt,
Td LJT

to+e a om

for some constant C. depending on the data, on mg and on €.

In order to obtain the lower bound involving G, we choose

p(t.9) = =5(Om(T.) [ S () p)m(T)da, (4.28)
where 0 ¢ (1o T — ]
iftel|ty,T —¢
V() = { (t—(T—¢)))e ifte [19— e, T]

where ¢ € (0,7/2) is small. Note that we can choose the lower bound C. such that m > C-! on

[T/2,T] independent of . Hence the constant 7. := 1/(2C;|u]+) does not depend on ¢ either,
and we call it 7p.

As before we can find a continuous map § = S(¢,z) such that (4.23) holds. As |[7/[ < T'/e,
we have ||B]s < C/e where C' depends on the regularity of G only. Moreover p is bounded in
L* and, therefore, || < C/e.

Let ¢ be associated to (u,3) as above. Then, by (4.25) and our growth assumptions (2.6),
(2.7), we have |¢"|, < C/e2. On the other hand, from the choice of u and (4.24),

T
0O = [ a0 [ [ et b mo. )t pm(t,a)dydode

0G
+/ / V(D)5 (@, m(T), y)u(T,y)m(T, z)dydz,
Td JTd m
< Ce — K,
with
6G 2
wim [ L Sotwm@pm oo | mr. i
Td Td 5m
We now use (4.26) to obtain

C(u,m) —C* = (k — Ce)h — 2—22h2 Vh € [0, 79].

Choosing € = ck (for some constant ¢ > 0 small enough) and A = min{ry, C~1x3} (for some
large constant C' with the same dependence as above), we get our second lower bound:

Clu,m) —C* = C k1.

Putting together our two lower bounds on C — C*, we finally obtain Inequality (4.22). |

5 Upper bounds on C — C*.

In order to obtain an upper bound for C — C*, we come back to the case where H is separated,
i.e., satisfies (3.18). Let us recall that, in this case, the MFG system becomes (3.19). Recall the
notation

F(m) := TdF(x,m)m(dx), G(m) := TdG(x,m)m(d:c), Ym e P(T%).
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Theorem 5.1. Under our standing assumptions, assume that the initial condition mgy has a
smooth and positive density. Assume in addition that the maps F and G are convezr on P(TY).
Let (u,m) be a solution to the MFG system (3.19) starting from (to,mo). Then we also have the
upper bound:

i /T [/T ?Si (z,m(T), y)m(ﬂx)dxr dy) "

where the constants C = 1 depends on the reqularity of Hy, F', G and on my.

Remark 5.1. The result can actually be generalized to MFG systems with non separated Hamil-
tonian. However, in this case, the convexity condition has to be stated on the map

(m,w) — [ L(x,w/m,m)dm.
Td

However, as this later condition seems very restrictive, we have chosen to state the result for
separated Hamiltonians.

Proof of Theorem 5.1. We compute as usual (see [24])

d
pn (u—a)(m —m).
We have, since m(0) = m(0) = my,

T
0= / m(Ho(z, Du) — Ho(x, Du) — DpHo(x, Du) - (Dt — Du)dxdt
to Td

T
4 / in(Ho(x, Du) — Ho(z, Da) — DyHo(w, D) - (Du — Da)dxdt
to T

/ / < x,m(t)) — 5—(7”71(25),:6)) (m(t,z) — m(t,x))dzdt
to Td m
5G . .

m

Using the uniform convexity of Hy, we find:
T
C—l/ / m(t,z) + m(t, z))|Du — Di|>dxdt
to Td

/to /Td ( z,m(t)) - g—f(fn(t) w)) (m(t,x) —m(t,x))ddt (5.30)

- (G(%m(T)) - —(m(T) 56)) (m(T’, ) — (T, x))de,

Td 5m

where C' depends on a lower bound of D2 Hy in (2.8). By (2.10) and using the fact that m(t)
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and m(t) are probability measures, we have
T
c! / / (m(t, x) + 1(t, z))|Du — Da|*dzdt
to Td
T (oF JF oF .
-] (5—<m<t>,x> — [ S (o). om(t. )y — S (nle). ) ) (e, 2) — (e, ) dod
to Td m T m

a om

om a om

/ (ﬁ(m(T),x) / G =y, m(T), 2)m(T, y)dy — Z_f(m(T),x)> (m(T,z) —m(T,x))dx.
Td T m

As F and G are convex, and thus 5—]E(m x) and (m x) are monotone, we obtain:

T
o / (m(t, x) in(t, 2))| Dult, ) — Di(t, z)2dwdt

to

/t /]I‘d Td 5m y’ )7 )m(t7y)(m(t7x) —m(t,w))dydxdt

T 5m (?/a (T), 2)m(T,y)(m(T,x) — (T, z))dydx

< Ok sup |m(t) —m(t)|2(ra)
te[0,T]

</T /t UT ) (t),x)m(t,y)dyrdH UT gG(y, (T),:c)m(T,y)dyr dx) 1/2,

The map p(t,x) := m(t,xz) — m(t,z) solves

where

Ocpe — Ap — div(uDypHo(x, Du)) = div(m(DpHo(z, Di) — DyHo(z, Du)))

with initial condition x(0,-) = 0. So, following [7, Lemma 7.6], we have, for any ¢ € [0, 7],

T 1/2
it Mooy < € ([ [ (6, Dy ot Dis, ) = D Hofe, Duts, )P
0

<C (/tT /w (s, 7) + m(s,2))| D (i — ) (s, x)ﬁdxds) v ,

because m is bounded in L* by a constant which depends on the regularity of the data and of
myg. Combining the last set of inequalities, we find

770 = ml L2 o, rysersy + 108 =)l 2qoy22, )y (@) S OF-

We are now in position to compare C(u,m) and C*:
T
Clu,m)=C*+ / {L(x,—DpHy(x, D0)) + F(z,m(t))} (m — m)dxdt
to Td

T
+ / {L(x,—DpHo(x, Du)) — L(z,—DpHo(x, D0)) + F(x,m(t)) — F(z,m(t))} mdzdt
to Td
C([m =l g2 qo,mxrey + [D(@ — W) L2 (0,17, (Td))) < Ck.

This proves the result. |
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6 Examples

Throughout this part, we assume to fix the ideas that H = Hy(x,p) — F'(x,m) is separated (i.e.,
satisfies (3.18)). To simplify the expressions, we also suppose that tg = 0 and G = 0. Let us
recall that condition (3.20) characterizes the fact that the MFG system is globally efficient: for
any initial distribution my, there exists an efficient MFG equilibrium, i.e., a solution (u,m) to
(3.14) such that C(u,m) = C*. Our first example shows that there are MFG systems which are
globally efficient. However, the other examples show that this is seldom case for many standard
classes of coupling functions.

Example 6.1. Let us recall that given a C? map F : P(T?) — R and defining the coupling
function F' by

F(z,m) := F(m) + 5—]:(m,x) V(z,m) e T¢ x P(T?),

om
the MFG system (3.19) is globally efficient (Theorem 3.4). We now prove that, if F is not affine
in m, then F' genuinely depends on m: indeed, if F' does not depend on m, there exists a map
f:T¢ - R with

F(m) + g—i(m,x) = f(z).

Integrating against m and using Convention (2.4), this implies that

Fm) = [ f@mid)

which is affine in m.
For instance, let ¢ : T¢ x T¢ — R be a non vanishing map and set F as

Fm) = [ olepymdzym(dy),

Then the coupling
5.7-"

)
/qs midy) + [ olzom(d) ~ [ ol pmid:micn)

satisfies (3.20) and depends on m as soon as ¢ = ¢(x,y) genuinely depends on z and y.

Example 6.2. Let us now suppose that F' = F(m) does not depend on x. Then

L 5 tmepym(de) = 5 (my). (6:31)
T

a om

Hence the associated MFG system if globally efficient (i.e., (3.20) holds) if only if g—fl(m,x)
vanishes identically, in which case F' is constant.

Moreover, if (u,m) is a MFG equilibrium, then we have, by (6.31) and the fact that dym is
uniformly bounded by the regularity of the data,

Td (/w om (t)’y)m(t’x)dy> 5tm(t,y)dydt‘
1/2

Cty — )2 (/ /11‘01 [/]Td 5@ (t),y)m(t,x)dwfdydt) ,

19

to

[F(m(t2)) — F(m(t1))] =




so that our bound from below can be rewritten in term of the modulus of Holder continuity of
F along the trajectory m: for any ¢ € (0,7/2),

£ o - |[F(m(t2) = F(m(t))] "
e e il

where the supremum is taken over t1,ts € [e,T — ¢].

Example 6.3. We now assume that F derives from a potential: There exists a C' map @ :
P(T¢) — R such that F' = §®/dm. Note that, in this setting, we have

F(m) = /Td %(m,x)m(dm) =0  VYmeP(T%.

In particular, F is convex. Then, by Lemma 2.1,

/Td gfl (z,m, y)m(dz) = —F(y,m)  ¥(y,m) e T x P(T%).

This implies that the MFG system associated with F' if globally efficient if and only if F' vanishes
identically.
Moreover, if (u,m) is a MFG equilibrium,

/ /Td Md et (t)7y)m(t,w)dm]2dydt = /OT /Td [F(y, m(t))]? dydt.

So our estimates simply read:

T—e 2 1/2
</ / (y,m dydt> < C(u,m) (/ / (y,m dydt) .
Td Td
Example 6.4. Finally we suppose that F'is of the form F(z,m) = / ¢(x,y)m(dy) for some
Td

oF
smooth map ¢ : T% x T —» R. Then %(x,m,y) = ¢(x,y) — / o(x, z)m(dz), so that
Td

/Td gF (z, m,y)m(dz) = /1rd ((b(ﬂc,y) - /Td ¢(x,z)m(dz)> m(dz).

Hence the MFG system associated with F' is globally efficient if and only if
[ émidn) = [ oG mdzym(da)  Vig.m) e T4 x P(T)
Td T x Td

which implies (by choosing m to be a Dirac mass), that ¢ does not depend on y. In other words,
F does not depend on m.
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